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ABSTRACT
Hybrid methods for solving combinatorial optimization prob-
lems have become increasingly popular recently. The present
paper is concerned with hybrids of ant colony optimization
and constraint programming which are typically useful for
problems with hard constraints. However, the original al-
gorithm suffered from large CPU time requirements. It was
shown that this integration can be made efficient via a fur-
ther hybridization with beam search resulting in CP-Beam-
ACO. The original work suggested this in the context of job
scheduling. We show here that this algorithm type is also ef-
fective on another problem class, namely car sequencing. We
consider an optimization version, where we aim to optimize
the utilization rates across the sequence. Car sequencing is a
notoriously difficult problem, because it is difficult to obtain
good bounds via relaxations. We show that stochastic sam-
pling provides superior results to well known lower bounds
for this problem when combined with CP-Beam-ACO.

Categories and Subject Descriptors
J.0 [ACO/Swarm Intelligence]: Car Sequencing

General Terms
Algorithms

Keywords
ACO, Constraint Programming, Beam search, CP-ACO, CP-
Beam-ACO, Car Sequencing

1. INTRODUCTION
In this study, we consider car sequencing, the problem of

scheduling cars on an assembly line [5, 8, 12, 17]. Each car
requires a number of options (e.g., air conditioning, sunroof,
radio, etc.) where each option is installed at a particular
station. The stations can only handle a limited number of
cars at a time. Hence, cars requiring the same options must
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be sequenced such that no station’s capacity is exceeded.
The satisfiability problem of identifying such a sequence is
known to be NP-hard [14].

As a pure satisfiability problem, car sequencing has been
effectively tackled with constraint and integer programming
approaches [5, 11, 12]. In [5], it was shown that a pure con-
straint programming (CP) approach is very effective on this
problem by sequencing up to 200 cars within five minutes,
even for those instances with high utilization of options (e.g.
90 %). In [11], an integer programming approach was pro-
posed where the number of violated constraints is minimized
subject to a number of linear constraints.

Ant colony optimization (ACO) on its own has also been
successful with satisfaction problems in the past [22, 23, 20].
These approaches are based on relaxing several constraints
during solution construction and minimizing violations as
the objective. In [23], it was shown that ACO on its own
can be effective for small instances of car sequencing whereas
approaches based on local search are more effective on larger
instances. Transferring Meyer & Ernst’s [16] approach to
satisfaction problems, Kichane et al. [13] use a constraint
programming approach which is aided by ACO when at-
tempting to find feasibility. They show excellent results on
large and hard instances of the problem [18].

In this study, we explore an optimization version of the car
sequencing problem [2]: feasible solutions to the car sequenc-
ing problem must be found and additionally the utilization
of options must be modulated within sub-sequences. Note
that a pure beam search approach is proposed in [2], but
it focuses on feasibility as opposed to the additional objec-
tive. We examine CP-Beam-ACO and CP-Beam-ACO(ss)
on this optimization problem by also focusing on the second
objective. We also consider non-CP approaches (ACO and
Beam-ACO [3]) but, as expected, both approaches struggle
with obtaining feasibility.

This paper is organized as follows. Section 2 formally de-
scribes the problem including its original version and the
optimization version to be tackled here. Section 3 discusses
the ACO and CP models used here and also their integra-
tions. Section 4 details the experiments carried out and the
results obtained. These results are further analyses in Sec-
tion 5. Section 6 concludes.

2. PROBLEM DEFINITION
The formal definition of the car sequencing problem is as

follows [24]. A number of cars V = {v1, . . . , vn} and options
O = {o1, . . . , om} are given. Each car requires a number
of options specified by rij ∈ {0, 1}, ∀i ∈ V, j ∈ O where
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rij = 1 states that car i requires option j. We are also given
(pi, qi), i ∈ O which impose constraints that require that at
most pi cars may use option oi in a subsequence of length
qi satisfying the capacity of a station. The cars are grouped
into classes C requiring the same options such that for all
l ∈ C, i,k ∈ l, j ∈ O : rij = rkj . We represent a solution to
this problem by a sequence π which consists of n variables
each of which have domains {c1, . . . , cl} such that the option
constraints are satisfied.

Like any satisfiability problem, the car sequencing prob-
lem can be framed as an optimization problem. Essentially,
for constructive methods, the objective is to maximize the
number of decision variables assigned such that constraints
are satisfied. The search terminates when all decision vari-
ables are assigned, i.e. all cars are sequenced. Additionally,
departing from satisfiability only, [2] considers further as-
pects of the problem which can be optimized. They define
two different but related measures based on feasibility and
how well the options are modulated across sub-sequences.

