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Lots of (sloppy) math!
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Famous Motivation

CAN ONE HEAR THE SHAPE OF A DRUM?
MARK K.-"LE_.', 'l']n: Rockefeller '|-||i'.'|,_'r:;i[:.', :\'l_ﬂ.l. 11":..'-]'!.{
To George Eugene Uhlenbeck on the occasion of his sixty-fifth birthday
“La Physique ne nous donne pas seulement
]’[‘H".‘u.:"i'..lil I:]l.‘ :'l.rl'\-l:il:.'l]."l.' l;,lll.._':" I.J|Ut||.t1|:'_"_" « aowy {'“_I." nos
fait presentir la solution.” H. POINCARE.

Before T explain the title and introduce the theme of the lecture 1 should like
to state that my presentation will be more in the nature of a leisurely excursion
than of an organized tour. It will not be my purpose to reach a specified des-
tination at a scheduled time. Rather 1 should like to allow mysell on many
occasions the luxury of stopping and looking around. So much effort is being
spent on streamlining mathematics and in rendering it more efficient, that a
solitary transgression against the trend could perhaps be forgiven.

i
Ny
\j,

1. 1




An Experiment




Unreasonable to Ask?

PCM signed 16-bit little-endian, 706 kbps, 44100 Hz, 1 channel

21z - 2098
20 kHz -30 68
18 KMz
8 -40 @8
16 kHz
-50 68
14 kHz
12 kM2
7068 q
10 kiz ]
-80 68
B8 kHz
- 9048
B kHz
- -100 68
4 kMz
2kHz - 11048
0 kz — - 12048
0:00 001

http://www.takamine.com/templates/default/images/gclassical.png
http://firsttimeprogrammer.blogspot.com/2015/05/spectrogram-representation-of-b-note.html



Spoliler Alert

Extra credit:

Has to be a weird drum
Spectrum tells you a lot!

https://en.wikipedia.org/wiki/Hearing_the_shape_of_a_drum



Rough Intuition

http://pngimg.com/upload/hammer_PNG3886.png

You can learn a lot
about a shape by
hitting it (lightly)
with a hammer!



Spectral Geometry

What can you learn about its shape from
vibration frequencies and

oscillation patterns?

Af =\f



Objectives

Make “vibration modes"” more precise

Progressively more complicated domains
Line segments
Regions in R"
Graphs
Surfaces/manifolds

Next time: Discretization, applications



Vector Spaces and Linear Operators

Lix +y] = Lix| + Lly|
Licx| = cL|x

Lix| = AX



In Finite Dimensions

A X
—— =~

matrix vector

X — AxX
R/—/

linear operator



Recall: Spectral Theorems in C"

Theorem. Suppose A € C™*" is Hermitian.
Then, A has an orthogonal basis of n
eigenvectors. If Ais positive definite, the
corresponding eigenvalues are nonnegative.




Our Progression

Line segments
Regions in R"
Graphs

Surfaces/manifolds



Transverse Wave: 1D Spring Network

(on the board)



Minus Second Derivative Operator

"Dirichlet boundary conditions”

() € C™(la,b]) : f(0) = f(£) =0}
0%
Ll u+—
g 0x?

On the board: Interpretation as positive (semi-)definite operator.
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Physical Intuition: Wave Equation

Minus second derivative operator!

0% u m_ 0
o2  Ox2

>_/\—4



Can you hear the length of an interval?




Homework (?)

for a curve y(u) = (x|u],y[u]) : R — R*
e Ay = (Ax, Ay) is gradient of arc length

o A7 is the curvature normal ki

e minimal curves are harmonic (straight lines)

Image by E. Vouga



Our Progression

Line segments
Regions in R"
Graphs

Surfaces/manifolds



Planar Region

Wave equation:
0%u

2~ Thu

1




Typical Notation

“A =V -V

gradient

Gradient operator:

o 0 0
V= (833‘1783327.” 703’}71)

http://www.gamasutra.com/db_area/images/feature/4164/figy.png, https://en.wikipedia.org/wiki/Gradient




Intrinsic Operator

Images made by E. Vouga

Coordinate-independent (important!)



Dirichlet Energy

Blu) =5 [ [Vul]3dA(x)

. =
‘ / On board:

min  Ffu]
u(x):Q—R

s.t. ulgq prescribed

w |
— Aﬂu:O

nOn-SHlOOthf(x) SOlution Af — O Laplace equation”

“"Harmonic function”

Images made by E. Vouga



Harmonic Functions

Mean Value property

Ff — wz fB (z) f(y /|

Images made by E. Vouga



Applica

Harmonic Coordinates

Tony DeRose  Mark Meyer
Pixar Technical Memo #06-02
Pixar Animation Studios

(a) (b) (c) (d)

Figure 1: A character (shown in blue) being deformed by a cage (shown in black) using harmonic coordinates. (a) The character and cage at

bind-time: (b) - (d) the deformed character corresponding to three different poses of the cage.

E

Abstract

Generalizations of barycentric coordinates in two and higl
mensions have been shown to have a number of applicati
recent years, including finite element analysis, the definitior
patches (n-sided generalizations of Bézier surfaces), free-fal
formations, mesh parametrization, and interpolation. In this
we present a new form of d dimensional generalized barycent
ordinates. The new coordinates are defined as solutions to Laj
equation subject to carefully chosen boundary conditions. Sii
lutions to Laplace’s equation are called harmonic functions, 3
the new construction harmonic coordinates. We show that har
coordinates possess several properties that make them more
tive than mean value coordinates when used to define two am

dimensional deformations. .uf',l.,.ag,zu e e
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Positivity, Self-Adjointness
() € C7(Q) : flaa = 0}

"Dirichlet boundary conditions”

Llf] = Af
(f.q) = / F(x)g(x) dA(x)

On board:
1. Positive: (f, L[f]) > 0

2. Self-adjoint: (f, ﬁ[g]) = <£[f], g)




Laplacian Eigenfunctions

(on the board: critical points on the “unit sphere,” statement of Weyl's Law)

http://www.math.udel.edu/~driscoll/research/gww1-4.gif

Small eigenvalue: Small Dirichlet Energy



Common Misconception

mfin E|f] s.t. f(p) = const.

