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Abstract

In this thesis, I explain possible mathematical principles behind brain computations
during the processing of temporal information and fast sensory adaptation using static
and plastic neural circuits respectively. For the static part of the thesis, I investigate
the possible computational principles behind how the brain can process temporal in-
formation over a long time range using neurons with transient activities. Specifically,
I design static memoryless neural circuits that are capable of processing temporal
sequences in either rate coding or temporal coding and prove that the networks are
optimal in both the number of the neurons and the convergence time. For the plastic
part of the thesis, I show how a sensory system can potentially adapt quickly under
Barlow’s efficient coding principle despite having high dimensional sensory inputs.
Specifically, T use Oja’s rule as an example of sensory adaptation under the efficient
coding principle and give the first convergence rate analysis of Oja’s rule in solving
streaming principal component analysis (PCA). In particular, the convergence rate I
obtain matches the information-theoretic lower bound up to logarithmic factors and
outperforms the state-of-the-art analysis for other streaming PCA algorithms in the
literature. I further demonstrate the capacity of Oja’s rule for continual learning
in a living system. Specifically, I prove that Oja’s rule can continuously adapt to
changing environments without sacrificing too much efficiency and remain functional
throughout the process.
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Chapter 1

Introduction

The purpose of this thesis is to mathematically understand some principles of brain
computation. Brains comprise networks of neurons that individually have relatively
simple dynamics. However, the brain can execute complicated tasks, such as playing
violin, or learning concepts from the environment, such as language acquisition. Al-
though scientists have obtained many experimental findings and theoretical insights
about the brain, most underlying principles behind brain computation have remained
elusive. There are two aspects of brain computation: the static network dynamic,
which describes how the electrical activities of neurons evolve under fixed connec-
tions and the activity-dependent synaptic plasticity, which describes how the strength
of the synapses varies based on the activities of the neurons. For static networks,
understanding the underlying computational principles is already difficult because of
the possibility of chaotic behaviors in recurrent connections and the highly nonlinear
nature of spiking dynamics. Synaptic plasticity further adds an layer of complication.
Therefore, a theoretical understanding of brain computation is a challenging task.
There have been many attempts to model brain computationally. At a single-
neuron level, theoretical neuroscientists were able to model the dynamics of a single
neuron to high accuracy with the Hodgkin-Huxley model [35]. At a static circuit
level, to make the analysis tractable, neuroscientists approximated detailed dynamics
of neurons with simplified models such as the nonlinear integrate-and-fire model [24]

and the spiking response model [42]. On the other hand, since the experimental
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finding of synaptic plasticity [15], 41, 22], theoretical neuroscientists have considered
numerous learning rules that govern the dynamics of the synapses to model synaptic
plasticity such as Oja’s rule [59], BCM rule [I4], covariance rule [71], spike-timing-
dependent plasticity [12], etc. It remains a big mystery how these relatively simple
neuronal dynamics and plasticity rules can generate complicated behavioral outcomes
such as language acquisition.

In this thesis, we take a mathematical approach to model two particular biological
phenomena: processing of temporal information and sensory adaptation, using static

and plastic neural circuits respectively.

1.1 Processing of temporal information

One of the most important questions in neuroscience is how humans integrate infor-
mation over time. Sensory inputs such as visual and auditory stimuli are inherently
temporal; yet brains can integrate the temporal information into a single concept,
such as recognizing a moving object in a visual scene or forming an entity in a sen-
tence. In the above examples, the temporal information spans over a time scale of
1-10 seconds. However, individual neurons only have transient activities with the
time scale of 10-100ms. It is not clear how neurons with transient components can
process temporal information over a long time range. In the static network part of
this thesis, we are going to present a static network to process temporal information
and translate it into spatial information with transient components.

There are two kinds of neuronal codings: rate coding and temporal coding. Rate
coding is a neural coding scheme assuming most of the information is coded in the
firing rate of the neurons. It is most commonly seen in muscle when the higher firing
rates of motor neurons correspond to higher intensity in muscle contraction [2]. On
the other hand, rate coding cannot be the only neural coding brains employ. A fly
is known to react to new stimuli and change its direction of flight within 30-40 ms.
For a neuron that spikes at around 50H z, which is much higher than the average
spiking rate, there is only time to produce 1-2 spikes within this window. There is

simply not enough time for neurons to decode rate coding accurately [I3]. Therefore,
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neuroscientists proposed the idea of temporal coding, assuming the information is
coded in the temporal firing patterns. One of the popular temporal codings is the
first-to-spike coding, in which the information is encoded in the duration between the
stimulus onset and the first spike. By plotting the timing of the first spike in retina
ganglion cells, one can recover an approximately accurate image on a retina [27].

We propose two toy problems to model how brains extract temporal information
from different coding with transient components. “First consecutive spikes counting”
(FCSC) counts the first consecutive interval of spikes, which is equivalent to counting
the distance between the first two spikes, a prevalent temporal coding scheme in the
sensory cortex. “Total spikes counting” (TSC) counts the number of the spikes over
an arbitrary interval, which is an example of rate coding. To model the transient
components of neurons, we consider a memoryless synchronous spiking neuron model
where the firing of a neuron only depends on the spike events one time step ago.

In this thesis, we design two networks that solve the above two problems by
translating temporal information into spatial information in time 1 with O(logT)
neurons. We further show that any network with less than 7" neurons cannot solve
the problems in time 0. It should be noted that Hitron and Parter also considered
the TSC problem [34] with the time bound O(logT'). In this context, we improve
the time bound on the TSC problem from O(logT) to 1 by carefully updating all
digits in binary representation at once instead of sequentially. We would like to
remark that although our problems are biologically inspired, the optimal solutions we
propose are not biologically plausible. The networks are not noise-tolerant, whereas
the neuronal dynamics are highly noisy and it is hard to conceive that the brain uses
binary representation as a neuronal representation. However, the analysis serves as
a proof of concept that the brain can process temporal information over a long time

range using transient components.

1.2 QOja’s rule and sensory adaptation

One of the most influential theoretical ideas in neuroscience is Barlow’s efficient cod-

ing principle for sensory systems [11]. Barlow hypothesized that the main goal of a
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sensory system is to reduce the redundancy in the sensory input and maximize the in-
formation transmitted to downstream brain areas. One of its key predictions is that
the sensory neurons in the brain adapt to natural stimuli. Indeed, neuroscientists
have shown in numerous sensory systems that by maximizing the mutual information
transmitted on natural stimuli, one can recover the response filters in the respective
sensory system. In the visual system, the structures of both the center-surround re-
ceptive field of the retina ganglion cells [6, [7, 29] and Gabor filters of V1 simple cells
can be mathematically derived from the efficient coding principle [62]. In the auditory
system, the temporal cochlear filters of inner ears can also be derived from optimizing
mutual information on natural sounds [48]. However, most works on efficient coding of
a sensory system have focused on optimizing the statistics of one natural environment.
In reality, the environmental statistics can change drastically and the sensory system
needs to continuously adapt to the changing environment in a matter of seconds while
having high dimensional sensory inputs. For example, although the retina processes
visual inputs from 100 million photoreceptors to 1 million retina ganglion cells, it can
change its receptive field to adapt to environments with different illumination [74],
contrast [74, O, [75], spatial frequency [75], B7], orientation and temporal correlation
[37] in the time scale of seconds. Therefore, it is important to have a theoretical un-
derstanding of how the efficient coding principle can adapt to changing environments
in a biologically realistic timescale with a biologically plausible synaptic learning rule.
In this thesis, we give the first theoretical demonstration of sensory adaptation under
the efficient coding principle in biologically realistic timescale through studying the

convergence rate and behaviors of Oja’s rule [59).