The first measure is the upper over-assignment of a se-
quence which is the number of times an option appears over
the allowed number when the sub-sequence constraint is vi-
olated:

uoa(π) =

m∑
i=1

n∑
j=1

aij × yij(π) (1)

where

yij(π) = max

[
0,−min(j, pi) +

j∑
k=ui(j)

rπki

]
(2)

where ui(j) = max(1, j + 1 − qi). The aij terms can be
seen as penalties for violating the constraints. Here, we do
not specify aij , because we treat this component as a hard
constraint. Essentially, the sum in the equation above adds
up the number of options that are used in a subsequence
from j + 1 − qi to j. Of course, if we have not sequenced
qi cars yet we only consider the smaller size subsequence.
uoa(π) = 0 implies that a feasible solution to the problem
has been found since we are only summing over the quantity
of the violations. Similarly, upper under-assignment of a
sequence can be defined as

uua(π) =
m∑
i=1

n∑
j=1

bij × zij(π) (3)

where

zij(π) = max

[
0,min(j, pi)−

j∑
k=ui(j)

rπki

]
(4)

where uij is defined earlier. Via bij , we are able to modulate
the usage of options in the sub-sequences. For our experi-
ments, we randomly select bij ∈ (0, 1]. This in effect imposes
preferences on those sub-sequences where all the allowed op-
tions should be sequenced or as many of them as possible.
Given these two measures, we can define the optimization
version of the problem to minimize

uoa(π) + uua(π) (5)

3. METHODS
We first discuss the ACO variant used in this study and

the pheromone models that have been attempted for this

problem. From these, we select the most plausible one. A
CP model is then suggested based on previous studies and
the integration of this model into ACO is briefly discussed.
To determine which ACO variants are effective and which
parameter settings are optimal we make use of previous stud-
ies.

3.1 Ant Colony Optimization and Constraint
Programming

ACO is a nature-inspired meta-heuristic first suggested
by Dorigo for combinatorial optimization [6]. The proce-
dure is based on the foraging behaviour of real ants. Ants
go out from their nests looking for food and mark the paths
that they use successfully with pheromone. Other ants look-
ing for food will probabilistically follow the paths based
on the amount of pheromone deposit. Hence paths with
more pheromone receive more ants and in turn receive more
pheromone. This positive feedback loop allows the colony
to converge on better food sources [4].

In their study on CP and ACO [13] used an implemen-
tation of ACO for the car sequencing problem and exam-
ined various pheromone models. Two straightforward mod-
els can be defined as follows. The first is a default model
which constructs a sequence based on the class of cars. That
is, a sequence contains as many variables as there are cars
and each variable has domain values that belong to the car
classes. This model consists of O(|V | × |C|) pheromone val-
ues. The second obvious model, classes, is to select a car
class for a variable given the car class in the previously as-
signed variable (O(|C|2) pheromone values). Finally, [13]
explores a third pheromone model, cars, which associates
trails with every pair of car classes and the number of re-
maining unassigned cars in each of these classes (O(|C|4)
pheromone values).

In their study, [13] found that their cars model was the
best performing model by a small margin, despite the large
number of pheromones that need to be learned for this model.
Surprisingly, the classes model was worse than the default
model. Given these results, we chose to use the default
model. It is proven to be more effective than the classes
model and the cars model is considered too large given the
large size of the pheromone trails for larger instances with
few iterations. This is particularly true for experiments with
large instances where a time limit is given as the terminat-
ing criterion and the CP-based algorithms only complete a
few iterations or few pheromone updates. All algorithms
compared in this study make use of the same pheromone
model and potential differences caused by the pheromone
models can be expected to have similar effects across all the
algorithms.

The high-level ACO algorithm is presented in Algorithm 1.
The pheromone trails for the default model consist of pheromones
τij where i is the position or variable in the sequence (i.e.,
πi) and j is a class.1 The algorithm is a straightforward
version of the ACO algorithm and the details of the spe-
cific procedures are discussed below. All parameter settings
including initial values are adopted from [13].
ConstructSequence(): The permutation π of the jobs is con-
structed by selecting a car class for each variable beginning
with the first variable π1. There are two possible solution
constructions allowed here based on whether CP is used or

1Note there is no distinction made between cars of the same
class in the default model.
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Algorithm 1 CP-ACO for the car sequencing problem

