
Justin Solomon
MIT, Spring 2019



SIGN

MISTAKES 

LIKELY



Lots of (sloppy) math!

http://www.wgnflag.com/xcart/images/P/G-50_StopSeatBeltsStockSign.jpg







http://www.takamine.com/templates/default/images/gclassical.png
http://firsttimeprogrammer.blogspot.com/2015/05/spectrogram-representation-of-b-note.html

Length 
of string



Ȱ.Ïȟ ÂÕÔȣȱ

ÁHas to be a weird drum
ÁSpectrum tells you a lot!

https://en.wikipedia.org/wiki/Hearing_the_shape_of_a_drum



http://pngimg.com/upload/hammer_PNG3886.png

You can learn a lot 
about a shape by 
hitting it (lightly) 
with a hammer!



What can you learn about its shape from

vibration frequencies and 
oscillation patterns?



Á-ÁËÅ ȰÖÉÂÒÁÔÉÏÎ ÍÏÄÅÓȱ ÍÏÒÅ precise

ÁProgressively more complicated domains
ÁLine segments

ÁRegions in ᴙ▪

ÁGraphs

ÁSurfaces/manifolds

ÁNext time:  Discretization, applications







Theorem. Suppose ═ᶰᴇ▪ ▪is Hermitian.  
Then, ═has an orthogonal basis of ▪
eigenvectors.  If ═is positive definite, the 
corresponding eigenvalues are nonnegative.



ÁLine segments

ÁRegions in ᴙ▪

ÁGraphs

ÁSurfaces/manifolds



(on the board)



Eigenfunctions:

ȰDirichlet ÂÏÕÎÄÁÒÙ ÃÏÎÄÉÔÉÏÎÓȱ

On the board:  Interpretation as positive (semi-)definite operator.



Minus second derivative operator!





Image by E. Vouga



ÁLine segments

ÁRegions in ᴙ▪

ÁGraphs

ÁSurfaces/manifolds



Wave equation:



Gradient operator:

divergence
gradient

http://www.gamasutra.com/db_area/images/feature/4164/figy.png, https://en.wikipedia.org/wiki/Gradient



Coordinate-independent (important!)
Images made by E. Vouga



On board:

Ȱ,ÁÐÌÁÃÅ ÅÑÕÁÔÉÏÎȱ
Ȱ(ÁÒÍÏÎÉÃ ÆÕÎÃÔÉÏÎȱ

Images made by E. Vouga



Images made by E. Vouga





On board:
1. Positive:

2. Self-adjoint :

ȰDirichlet ÂÏÕÎÄÁÒÙ ÃÏÎÄÉÔÉÏÎÓȱ



ɉÏÎ ÔÈÅ ÂÏÁÒÄȡ ÃÒÉÔÉÃÁÌ ÐÏÉÎÔÓ ÏÎ ÔÈÅ ȰÕÎÉÔ ÓÐÈÅÒÅȟȱ ÓÔÁÔÅÍÅÎÔ ÏÆ 7ÅÙÌȭÓ ,Á×Ɋ

Small eigenvalue:  Small Dirichlet Energy
http://www.math.udel.edu/~driscoll/research/gww1-4.gif



Point constraints are ill-advised
http://wp.production.patheos.com/blogs/johnbeckett/files/2015/01/shutterstock_81695467.jpg



ÁLine segments

ÁRegions in ᴙ▪

ÁGraphs

ÁSurfaces/manifolds



ÁFunction:
One value per vertex



What is the 
Dirichlet energy of a 
function on a graph?



Orient edges arbitrarily
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https://en.wikipedia.org/wiki/Laplacian_matrix

ÁSymmetric
ÁPositive semidefinite



What is the 
smallest eigenvalue

of the graph Laplacian?



&ÉÅÄÌÅÒ ÖÅÃÔÏÒ ɉȰÁÌÇÅÂÒÁÉÃ ÃÏÎÎÅÃÔÉÖÉÔÙȱɊ



Value at v is average of neighboring values



Graph Laplacian encodes lots of 
information!

Example:   +ÉÒÃÈÏÆÆȭÓTheorem
Number of spanning trees equals





ÁLine segments

ÁRegions in ᴙ▪

ÁGraphs

ÁSurfaces/manifolds



http://www.ieeta.pt/polymeco/Screenshots/PolyMeCo_OneView.jpg

Map points to real numbers



Linear map of tangent spaces

Image from Wikipedia





Images made by E. Vouga

Decreasing E



On the board:
Ȱ-ÏÔÉÖÁÔÉÏÎȱ ÆÒÏÍ ÆÉÎÉÔÅ-dimensional linear algebra.

Laplace-Beltrami operator



Things we should checkɉÂÕÔ ÐÒÏÂÁÂÌÙ ×ÏÎȭÔɊȡ
Å Independent of choice of basis

Å ẗ



On board:  Draw schematic
Challenge:  Short derivation?



Laplace-Beltrami coincides 
with Laplacian on ᴙ
when Ɑtakes ●ȟ◐axes to 
orthonormal vectors.



http://alice.loria.fr/publications/papers/2008/ManifoldHarmonics//photo/dragon_mhb.png