It is known that Oja’s rule maximizes the mutual information under Gaussian
inputs and linear networks by adapting to the direction that maximizes the variance
of the presynaptic inputs through solving Principal Component Analysis (PCA) [50].
Therefore, studying its convergence rate and behaviors can shed light on fast sensory
adaptation under the efficient coding principle. Since the dimensionality of the sen-
sory inputs is usually large, for Oja’s rule to behave in a biologically realistic time

scale, the convergence rate needs to have no dependency or only log dependency on
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the input dimension. In addition to its relation to the efficient coding principle, as
a biologically plausible synaptic modification rule, Oja’s rule serves as a plasticity
candidate to investigate sensory adaptation. Oja’s rule is one of the earliest local
learning rules that incorporate both Hebbian and homeostatic plasticity [59)], two ma-
jor activity-dependent synaptic modification mechanisms [I]. Both mechanisms work
together to form memory and drive learning behaviors in the brain. Hebbian plastic-
ity is a synapse-specific correlation-based plasticity mechanism that strengthens the
connection when the input has a high correlation with the weights while weakening
the connection when the input has a poor correlation [41], 22] 14]. However, this type
of mechanism alone can often make networks unstable since the highly correlated
input will keep strengthening synapses unboundedly [I]. Homeostatic plasticity, in
contrast, stabilizes the network by keeping the activities of the neurons relatively
constant through calcium sensors [80]. Synaptic scaling is a specific kind of home-
ostatic plasticity where the strength of the incoming synapses is normalized while
still encoding the information from Hebbian learning in their relative strength after
normalization [79]. It is thus an important problem in computational neuroscience
to understand the interplay between Hebbian and homeostatic plasticity [78]. Oja’s

rule is one example of this. Concretely, Oja’s rule can be expressed as the following

wy = wi—y + Ty — ygwt—l)

where w; is the strength of the synapse at time ¢, x;,1; are the firing rates of presy-
naptic, and postsynaptic neurons respectively, and 7 is the learning rate. One can see
that x;y; term corresponds to the Hebbian plasticity while y?w;_; term corresponds
to the homeostatic plasticity. One can then show the synaptic scaling property where

|wi|| = 1 for all ¢.

Despite being a subject of extensive theoretical [59] 61, [70, B3], 60, [68], 21], 88,
87, 23, B] and experimental [16], [43], 31], 40, 18, [73, [77, 51, [5] studies aimed at un-
derstanding its performance, the theoretical understanding of the Oja’s rule remains
incomplete. The state-of-the-art theoretical analysis only provides a guarantee on

convergence in the limit [23] through Kushner-Clark methods [44]. However, to the

15



best of our knowledge, there is no prior work showing the convergence time of Oja’s
rule. Specifically, if the convergence time of Oja’s rule does not depend on the input
dimension or depend on only logarithmic factors of the input dimension, Oja’s rule
can serve as an example of sensory adaptation under the efficient coding principle in
a biologically realistic time scale.

In this work, we provide the first convergence rate analysis for biological Oja’s

rule in solving streaming PCA.

Theorem 1.2.1 (informal). Biological Oja’s rule efficiently solves streaming PCA
with (nearly) optimal convergence rate. Specifically, the convergence rate we obtain
matches the information-theoretic lower bound up to logarithmic factors.
Furthermore, the convergence rate has no dependency on the dimension when the
initial weight vector is close to the top eigenvector or has a dependency on logarithmic
factors of the dimension when the initial vector is random. Therefore, biological Oja’s

rule solves streaming PCA on a biologically realistic time scale.

Also, we show for-all-time convergence with a slowly diminishing learning rate.

Most convergence results in the literature show that
Pr(error at time T > €) < 4.

However, this is not enough in a biological system. The sensory system cannot afford
to only be functional at time T'. It needs to be functional constantly. In contrast, the

convergence result we can show is
Pr(3t > T, error at time t > ¢€) < 0,

which guarantees the convergence at all time. Furthermore, in order to achieve this,

our learning rate 7, only needs to be scaled as 1, = O(@), in particular >, n? = cc.

In contrast, Kushner-Clark theorem requires , 77 < oo where the learning rate is
commonly set as n; = O(%) Because our learning rate is slowly diminishing, when
the environment changes, the learning rate is still large enough to do efficient learn-
ing. This allows the sensory system to continuously adapt to changing environments

without taking a long time to adapt or reset the learning rate.
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To show the (nearly) optimal convergence rate of biological Oja’s rule in solving
streaming PCA, we develop an ODE-inspired framework to analyze stochastic dy-
namics. Concretely, instead of the traditional step-by-step analysis, our framework
analyzes a dynamical system in one-shot by giving a closed-form solution for the
entire dynamic. The framework borrows ideas from ordinary differential equations
(ODE) and stochastic differential equations (SDE) to obtain a closed-form character-
ization of the dynamic and uses stopping time and martingale techniques to precisely
control the dynamic. This framework provides a more elegant and more general
analysis compared with the previous step-by-step approaches. We believe that this
novel framework can provide a simple and effective analysis of other problems with

stochastic dynamics.

1.3 Summary

In this thesis, we present mathematical analysis on static and plastic biological neural
networks that show principles of temporal processing and sensory adaptation respec-
tively. In addition to biological relevance, these two problems also show interesting
mathematical elements. For example, as a result of analyzing Oja’s rule, we come
up with a powerful framework to analyze general stochastic dynamics. However, we
would like to comment that both networks in this thesis do not capture certain as-
pects of biology. The static network we present is not noise-tolerant, while Oja’s rule
does not demonstrate BCM-rule-like behaviors, which are experimentally observed.
Nonetheless, they both capture some important principles of brain computation. To
move forward in theoretical neuroscience, the theory needs to combine with the biol-
ogy. With too many biological details, the underlying principle becomes intractable
to understand while with too few biological details, the theory might not capture the
essence of the computation. It is important to have biological intuition to identify
the important details that are relevant to the computation and it is also important
to have the mathematical theory to facilitate the design of biological experiments.
In the future, we would like to create theories that are more closely integrated with

biology to understand the principles of brain computation further.
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Chapter 2

Static Neural Circuit: Processing of

Temporal Information

2.1 Introduction

One of the most important questions in neuroscience is how humans integrate infor-
mation over time. Sensory inputs such as visual and auditory stimuli are inherently
temporal; yet brains can integrate the temporal information into a single concept,
such as recognizing a moving object in a visual scene or forming an entity in a sen-
tence. In the above examples, the temporal information spans over a time scale of
1-10 seconds. However, individual neurons only have transient activities with the
time scale of 10-100ms. It is not clear how neurons with transient components can
process temporal information over a long time range. In this chapter, we are going to
present a static network to process temporal information and translate it into spatial
information with transient components.

There are two kinds of neuronal codings: rate coding and temporal coding. Rate
coding is a neural coding scheme assuming most of the information is coded in the
firing rate of the neurons. It is most commonly seen in muscle when the higher firing
rates of motor neurons correspond to higher intensity in muscle contraction [2]. On
the other hand, rate coding cannot be the only neural coding brains employ. A fly

is known to react to new stimuli and change its direction of flight within 30-40 ms.
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For a neuron that spikes at around 50H z, which is much higher than the average
spiking rate, there is only time to produce 1-2 spikes within this window. There is
simply not enough time for neurons to decode rate coding accurately [13]. Therefore,
neuroscientists proposed the idea of temporal coding, assuming the information is
coded in the temporal firing patterns. One of the popular temporal codings is the
first-to-spike coding, in which the information is encoded in the duration between the
stimulus onset and the first spike. By plotting the timing of the first spike in retina

ganglion cells, one can recover an approximately accurate image on a retina [27].