1: input: A car sequencing instance
2: πbs := null
3: initialize T
4: while termination conditions not satisfied do
5: Siter := ∅, S := ∅
6: for j = 1 to nants do
7: πj := ConstructSequence()
8: Siter := Siter ∪ {πj}
9: end for
10: S := S ∪ argmax{f(π)|π ∈ Siter}
11: πbs = Update(S)
12: T = PheromoneUpdate(S)
13: end while
14: output: πbs

Algorithm 2 Construct solutions using CP

1: i ← 0, feasible ← true
2: while i ≤ n & feasible do
3: i← i+ 1
4: D = domain(πi)
5: repeat
6: j = select class(D,τ )
7: feasible = post(πi ← j)
8: if not(feasible) then post(πi �= j)
9: D = D \ j
10: until D �= ∅ ∨ feasible
11: end while
12: Return π

not. For the non-cp algorithms, a solution is considered
complete when all the variables have car classes assigned to
them. For the CP algorithms, variables are bound starting
with π1 and the construction terminates when either all the
variables have been assigned or when the partial solution is
recognised as infeasible.

Algorithm 2 shows the procedure for building a single so-
lution with CP which may substitute line 7 in Algorithm 1.
This procedure incrementally adds components to the se-
quence π by making sure that the choices are feasible. Be-
tween lines 4 and 9 single level back-tracking is used and all
possible domain values (D = domain(πi)) are tested for a
variable until a feasible choice is found. If no feasible solu-
tion is found a partial solution with not all variables assigned
may be returned.

The selection of a car class proceeds in standard ant colony
system fashion (procedure select class(D,τ )). We generate a
random number q ∈ (0, 1] and compare this with a pre-
defined parameter q0. For the ith variable, πi, if q < q0, a
job k for variable i in π is greedily selected according to

k = max
j∈C

τij × ηβ
j (6)

otherwise, πi = k is selected with probability

p(πi = k) =
τik × ηβ

k∑
j∈C

(
τij × ηβ

j

) (7)

where the heuristic factor ηβ
k for selecting car class k for

variable i of permutation π. β is a factor that specifies
the relative contribution of the heuristic weight and will be
defined in the results section. For ηk, We use the dynamic

sum of utilisation (DSU) rates first suggested by Smith [21],
and shown to be the best performing heuristic by Gottlieb
et al. [10]. The idea is to make use of the utilization rate
of an option oi which is defined as the ratio of the number
of cars that require oi to the maximum number of cars that
can have oi while satisfying its capacity constraint:

ηk =
∑

oj∈ro(c)

rv(oj , nj)

n− i
(8)

where nj are the number of cars that require option oj but
have not been sequenced in π yet. The set of options needed
by car class c is specified by ro(c). n − i is the number of
variables left to assign in the partial solution. rv(oj , nj) is
the utilization rate of option oj , which is the ratio of the
total number of cars nj requiring option oj to the maximum
number of variables for installing the option satisfying the
capacity of a station [13]. It is computed as follows:

rv(oj , nj) =

{ qj×nj

pj
− (qj − pj) if nj%pj = 0

qj×(nj−nj%pj)

pj
+ nj%pj otherwise

(9)
πbs = Update(S): This procedure sets πbs to the best so-
lution in S. S consists of the best solutions from the cur-
rent iteration. The cost of a solution is based on two mea-
sures f(πi), the number of variables assigned, and uua(πi).
We first maximize over f() and the minimize over uua().
Therefore, if πi ∈ S satisfies f(πi) > f(πbs) or f(πi) =
f(πbs) ∧ uua(πi) < uua(πbs) then πbs is set to πi. Note
that the solutions in S have the same number of variables
assigned but may have different uua costs.

T = PheromoneUpdate(πbs): This algorithm updates all the
solutions that resulted in the best cost for the current it-
eration. All components (i, j) appearing in the list of best
solutions are used to update the corresponding components
in the pheromone matrix:

τij = τij × ρ+ δS (10)

where δS = 1/(1 + f(πbs) − f(πib)). ρ is the learning rate
which specifies how quickly the pheromones converge to the
best solution and is set to be 0.02 for this study. Here, the
pheromones in the CP based algorithms are also rewarded.

3.2 The Constraint Programming Model
Since Dincbus et al. (1988) applied CP to car sequencing,

it has been a benchmark problem for CP solvers. As a result
the high level sequence constraint is now available in various
CP solvers and various filtering algorithms for this constraint
have been suggested [19, 26].

The CP model for this problem make use of two high level
constraints. The sequence constraint sequence(π, s, q, l, h):∧|π|−q

i=0 among(〈πi, . . . , πi+q−1〉, s, l, h) [7]. The among(·) con-
straint requires that the number of occurrences of πj = s is
less than u and greater than l. Using the among(·) con-
straint, the sequence constraint enforces this constraint for
every subsequence of π of size q.

