
)ÍÁÇÅ ÆÒÏÍ Ȱ3ÔÒÅÁË Lines as Tangent Curves of a Derived Vector &ÉÅÌÄȱ 
(Weinkaufand Theisel; TVCG 2010)
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Graphics



Biological science and imaging

Ȱ"ÌÏÏÄ flow in the rabbit aortic arch and descending thoracic ÁÏÒÔÁȱ
Vincent et al.; J. Royal Society 2011



Weather modeling
https://disc.gsfc.nasa.gov/featured-items/airs-monitors-cold-weather



Simulation and engineering
https://forum.unity3d.com/threads/megaflow-vector-fields-fluid-flows-released.278000/



Theoretical Discrete

ÁDirectional derivative?

ÁPurely intrinsic version?

ÁSingularities?

ÁFlow lines?

Áȣ

ÁHow to discretize?

ÁDiscrete derivatives?

ÁSingularity detection?

ÁFlow line computation?

Áȣ



Crash course
in theory/discretization of vector fields.



Theoretical Discrete

ÁDirectional derivative?

ÁPurely intrinsic version?

ÁSingularities?

ÁFlow lines?

Áȣ

ÁHow to discretize?

ÁDiscrete derivatives?

ÁSingularity detection?

ÁFlow line computation?

Áȣ





Images from Wikipedia, SIGGRAPH course



http://www.ieeta.pt/polymeco/Screenshots/PolyMeCo_OneView.jpg

Map points to real numbers



Linear map of tangent spaces

Image from Wikipedia





How do you 
differentiate

a vector field?



Common point of confusion.
(especially for your instructor)

http://www.wgnflag.com/xcart/images/P/G-50_StopSeatBeltsStockSign.jpg



http://www.relatably.com/m/img/complicated-memes/60260587.jpg



t

How to identify different 
tangent spaces?



ÁDifferential of covector
(defer for now)

ÁLie derivative
Weak structure, purely topological

ÁCovariantderivative
Strong structure, involves geometry



Useful property:  ⱶ◄▼● ⱶ◄ⱶ▼●
Diffeomorphism with inverse Ἴ



http://www.bradleycorp.com/image/985/9184b_highres.jpg

Preserves 
distances

infinitesimally

Wilhelm Killing
1847-1923
Germany



Image from Smooth Manifolds, Lee



Image from Smooth Manifolds, Lee



Itôs pronounced

ñLeeò
Not ñLahy ò

(BTW: Itôs ñoiler ,ò not ñyou- ler ò)



Depends on structure of V
Image courtesy A. Carapetis



Ȱ7ÈÁÔ ÉÓ ÔÈÅ ÄÅÒÉÖÁÔÉÖÅ ÏÆ ÔÈÅ orange
vector field in the blueÄÉÒÅÃÔÉÏÎȩȱ

7ÈÁÔ ×Å ÄÏÎȭÔ ×ÁÎÔȡ

Specify blue direction anywhere but at p.

p



Canonical identification of 
tangent spaces



Integral curve of v through p

Synonym: (Levi-Civita) Connection



Slide by A. Butscher, Stanford CS 468



ÁThe only acceleration is out of the surface
ÁNo steering wheel!



ÁNo stepping on the accelerator
ÁNo steering wheel!



Preserves length, inner product
(can be used to define covariant derivative)



Path dependence of parallel transport

K

Integrated Gaussian curvature