We propose two toy problems to model how brains extract temporal information
from different coding with transient components. “First consecutive spikes counting”
(FCSC) counts the first consecutive interval of spikes, which is equivalent to counting
the distance between the first two spikes, a prevalent temporal coding scheme in the
sensory cortex. “Total spikes counting” (TSC) counts the number of the spikes over
an arbitrary interval, which is an example of rate coding. To model the transient

components of neurons, we consider a memoryless synchronous spiking neuron model

where the firing of a neuron only depends on the spike events one time step ago.

In this chapter, we design two networks that solve the above two problems by
translating temporal information into spatial information in time 1 with O(logT)
neurons. We further show that any network with less than T neurons cannot solve
the problems in time 0. It should be noted that Hitron and Parter also considered
the TSC problem [34] with the time bound O(logT). In this context, we improve
the time bound on the TSC problem from O(logT) to 1 by carefully updating all
digits in binary representation at once instead of sequentially. We would like to
remark that although our problems are biologically inspired, the optimal solutions we
propose are not biologically plausible. The networks are not noise-tolerant, whereas
the neuronal dynamics are highly noisy and it is hard to conceive that the brain uses
binary representation as a neuronal representation. However, the analysis serves as
a proof of concept that the brain can process temporal information over a long time

range using transient components.

The organization of the rest of the section is as follows. In [Section 2.1.1] we
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formally define the spiking neuron model we are working in. In [Section 2.1.2 we

define the two biologically-inspired problems “First Consecutive Spikes Counting"
and “Total Spikes Counting" which correspond to temporal coding and rate coding
respectively. In [Section 2.1.3| we provide our main results, solving the two problems
optimally in both time and the number of the neurons and showing that we cannot

do better.

2.1.1 Model

In this work, to model the transient aspect of the neurons, we consider a network of
memoryless spiking neurons with deterministic synchronous firing at discrete times.
Formally, a neuron z consists of the following data with ¢ > 1
20 = G(Z wyzy(t_l) —b.)
yePp;

where z® is the indicator function of neuron z firing at time ¢. b, is the threshold
(bias) of neuron z. P, is the set of presynaptic neurons of z, w,, is the strength of
connection from neuron y to neuron z and © is a nonlinear function. Here we take ©
as the Heaviside function given by ©(z) = 1 if x > 0 and 0 otherwise. At t = 0, we
let 2(9 = 0 if 2 is not one of the input neurons.

For the rest of the chapter, we fix an input neuron x and m output neurons

{¥i}o<i<m in a network.

2.1.2 Problem Statement

First Consecutive Spikes Counting(T) (FCSC(T))

Given an input neuron x and the max input length 7', we consider any input firing
sequence such that for all t > T, = 0. Define L, in terms of this firing sequence
as follows: if () = 1 for some ¢, then there must exist integers £, L such that for all
t,t <t we have () = 0, for all 4,0 < i < L we have (") = 1, and 25 = (. Define
L, = L. (i.e., L is the length of the first consecutive spikes interval in the sequence.)

Otherwise, that is if for all ¢ > 0, ¥ = 0, then define L, = 0.

Then we say a network of neurons solves FCSC(T) in time ¢ with m' neurons if
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there exists an injective function F' : {0,--- , T} — {0, 1}™ such that for all = and for
all t,t > T +t we have y® = F(L,) and the network has m’ total neurons.
Intuitively, FCSC serves as a toy model for encoding distance between spikes, a
prevalent spike coding in the sensory cortex. For mathematical convenience, we model
the problem as counting the distance between non-spikes which is mathematically

equivalent as counting the distance between spikes in our model.
Total Spikes Counting(T) (TSC(T))

Given an input neuron x and the max input length 7', we consider any input firing
sequence such that for all t > T, 2 = 0. Define L, = |{t : 2® = 1,0 < ¢t < T}
as the total number of spikes in the sequence. Then we say a network of neurons
solves TSC(T) in time ¢’ with m’ neurons if there exists an injective function F' :
{0,--- ,n} — {0,1}™ such that for all x and for all £,¢ > T +t' we have y®) = F(L,)
and the network has m’ total neurons.

Intuitively, TSC serves as a toy model for rate coding implemented by spiking
neural networks because the network can extract the rate information by counting
the number of spikes over arbitrary intervals.

Notice that in both problems above, a network solves a task in time ¢’ if, for all
t > T + t' and for all inputs with max length T, the network outputs the solution of
the task at time ¢. The definition is equivalent to Maass’s time complexity for spiking
neurons [58]. This definition of the time bound makes natural sense since given a max

input length of T, it is unreasonable to count the time before the end of the input.

2.1.3 Main Theorems

Our contributions in this work are to design networks that solve these two problems

respectively with matching lower bounds in numbers of neurons.

Theorem 2.1.1. There exists a network that solves FCSC(T) problem with O(logT)

neurons i time 1.

Theorem 2.1.2. There exists a network that solves TSC(T) problem with O(logT)

neurons in time 1.
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@ ]

Figure 2-1: mod 2 Base Network

It is easy to see that we also have the corresponding information-theoretical lower
bound on the number of neurons all being 2(log T') by the requirements of the tasks.
In terms of time bound, we also show that our networks are optimal for FCSC

and TSC problem in the following sense:

Theorem 2.1.3. There does not exists a network with less than T neurons that solves

FCSC(t) problem in time 0 for all 0 <t < T.

Theorem 2.1.4. There does not exists a network with less than T neurons that solves

TSC(t) problem in time O for all0 <t <T.

2.2 First Consecutive Spikes Counting

We present the constructions in two stages. At the first stage, we count consecutive
spikes in binary transiently. At the second stage, we transform the transient firing

into persistent firing. By composing the two stages, we get our desired network.

2.2.1 First Stage: Counter Network

The network contains neurons zg, - , 2,, iny,--- ,in, and we build the network in-

ductively. To construct mod 2 Base Network which counts mod 2, we have

Wazy = 1, Wy, = —1, b, = 0.5.

By noticing that for ¢ > 1, z(()t) = 1 if and only if z¢~Y =1 and z(()t_l) = 0, we have

the following lemma

Lemma 2.2.1. For the mod 2 base network, given t > 0 if for all t'suchthat0 < t' <t

we have ) =1, then at time t, z(gt) =t mod 2.
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n+1

Figure 2-2: First Stage
Now we iteratively build the network where 1 < i < n on top of the mod 2 base
network with the following rule:
Wz, = 1+1, W,z = 1, V5,0 < j < wapim, = 1,VE,0 <k < i, wip,., = —i—1w,,,, =14
b,, =214 0.5, by, =1—0.5.

