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“Divergence Theorem”

“Green’s Theorem”



“Divergence Theorem”

“Green’s Theorem”



Fundamental Theorem of Calculus



One equation, all of calculus



Extension of vector calculus
to surfaces (and manifolds).



1. Exterior calculus
Alternating k-forms, derivatives, 
and integration

2. Discrete exterior calculus
All that, on a simplicial complex



https://www.cs.cmu.edu/~kmcrane/Projects/DGPDEC/

Our goal:
Semester 

course in 2.5 
lectures…



1. Exterior calculus
Alternating k-forms, derivatives, 
and integration

2. Discrete exterior calculus
All that, on a simplicial complex



Everything 
must be 
intrinsic!

Vector fields are 
tangent!



Property:

V, V* have same dimension.





https://www.aliexpress.com/price/needle-shredder_price.html

Needle in a 1-form onion

𝝎(𝒗)=number 
of layers



Row vs. column vectors



Sum over repeated 
indices!



Vector to covector (lowers index)
Bloch, Schelomo



Covector to vector (raises index)
Elgar, Cello Concerto



http://perception.inrialpes.fr/Publications/2011/ZBH11a/scale-9.png

0-form





No metric matrix g



What is a two-form?



Grid image from Wikipedia

𝝎(𝒗,𝒘)= 
number of 

oriented cells



Work = force * distance

Explanation from:  http://www.math.ucla.edu/~tao/preprints/forms.pdf



Work = force * distance



Bilinear (same as 1D):

Flux through degenerate window:



Bilinear (same as 1D):

Flux through degenerate window:

Anti-symmetric (follows from properties above):



Bilinear:

Flux through degenerate window:

Alternative equivalent definition:
𝝎𝒙 𝚫𝒙𝟏, 𝚫𝒙𝟐 = −𝝎𝒙(𝚫𝒙𝟐, 𝚫𝒙𝟏)(alternating)

k-form:  Same thing, k slots!



One DOF
𝟗𝟎∘ rotation

Three DOFs DOFs agree with cross product!



For each point p on a surface:

k vectors in 
the tangent 

space at p

Differential
k-form

k-linear
Alternating



Two relevant details:
 k = number of inputs

 n = dimension

e.g. “a 2-form over ℝ𝟑”
(k=2,n=3)



http://www.waterworld.com/articles/print/products/2012/09/portable-velocity-flow-meter.html
http://www.mesoscribe.com/sensors/heat-flux-sensors/

One-form:
𝝎 𝚫𝒙 = how much flux in 

direction 𝚫𝒙

Two-form:
𝝎 𝚫𝒙𝟏, 𝚫𝒙𝟐 = how much flux in 

parallelogram (𝚫𝒙𝟏, 𝚫𝒙𝟐)



On the board:

Space of k-forms on ℝ𝒌 is
one-dimensional.

On the board:

k-forms on ℝ𝒏 are
zero when 𝒌 > 𝒏.



Cross product of vectors is weird!

The units change:

Not product-like behavior:

Dimensionality of cross product is variable:



Grid image from Wikipedia



Grid image from Wikipedia



Image courtesy K. Crane



Image courtesy K. Crane



For one-forms:

“How similar is parallelogram (a,b) to parallelogram (u,v)?”

Notice:  All 2-forms are wedges of 1-forms.







with no repeated indices.



Borrow from vectors



Example:  Inner product of 2-forms over ℝ𝟑

Again!

“How similar is parallelogram (v,w) to parallelogram (a,b)?”



Image courtesy K. Crane



Image courtesy K. Crane



“One differential form per tangent plane”





Linear map of tangent spaces

Image from Wikipedia



Linear map of tangent spaces

Image from Wikipedia





Given a 1-form 𝜶, when is there a function 𝒇 with 𝜶 = 𝒅𝒇?

Alternating!

Transforms d on 0-forms to d on 1-forms…

Iterate!





Images courtesy K. Crane



Integrate on k-dimensional objects

Measures amount 
of ω parallel to γ



Image courtesy K. Crane





Homework!



1. Exterior calculus
Alternating k-forms, derivatives, 
and integration

2. Discrete exterior calculus
All that, on a simplicial complex



Discrete version of 
exterior calculus.

…







Store integrals of 
forms!



Store integrated quantities!

Discrete 0-form



Store integrated quantities!

Discrete 1-form



Store integrated quantities!

Discrete 2-form



Stokes’ Theorem



consists of 1, 0, -1



consists of 1, 0, -1



consists of 1, 0, -1



Two different d matrices



Moves to dual mesh



Moves to dual mesh

Primal 2-form
Dual 0-form



Moves to dual mesh

Primal 1-form
Dual 1-form



Image courtesy K. Crane



Image courtesy K. Crane



Just triangle areas



Ratio of edge lengths
Image courtesy K. Crane



Choice of dual:  Circumcenter
Image courtesy K. Crane





Area of dual cell



Area/3 to each vertex
http://www.alecjacobson.com/weblog/?p=1146



Slide courtesy M. Ben-Chen



Slide courtesy M. Ben-Chen





http://ddg.cs.columbia.edu/SIGGRAPH06/DDGCourse2006.pdf



 Build up tons of matrices

 Multiply them together for 
complicated operators



Dot product:  
One primal, one dual.

(Already integrated!)



http://www.uib.no/filearchive/noteshodge27sep.pdf

grad  div







Interpolate one-form over triangle
Image courtesy F. de Goes

Discontinuous along edges!



http://users.cms.caltech.edu/~keenan/pdf/DGPDEC.pdf

Curl free





Conclusion:  For 𝝀 ≠ 𝟎, they’re obtained by 𝒅 and ⋆
𝒅 of Laplacian eigenfunctions.
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