
Vector Fields: Introduction
Justin Solomon

6.8410: Shape Analysis
Spring 2023







©
 D

isn
ey/P

ixar

[Jian
g

 e
t al. 2

0
15]

[Fish
e

r et al. 
2

0
0

7]

Graphics



Simulation and PDE

Solomon, Vaxman, and Bommes. "Boundary Element Octahedral Fields in Volumes." ACM Transactions on Graphics (TOG) 36.3, 2017.
Zhang et al. "Octahedral Frames for Feature-Aligned Cross-Fields." ACM Transactions on Graphics (TOG) 39.3, 2020. 



Biological science and imaging

“Blood flow in the rabbit aortic arch and descending thoracic aorta”
Vincent et al.; J. Royal Society 2011



Weather modeling
https://disc.gsfc.nasa.gov/featured-items/airs-monitors-cold-weather



Vectorization
Vectorization of Line Drawings via Polyvector Fields (Bessmeltsev & Solomon; TOG 2019)



Simulation and engineering
https://forum.unity3d.com/threads/megaflow-vector-fields-fluid-flows-released.278000/



Continuous normalizing flows
“OT-Flow: Fast and Accurate Continuous Normalizing Flows via Optimal Transport” (Onken et al.)



Pastry design



Theoretical Discrete

 Directional derivative?

 Purely intrinsic version?

 Singularities?

 Flow lines?

 …

 How to discretize?

 Discrete derivatives?

 Singularity detection?

 Flow line computation?

 …



Crash course
in theory/discretization of vector fields.



Theoretical Discrete

 Directional derivative?
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 Singularities?

 Flow lines?
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 …





Images from Wikipedia, SIGGRAPH course



http://www.ieeta.pt/polymeco/Screenshots/PolyMeCo_OneView.jpg

Map points to real numbers



Linear map of tangent spaces

Image from Wikipedia





How do you 
differentiate

a vector field?



Common point of confusion.
(especially for your instructor)

http://www.wgnflag.com/xcart/images/P/G-50_StopSeatBeltsStockSign.jpg



http://www.relatably.com/m/img/complicated-memes/60260587.jpg



t

How to identify different 
tangent spaces?



 Differential of covector
(defer for now) (or, forever?)

 Lie derivative
Weak structure, purely topological

 Covariant derivative
Strong structure, involves geometry



questions/2481628/thinking



Useful property:  𝝍𝒕+𝒔 𝒙 = 𝝍𝒕 𝝍𝒔 𝒙

Diffeomorphism with inverse 𝛙−𝐭



http://www.bradleycorp.com/image/985/9184b_highres.jpg

Preserves 
distances

infinitesimally

Wilhelm Killing
1847-1923
Germany



Image from Smooth Manifolds, Lee



Image from Smooth Manifolds, Lee



It’s pronounced

“Lee”
Not “Lahy” or “Lye”

(BTW: It’s “oiler,” not “you-ler”)



Depends on structure of V
Image courtesy A. Carapetis



“What is the derivative of the orange
vector field in the blue direction?”

What we don’t want:

Specify blue direction anywhere but at p.

p



Canonical identification of 
tangent spaces



Integral curve of v through p

Synonym: (Levi-Civita) Connection



Slide by A. Butscher, Stanford CS 468



Riemannian Manifolds, Lee



 The only acceleration is out of the surface
 No steering wheel!



 No stepping on the accelerator
 No steering wheel!



Preserves length, inner product
(can be used to define covariant derivative)



Path dependence of parallel transport

K

Integrated Gaussian curvature



Drawings by Jonas Kibelbek



where vector field 𝒗 has isolated singularities 𝒙𝒊 .

Image from “Directional Field Synthesis, Design, and Processing” (Vaxman et al., EG STAR 2016)



Hairy ball theorem



“Directional Field Synthesis, Design, and Processing” (Vaxman et al., EG STAR 2016)



One encoding of direction fields
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What singular 
structures are possible?