This completes the construction. From the construction, we can deduce the following

lemma.
Lemma 2.2.2. Fori > 0, neurons z;,in; fire according to the following rules:

1. zi(t) =1 if and only if x*=Y =1, ingt_l) =0, and (either for all 7,0 < j < i we

have zj(-tfl) =1 or zl.(tfl) =1).
2. inl) =1 of and only of for all 7,1 < 7 <1 we have z](.t_l) =1.

i

Proof. Case (1): The potential of zft) is

i—1
wx2¢$(t_1) + Z ijZiZJ(t—l) + winizz'inz(t_l) t Wz Zi(t_l)
5=0
i—1
_ (’l + 1)$(t—1) + Z](-t_l) N (Z + 1)in§t_1) + izl-(t_l).
§=0

Only if: Let’s show the only if direction for the firing rule of zft) by proving the

contrapositive.
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If 2=V = 0, then the potential of 2" is

i—1
S 2l = (i i i) <2 < 2405 = b,
j=0

If ingtfl) =1, then the potential of z,ft) is

—_

1—

4+ Dzt 43 20D (4 1) 442 <2 < 2i4+05 =10,

7 i

I
o

J
(t—1)

If there exists j,0 < j < i such that z = 0 and zz-(

= - 0, then the potential of

zft) is

J (2

Yo AT 4 i+ DY — (4 Din Y <20 < 20405 =1,

3#5,0<5<i—1

In all three cases, we have zi(t) = 0.

If: For the if direction, if (=1 = 1, mgt‘” = 0 and for all 7,0 < 5 < 7 we have

L(=D)

j = 1, then the potential of zi(t) is

i—1
(+1)+ > 1+ >204+1>2i+05=0b,,.

=0
If 207D =1, ingt_l) =0 and zl-(t_l) = 1, then the potential of zi(t) is

i—1
(+1)+> 2V 4i>241>2+05=b,,.
=0

=1,

i

In both cases, we have z
Case (2): The firing rule of mgt) can be analyzed similarly.

The potential of mgt) is
(t—1) (t—1)
szﬂnizj - sz :
j=1 Jj=1
Only If: For the only if direction, if there exists 7,1 < j < i such that xg,t_l) =0,

then the potential of mﬁt) is

Yoo AT <i—1<i—05=0,

J
J#£51<5<i

We have inl@ = 0.
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If: For the if direction, if for all j,1 < j <1 we have P

j
. (t) -
mz(») 18

=1, then the potential of

d l=i>i—05=by,
=1

®) — 1 as desired. O

%

We have in

Using the above lemma, we can verify that indeed the network at the first stage

fires in binary, with z; encoding the ith digit in the binary representation.

Theorem 2.2.3. Given i > 1 and t > 0, if for all t' such that 0 < t' < t we have
=) =1, then

1. zi(t) = a; fort =377 a;27 where a; € {0,1}.
2. ingt) =1 if and only if t mod 2¢*t = 2iF1 — 1 or 0.

Proof. First, let’s verify that the claim is true for zy. Since for all #/,0 < ¢’ <t we
have () = 1, z(()t/) = 1 if and only if z(gt/_l) = 0. This implies exactly z(gt) =t mod 2
as desired (for all the modular arithematic at this work, we choose the smallest
nonnegative number from the equivalence class). Now let’s do the induction on ¢
and we will verify the induction by checking z;,in; fires in according to the induction

hypothesis for all > 1. When ¢ = 1, the induction statement is trivially satisfied for

all © > 1. Fix 7, we have the following cases:

1. 0 < tmod 21+ < 2i 2~ —q:

This implies that 0 < ¢ — 1 mod 2¢ < 2! — 1. By induction hypothesis, not all

zj(-tfl) =1for 0 < j <i. Now by Lemma [2.2.2] we have zz-(t) =0= ai,z’ngt) =0

as desired.

2. t mod 2! = 2¢, zftil) =0, ml(.tfl) —0:
This implies that t — 1 mod 2¢ = 2¢ — 1. By induction hypothesis, for all j,0 <

. (t—1)
J <1 we have z;

= 1. Now by Lemma [2.2.2) we have ZZ-(t) =1= ai,inz(.t) =0

as desired.
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3.2 < tmod 2711 < 201 — 1 207D — 1 jplih —

This implies that 0 < ¢ — 1 mod 2° < 2! — 2. By induction hypothesis, not all

7,1 < j < i we have z](-t_l) = 1. Now by Lemma [2.2.2] we have zi(t) =1=

(®)

7

a;,1n;’ =0 as desired.

4. tmod 2! = 211 — 1 7Y — 1 (Y = 0.

This implies that t — 1 mod 2¢ = 2¢ — 2. By induction hypothesis, for all j,1 <

J <1 we have z](-t_l) = 1. Now by Lemma [2.2.2] we have zi(t) =1= ai,inz(.t) =1

as desired.

5. tmod 27+ = 0,2V = 1,in{"V = 1.
This implies that t — 1 mod 2° = 2¢ — 1. By induction hypothesis, for all j,1 <

j < i we have zj(.t_l) Z.(t Z(.t) —1

):O:ai,in

=1,. Now by Lemma [2.2.2| we have 2

as desired.

This completes the induction. O

2.2.2 Second Stage: Capture Network

Now the second stage is a simple “capture network" with input neurons x, z; for all
1,0 < ¢ < n, output neurons y; for 0 < ¢ < n and an auxilary neuron s. Intuitively,
the network persistently captures the state of z; for all 7,0 < ¢ < n into y; for all
1,0 <1 < n. We will specify the timing of the states of z; being captured later. The

network is defined as the following:
VO < i < nyWyy, = —2,Wy,y, = 4,Wsy = 1w, = wy,s = 1,ws, = —1.5,
and

wxs:_n—lawss:n+27bs :057VO§Z§nabyz = 0.5.

Notice that the above weight ensures the following one step firing rule:

(*)

Lemma 2.2.4. For 0 <i <n, neurons y; ,s® fire according to the following rules:

1. ygt) = 1 if and only if yi(t_l) =1, or (yi(t_l) = 0,200 = 0,s¢Y = 0 and
zi(t_l) =1).
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Figure 2-3: Second Stage

2. s® =1 if and only if s~V = 1, or (there ewists i,i’ such that 2" =1 or

gV =1, and 249 = 0).

Proof. Case (1): The potential of yft) is

(t=1)

t—1)
+ wziyi Zi

(

i + wziziz‘(t_l) + wsyz‘s(til)

(t-1)
wfﬂyix + wyiyiy 7

= 20070 4y 7Y 7Y — 15507,

Only If: Let’s show the only if direction for the firing rule of ygt) first. If ygt_l) =
0,241 = 1, the potential of yl@ is

2+ 270 15570 < —1 < 0.1 =b,,.

7

If y(t_l) = 0,5 Y =1, the potential of yZ@ is

—224 D 427D 15 < 05 <0.1=b,.
If 59 = 0, 2" = 0, the potential of y” is
—2207D 155070 <0< 0.1 =b,,.

In all three cases, we have yft) = 0.

(t—1)

)

(®)

If: For the if direction, if y = 1, then the potential of y; " is

—220 ) 4442 — 155D > 05> 0.1 =b,.
If yl-(t_l) =0,2z¢D =0,s¢D =0, zi(t_l) = 1, the potential of yZ@ is
4y 4 1>1>01=b,,
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In both cases, we have y,ft) =1

Case (2): The potential of s® is

sz]sz(t )+Z y]sy](t 1) +watsx(t_l)+wsss(t_l)

SIS D 2

Only If: For the only if direction, if s = (0 and for all 7,0 < 7 < n we have

yj(.t_l) = z§t_1 =0, then the potetntial of s is

—(n+ 1)z <0<0.5=0b,.

