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Many slides from

 Szymon Rusinkiewicz, Princeton
ICCV Course, 2005

 Hao Li, USC
CSCI 599, 2015



Align two overlapping objects



Data provided by Paramount Pictures and Aguru Images

acquisition
registration

initial 

alignment
merging



 ICP algorithm
A classic!

 ICP variants

 Related problems
Synchronization, non-rigid registration



Can align given enough matches



How many 
correspondences 

determine R and t?



How do you get 
correspondences?



Closest points correspond





“A method for registration of 3-D shapes.”
Besl and McKay, PAMI 1992.

 Choose e.g. 1000 random points
 Match each to closest point on other scan
 Reject pairs with distance > k times median
 Minimize

 Iterate



Closed-form formulas!



 Source points from one or both meshes

 Matching to points in the other mesh

 Weighting correspondences

 Rejecting outlier point pairs

 Alternative error metrics

See [Rusinkiewicz & Levoy, 3DIM 2001]



“Object modelling by registration of multiple range images”
Chen and Medioni, Image and Vision Computing 10.3 (1992); image courtesy N. Mitra

Flat parts can slide along each other



Slide courtesy N. Mitra



Uniform Sampling Stable Sampling

Sample discriminative points



3 small eigenvalues
2 translation
1 rotation

3 small eigenvalues
3 rotation

2 small eigenvalues
1 translation
1 rotation

[Gelfand et al. 2004]

1 small eigenvalue
1 rotation

1 small eigenvalue
1 translation



6 DOFs stable

5 DOFs stable3 DOFs stable

4 DOFs stable

Key:



Random Sampling Normal-space Sampling



What is the bottleneck 
of ICP iteration?
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BSPNode::dist(Point x, Scalar& dmin){

if (leaf_node())

for each sample point p[i]

dmin = min(dmin, dist(x, p[i]));

else {

d = dist_to_plane(x);

if (d < 0) {

left_child->dist(x, dmin);

if (|d| < dmin) right_child->dist(x, dmin);

} else {

right_child->dist(x, dmin);

if (|d| < dmin) left_child->dist(x, dmin);

}}}



Axis-aligned tree
Image courtesy R. Gvili



Speed aside, is ICP 
always successful?



Slide courtesy N. Mitra

Translation in xz plane
Rotation about y

Converges

Does not converge
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Slide courtesy N. Mitra

Translation in xz plane
Rotation about y

Converges

Does not converge



Usually have ≥ 𝟐 scans



Prevent “drift”



 Align everything to anchor scan
Which to choose?  Dependence on anchor?

 Align to union of previous scans
Order dependence?  Speed?

 Simultaneously align everything using ICP
Local optima?  Computational expense?



Scan 1

Scan 2

Scan 3

Scan 4

Scan 5

Scan 6

Align similar scans, then assemble



 Pairwise phase
Compute pairwise ICP on graph

 Global alignment
Least-squares rotation/translation



Correct global 
registration

Global registration 
including bad ICP



“Angular synchronization by eigenvectors and semidefinite programming.”
Singer, ACHA 2010.

On the board:
Eigenvalue and/or SDP relaxations

Open problem:

Synchronization on non-compact groups (e.g. SE(3)!)



data provided by Paramount Pictures and Aguru Images



 Noisy data
 Acquisition holes (incomplete)

 No correspondence
 Deformation





missing 

data

overlapping regions

In addition to deformation



source

target

registration

detect

overlap
correspond deform



detect

overlap
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deform

helpshelps

Tasks support each other
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non-linear least squares

Gauss-Newton

[Chen & Medioni ’92]



Data provided by Stanford and MPI Saarbrücken

Template-based matching



Template alignment, blendshapes



Low-cost scanners
Deformation, clothing 

& props
Environment



Justin Solomon
MIT, Spring 2017

https://i.ytimg.com/vi/uzOCS_gdZuM/maxresdefault.jpg


