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Abstract— Decomposition-based motion planners (DBMPs)
have shown incredible effectiveness, combining the best as-
pects of sampling-based planners and trajectory optimization.
DBMPs first decompose the free space into collections of
convex sets and then optimize trajectories contained in the
union of these sets. So far, DBMPs have been unable to
deal with the curved constraint manifolds that appear in
constrained bimanual manipulation tasks natively. Recent work
has leveraged a parametrization of the constraint manifold,
induced by analytic inverse kinematics, to build collision-free
convex sets on such manifolds. We combine this strategy with
recent advances in collision-free convex set generation to build
regions up to 500x faster. The resulting sets also have simpler
descriptions, (usually) larger volume, and a lower fraction in
collision.

I. INTRODUCTION

To plan motions for robot manipulators, algorithms tradi-
tionally operate in configuration space (C-space), where each
dimension corresponds to an individual degree of freedom of
the robot [1f]. Given a start and goal configuration, a motion
planning algorithm must find a path connecting these points
in configuration space. We might also ask the algorithm to
find a path which satisfies some additional constraints or
minimizes some objective function.

One of the most common constraints considered in mo-
tion planning is collision avoidance. Describing the set of
collision-free configurations (C-free) is intractable in general,
due to the complexity of the mapping from configuration
space to task space. Leveraging the fact that an individ-
ual configuration can be efficiently checked for collisions,
sampling-based planners use rejection sampling to build a
graph contained in C-free, and reduce the motion planning
problem to graph search [2], [3]. On the other hand, tra-
Jectory optimizers treat the control points of the robot’s
path as decision variables, and cast collision avoidance as a
(nonlinear, nonconvex) constraint [4]. To date, the majority
of motion planning algorithms can be clearly cast into one
of these two categories.

Recently, a new class of decomposition-based motion
planners (DBMPs) have emerged; they leverage the con-
struction of an inner approximation of C-space as the union
of (positive-measure) convex sets [S|—[10]], although this
concept has been considered further in the past [[11]-[13].
These planners are made possible by algorithms to generate
these individual convex sets [14]-[16]. The question of
selecting which sequence of convex sets to move through
is reminiscent of the graph search problem considered by
sampling-based planners. But because the individual convex
sets have an interior, there is room to optimize over the

Fig. 1: Three collision-free bimanual configurations from
a single convex set. The depicted bimanual configurations
correspond to configurations of both arms such that they
produce a fixed transformation between both end effectors
and are comprised of the joint angles of the leader arm, and
the self-motion parameter of the follower arm.

possible trajectories within the set. And finally, by the
construction of these convex sets within C-free, the collision
avoidance constraint is implicitly guaranteed.

Constructing the requisite decomposition of C-free is
tractable because C-free itself is positive-measure. But for
constrained systems, the set of kinematically-valid configu-
rations (C-valid) may be a measure-zero subset of the full
C-space. We refer to this set as the constraint manifold (al-
though it is only truly a manifold if we excise singularities).
Sampling-based planners must use specialized techniques to
draw samples [17]. Trajectory optimizers must use similar
techniques [18]] or accept slight constraint violations away
from the control points of the trajectory [[19].

Recent work, using analytic inverse kinematics as a
parametrization of the constraint manifold, enabled trajectory
optimization intrinsic to C-valid [20]]. The decision variables
of the optimization problem described a trajectory in this
minimal coordinate system, and costs and constraints were
imposed by lifting the trajectory to the full configuration
space. This guarantees, by construction, that the whole
trajectory obeys the kinematic constraints up to floating point
error. Furthermore, convex sets could be constructed through
the parameterization, enabling the use of DBMPs.
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Fig. 2: Counterexample search program, reproduced from [21].

However, the success of DBMPs for constrained bimanual
planning was limited by the region generation. The authors of
[20] modified the IRIS-NP algorithm for producing collision-
free regions in configuration space [[15] to operate through
the parametrization, but it was slow and produced polytopes
that required many hyperplanes to describe. Furthermore, it
was difficult to quantify how reliable the regions actually
were, as some had significant portions that were actually in
collision.

Recently, new algorithms for region generation (without
kinematic equality constraints) were presented, offering sig-
nificant speedups and more consistent performance [21]]. In
this paper, we extend these algorithms to be compatible
with the parametrization machinery, and discuss a variety of
engineering improvements. Altogether, we achieve speedups
on the order of 100-200x and require just a fraction of the
hyperplanes to describe the regions. Furthermore, the regions
generated often cover a larger volume, while allowing careful
control over the allowable fraction in collision. Finally,
we demonstrate that these results are compatible with the
Visibility Clique Cover algorithm (VCC) [22] for efficiently
placing and shaping the convex sets in order to maximize
coverage of C-free.

