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Famous Theorems (in R?)
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Even Simpler Example...

Fundamental Theorem of Calculus



/ derivative| dV = / 'quantity| dA
r b

egion oundary

One equation, all of calculus



Exterior Calculus

Extension of vector calculus
to surfaces (and manifolds).



Rough Outline

Exterior calculus

Alternating k-forms, derivatives,
and integration

Discrete exterior calculus
All that, on a simplicial complex



Many lllustrations Borrowed From...
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Rough Outline

Exterior calculus

Alternating k-forms, derivatives,
and integration

Discrete exterior calculus
All that, on a simplicial complex



Everything
must be
Intrinsic!

!

Vector fields are
tangent!



Dual of a Vector Space V

V* .= {linear maps £ : V — R}

V, V' have same dimension.

{e;} basis for V = {dxz'} basis for V*

dz’(e;) = { 0 otherwise



One-Form: Dual of aVector




Intuition

® © =number
of layers

https://www.aliexpress.com/price/needishredder_price.html

Needle In a Hform onion



More Intuition

Row vs. column vectors



Some (Common) Terrible Notation




Musical Isomorphisms: Flat

BBBBB ,Schelomo

Vector to covector (lowers index)



Musical Isomorphisms: Sharp

y oco allareando _—¢afls
~h- \ = N d e a > 2P ﬁ“t##
o— p— S '
o/ ~— - sf\'r#

Covectorto vector (raises index)



Forms on Surfaces

A [:X—=R
b O-fc%rm




Differential One-Forms

Vector field
vy — T




w(U) = g w'v;
i

Motivate on the board!

No metric matrix g



What is atwo -form?



Continuing Onion Analogy

o oh: =
number of
oriented cells

Grid image from Wikipedia



Interlude: Line integral

Explanation from: http//www.math.ucla.edu/~tao/preprints/forms.p

Work = force * distance



Interlude: Line integral

Work = force * distance



Incident Light Flux

Bilinear (same as 1D)

wz (cAxy, Axs) = cw, (Axy, Axs)
wr((Axy + AxY), Axs) = we(Axy, Axs) + w, (A}, Axs)
wz (Axy, cAxy) = cw, (Azy, Axs)

we (A1, Azg + Axhy) = we(Axy, Axs) + wi(Awq, Ax))

Flux through degenerate window:

we(Az, Az) =0

F =~ Z wxi (Aﬂi’il, AZUZQ)



(Initially) Surprising Corollary

Bilinear (same as 1D)

wz (cAxy, Axs) = cw, (Axy, Axs)
wr((Axy + AxY), Axs) = we(Axy, Axs) + w, (A}, Axs)
wz (Axy, cAxy) = cw, (Azy, Axs)

we (A1, Azg + Axhy) = we(Axy, Axs) + wi(Awq, Ax))

Flux through degenerate window:

Anti-symmetric (follows from properties above):

Wy (Ax1, Azs) = —wz(Axg, Axq)



Defining Two-Forms

Bilinear:

cwy (Axy, Axs)
(Aa:l, Azs) + wy(Azy, Axs)
we(Axq, Axs)
(Aa:l, Axo) + wy(Azq, Az))

we(cAxq, Azs)

we((Az1 + Azy), Azs)
Wz (Axy, cAxs)
we(Azy, Axg + Axh)

Flux through degenerate window:

we(Az, Ax) =0

AN

Alternative equivalent definition:
o, ehe) o, e h e (alternating)

k-form: Same thing, k slots!



More Concrete 2-Forms on R"

weN = wv,w)=v' Mw

where M ' = —M (“antisymmetric”)

- T
wv,w)=c-v (1 0)w

|

One DOF , I _
rotation

- 0 —C3 C2
wiv,w)=v' | c3 0 —c|w=-—-c-(VvXWw)

—C9 C1 0




Differential Forms

For each pointp on a surface:
kvectorsin|  D[fferential R
the tangent —> —
space atp k-form

K-linear
Alternating



Two relevant details:
K= number of inputs
n = dimension

A 8 C 8-ford Averd 6
(k=2,n=3)



Alternating k-Forms as Flux Sensors

One-form: Two-form:
o( o) how much flux in o(  h ) how much flux in
direction e parallelogram e h e

http://www.waterworld.com/articles/print/products/2012/09/portableelocity-flow-meter.html
http://www.mesoscribe.com/sensors/hedlux-sensors/



Some Algebra

On the board:
Space ofk-forms ona&is
one-dimensional.

On the board:
k-forms onga " are

zerowheniz =

Area form dA




Products: Observations About X

. R . .9
inches x inches = inches
rxXx=_0

Dimensionality of cross product is variable:

QjD X QjD = scalar
3D x 3D = vector
Cross product of vectors is weird!