If s¢~1 = 0,2¢~Y = 1, the potetntial of s is
S S e <0<05 -,

In both cases, we have s = 0.
If: For the if direction, if there exists ¢,0 < i < n such that yft_l) =1 and 2V =0,
then the potential of s is
oA > g1+ (n+2)sY > 1> 05 =0,
J=0 J#1,0<5<n
If there exists 7,0 < i < n such that z-(tfl) =1 and (=Y = 0, the potential of s® is
Z%H+ Z D414 (n+2)sD>1>05=b,
7#1,0<5<n
If s~V =1, the potential of s®
T +ny Vo D2 (n42) 21> 05 = b,
7=0

In all three cases, we have s® = 1 as desired. O

Now we can describe the behaviors of the capture network in the following theo-
rem. The network persistantly captures the state of z; for all 7,0 < ¢ < n at the first
time point such that z = 0 and there exists some ¢ such that 2 = 1 into y; for all

i,0<i<n.
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Theorem 2.2.5. For the network at the second stage, let t' > 0 be such that z®) =0

and there exists j such that zgt/) =1, and for all t,0 < t < t', either z® =1 or for

all 1,0 <1i < n we have zi(t) = 0. Then for all i,t such that 0 < i < mn,t >t we have
=40

Proof. First by Lemma [2.2.4] for all £,0 < ¢ < ¢’ and for all 7,0 < i < n we have
ygt) = s = 0. Now at time ¢ + 1, by Lemma , we see that yftlﬂ) = zi(t/),Vi, 0<
i <nand s**tY = 1. Now by Lemma , we know that for all t,¢t > ' we have
s® =1. Now by Lemma again, if yi(turl) = 0, then since for all t,¢ > ¢’ we have

t'+1)

s® =1, for all t > t' we have ygt) = 0; and if yf = 1, then we also have for all

Z-(t) =1 as desired. ]

tLt>t,y

2.2.3 Wrap up

Now we are ready to prove the main Theorem by setting n = m = [log T"]

Proof. We are going to prove the main theorem by composing the networks from
stage one and two together. If for all t,0 < t < T we have z(¥) = 0, then the network
satisfies the criterion trivially since for all 0 < ¢t < T, ygt) = 0. If not, then there
exists £ > 0, L, > 0 such that for all ¢,0 < t < ¢ we have ) =0, for all 4,0 <i < L,
we have z(+) = 1, and 2t+Le) = (0 where L, is the length of the first consecutive

spikes interval. Let L, =3 % a;27; then by Theorem and Lemma for all

(f+Ly—1)

1,0 <1 < n, we have z; = a;. Now because L, > 0, we know there exists j

such that z(£/+LI) = 1 by Theorem [2.2.3] And by Lemma [2.2.2| we know for all i,¢

j
such that 0 < ¢ < f, 0 < i < n, we have zz-(t) = (0. Now the assumption of Theorem
m is satisfied with ¢ = ¢ + L,. By Theorem [2.2.5, we get for all ¢,i such that

0<i<n,t> t+ L, we have y(t) =a; and T+1 > ¢+ L, as desired. This shows that

)

the above network solves FCSC(T) problem in time 1 with O(logT") neurons. O

Notice that in fact by the proof above, FCSC network enjoys an early convergence
property. The network actually converges at time ¢ + L,. Therefore we have the

following stronger version of Theorem [2.1.1
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Corollary 2.2.6. For allt,0 <t < T, FCSC network with O(logT) neurons solves
FCSC(t) problem in time 1.

2.3 Total Spikes Counting

To count the total number of spikes in an arbitrary interval requires the persistence of
neurons without external spikes. Notice that on FCSC network, each neuron toggles
itself according to binary representation without delay. However, the persistence of
neurons and toggles without delays are conflicting objectives; persistence of neurons
stabilizes the network while toggling without delays changes the firing patterns of
the network. For example, we use self-inhibition to count mod 2 but if we use self-
inhibition to count mod 2, the neuron cannot maintain the count during intervals
with no inputs. In this section, we circumvent this difficulty by allowing the network
to enter an unstable intermediate state that still stores the information of the count
when the spikes arrive; however, the network will converge to a clean state that
according to binary representation after one step of computation without external
signals, and this clean state is stable in an arbitrary interval with no input.

In this section, because the self-inhibition used in Section 3 to count mod 2 cannot
induce persistence, we build a network of four neurons to count mod 4 to replace the
function of 2y, z; in Section 3. We then iteratively build the rest of the network that

approximately fires in binary on top of the mod 4 counter network.

2.3.1 Mod 4 Counter Network

The construction of the mod 4 counter network is the following;:

Wy f; = l,Uinfi = 2,0 < 1 < 3,wf].+1fj = —3,0 Sj < 2,
Wit fo = Weyfs = Wrsfy = 17wfof3 = Wesfy = -3

and

b, = 0.5,bs, = 1.5,i # 1.

We have the following lemma to specify the firing rules of f;:
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Figure 2-4: mod 4 Counter Network

Lemma 2.3.1. For all t,i such thatt > 1,0 < i < 4, neurons fi(t) fire according to

the following rules:

1. fl(t) =1 if and only if fz(tfl) =0, and (z1) = 1,f§t71) =0 or fl(tfl) =1 or
t 1) _ —1 ft 1) )
2. For i # 1 we have fi(t) = 1 if and only if f((;;f))m()M = 0, and (z*V =
t—1 t—1
17f(('i—1))mod4 =1or fi( )= 1).
Proof. Case (1): The potential of fl(t) is
( )+wf1f1f1 +wf2f1f2 )+wf3f1f3 +wf0f1f0
= gD ol 3l g 7 3D,

Wy f1

Only If: Let’s show the only if direction for the firing rule of f1 first. If f (t=1) =1,
then the potential of fl(t) is

2D 4o 3 07D 4037 <03 <05 =10,
If £~ = 0,21 = 0, then the potential of £ is
=3 — 0.7 10370 <0.3 < 0.5 =by,.
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If f(t D= =0, f?ft*l) =1, fétil) = 0, then the potential of fl(t) is
— 3/ —0.7<03<05=by,.

In all three cases, we have fl(t) = 0.

If: For the if direction, if f(t 2 =0, fl(t_l) =1, then the potential of fl(t) is
2D 42 0.7 1037V >1.3>05=1by,.
If fQ(tfl) =0,z¢D =1, fétil) = 0, then the potential of fl(t) is
1+ 2f%D 4034 > 1505 = by,
If fz(tfl) =0,z¢D =1, fétil) =1, then the potential of fl(t) is
142870 — 0.7/ 403> 06> 0.5 = by,.

In all three cases, we have fl(t) = 1.

Case (2): For i # 1, The potential of fi(t) is

W, w D w7 Fwp ], ((f 11))mod 4 F W1y moa afif ((zt—i-ll))mod s
=270+ 2ft b f(t i ymod4 — 3fzt+11))mod4'
Only If: For the only if direction, if f((fﬂl) mod 4 = 1, then the potential of f( )i
2D 2T 4 ST g —3 S 1< L5 =1

If (-1 = 0, fi(t_l) = 0, then the potential of fi(t) 1

(t=1) (t—1) B
f(i—l)mod4 o 3f(z’+1) moda <1 <1.5=0b
If f(t " ) mod 4 = 07 fi(til) = 07 then the pOtential of fz(t) 1S

21 — 3f((;;11))mod4 <1<lb=b:

In all three cases, we have fi(t) = 0.
If: For the if direction, if f((gll)) noqq = 0,207 =1, f((fjll))mod , = 1, then the potential
of fi(t) is

1+2f7 +1>2>15=1,

33



If f(fﬂl oda =0, fi(tfl) =1, then the potential of fi(t) is

P 424 fTN =25 15 =0

In both cases, we have fi(t) =1 as desired. O

For 0 < i < 4, define a clean state with value 7 at time t’ of the mod 4 counter
network to be a state in which fi(t,) = 1 and for all j,7 # i we have f;t/) = 0. By
Lemma it is trivial to see that if for all ¢, > ¢’ we have £ = 0, then for all
t,t > t' and for all 4,0 < i < 4 we have fi(t) = fi(t/). Using Lemma 7 we have
the following lemma describing the behaviors of mod 4 counter network. Intuitively,
when a new input arrives, the network enters an intermediate state in which both
neurons represent the old count and the new count fire; when there is no input, the
neuron that represents the new count will inhibit the neuron that represents the old

count to stabilize the network in a clean state.

