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A Note on the Convolution Scandal

Irwin W. Sandberg

Abstract—A recent proposed example of a discrete-time linear he does feel that their existence shows that the analytical ideas
time-invariant system that has no convolution representationis dis- in the books are flawed.
cussed in relation to a certain two-term representation for linear Mor ificallv. it is shown in 41 th
systems that are continuous and take bounded inputs into bounded ore specifically, itis sho [4] that
outputs. It is observed that the example lacks a key property, but o0
that the example can be transformed into one that possesses the Hz)(n) = hin,p)z(p) + lim (HEwz)(n 2
Dropery. (Hz)(n) = D hin.p)a(p) + lim ( )n) (2

Index Terms—BIBO systems, convolution sums, linear systems.

p=—00

for eachn, in which/: has the same meaning as in (1), dnd:
denotes the function given ¥,z )(p) = x(p) for |p| > k and
|. TwO-TERM REPRESENTATION AND THEEXAMPLE (Exx)(p) = 0 otherwise. This holds whenever the input set is

I N THIS LETTER, a recent proposed example of a Iinea{Pe set of bounded functions, the outputs are boundedHaisd

time-invariant system that has no convolution representatigﬂntlnuous _(W'th resp_ect to the usual sup norr_n). In particular,
W see that in this setting, d&h has a representation of the form

is discussed in relation to a certain two-term representation . ;
en by (1) if and only if

linear systems that are continuous and take bounded inputs A
bounded outputs. It is observed that the example lacks a key
property, but that the example can be transformed into one that
POSSESSES the property. We begin with bgckground material ?&dall « andn.? Since this is typically a very reasonable con-
a descrlptlon_ of the two-fcerm represe_n_tatu_)n_ _ dition for a system map/ to satisfy, it is clear that thé&/'s that
The most important single proposition in the theory of d's'annot be represented using just (1) are rather special.
crete-time single-input single-output linear systems, with real-+ is an interesting fact that at the present time, the known

valyed inputs and outputs, is the idea that every such system Qﬁﬁmples of s for which the additional term is not always zero
an input-output magl that can be represented by an EXPressiQfie not simple, in that they have been shown to exist, but have

klim (HEyx)(n)=0

of the form not been explicitly exhibited.On the other hand, the ma@
o0 given by
(Hz)(n) = Y h(n,p)z(p) (1) .o
re (Mz)(n) = lim o= > (k) 3)

k=—m

in whichn takes values in the set of integerss the input, and

h is the system function associated within a certain familiar s cited in [16] as an example of a linear time-invariant system
way. Itis widely known that this, and a corresponding represefivat cannot be represented by a convolution, the point being that
tation for time-invariant systems in whidi(n,p) is replaced /s impulse response is the zero function, while the (constant
with A(n — p), are discussed in many books (see for exampignction) output}Mz need not be the zero function for all in-

[1], pp. 267-269), ([2], pp. 77-79), or ([3], pp. 66—71). AImosputs =.. As indicated in [16], a closely related earlier proposed
always it is emphasized that these representationsfbolall  example is given in [12].

linear input-output mapg/. In [4]* we direct attention to the  There are many other examples of linear time-invariant maps
fact that such statements are in error and we give a correct regirose impulse response is the zero function, and whose re-
sentation in which an additional term is added to the right side of

(1) This writer does not claim thafs for which the additional 2The oversight in the books is due to the lack of validity of the interchange of
) he order of performing a certain infinite sum and then applyifg)(r»). The

term is needed are necessarily of importance in applications, Rifite sum at issue clearly converges pointwise, but that is not enough to jus-
tify the interchange. From another viewpoint, the oversight is due to the invalid
conclusion (see [6]) that superposition always holds in the case of a countably
infinite number of excitations.
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the review of this manuscript and approving it for publication was Prof. A. Mvhich inputs and outputs depend on an arbitrary finite number of variables. As
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as 1932, Banach was aware of the lack of existence of generalized-convolution
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cessing and CommunicatigriBayona, Spain, June 1996. 228, Table | and p. 229, Exercise 9].
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sponse need not be the zero function for all inputs. For examie, eachm € Z andz € L. It is boundedif ||A]| =

M given by sup{||Az|| : € L, ||z]| £ 1} < oo, in which (as before) - ||
is the norm in/,. Our result is the following.
(Mz)(n) = klile x(k) 4 Proposition: Let A be shift invariant and bounded. Then

there exists a bounded (and thus continuous) linear shift-in-
will do. However, note that one does not obtain an example ¥riant mapB from /.. into itself that extendst in the sense
an H for which the additional term in (2) is not always zero byhat Bz = Az, z € L.
just takingH to be theM of (3) or (4), because in neither case is The proof of the proposition is similar to a proof in [4], and
M even defined on the set of all bounded inpitShus, (3) and by the shift invariance ofi, we have(Ax)(n) = (AT_,x)(0)
(4) do not illustrate the important fact that the extra term in (49r all n and allz € L. The map(A-)(0) is a bounded linear
can be nonzero, because (2) addresses the much more fanfMBgtional onL, because
case of linear systems that take the set of all bounded inputs
into bounded outputs, with outputs depending continuously onl(4%)(0)|
inp;ts. - ot the o _ g @) = [(AT_,, Ty)(0)| = [(ATny)(n)|
ut this does not mean that the observations concerning , _ ,
and (4) are not useful in the context Hfs. In fact, withK de- < sups[(ATuy)(B)] < I Allz - [Twgll = 4]z - ol

noting the map\/ of either (3) or (4), using a result concerningqy ,, ¢ 1, By the Hahn-Banach theorem ([14, p. 178]) there is
the extension of maps given in the Appendix, it follows directly pounded linear functiondt that extendgA-)(0) to all of £...

that there exists a linear shift-invariant mapthat extend¥X’  pefine B on l by (Bz)(n) = FT_,z. Itis easy to check that

to the set of all bounded inputs, and which provides an exampigis 3 linear shift-invariant bounded map intg,, and thatB
of an H for which the additional term is not always zero. By aytendsa to /... This completes the proof. ’

extendingKk, we mean thatiz = Kz for all boundedz for
which Kz is defined. The result in the Appendix is applicable
because of the following.
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