The second constraint used is count(π, |cl|) which specifies
that the number of cars of class cl in π must equal |cl|.
By combining these constraints, the CP model is able to
achieve strong propagation. Furthermore, these constraints

165



Algorithm 3 Probabilistic Beam Search with CP

1: input: (θ, μ, T )
2: B0 = {π1 = (), . . . , πθ = ()}
3: t = 0
4: while t < n and |Bt| > 0 do
5: for i ∈ Bt do
6: k ← 0, D = domain(πi

t)
7: while k < μ ∧D �= ∅ do
8: π̂ = πi

9: j = select class(D,τ )
10: feasible = post(πi

t ← j)
11: if (feasible) then Bt+1 = Bt+1 ∪ πk

12: k← k + 1, D = D \ j
13: end while
14: end for
15: Bt+1 = Reduce(Bt+1, θ)
16: t← t+ 1
17: end while
18: output: argmax{f(π) | π ∈ Bn−1}

are often solved very quickly. Details will be provided in the
results section.

3.3 CP-Beam-ACO(ss)
CP-ACO discussed above has the inherent problem that

repeated solutions may be constructed within an iteration
leading to repeated propagation [25]. Since propagation is
expensive, this can result in the algorithm spending a large
proportion of its execution time inefficiently. CP-Beam-
ACO overcomes this problem by partly parallelizing the
search so that propagation never needs to be repeated in
a single iteration [25]. Furthermore, this algorithm provides
more flexibility for directing the search than CP-ACO if ef-
fective relaxation bounds are available. We refer to CP-
Beam-ACO as CP-Beam-ACO(ss) where stochastic sampling
is used to obtain estimates.

CP-Beam-ACO(ss) is implemented in a similar fashion to
the implementation in [25]. Algorithm 3 replaces line 7 in
Algorithm 1. Here, we start with a beam Bt with θ (initially
empty) solutions. For each solution in the beam, μ feasible
extensions are constructed and added to Bt+1. At this stage,
Bt+1 contains θ×μ partial solutions if these many solutions
were found. From amongst these, we reduce the number of
solutions to θ (line 15) using a cost estimate. Here, a cost
estimate is computed for each partial solution in Bt+1. From
these solutions, the best θ solutions are selected in a greedy
fashion. The procedure concludes by returning the solution
with the best quality.

The estimate used for the beam component of CP-Beam-
ACO is analysed later. Here, we briefly describe stochastic
sampling which is an alternative to the use of principled
bounds where these are not readily available and cannot be
computed cheaply [15]. The basic idea is to consider a par-
tial solution and to complete the solution in plain ACO man-
ner by disregarding the constraints on the options. We ob-
tain a complete solution which has uoa and uua cost. Given
a number of these samples for each solution, the best uoa
and uua costs can be used as an estimate of the true cost for
the non-relaxed solution. In [25] it was shown that estimates
obtained in such a manner can be effective and sometimes
even more effective than problem specific lower bounds.

4. EXPERIMENTS AND RESULTS
Results for experiments with ACO, CP-ACO and CP-

Beam-ACO(ss) were conducted and are reported here. The
parameters were determined from [13] for the ACO and CP-
ACO algorithms and [2] for CP-Beam-ACO(ss). For all al-
gorithms, ρ = 0.02 and β = 6.0. For beam search, [2] showed
that using beam widths of size 25 were effective on the prob-
lem and generally improving results were obtained with in-
creasing beam widths as expected. However, their algorithm
was run for a single iteration without any learning compo-
nent. In order to allow for a large number of pheromone
updates or effective learning, we chose na = 10 for CP-ACO
and θ = 10, μ = 3.0 for CP-Beam-ACO(ss). In initial exper-
iments we tested values of μ = {2.0, 3.0, 4.0, 5.0} and found
that μ = 3.0 was slightly improved compared to μ = 2.0 and
μ = 4.0. However, μ = 5.0 was significantly worse. We used
10 samples obtain the estimate for stochastic sampling.

Khichane et al. (2008) [13] conducted studies on various
datasets from the CSP library [9]. They found that most
instances were easily solved by CP-ACO and focused their
study on the harder datasets used by [18]. Therefore, in this
study we consider instances only from this harder dataset.
Furthermore, we consider a subset of instances, six each from
instances with 100, 500 and 600 cars and conduct 30 runs
per instance. Each run was given 15 hours of execution time
and all experiments were conducted on the Monash Sun Grid
and the Enterprisegrid using Nimrod [1].