Lemma 2.3.2. Let the mod 4 counter network be at a clean state with value i at time
t'. Fiz a positive integer L. For alli,0 <i < L, let z*+) =1 and 2+ = 0. Then,

at time t,t' <t <t + L+ 1, we have the state of the network being

e = 1Y 1Y =Y =0
(i+t—t") mod 4 (1+t—t'—1) mod 4= (1+t—t'—2) mod 4 (i+t—t'—3) mod 4 )

Furthermore, the network will be at a clean state again at time t' + L + 1 with

(t+L+1)
f(%+L) mod 4 L.

Proof. First, let’s use induction on ¢ to prove at time t,t' <t <t + L + 1, we have

the state of the network be

(t) () _ ¢® _
f(z+t t') mod 4 f (1+t—t'—1) mod 4= f (1+t—t'—2) mod 4 f(i+t—t’—3) mod 4 0.
Base Case: By Lemma [2.3.1] we have
(t'+1) _ e{t'+1) . (t'+1) e+ .
f(:i+1) mod4 f(%thft’) mod 4 1’ f(:zfl) mod 4 f(ifQ) mod 4 0

for the base case.

Inductive Step: Now assume the induction hypothesis is true for t = k, since we
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Figure 2-5: Total spikes counting (TSC) Network

have () = 1 by Lemma [2.3.1, we indeed have

(k+1) _ p(k+1) o (k+1) _ p(k+1) .
f(%+k+1—t') mod 4 f(%+k+1—t'—1) mod4 1, f(%+k+1—t’—2) mod 4 f(%+k+1—t'—3) mod 4 0.

This completes the induction.

Now since '+ = 0, by Lemma [2.3.1] we can derive the state of the network at

time t' + L +1
Fry o = LA T =0, ¥ # (i + L) mod 4

(++L) mod 4

as desired. 0

2.3.2 TSC Network

Now we iteratively build the network with the following rule on top of the mod 4

counter network,
Wsey = Wying = 3, Wiz = Whoin; = —1, Waz; = Wain, = 1,
wZ]'Zi - ijZ"fLi - ]-7 vj; 2 S j < ZJ wznzzl = —1— 37 wziini - 17wZiZi =1 + 3

and

b.,, =1+ 1.5, by, =1+ 2.5.
In the full construction of the TSC network, intuitively, we replace the function of
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20, 71 in Section 3 with a mod 4 counter network. We design the weights coming from
f3, fo such that they will induce proper carry in an approximate binary representation
at z;,1 > 2, and we use a similar idea as the mod 4 counter network to make TSC
network converge to an exact binary representation in one computation step without
input.

The following lemma specifies the firing rules of z;,in; for ¢ > 2:

Lemma 2.3.3. For i > 2, neurons zi(t), mﬁ“ fire according to the following rules:

1. 29 =1 if and only if in{™ = 0, and either (F9 =1, fV = 0,2¢-D =1

and for all 7,2 < j <1 we have Z](-t_l) =1)or zl-(t_l) = 1.

2. ingt) = 1 if and only if zi(t*l) = 1,f§t71) = 1,f(§t71) = 0,209 =1 and for all

7,2 < j <i we have z](.t_l) =1.

Proof. Case (1): The potential of zft) is

i—1
waszSt ) + wfozszt ) + szjzl J(t ! + wzizizz‘(t_l) + winiziinz(t_l) + szix(t—l)
j=2
i—1
= 3£V AV YT (4 3)2 Y — (i 3)in Y 4 2,
=2

Only If: Let’s show the only if direction for the firing rule of z ) first. If m(t D= 1,

the potential of zi(t) is

i—1
3f(t 1) fét—l) + z](-t_l) + (i + 3)Zi(t—1) —(i+3)+ 2D <i+1l<i+15=b,,.
j=2
(t—1) L= . )
If f3 z; =0, the potential of z; is
i—1
B ét—l) + z](-t_l) — (i + 3)Z-nl(t—l) +2t N <i—1<i+15= b.,.
j=2
(t—1) L) . t)
If £, z; =0, the potential of z; is
i—1
ng(t—l) 14 Z zj(t—l) — (i + 3)Z-nl(t—l) +2t D <it1<it+15= b.,.
j=2
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If 2= =0, 2" = 0, the potential of " is

3TV — ATV AT — i+ 3)inl Y <it1<i+ 15 =0,

If 2™ = 0 and there exists j,2 < j < i such that z(t Y =0, the potential of 2" is
BATY —fE T Y Y 4 3)in ) 4D <t 1<it 15 =1,
§#5,2<5<i

In all cases, we have zz-(t) = 0.

If: For the if direction, if mf =0, f(t D = 1,f0(t_1) = 0,21 = 1 and for all
7,2 < j <1 we have z](-t_l) =1, then the potential of zft) is
i1
343 1+(+3)2 V+1>i+2>i+15=b,.
j=2

If z'ngt*l) =0, zl-(tfl) = 1, the potential of z,ft) is

[y

1—

3f7Y — VN AT 4 3) 42t > ik 2> i+ 15 =10,

I
)

J

In both cases, we have zz-(t) =1.

Case (2): The potential of mgt) is

t 1 t 1 t— t—1 _
wf31n1f3 ) + w fgszo + Z rwzjmZ ( 2 + wzlzmzl( ) + wwiniw(t 2
j=2
i—1

= 3f(t Y fot R z](.t_l) + zi(t_l) + 2D,

U
N

J

Only If: For the only if direction, if zz-(t_l) = 0, then the potential of mf) is

—_

3f3(t_1) _ ét_l) _|_ z;t 1) + x(t 1) < Z + 2 < Z + 2 5 bzn,
J

||
N

If f(t b= = 0, the potential of ingt) is

i—1
=2
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If f(t D= = 1, the potential of z'n(t) is

3f‘35t_1 1+Z (=1 D = 1)<z—|—2<z+25—bm

If 2=V = 0, the potential of in\” is

i—1
Sfét—l) +Zzt1)+z(t1<i+2<i+2.5:bmi.

7j=2

If there exists 3, 2 < j <@ such that z; = 0, the potential of inz@ is

f(t 1) f0t1+ Z (t D 4 = D<it2<it25= Din, -
3#5,2<5<i
In all cases, ml@ =0.
If: For the if direction, if zi(t_l) = 1,f3(t_1) = l,fét_l) = 0,2"Y = 1 and for all

(t=1)

J;2 < j < we have z; = 1, then the potential of z'nl(-t) is

i—1
34> 1+1+1<i+3>i+25=Dby,

=2

We have mﬁ“ =1 as desired. ]

Define a clean state at time t' of TSC network with value X stored be one in

which

1. f)(f/znod4 = 1,f](t,) =0, Vj # X mod 4 (i.e., the mod 4 counter subnetwork is

clean with value X mod 4).
2. For X = 322, ;2" a; € {0,1}, 21") = ay, ¥k > 2.
3. in\") = 0if X mod 2+ = 2i+1 — 1.