Wedge: Product of Onions

Grid image from Wikipedia



Wedge: Product of Onions




Wedge Product of One-Forms

Key idea: 2-form measures size of parallelogram projected onto some (oriented) plane

Image courtesy K. Crane



Wedge of One-Forms

o A B(u,v) = a(w)B(v) — a(v)B(u)

" Build 2D flyx

Sénsor out of
/ 1D flux sensors




Relationship to Cross Product

For oneforms:

O(l x OEI EI AO B&,b topa#aelobrandi,vi € 6 A

Notice: All 2-forms are wedges of-forms.



Symbol of a Permutation

(P) = +1 if P has an even number of swaps
W7 =1 otherwise

Examples:
(1234)

(1324)
(1342)



Wedge Product: Formal Definition

acAF ge

1
A ABVL - Vi) = T Y e(o)alvi, .., Vi)B(Vitt, -5 Vir)

occPerm(k+¥)
c Ak—|—£

Antisymmetry: a A 8 = (—=1)* B8 A «
Associativity: a A (BAY) = (aAB) Ay
Distributivity: a A (B4+v) =a A B+ a Ay
— aNa=0



Basis for k-Forms

dx;, \Ndx;, \---Ndx;,

with no repeated indices.



Inner Product of 2-Forms

First clear
appearance of
geometry!

(&) == (&, n%)

Borrow from vectors



Inner Product of k-Forms

(a1 A+ Nog, B1 A+ A Bg) = det((as, 5;))

Example: Inner product of 2forms over s

(W Aw’,a” AB”) = det (V'a V.b)

w-a wW-b
= (v X Ww)-(axb)

= v’ Aw’(a,b)]

.. o peEd )
O(1T x OEI El AO kW) tolpar@lddgran ,dqQe o A




Hodge Star

a N (x8) = (a, B)dA

Hodge Star (*)

*(uAv)=

Analogy: orthogonal complement
Key differe.nces: ori‘entati.o'n & ”ﬁpite extent” ks (n—k)
Small detail: z A xz is positively oriented

Image courtesy K. Crane



Hodge Star in 2D

*U

* % U

* k& kU

Prove on board

Image courtesy K. Crane



Differential k-Forms on Manifolds

AF := {alternating k-multilinear forms}

OF := {w taking p € & — A"(T,X)}

O/ T A AE£LAEAOAT DEAIl A Oi PAO OA



Inner Product of k-Forms




Differential of a Map

Definition (Differential). Suppose ¢ : M — N is a map from a submanifold M C R* into a
submanifold N C R". Then, the differential dgp, : Ty M — Ty N of @ at apoint p € M is given by

dep(v) := (¢ °7)(0),

where 7y : (—e, ) — M is any curve with y(0) = p and v/ (0) = v € Tp M.

Linear map of tangent spaces

dpp(7'(0)) == (¢ 07)"(0)

@(x)

Image from Wikipedia
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Construction of Exterior Derivative

Given a form », when is there a functionfjwith » ||}

o= Z fidx’
cr _ & _ 0L _ 0f
Ox*0x) OxJ 0x" ox’ oxJ
— O—Zafjda: A da?

T

Alternating!

Transformsd on O-formstodon 1-&1 Ol

Iterate!



Exterior Derivative: Axiomatic

Differential: df agrees with directional derivative
Product rule: d(a A B) =da A B+ (=1)*a A dp

Exactness: d? = 0



Product Rule: Intuition

O(h) o)

f(x) flx+h)

(fg)' = f'g+ fd

Images courtesy K. Crane



Integration of k-Forms

Lw ::Lw(T)ds

Measures amount
v
of 5 parallel tor

Integrate on k-dimensional objects



=
)
el
O
()
o
T
Vp)
)
=
O
afd
Up)

Image courtesy K. Crane



Intuition for Exactness

d2 J— /52d2w:/89dw



Translating Vector Calculus

Vf = (df)
V- F =xdx(F")
V x F = (xd(F”))"*
Af = xdx df

Homework!



Rough Outline

Exterior calculus

Alternating k-forms, derivatives,
and integration

Discrete exterior calculug

All that, on a simplicial complex




Discrete Exterior Calculus (DEC)

Discreteversion of
exterior calculus.

y

Wt v W1 N\ wo *w dw

o



Oriented Simplicial Complex



Dual Complex




Store integrals of
forms!



Integrated k-forms

Discrete Gform

[w=r1@)erV

(V)

Store integrated quantities!



Integrated k-forms

Discrete :form

/weRE|

Store integrated quantities!



Integrated k-forms

Discrete 2form

/w c RITI
'

Store integrated quantities!