Table 1 shows results for CP-ACO and CP-Beam-ACO(ss)
on the problem instances from [18]. CP-Beam-ACO(ss) is
the CP-Beam-ACO version using stochastic sampling to ob-
tain estimates for the beam component. The first column
specifies the instance with the first index being the number
of cars to sequence and the second index being an identifier.
The next six columns show the results for CP-ACO. The
second column shows the best result (number of variables
successfully assigned) obtained in terms of feasibility and
the third column are the average results across the 30 runs.
uua is the average uua value obtained for the instance and
the next column are the associated standard deviations. The
next column specifies the CP assignments performed during
the execution of the algorithm. iter stands for the average of
the total number of iterations conducted by the algorithm.
The next column specifies the number of runs where the al-
gorithm failed for each instance. The next seven columns
are the same results corresponding to CP-Beam-ACO(ss).

In the time allowed both algorithms find feasibility or
come very close (a sequence size that is close to that of
the number of cars that need to be sequenced) to finding
feasibility on all problem instances. Except for 500-27 and
500-88, CP-ACO finds feasibility at least on one of the 30
runs. Additionally, CP-Beam-ACO(ss) fails on 100-82. In
general CP-ACO is slightly more effective in terms of feasi-
bility.

The next comparison is of the uua values. The values
are only considered on the cases where feasibility was found.
For example, feasibility for a single run for 100-82 was found
with CP-ACO and only this value is considered for the uua
average value. The statistically significant results are marked
in bold face. Except for one instance (100-82) where CP-
Beam-ACO(ss) does not find feasibility, CP-Beam-ACO(ss)
outperforms CP-ACO. Hence, if feasibility is found CP-Beam-
ACO(ss) is the preferred algorithm for the optimization ver-
sion of the problem.
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Table 1: CP-ACO and CP-Beam-ACO(ss) results for selected instances from Perron & Shaw (2004). The
statistically significant differences in uoa and uua are marked in bold face.

CP-ACO CP-Beam-ACO(ss)

best mean uua sd CP steps iter fail best mean uua sd CP steps iter fail

100 - 22 100 100.0 274.2 1.44 7.79E+006 1263.6 0 100 100.0 268.95 1.27 1.16E+007 1328.7 0
100 - 35 100 100.0 238.2 1.83 7.57E+006 1274.8 0 100 100.0 231.16 1.72 1.01E+007 1157.3 0
100 - 64 100 100.0 262.8 1.88 8.22E+006 1458.5 0 100 100.0 258.35 1.75 1.09E+007 1335.9 0
100 - 77 100 100.0 188.2 0.93 7.71E+006 1244.4 0 100 100.0 181.37 1.53 1.10E+007 1224.7 0
100 - 82 100 98.1 256.3 0.00 8.54E+006 1293.8 29 98 97.3 1.09E+007 1239.8 30
100 - 94 100 100.0 192.7 1.90 7.53E+006 1479.8 0 100 100.0 183.56 1.46 1.08E+007 1411.5 0
300 - 8 300 296.9 633.2 3.67 1.44E+006 79.0 27 300 296.9 614.42 7.04 1.81E+006 69.7 28
300 - 14 300 300.0 837.9 3.53 1.36E+006 74.4 0 300 300.0 818.12 3.66 1.98E+006 75.8 0
300 - 53 300 300.0 697.8 2.21 1.41E+006 74.5 0 300 300.0 686.07 1.92 1.63E+006 63.9 0
300 - 56 300 300.0 550.6 2.55 1.52E+006 78.0 0 300 300.0 534.74 3.27 2.18E+006 79.7 0
300 - 62 300 300.0 860.0 4.49 1.62E+006 77.6 0 300 299.8 838.84 5.24 2.00E+006 71.3 2
300 - 78 300 298.7 626.3 3.91 1.57E+006 75.7 17 300 298.9 610.70 6.34 1.82E+006 64.6 16
500 - 14 500 500.0 708.1 2.47 6.40E+005 20.5 0 500 500.0 687.00 4.10 9.30E+005 21.2 0
500 - 27 486 482.5 5.89E+005 17.3 30 483 478.8 8.75E+005 20.2 30
500 - 65 500 497.1 804.1 0.00 6.78E+005 20.8 29 500 496.9 783.42 0.00 7.77E+005 16.6 29
500 - 74 500 500.0 802.3 6.31 7.18E+005 22.5 0 500 499.9 776.93 6.87 9.85E+005 21.4 2
500 - 79 500 500.0 1521.3 4.54 7.11E+005 21.0 0 500 500.0 1474.83 5.25 8.93E+005 19.3 0
500 - 88 496 494.4 5.97E+005 19.7 30 495 493.4 8.14E+005 18.8 30