What is the relationship 
between meshes and fields?

Image from:
Liu et al. "Singularity-Constrained Octahedral Fields for 
Hexahedral Meshing." SIGGRAPH 2018, Vancouver.



Images from:
Liu et al. "Singularity-Constrained Octahedral Fields for 
Hexahedral Meshing." SIGGRAPH 2018, Vancouver.



Sphere tet mesh from http://doc.cgal.org/latest/Mesh_3/index.html

Frame per element on a tet mesh



Images from:
Solomon, et al. "Boundary Element Octahedral Fields in Volumes." ACM Transactions on Graphics (TOG) 36.3, 2017.



Original idea in [Huang et al. 2011]
Visualization from [Ray, Sokolov, and Lévy 2016]

Nine spherical 
harmonic coefficients 

per point





https://design.tutsplus.com/

Rotations Octahedral 
group

Algebraic variety!

Octahedral variety
Palmer et al. "Algebraic Representations for Volumetric Frame Fields." ACM Transactions on Graphics (TOG) 39.2, 2020. 



Space of rotations Wigner d-matrices

Octahedral variety Orbit of f

Isometry (up to scale)



Orthogonally-decomposable tensors



Vanishing near singular curves



Energy density

Octahedral Odeco
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Theoretical Discrete

 Directional derivative?

 Purely intrinsic version?

 Singularities?

 Flow lines?

 …

 How to discretize?

 Discrete derivatives?

 Singularity detection?

 Flow line computation?

 …



No consensus:

 Triangle-based
 Edge-based
 Vertex-based



No consensus:

 Triangle-based
 Edge-based
 Vertex-based



 Triangle as its own tangent plane
 One vector per triangle

▪ Piecewise constant

▪ Discontinuous at edges/vertices

 Easy to unfold/hinge



a b
ab

in hinge map

K

 Simple notion of parallel transport
 Transport around vertex:

Excess angle is (integrated)
Gaussian curvature (holonomy!)



+rotate

Represent using angle 𝜽𝒆𝒅𝒈𝒆 of extra rotation.



 Vector field design
 Zero holonomy on discrete cycles

▪ Except for a few singularities

 Path-independent away from 
singularities

“Trivial Connections on Discrete Surfaces.” Crane et al., SGP 2010.



 Solve 𝜽𝒆𝒅𝒈𝒆 of extra rotation per edge

 Linear constraint: 
Zero holonomy on basis cycles

▪ V+2g constraints: Vertex cycles plus harmonic

▪ Fix curvature at chosen singularities

 Underconstrained:  Minimize ||𝜽||

▪ “Best approximation” of Levi-Civita



Linear system

Resulting trivial connection
(no other singularities present)



Curl free
Image courtesy K. Crane



Length of e23 cancels
“base” in A





“Mixed” finite elements

Either

 Vertex-based gradients
 Edge-based rotated gradients

or

 Edge-based gradients
 Vertex-based rotated gradients



Gradient Vector Field

Vertex-based Edge-based

“Conforming”
Already did this in 6.838

“Nonconforming”
[Wardetzky 2006]





No consensus:

 Triangle-based
 Edge-based
 Vertex-based



No consensus:

 Triangle-based
 Edge-based
 Vertex-based



 Pros

▪ Possibility of higher-
order differentiation

 Cons

▪ Vertices don’t have 
natural tangent spaces

▪ Gaussian curvature 
concentrated



Piecewise-linear (x,y) components



“As-Killing-As-Possible Vector Fields for Planar Deformation” (SGP 2011) Solomon, Ben-Chen, Butscher, Guibas

Killing operator

80





Parallel transport radially from vertex

“Vector Field Design on Surfaces,” Zhang et al., TOG 2006

Preserve radial lines 
(change their spacing)





No consensus:

 Triangle-based
 Edge-based
 Vertex-based



No consensus:

 Triangle-based
 Edge-based
 Vertex-based
 … others?
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