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Review and Notation

(Column) vector: x € R"

Matrix: A € RE*¢

Transpose: x| € R AT ¢ REXF

Useful shorthand:

Dot product: XTy
Quadratic form: XTAy



More Notation

Standard basis: {eg}y_

— V—Z”U €/



Two Roles for Matrices in

Finite-Dimensional Linear Algebra

Linear operator (map):

Lix +y] = Lix] + Lly
Licx| = cL|x

Quadratic form (dot product):

g(u,v) = g(v,u)

Lix| = AX

glau,v) = ag(u,v)
gu+v,w)=guw)+g(v,w)
s =00 vy =u! B



Einstein Notation

Sum repeated upper/lower indices



Same Data Structure, Two Uses

Map between vector spaces L[X] — Ax

g(u,v) = u' Bv

ccos(z+y/1z11y1)|

\ ar
L Protip: .
https://mathin org/image/lin transformation_2d_m2_o_o_ Know your |nPUt and OUtPU

Matrlces obscure geometry
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Quadratic Form

g(u,v) = g(u"ey, v'ey)
— uFvlg(ey, ep)

k, L
— WU gLy



Typechecking
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Upper/lower indices matter



New Terminology

A X
N

matrix vector

X — Ax
H/—/

linear operator



Abstract Example: Linear Algebra

> (R)
Llf) i= —1)ar

Eigenvectors?
[“Eigenfunctions!”]



Back to /"ea//'fy.‘

Linear System of Equations

A

>
|
U

Simple “inverse problem”



Common Strategies

Gaussian elimination
O(n3) time to solve Ax=b or to invert

But: Inversion is unstable and slower!

Never ever compute At if you can avoid it.



Interesting Perspective
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Linear Solver Considerations

Never construct A1 explicitly
(if you can avoid it)

Added structure helps
Sparsity, symmetry, positive definiteness,
bandedness

inv(A)*b < (A’*A)\ (A’xb) < A\Db



Example of a Structured Problem

1 -2 1 J1 g1
1 =2 1 /2 g2

1 —2 1 fn 9n



Very Common: Sparsity

Induced by the connectivity of
B the triangle mesh.




Two Classes of Solvers

Direct (explicit matrix)
Dense: Gaussian elimination/LU, QR for least-squares
Sparse: Reordering (SuiteSparse, Eigen)

Iterative (apply matrix repeatedly)
Positive definite: Conjugate gradients
Symmetric: MINRES, GMRES
Generic: LSQR



For 6.8410

No need to implement a linear solver

If a matrix is sparse, your code should
store It as a sparse matrix!

es Sparse Arrays - The Julia Langua: X +
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Aside: Matrix Calculus
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Optimization Terminology

mianR" f(X)
s.t.g(x) =0
h(x) > 0

Objective ("Energy Function”)



Optimization Terminology

mianR" f(X)

s.t.g(x) =0
h(x) > 0

Equality Constraints



Optimization Terminology

mianR" f(X)

s.t.g(x) =0
h(x) > 0

Inequality Constraints



Encapsulates Many Problems

mianR” f(X)
s.t. g(x) =0
h(x) >0

Ax =b < f(x) = [|[Ax = b]|2

Ax=Xx ¢ f(x)=x" Ax, g(x)=|x[]2—1
Roots of g(x) <> f(x) =0



Notions from Calculus

f:R" >R
([ 0f Of 0 f
V= (8331’8332"”’83:”>

Gradient



Notions from Calculus

https://en.wikipedia.org/wiki/Jacobian_matrix_and_determinant

Jacobian



Differential

f:R"—=R

df (V) = }1112% (X0 + h‘};) — J(xo)

Proposition. df, is alinear operator.

(V) = VTG0V g

e

Vo




Notions from Calculus

http://math.etsu.edu/multicalc/prealpha/Chap2/Chap2-5/10-3a-t3.gif

Hessian



From Optimization to Root-Finding

Vfx)=0

(unconstrained)

Saddle point Local max

Local min

Critical point



Lagrange Multipliers: Idea

miny, f(X)

s.t. g(x)




Lagrange Multipliers: Idea

miny, f(X)
V9N s.t. g(x)=0

- Decrease f: —Vf
- Violate constraint: +Vg



Lagrange Multipliers: Idea

miny, f(X)
s.t. g(x)

|
-




Use of Lagrange Multipliers

Turns constrained optimization into

unconstrained root-finding.
Vi(z) = AVg(z)
g(x) =0



Example: Symmetric Eigenvectors

flz)=a'Azx = Vf(z) =24z
g(x) = |z[z -1 = Vg(z) =22
— Axr = A\x



See Course Notes For Detalls

Lagrange multipliers
KKT conditions

Special cases:
Linear problems
Eigenvalue problems



Advanced Topic: Variational Calculus

Sometimes your unknowns
are not numbers!

Can we use calculus to optimize anyway?



Gateaux Derivative

d
dF [u; ] := o Flu+ htp]|n=0
Vanishes for aI/I‘:[J at a critical point!

Analog of derivative at v in ¢ direction



Example: Cubic Splines

Given
f0)=a
f()=b
f(0)=c
ff()=d
Compute
"Reasonable” interpolant f(t)
Smooth, near-linear: f"'(t) = 0
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  f  ( 0 ) = a


  f  ( 1 ) = b


  f ′  ( 0 ) = c


  f ′  ( 1 ) = d


  f ( t )


   f  ′ ′  ( t ) ≈ 0