In terms of variable assignments, CP-Beam-ACO(ss) per-
forms significantly more of these compared to CP-ACO. This
is expected since CP-Beam-ACO(ss) performs many more
“cheap”2 assignments when the last few variables need to be
assigned. In fact this was an aim of the algorithm design
for CP-Beam-ACO(ss). There is no significant difference
in iterations except for CP-ACO usually performing a few
more iterations. In the situation where few feasible solutions
are found per iteration, an algorithm will usually complete
more iterations, given a time limit, compared to the situa-
tion where feasible solutions are always found. This shows
that CP-ACO may complete fewer close to feasible solutions.
With CP-Beam-ACO(ss) other partial solutions may still be
in the beam if solutions are rendered infeasible causing an
iteration to last longer. This effect may be observed on in-
stance 500-27 where CP-Beam-ACO(ss) on average assigns
approximately four fewer variables and hence completes at
least three more iterations.

Given the above results, CP-Beam-ACO(ss) is the best
choice. However, we used stochastic sampling in this imple-
mentation and it is worth examining whether known bounds
perform as well or better when implemented with CP-Beam-
ACO. In Table 2 we show the results for CP-Beam-ACO
with bounds based on the uoa and uua measures. The costs
are computed as follows. The uoa estimate is computed as
the sum of the partial solution’s current uoa cost and the uoa
bound. Similarly, the uua estimate is the sum of the current
uua cost and the uua bound. The uoa & uua estimate is the
sum of the uoa and uua estimates. For full details of these
bounds see [2].

Table 2 focuses on feasibility. CP-Beam-ACO with uoa
or uua perform well. The uoa estimate is expected to be
effective since uoa is a cumulative measure of how many op-
tion we are over the allowed option in the current sequence.
Overall, the uoa estimate is marginally more effective than
uua and significantly more effective than the combination of
the uoa and uua estimates. We also point out here that there
were no significant differences ion terms of the uua measure.

2In general, when assigning a variable, CP propagation costs
are expensive. However, when relatively few variables are
left to label, the propagation costs are relatively small.

Table 2: Feasibility results for experiments with
bounds for the beam search component in CP-
Beam-ACO(ss).

uoa & uua uoa uua

best mean best mean best mean

100 - 22 100 100.0 100 100.0 100 100.0
100 - 35 100 100.0 100 100.0 100 100.0
100 - 64 100 100.0 100 100.0 100 100.0
100 - 77 100 100.0 100 100.0 100 100.0
100 - 82 98 97.8 100 98.3 100 98.1
100 - 94 100 100.0 100 100.0 100 100.0
300 - 8 298 294.3 300 296.5 300 296.7
300 - 14 300 300.0 300 300.0 300 300.0
300 - 53 300 300.0 300 300.0 300 300.0
300 - 56 300 300.0 300 300.0 300 300.0
300 - 62 300 299.9 300 300.0 300 300.0
300 - 78 300 296.9 300 298.4 300 298.4
500 - 14 500 500.0 500 500.0 500 500.0
500 - 27 483 480.2 487 482.7 484 482.6
500 - 65 498 494.3 500 496.8 500 496.8
500 - 74 500 498.4 500 500.0 500 499.9
500 - 79 500 500.0 500 500.0 500 500.0
500 - 88 495 493.0 495 494.3 496 494.3
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Given these results, we now compare CP-Beam-ACO(ss)
and CP-Beam-ACO(uoa) in terms of optimality of uua().
We only consider those instances where feasibility was found
by both algorithms (see Table 3). These results show that
when feasibility is found, CP-Beam-ACO(ss) is the best per-
forming algorithm across all instances. See also Figure 1
which shows the % difference of CP-ACO and CP-Beam-
ACO(uoa) to CP-Beam-ACO(ss). Hence for the optimizaiton
version of the problem, CP-Beam-ACO(ss) is the preferred
algorithm.

Figure 1: The uua results for CP-ACO and CP-
Beam-ACO(uoa); For each algorithm, the % differ-
ence to CP-Beam-ACO(ss) is shown averaged across
each problem size.

Table 3: Comparison between CP-Beam-ACO(ss)
and CP-Beam-ACO(uoa)where feasibility is found.

