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Vector Field Processing
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Directional Field Synthesis, Design, and Processing

Amir Vaxman'  Marcel Campen”  Olga Diamanti®  Daniele Panozzo™  David Bommes!  Klaus Hildebrandt®  Mirela Ben-Chen®

'Utrecht University  *New York University  *ETH Zurich  *RWTH Aachen University  *Delft University of Technology ~ ®Technion

Abstract

Direction fields and vector fields play an increasingly important role in computer graphics and geometry processing. The
synthesis of directional fields on surfaces, or other spatial domains, is a fundamental step in numerous applications, such as mesh
generation, deformation, texture mapping, and many more. The wide range of applications resulted in definitions for many types
of directional fields: from vector and tensor fields, over line and cross fields, to frame and vector-set fields. Depending on the
application at hand, researchery have used various notions of objectives and constraints fo synthesize such fields. These notions
are defined in termy of fairness, feature alignment, symmetry, or field topology, to mention just a few. To facilitate these objectives,
various representations, discretizations, and optimization strategies have been developed. These choices come with varying
strengths and weaknesses. This report provides a systematic overview of directional field synthesis for graphics applications, the
challenges it poses, and the methods developed in recent years (o address these challenges.

Categorics and Subject Descriptors (according to ACM CCS): 1.3.5 [Compuier Graphics]: Computational Geometry and Object
Modcling

1. Introduction There have been significant developments in directional field
synthesis over the past decade. These developments have been dnven



Why Vector Fields?

Graphics



Why Vector Fields?

(a)

O" 1 flolv /& the rabbit aortic arch and descending thoraéid O O A 6
Vincent et al.; J. Royal Society 2011

Biological science and imaging



Why Vector Fields?
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Weather modeling



Why Vector Fields?
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https://forum.unity3d.com/threads/megaflowector-fields-fluid-flows-released.278000/

Simulation and engineering




Many Challenges

Directional derivative?
Purely Intrinsic version?}
Singularities?
Flow lines?

8

How to discretize?
Discrete derivatives?
Singularity detection?
Flow line computation?

8



Crash course

INn theory/discretization of vector fields.



Many Challenges

Directional derivative?
Purely Intrinsic version?}
Singularities?
Flow lines?

8

How to discretize?
Discrete derivatives?
Singularity detection?
Flow line computation?
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Tangent Space

ToM =~'(0), where v(0) = p
™, = image(dgp,)




Some Definitions

Tangent bundle:
TM :={(p,v) :veT,M}

Vector field:

u: M — TM with u(p) = (p,v),v € T,M

Images from Wikipedia, SIGGRAPH cc



Scalar Functions

http://www.i

Map points to real numbers



Differential of a Map

Definition (Differential). Suppose ¢ : M — N is a map from a submanifold M C R* into a
submanifold N C R". Then, the differential dgp, : Ty M — Ty N of @ at apoint p € M is given by

dep(v) := (¢ °7)(0),

where 7y : (—e, ) — M is any curve with y(0) = p and v/ (0) = v € Tp M.

Linear map of tangent spaces

dpp(7'(0)) == (¢ 07)"(0)

@(x)

Image from Wikipedia



€ TpM so that dfp(v) =
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there exists a unique vector V f(p

s

Gradien

Proposition 9.2. For each p € M

v-Vf(p) forallve TyM.



How do you
differentiate
a vector field?
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Common point of confusion.
(especially for your instructor)




Answer

THETHIN

http://www.relatably.com/m/img/complicateedmemes/60260587.jpg



What's the issue?

How to identify different
tangent spaces?



Many Notions of Derivative

Differential of covector
(defer for now)

Lie derivative
Weak structure, purely topological

Covariantderivative
Strong structure, involves geometry



Vector Field Flows: Diffeomorphism

Useful property:+ (y(®) + {+ o))
Diffeomorphism with inverse




Fw( a}oa/r(//&.'
Killing Vector Fields (KVFs)




Differential of Vector Field Flow

dipy (p) : TyM — Ty, ()M

Image fromSmooth ManifoldsLee



Lie Derivative

d(0—1)o,(p)(Wa,(p))

Fig. 9.13 The Lie derivative of a vector field

1
(Ly W)y = lim — [(d—1)y, () (Wa, () — Wp]

t—0 1

Image fromSmooth ManifoldsLee



oiler



What’s Wrong with Lie Derivatives?

1
(Ly W)y = lim — [(d—1)y, () (Wa, () — Wp]

t—0 1

Image courtesy ACarapetis

Depends onstructure of V




What We Want

ey O A O
ET T e

p./

7TEAO xA AT160 xAl Oq
Specifyblue direction anywhere but at p.



Parallel Transport

Canonical identification of

tangent spaces -



Covariant Derivative (Embedded)

Vow := [dw(v)]! = projp, (w0 a)'(0)

T

Integral curve of v through p
Synonym: (Levi-Civita) Connection




Some Properties

Properties of the Covariant Derivative

As defined, VY depends only on V,, and Y to first order along c.

Also, we have the Five Properties:

1. C*-linearity in the V-slot:
VV1+fV2Y = VV1Y+ fV\/zy where f : § — R

2. R-linearity in the Y'-slot:
Vv(Yl + aYQ) =VvYi+aVyYo where a € R

3. Product rule in the Y-slot:
Vv(fY)=Ff-VyY +(Vyf)-Y wheref : S =R

4. The metric compatibility property: The Lie bracket
Vu(Y,Z)=(VvY,Z)+(Y,VvZ) | [Vi,Va](f):= Dy,Dy,(f)

1] . 1 - DV2DV1(f)
5. The "torsion-free” property:

Defines a vector field, which
Vv, Vo =V, Vi = [V4, V5] is tangent to S if V4, Vs are!

Slide by AButscher Stanford CS 468



Geodesic Equation

Projr. .., M 7' (s)] =0

The only acceleration Is out of the surface
No steering wheel!




Intrinsic Geodesic Equation

Vﬁ/(t)ﬁ/(t) =0

No stepping on the accelerator
No steering wheel!




Parallel Transport

Preserves length, inner product
(can be used tadefine covariant derivative)



Holonomy

Integrated Gaussian curvature

Path dependence of parallel transport