So being at a clean state for TSC network with value X stored implies being at a
clean state with value X mod 4 for its mod 4 counter subnetwork with z; in binary
representation for ¢ > 2. By Lemma [2.3.3] it is trivial to see that if for all t > t’ we
have z(Y) = 0, then for all i > 2 and for all t,¢ > t' we have fi(t) = fi(t,). Using Lemma

2.3.3, we have the following lemma describing the behaviors of the T'SC network.
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Lemma 2.3.4. Let TSC network be at a clean state at time t' with value X stored.
Fiz a positive integer L. For all i such that 0 < i < L, let 2+ =1 and z¥'+5) = 0.

Then, at t,t’ <t <t' + L+1, z,in; fire with the following rules for all i > 2:
1. for1 =X +t—t mod 27! < 20 2V — 0,
2. for1 < X +t—1t mod 2 < 27, zi(t) = ingt) =0.
3. for X +t—t mod 21+1 > 20 we have 2" = 1,in{" = 0.
4. for X +t—t mod 2t = 0, we have 2" =1,in\" =1.

Furthermore, the network will be at a clean state with value X + L stored at time

'+ L+1.

Proof. Just like the mod 4 counter network case, we want to deduce the behaviors of
network at t,t' <t <t + L+ 1 using induction first.

Base Case: Fix i, for t = ' + 1, we have the following cases

1. 0 < X + 1 mod 2+ < 2t
This implies that 0 < X mod 2i*! < 2! — 1. This shows that not all j,j < ¢

we have zj(-t_l) =1or fg(t_l) = 0 or ét_l) = 1. By Lemma [2.3.3] we have

zi(t) = ingt) =0.

2. X + 1 mod 2/t > 2%
This implies that 2 — 1 < X mod 2/7! < 2071 — 1. This shows that either for
all 7,7 <1 we have f?ft*l) =1, fétil) = 07%(‘1;71) =1or zi(t*l) = 1 but not both.
By Lemma , we have zi(t) =1, ml@ =0.

3. X +1mod 2! = 0:
This implies that X mod 2! = 2/*1 — 1. This shows that fét_l) =1, fét_l) =0
and for all 7 < i we have A0 = 1 and by the definition of a clean state, we

J
have in'" ™" = 0. Now by Lemma , we have 2\ = 1, ingt) =1.

% 1

Inductive Step: Assume the induction hypothesis is accurate for ¢ = k. We have

the following cases
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1. 1=X+k+1—¢mod 2! < 20
This implies that X + k — ¢ mod 2°*! = 0. Now by induction hypothesis and

Lemma , we know that f3(k) =1, fék) = 0 and for all 5,7 > 7 > 2 we have

Z](k) Sk) (1) _ ) — .

=1,in;’ = 1. By Lemma [2.3.3] we have z

2. 1< X +k+1—+¢mod2F! <2
This implies that 1 < X + k — # mod 2°*! < 2! — 1. By induction hypothesis

and Lemma [2.3.2| this shows that not all 7,7 < 7 we have zj(.k) =1 or fék) —0
or fék) = 1. By Lemma , we have £ = i+ — o,

7 [

3. X +k+1—t mod?2! > 20
This implies that 20 — 1 < X 4+ k — ¢ mod 2/™! < 2! — 1. By induction
hypothesis and Lemma [2.3.2] this shows that either for all j,j < i we have
fék) =1, fék) = O,ZJ(.k) =1or zi(k) = 1 but not both. By Lemma [2.3.3, we have
(k+1) _ 1 m@(kﬂ) —o.

2

4. X +k+1—t mod 2" = 0:
This implies that X + k& — ¢ mod 2! = 2¢+1 — 1. By induction hypothesis and
Lemma , this shows that all fék) =1, fék) =0, ingk) =0 and for all 5,7 <14

we have zj(.k) i(t) =1, mz(f’) -1

= 1. Now by Lemma [2.3.3] we have z

This completes the induction.
Now we just need to show that at time ¢’ + L + 1 the network is at a clean state

with value X + L stored. We have the following cases:

1. 1= X + L mod 2! < 2t

By above induction, we have for j,j < i, z](.turL

EturL) is, by Lemma |2.3.3| we have zl.(t/J’LH) = m?'“*” =0.

) — 0. No matter what the value

of in

2. 1< X + Lmod 27+ < 21, 2 = ipl! = 0

By above induction, we have zgt/+L) = mgt'“) = 0. By Lemma , we have

t'4+L+1 (L1
LR — (LD —

3 (2

3. X + Lmod 2+ > 2, we have 2" ™ = 1,in{" ™ = 0. By Lemma [2.3.3, we

4+ L+1 N (AYAS]
havez(++):m(++):0.

% )
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4. X + L mod 2+! = 0, we have z" ¥ = 1,in{" " = 1. By Lemma we
(t'+L+1) _ 0 in(t’+L+1) -1

have z; , 1N,
which is exactly a clean state with value X + L stored combining with Lemma [2.3.2]

]

2.3.3 Wrap up

Now we are ready for the main proof of Theorem by setting n = [log7"’] and

let f;,2;,0 <i<3,2<j <n beour output neurons.

Proof. Let f;,2;,0 <1 < 4,2 < j <nbeour output neurons. Let there be X spikes in
T time steps. Let [to, to+Xo—1],- -, [tg, tx+ Xk — 1] be the disjoint maximal intervals
of spikes ordered by time (i.e., z®) = 1if t € [t;,t; + X; — 1] for some 0 < i < k and
[t ti+ X N [tj,t;+ X =0 foralli#jandty <t <--- <ty Sor Xz = X). Now
I claim that at time t; + X; + 1, the network is at a clean state with value Z;‘:o X;
stored. We will prove the claim with induction on i. For ¢ = 0, apply Lemma [2.3.4]
we get that the network is at a clean state with value X, stored. Assume the network
is at a clean state with value Z;:o X stored at time ¢; + X; + 1. Then apply Lemma
again, we get at time ¢;,1 + X, 1 + 1, the network is at a clean state with value
Z;EJ X; stored at time ¢;41 + X;41 + 1. So at time ¢ + Xj, +1 < T + 1, the network
is at a clean state with value Z?:o X; = X stored as desired. This shows that the

above network solves TSC(T) problem in time 1 with O(logT) neurons. O

Notice that in fact by the proof above, TSC network enjoys an early convergence
property. The network actually converges at time ¢, + X; + 1. Therefore we have the
following stronger version of Theorem [2.1.2]

Corollary 2.3.5. For all t,0 < t < T, TSC network with O(logT) neurons solves
FCSC(t) problem in time 1.

2.4 Time Lower Bound for FCSC and TSC

In Section 4, we mentioned that there is a conflicting objective between stabilizing

the output and toggling without delays. We therefore introduced the idea of carrying
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information of the count at an unclean state and then converging to a clean state,
which introduces one time step of delay. In this Section, we are going to show that
this delay is unavoidable.

Intuitively, the proof of the time lower bound uses the fact that if the network
has to solve the problem without delay, the network must stabilize immediately at
each time step. Therefore, the neurons that fire at the last round will stay firing. By
injectivity of the representation, we can conclude that the network can at most count
up to the network size.

The proof of Theorem is the follows. The proof of Theorem is identical.