CP-Beam-ACO(uoa) CP-Beam-ACO(ss)

uua sd uua sd

100 - 22 274.23 1.71 268.95 1.27
100 - 35 238.19 1.79 231.16 1.72
100 - 64 262.83 1.59 258.35 1.75
100 - 77 187.67 1.17 181.37 1.53
100 - 94 192.63 1.37 183.56 1.46
300 - 8 616.82 7.13 614.42 7.04
300 - 14 838.73 2.73 818.12 3.66
300 - 53 697.77 1.56 686.07 1.92
300 - 56 550.62 2.69 534.74 3.27
300 - 62 858.84 4.9 838.84 5.24
300 - 78 626.24 8.58 610.70 6.34
500 - 14 708.6 2.77 687.00 4.10
500 - 65 797.85 0.16 783.42 0.00
500 - 74 803.93 5.19 776.93 6.87
500 - 79 1522.08 4.18 1474.83 5.25

4.1 Investigating CP Influence
We now examine the contribution of the CP component.

To do so we eliminate any CP from the hybrids, obtain-
ing ACO and Beam-ACO(ss). Due to space restrictions we
summarise the results here without presenting the table of
results. Without the CP support, neither of these algorithms

finds feasibility on any instance on any run. Note that Beam-
ACO(ss) uses stochastic sampling as the estimate and as we
had seen in Table 1, this estimate provides no feasibility
advantage over plain CP-ACO. Therefore, we cannot expect
any advantage over CP-ACO using this estimate with Beam-
ACO(ss).

Beam search using the uoa bound guides the algorithm to-
wards feasibility as seen in [2]. Thus Beam-ACO(uoa) may
be better placed to find feasibility and we examine this al-
gorithm here. We retain the previous parameter settings of
θ = 10 and μ = 3. Table 4 shows that CP-Beam-ACO(uoa)
is more effective when considering feasibility.3 There are
three instances where Beam-ACO(uoa) finds feasibility al-
though infrequently for two instances. Comparing these al-
gorithms clearly shows that the CP component provides a
big advantage over only using the bound.

While Beam-ACO(uoa) is able to identify feasibility on
three problems, its performance compared to CP-Beam-ACO(uoa)
is poor across all the instances. Therefore, we conclude that
the uoa bound is only effective if large beam widths may be
used and this is infeasible for use with CP given the mem-
ory requirements.4 Comparing with CP-Beam-ACO(ss) in
Table 1, we see that CP-Beam-ACO(ss) is more effective in
terms of feasibility. Considering uua for the three instances
where feasibility is found, Beam-ACO(uoa) is very close to
CP-Beam-ACO(ss) and is slightly more effective on two in-
stances.

Table 4: Comparison between Beam-ACO(uoa) and
CP-Beam-ACO(uoa).

Beam-ACO(uoa) CP-Beam-ACO(uoa)

uua sd fail uua sd fail

100 - 22 0 30 274.23 1.71 0
100 - 35 0 30 238.19 1.79 0
100 - 64 0 30 262.83 1.59 0
100 - 77 181.21 1.78 0 187.67 1.17 0
100 - 82 0 30 253.75 1.54 25
100 - 94 200.18 2.32 27 192.63 1.37 0
300 - 8 0 30 616.82 7.13 27
300 - 14 0 30 838.73 2.73 0
300 - 53 0 30 697.77 1.56 0
300 - 56 0 30 550.62 2.69 0
300 - 62 0 30 858.84 4.9 0
300 - 78 0 30 626.24 8.58 22
500 - 14 676.46 4.94 22 708.6 2.77 0
500 - 27 0 30 30
500 - 65 0 30 797.85 0.16 28
500 - 74 0 30 803.93 5.19 0
500 - 79 0 30 1522.08 4.18 0
500 - 88 0 30 30

4.2 Comparison with Beam Search
The final experiment conducted here is to compare Beam-

ACO(uoa) with [2]. We ran our algorithm (disregarding the
DSU heuristic) on the same instances. Table 5 shows these
results for runs of duration 10 minutes. The parameters
of our algorithm were set as θ = 50 and μ = 20. The
ACO parameters were set as above. It is not clear what
value for μ was used by [2] and here we show that with

3Note that Beam-ACO(uoa) does not use the DSU static
heuristic.
4We had available 4GB memory and attempted θ = 50.
However, we ran out of memory on all the instances.
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a reasonable value we achieve results close to that of this
study. Furthermore, our algorithm including an iterative
learning component requires a a smaller value of μ in order
to allow for a larger number of pheromone updates. These
results shows that overall the original beam search algorithm
is marginally superior in terms of feasibility. However, it
only solves three instances in all, which is a small proportion
considering that the p200, p300 and p400 datasets consist of
10 instances each and none of them are solved. The largest
difference is seen for p400. Here, the difference is about 13
units but when considering that we are sequencing 400 cars,
this is a relatively small. Thus, if we consider the constraints
as hard, pure beam search is really not an option.