II. RELATED WORK

In the special case of convex obstacles, efficient algorithms
for constructing convex collision-free sets have been known
for some time [13[], [23]]. In the context of navigation for a
mobile robot, C-space can naturally be identified with task
space by inflating obstacles by the “radius” of the robot. This
has been especially in path planning for flying drones [24].
Wu et al. [25] specifically build regions along an existing
collision-free path, towards producing a better trajectory.

A prominent early algorithm for convex decompositions of
C-space is the Sampling-Based Neighborhood Graph (SNG)
of Yang and LaValle [11]], [26], [27]. Given a point in C-space
which is collision-free, the SNG constructs a collision-free
sphere of maximum radius (ellipsoids and cylinders are also
possible); the radius can be determined from the kinematic
Jacobian. More recently, the IRIS algorithm [[14] for gener-
ating convex collision-free polytopes in C-space was gener-
alized to configuration space using nonlinear programming,

with an algorithm called IRIS-NP [15]]. However, the user
of nonlinear programming, which cannot be solved to global
optimality, voids the collision-free guarantees. Instead, IRIS-
NP repeatedly tries to solve the nonlinear programs with
different initial guesses, using a local solver like IPOPT [_28]]
or SNOPT [29], until a sufficient number of consecutive
failures have occurred, and treats this as a “probabilistic
certificate”.

Recently, the IRIS-NP2 and IRIS-ZO algorithms were
presented [21]], which provided significant improvements
over IRIS-NP. Opposed to IRIS-NP, IRIS-NP2 leverages
random sampling and fast collision checking to provide
the nonlinear programs with informed initial guesses. IRIS-
ZO bypasses the use of nonlinear programming solvers
altogether, using a simple zero-order optimization strategy
that is embarrassingly parallel. (Follow up work implemented
IRIS-ZO on a GPU to grow regions along trajectories in
C-space [30].) Furthermore, these algorithms more precisely
certify the fraction of the region in collision.

In contrast to these probabilistic certificates, it is possible
to exactly certify a region as collision-free with polynomial
optimization. The tangent half-angle substitution can be used
to rewrite the kinematic equations in polynomial form [31].
From here, sums-of-squares optimization [32] can be used to
certify that trajectories [33[], or even entire polytopes [16],
[34], are collision-free.

All of the above algorithms are focused on building
individual regions, but there has been some preliminary work
in how to best construct multiple regions for coverage. The
VCC algorithm [22] proved significantly better than the naive
approach of generating regions from randomly-chosen seeds.

III. BACKGROUND

All of the “IRIS-style” algorithms have a similar high-level
structure. They begin with a collision-free seed configuration
and an ellipsoid centered at the seed point that is used
to guide the shape of the resulting polytope. Next, they
iteratively find nearby configurations that are in collision
and construct a hyperplane that separates the center of the
ellipsoid from the found collision until the current polytope
is sufficiently collision-free. Then, the ellipsoid is updated
by computing the maximum volume ellipsoid contained in



the current polytope. These steps are then repeated until a
termination condition is met, such as the ellipsoid volume
converging.

The original IRIS algorithm found the closest collisions
for convex obstacles by solving a convex program — one per
obstacle. IRIS-NP found closest collisions by solving the
nonlinear program

mingjr?ize llg — c||%
subject to ¢ € A(q) N B(q), (1
q€P,
where the current ellipsoid is given by
E={z|(x—c)'E(x—c) <1, E>~0}, (2

‘P is the current polytope expressed as a halfspace intersec-
tion, and (A(q),B(¢)) indicate the collision geometries of
the considered collision pair expressed in world frame at the
configuration q. This setup is visualized in Fig. 2} In order
to compute a polytope, this program is repeatedly solved for
each geometry pair (A, B) with different initial guesses until
a sufficient number of consecutive solves returned infeasible.
This formulation can also be extended to arbitrary constraints
of the form g(q) < 0 by searching for configurations ¢ such
that g(¢) > 0.

The algorithmic improvements in IRIS-NP2 and IRIS-ZO
over IRIS-NP [21] stem from finding closest collision points
more efficiently by leveraging sampling and fast collision
checking. IRIS-NP2 draws random samples, and uses those
samples which are in collision as the initial guess for (IJ).
These samples can be used directly (the “greedy” strategy)
or the sample set can be refined using a line search strategy
to find closer samples in collision (the “ray” strategy). IRIS-
ZO0 also draws random samples, but approximately solves (T]
with a simple bisection search. Finally, both algorithms used
this sampling process to estimate the fraction of the region
in collision, producing a rigorous probabilistic certificate.

On the other hand, the IRIS-NP algorithm has been
specifically extended to generating regions for kinematically
constrained systems — in particular, for constrained bimanual
manipulation [20]. Given a smooth mapping ¢ : D — C
that parametrizes C-valid, the authors generated regions by
finding hyperplanes to

1) avoid function domain violations,

2) avoid joint limit violations,

3) avoid non-reachable configurations,
before finally searching across all possible collision pairs.