Pomt constralnts are |II adwsed



Our Progression

Line segments
Regions in R"
Graphs

Surfaces/manifolds



Basic Setup

Function:

One value per vertex




What is the
Dirichlet energy of a
function on a graph?



Differencing Operator

—1 i E.q =
1 if Eeg — U
0 otherwise
D e {10 1}EXVI

Orient edges arbitrarily



Dirichlet Energy on a Graph
—1 if Eel =
Dev = 1 if Eeg —= v
0 otherwise

Elfl:==DflI3= > (fo— fu)’

(v,w)eEFE




(Unweighted) Graph Laplacian
Elfl=|Dfllz=f"(D'D)f:=f'Lf

1 if v ~ w
Lyw=A—D =< —degree(v) ifv=w
0 otherwise

Labeled graph Degree matrix Adjacenc y matrix Laplacian matrix
(2 00000 /010010\ /2 -1 0 0 -1 0)
o 03 0000 1 01 010 -1 3 -1 0 -1 0
090 002 000 010100 0o -1 2 -1 0 0
.‘ 000 3 00 001011 0 0 -1 3 -1 -1
ee 0000 30 11010 -1 -1 0 -1 3 0
\o0 0 0 001//\ooo100/ \'o o o0 -1 0o 1/

Symmetric

Positive semidefinite

https://en.wikipedia.org/wiki/Laplacian_matrix



What is the
smallest eigenvalue
of the graph Laplacian?



Second-Smallest Eigenvector

oy

.y

Fiedler vector (“algebraic connectivity”)



Mean Value Property

(1 if v ~ w
Lyw=A—D = —degree(v) ifv=w
L0 otherwise

(Lxz), =0
l

Value at vis average of neighboring values



For More Information...

Co e Board of the Mathematical Sci

"CBMS

Regional Conference Series in Mathematics

Number 92

Graph Laplacian encodes lots of
information!

Spectral Graph Theory ]
Example: Kirchoff’s Theorem

Number of spanning trees equals

1
il V) P W
n

Fan R. K. Chung




Hear the Shape of a Graph?




Our Progression

Line segments
Regions in R"
Graphs

Surfaces/manifolds



Scalar Functions




Differential of a Map

Definition (Differential). Suppose ¢ : M — N is a map from a submanifold M C R into a
submanifold N C R". Then, the differential dgp, : Ty M — TopN of @ at apoint p € M is given by

dep(v) := (¢ o7)(0),

where 7y : (—¢, &) — M is any curve with y(0) = p and +'(0) = v € Tp M.

Linear map of tangent spaces

dpp(7'(0)) == (¢ o) (0)

@(x)

Image from Wikipedia



€ TpM so that dfp(v) =

)

O
.
LL.
@)
afd

9
>
afd

there exists a unique vector V f(p

4

Gradien

Proposition 9.2. For each p € M

v-Vf(p) forallv e Ty M.



Dirichlet Energy




From Inner Product to Operator

(f.9)a = /S Vf(z) Vg(z)dA

= (f,Ag) -

On the board:
“Motivation” from finite-dimensional linear algebra.

Laplace-Beltrami operator



What is Divergence?

v : M — R? where v(p) € T, M
dvp : ToM — R?
{e1,es} C T M orthonormal basis

2

(V-v)p =) (ei,dv(e;))p
1=1
Things we should check (but probably won't):

* Independent of choice of basis
« A=V-V



Flux Density: Backward Definition

3%3 (p) V - Dgangent dl
V- = 1] Y
v(p) r0 vol(Br(p))

On board: Draw schematic
Challenge: Short derivation?



Sanity Check: Local Version

f  M—=R
Pullback: c*f .= foo: U — R

Laplace-Beltrami coincides

with Laplacian on R?
when o takes x, y axes to
orthonormal vectors.




Eigenfunctions

http://alice.loria.fr/publications/papers/2008/ManifoldHarmonics//photo/dragon_mhb.png



Chladni Plates

https://www.youtube.com/watch?v=CGiiS1MFF1lI




Performance Art?

https://www.youtube.com/watch?v=Fyzqd2 T09Q



Practical Application

https://www.youtube.com/watch?v=3uMZzVvnSiU



Nodal Domains

Theorem (Courant). The n-th eigenfunction
of the Dirichlet boundary value problem has
at most n nodal domains.

SOBE0E

109Hz 128Hz 175Hz

BRCSEE

240Hz 378Hz 338Hz 352Hz 426Hz 478Hz

https://en.wikipedia.org/wiki/Ernst_Chladni



Additional Connection to Physics

ou
ot

Heat equation

—Au



Spherical Harmonics
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Weyl's Law

N () := # eigenfunctions < \

wy = volume of unit ball in R?
N(A)
A—>00 )\d/2

Corollary: vol(Q) = (27)% limp—_s oo

= (27) " “wqvol(Q)

N(R)
Rd4/2

4T
For surfaces: \,, ~ n

vol({2)




Laplacian of xyz function

Ax = Hn

Intuition:
Laplacian measures difference with neighbors.