Table 5: Beam-ACO(uoa) repeated for instances
from Bautista (2008). The DSU heuristic is not used
in these implementations.

Beam [2] Beam-ACO(uoa)

uoa uua uoa sd uua sd

10 - 93 3 5.3 0.7 34.4 3.0
16 - 81 1 1.9 0.5 55.5 2.8
19 - 71 3 2.8 0.4 44.8 3.7
21 - 90 4 3.0 0.6 71.3 1.5
26 - 82 0 3.2 0.7 67.0 2.1
36 - 92 2 4.0 1.0 55.7 3.2
41 - 66 0 1.9 0.7 111.6 0.8
4 - 72 0 2.1 0.8 70.4 2.9
6 - 76 6 5.6 0.5 115.3 0.5
p200 10.1 138.2 12.4 1.1 134.5 2.8
p300 16.0 176.0 22.1 1.7 169.2 3.7
p400 11.7 325.1 24.6 2.2 283.9 4.1

5. DISCUSSION
The results are summarised as follows. ACO and Beam-

ACO(ss) struggle and never find feasibility. Both CP-ACO
and CP-Beam-ACO(ss) are able to effectively find feasibil-
ity for the optimization version of the car sequencing prob-
lem (see Figure 2). CP-ACO is marginally more effective
in terms of feasibility. The CP algorithms easily outper-
form Beam-ACO(ss) with a large beam width despite the
fact that the latter uses better bounds. Unfortunately, this
better bound (uoa) becomes unusable with CP due to the
large beam width requirements.

In terms of optimization performance, CP-Beam-ACO(ss)
is the best performing algorithm. This is consistent across
the 15 out of 18 problem instances where feasibility is found.
The non-cp algorithms struggle with feasibility and hence a
comparison of the objective values is not meaningful.

The results seen here are similar to those in [25] where CP-
Beam-ACO(ss) was applied to a single machine job schedul-
ing problem. This is also an optimization problem with non-
trivial hard constraints where a complex CP model was de-
vised. Here, with the car sequencing, we similarly see a per-
formance advantage of CP-Beam-ACO(ss) over CP-ACO.
The feasibility differences are also similar with CP-ACO be-
ing slightly more effective. Also like [25], we see that prob-
lem specific lower bounds combined with the learning com-
ponent and CP are not as effective as the stochastic sampling
mechanism. This alternative is a simple and generic mech-
anism to generate estimates and proves to be useful here.

Figure 2: Cumulative failure results for ACO, Beam-
ACO(ss), Beam-ACO(uoa), CP-ACO and CP-Beam-
ACO(ss); For each algorithm, each block corre-
sponds to one problem instance where the shad-
ing/colour indicates the problem instance and the
height of each block indicates the number of fail-
ures.

6. CONCLUSION
In this study, we have suggested CP-Beam-ACO(ss) for

solving the optimization version of the car sequencing prob-
lem. Through parallel solution construction, CP-Beam-ACO(ss)
is able to effectively optimize the utilization of options across
a sequence. This is clearly observable across a number of
hard problem instances where CP-Beam-ACO(ss) consis-
tently outperforms CP-ACO. Furthermore, the feasibility
advantages of CP-ACO are inherited by CP-Beam-ACO(ss).
Similar results were observed during a comparison of the
same methods in [25].

This result shows that where CP-ACO may be applied,
CP-Beam-ACO(ss) can also be applied with performance
gains. This is especially true for complex CP models where
constraint propagation is expensive. Whether CP-Beam-
ACO(ss) also provides an advantage for those problems where
CP is effective but propagation costs are relatively cheap is
left as a topic for future research.

Stochastic sampling proves to be a useful way of obtain-
ing estimates. We explored different lower bounds specific
to the car sequencing optimization problem which are not
useful when combined with CP. The uoa estimate is very
effective when large beam widths are usable. However, such
a scheme is currently not tractable with respect to mem-
ory when combined with CP, due to the large beam width
requirements, as shown here.

Finally, we have shown here and combined with [25] that
CP-Beam-ACO(ss) is an effective algorithm for different classes
of problems where a similar problem structure can be iden-
tified. CP-Beam-ACO(ss) can be further improved. We are
currently looking at efficiently dealing with the propagation
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within an iteration. This can also be extended to deal with
similar solutions across iterations where solver states may
be stored and used when similar solutions are being con-
structed. Also, through improvements in memory manage-
ment, using larger beam widths may become possible leading
to effective use of problem specific bounds.
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