IV. METHODOLOGY

Suppose we have a smooth function ¢ : D — C, where
Vg € D, ¢(q) € C-valid, and D can be defined as some
constrained subset of R™,

D={GeR™|D,<0,k=1,...,K}.

We use the same parametrization for the bimanual setup as
[20], where ¢ takes in the joint angles for one arm, and
an additional self-motion parameter, and computes the joint
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Fig. 3: The general setup for growing regions on a
parametrized subspace. On the right is the full configuration
space, and the light blue surface is the constraint manifold.
On the left is the minimal coordinates system. The red subset
is a collision region. The green region is the feasible subset,
and the dark blue polytope is the region grown by our
algorithm (around the seed point).

angles of the remaining arm with analytic IK [35]]. The output
of ¢ is then the angles for both arms.

Regions are now grown in the parametrized space D. We
must specify a new initial domain — for the bimanual setup,
the domain is the Cartesian product of the joint limits for the
control arm with [—, 7] for the self-motion angle. Besides
searching for counterexamples, we enforce the domain and
joint limit constraints presented in [20]. It turns out that
the additional reachability constraint is unnecessary, as the
domain constraints will guarantee reachability.

The bisection search of IRIS-ZO adapts very naturally to
this formulation, except instead of directly checking the sam-
ple for a collision, the algorithm checks for any constraint
violations before applying the parametrization to check for
collisions in the full configuration space. IRIS-NP2 identifies
which constraint was violated or which geometries were in
collision, and then solves the appropriate nonlinear program.
Since constraints are imposed in D, Eq. (6) of [15] can be
used directly. For collisions, we modify (T):

minjrtnize |G — cl|%

q,

subject to t € A(¢(q)) N B(o(q)), @)
jeP.

Because ¢ now lives in the parametrized space, the mapping
¢ must be applied to obtain the full robot configuration,
before examining the configuration-space obstacles. Because
¢ is compatible with automatic differentiation, this pro-
gram can be solved with generic nonlinear optimizers like
SNOPT [29] and IPOPT [28].

V. EXPERIMENTS

We grow regions with IRIS-ZO and IRIS-NP2 (using both
the greedy and ray sampling strategies) for the constrained
bimanual setup used in [20]. We use the same 19 seed points
for the fixed grasp regions, and compare. Results are shown
in Table [ Compared to the specialized version of IRIS-
NP presented in [20], these new algorithms are significantly
more performant.



Seed Time [s] Number of Hyperplanes Relative Volume Fraction in Violation [%]
Point NP ZO Greedy Ray | NP ZO Greedy Ray | NP Z0 Greedy Ray NP ZO Greedy Ray
1 [273.80 1.55 1.02 1.89|369 69 53 53 | 1 219x1072 4.23x10° 6.81x102|587 0.00 001 0.29
360.70 1.30 1.03 1.49 |416 62 54 41 | 1 436x107% 3.04x102 5.03x 102|214 0.13 0.02 0.22
3 |273.87 298 1.35 3.00|179 129 54 52 | 1 4.62 554 x 103 5.81x 103 [ 0.00 0.29 0.09 0.30
4 120634 379 4.01 6.26|302 153 63 56 | 1 164x10"! 1.83x10' 3.59x10'|0.00 0.11 0.09 0.42
5 128035 3.14 1.47 262|370 132 70 60 | 1 229x10"! 1.05x10' 1.16 x10'|0.08 0.23 0.03 0.23
6 |37520 1.17 1.34 1.34|481 53 51 36 | 1 6.49x1073 1.91x10' 2.16x102|6.31 0.01 0.16 0.55
7 123316 1.50 217 1.75|185 90 57 46 | 1 1.60x 107! 242x10%2 242x102 |0.00 0.11 0.04 0.46
8 |42844 197 1.61 3.38|234 102 56 50 | 1 5.71 3.42 x 103 3.93x 103 | 0.00 0.17 0.06 0.06
9 [390.54 2.84 1.32 140216 130 50 49 | 1 2.18 2.25 x 103 1.73 x 10 | 0.00 0.32 0.06 0.32
10 |353.06 1.29 1.79 247|579 61 62 47 | 1 099x1072 1.08x 10! 1.26 x 10! | 3.09 0.03 0.06 0.39
11 [300.84 074 1.65 1.89|436 38 54 39 [ 1 6.72x1073 3.96x 102 4.61x10%2|359 0.14 0.03 0.31
12 29549 1.22 1.33 1.81|396 66 53 46 | 1 5.03x1073 248 x 102 1.89x 102 |3.79 0.09 0.03 0.09
13 43361 1.18 1.27 1.73]420 51 57 50 | 1 5.66x1073 2.82x10' 230x10' | 249 0.04 004 0.12
14 |254.72 1.34 2.03 3.71|454 72 56 53 | 1 9.21x1072 262x10' 4.30x10'|0.35 0.15 0.15 0.47
15 |243.63 1.52 1.06 206|346 64 51 44 | 1 1.04x10"! 297 x10* 4.47x10*|045 004 0.02 0.24
16 [290.49 1.41 171 144|226 72 58 42 [ 1 921 x10~t 241 x10®° 4.66x103|0.00 0.16 0.05 0.15
17 |248.97 214 1.98 263|252 107 61 59 | 1 1.05 2.96 x 102 3.69 x 102 | 0.00 0.21 0.04 0.15
18 |263.98 222 1.52 231(299 109 63 55 | 1 1.08 445 x 102 2.92x10%|0.10 020 0.06 047
19 [216.20 1.35 1.72 1.60|383 66 52 50 | 1 4.01x1072 7.84x10' 9.09x10'|1.04 0.07 0.07 0.24
Min |216.20 0.74 1.02 1.34|179 38 50 36 | 1 311x1073 354x102 3.99x102[0.00 0.00 0.01 0.06
Mean | 305.97 1.82 1.65 2.36|344 85 56 48 | 1 230x10~' 0.99x 102 1.22x102|1.54 0.13 0.06 0.29
Max | 433.61 3.79 4.01 6.26|579 153 70 60 | 1 164x10"! 3.18x10' 3.59x10'|6.31 0.32 0.16 0.55

TABLE I: A comparison of the original IRIS-NP algorithm with the three new approaches: IRIS-ZO, IRIS-NP2 (Greedy),
and IRIS-NP2 (Ray). Relative volume is approximated by the maximum-volume inscribed ellipsoid, and fraction in collision
is estimated with 10,000 samples. Across the board, the new algorithms are much faster than IRIS-NP, require fewer
hyperlpanes to describe the collision-free polytopes, and satisfy the target fraction in collision of < 1%. In addition, the

IRIS-NP2 approaches yield larger volume regions.

IRIS-ZO, IRIS-NP2 (greedy), and IRIS-NP2 (ray) are
consistently at least 100x faster than IRIS-NP, and sometimes
more than 500x faster. The fastest algorithm was either IRIS-
ZO and IRIS-NP2 (greedy), with about a 50/50 split. The
new algorithms generally required % to %0 the hyperplanes
of IRIS-NP, with IRIS-NP2 (ray) almost always requiring
the fewest. IRIS-NP2 (ray) usually produced the largest re-
gions, although IRIS-NP2 (greedy) sometimes made slightly
larger regions. IRIS-ZO sometimes produced smaller regions
than IRIS-NP, although this may be correlated with IRIS-
NP regions that had large fractions in collision. IRIS-NP
frequently produced regions with a large fraction in collision
or in violation of constraints — eight out of nineteen regions
exceeded the target of 99% valid. In contrast, all the new
algorithms cleared this threshold.

We also use our new methods together with VCC.
However, the feasible set is very small measure in the
parametrization, so the visibility graph construction ends up
being intractable. For example, the algorithm generated 8
regions to cover less than 1% of the intersection of C-valid
and C-free in 437 seconds, but only 21 seconds were used
for region generation.

VI. DISCUSSION

In this paper, we have described how to generalize the
IRIS-ZO and IRIS-NP2 algorithms to grow regions along
constraint manifolds. The new algorithms significantly out-
performed the specialized IRIS-NP variant of [20]]. Although

the engineering improvements certainly make a difference,
the majority of the old algorithm’s runtime was spent in
the nonlinear solver (SNOPT or IPOPT), and the results
regarding number of faces, volume, and fraction in collision
are independent of the runtime. The significant reduction
in number of faces and increase in volume makes the
downstream planners more efficient, and the reduced fraction
in collision makes them more reliable.

When comparing the new algorithms, the results are sim-
ilar to those of [21]]: IRIS-ZO was the fastest, but produced
the smallest regions and had the most hyperplanes; IRIS-
NP2 (ray) was the slowest, but required the fewest hyper-
planes and generally produced the largest regions; IRIS-
NP2 (greedy) represented something of a middle ground.
Although further experiments are required to make universal
conclusions about the differences between IRIS-ZO, IRIS-
NP2 (greedy), and IRIS-NP2 (ray), we can easily conclude
that these new approaches are significantly better than the
specialized IRIS-NP algorithm used in [20].

As for VCC, region building is so fast now that the vis-
ibility graph construction is the major bottleneck. (Whereas
before, region building was the bottleneck.) This problem
is exacerbated by the small measure of the free space for
kinematically constrained systems under the parametriza-
tion, where even drawing the samples is incredibly time-
consuming. This suggests new algorithms for generating
good covers of regions are a promising direction, especially
in cases where the free-space volume is small.
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