Proof. Consider the following input sequence such that for all 0 < ¢ < T we have
x® =1 and for all t > T we have £ = 0. Let X be the collections of all neurons
in the network. Assume for all 0 < ¢t < T, the network solves FCSC(t) at time 0.
Forall 0 < j < T, let S; = {y : yi(j) = 1,1 < < m}. We want to show that
St 2 Sr_1 2 - 2.5 To prove this by induction on ¢, we strengthen our induction
hypothesis to become S; 2 S; 1 2 --- 2 Sp and for all y; € S;_1 we have wg,, > 0.
Base Case: When t = 1, notice that Sy = () by construction. Now by injectivity of
the counter representation, we have S; 2 Sy and for y; € Sp, wyy,, > 0 is vacuously
true.

Induction Step: Now assume S; 2 Si 1 2 -+ 2 51 and wy,;, > 0 for y; € S;1.
At time step t + 1, since the network solves FCSC(t) at time 0, the neurons in y is
stabilized even without the input from z. This means that

Z Way, 2 — by, > 0if y; € 5,
zeX/{x}

Now since wy,, > 0, we know that neurons in S;_; will keep firing at time ¢ 4 1. For
neurons in S;/S;_1, since those neurons fire at time ¢, we have

Wiy, + Z wzyjz(t_l) —b,, >0if y; € S;/S; 1
zeX/{z}

And since the network solves FCSC(t-1) at time ¢ — 1, we also have

Z W,y 2D — by, < 0if y; € S;/Ss
zeX/{x}
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Substract two equations we get
wzyj > 0 if Y; € St/St,1

And hence S;1 C S;. By injectivity of the count representation, we have S;.1 2 5
as desired.
Now we have Sp 2 Sy 2 --- 2 5y 2 51, but we only have less than T' neurons.

Contradiction. O

2.5 Discussion and Future Directions

In this work, we model how brains process temporal information over a long time range
using neurons with transient activities. We propose two tasks that correspond to two
common neural coding schemes, temporal coding and rate coding. “First consecutive
spikes counting" (FCSC) is equivalent to counting the distance between the first two
spikes, a prevalent temporal coding scheme in the sensory cortex while “Total spikes
counting"(TSC) counts the number of the spikes over an arbitrary interval, which is
an example of a rate coding. We design two networks with memoryless neurons that
solve the above two problems in time 1 with O(log T") neurons and show that the time
bound is tight.

A natural extension is to consider general temporal coding. Instead of coding the
distance between the first two spikes, we code an arbitrary spike pattern within a max
input interval length 7. This can be done as an application of the FCSC network.
Given an input pattern with K spikes, we can count the spike interval between each
pair of spikes using an FCSC network and have a network that processes an arbitrary
spike pattern with K spikes in time 1 with O(K logT') neurons. Since typically the
temporal coding in the brain is sparse, we have K < T and therefore the network
only uses a small number of neurons.

Out of the spiking neural networks literature, Hitron and Parter [34] tackled a
similar problem. Their deterministic neural counter problem is our TSC problem.
This work differ in three ways. First, our network has time bound 1 while theirs is

O(logT). Second, we provide a time lower bound result and show our time bound
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is optimal. Third, they additionally consider an approximate version of the problem
while we consider other forms of neural coding.

Our work follows similar approaches to Lynch et al. [54] 55, 53] by treating neu-
rons as static circuits to explore the computational power of neural circuits. There
are three noteworthy points about our model. First, instead of a stochastic model, we
use a deterministic one. However, it should be noted that all the results in this work
would still hold under the randomized model of Lynch et al. [54], 55 53] with high
probability. Second, we use a model that resets the potential at every round. There-
fore, to retain temporal information, many self-excitation connections are employed
in our networks. At the other extreme, we could have a model in which the potential
does not decay from past rounds. In that model, temporal information can be stored
in potentials, but it might require different mechanisms to translate the information
from potentials to spikes. The two models thus could lead to different possible com-
putational principles in brains. Third, we used a discrete time model instead of a
continuous time model, which would be more biologically plausible. However, this
might not be a concern since we could use Maass’s synchronization module [58] to
simulate our discrete time model from a continuous time model.

In addition, our networks are not noise tolerant, whereas the actual neuronal
dynamics are highly noisy. It will be interesting to consider a noise tolerant version
of the network. One possible formulation is the following: at each time step ¢, with
probability 7 which does not depend on the number of neurons, a spiking event
becomes a non-spike event. Can the network still count exactly or approximately
with high probability? Can we find a noise tolerant network that can do this with
O(log T') neurons?

Another aspect of the temporal input we have not explored is the time-scale invari-
ance of the problem. In biology, many problems are time-scale invariant. A person
who says “apple" fast can be understood as well as a person who says “apple" slowly.
If we exploit this invariance, we might be able to reduce the networks’ complexity

further.
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Chapter 3

Plastic Neural Circuit: Oja’s Rule

and Sensory Adaptation

3.1 Introduction

One of the most influential theoretical ideas in neuroscience is Barlow’s efficient cod-
ing principle for sensory systems [II]. Barlow hypothesized that the main goal of
the sensory system is to reduce the redundancy in the sensory input and maximize
the information transmitted to downstream brain areas. One of its key predictions
is that the sensory neurons in the brain adapt to natural stimuli. Indeed, neuro-
scientists have shown in numerous sensory systems that by maximizing the mutual
information transmitted on natural stimuli, one can recover the response filters in the
respective sensory system. In the visual system, the structures of both the center-
surround receptive field of the retina ganglion cells [6l [7, 29] and Gabor filters of V1
simple cells can be mathematically derived from the efficient coding principle [62]. In
the auditory system, the temporal cochlear filters of inner ears can also be derived
from optimizing mutual information on natural sounds [48]. However, most works on
efficient coding of a sensory system have focused on optimizing the statistics of one
natural environment. In reality, the environmental statistics can change drastically
and the sensory system needs to continuously adapt to the changing environment

in a matter of seconds while having high dimensional sensory inputs. For example,
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although the retina processes visual inputs from 100 million photoreceptors to 1 mil-
lion retina ganglion cells, it can change its receptive field to adapt to environments
with different illumination [74], contrast |74, O, [75], spatial frequency [75, 37|, ori-
entation and temporal correlation [37] in the time scale of seconds. Therefore, it is
important to have a theoretical understanding of how the efficient coding principle
can adapt to changing environments in a biologically realistic timescale with a bio-
logically plausible synaptic learning rule. In this chapter, we give the first theoretical
demonstration of sensory adaptation under the efficient coding principle in biologi-
cally realistic timescale through studying the convergence rate and behaviors of Oja’s

rule [59].

It is known that Oja’s rule maximizes the mutual information under Gaussian
inputs and linear networks by adapting to the direction that maximizes the variance
of the presynaptic inputs through solving Principal Component Analysis (PCA) [50].
Therefore, studying its convergence rate and behaviors can shed light on fast sensory
adaptation under the efficient coding principle. Since the dimensionality of the sen-
sory inputs is usually large, for Oja’s rule to behave in a biologically realistic time
scale, the convergence rate needs to have no dependency or only log dependency on
the input dimension. In addition to its relation to the efficient coding principle, as
a biologically plausible synaptic modification rule, Oja’s rule serves as a plasticity
candidate to investigate sensory adaptation. Oja’s rule is one of the earliest local
learning rules that incorporate both Hebbian and homeostatic plasticity [59)], two ma-
jor activity-dependent synaptic modification mechanisms [I]. Both mechanisms work
together to form memory and drive learning behaviors in the brain. Hebbian plastic-
ity is a synapse-specific correlation-based plasticity mechanism that strengthens the
connection when the input has a high correlation with the weights while weakening
the connection when the input has a poor correlation [41], 22|, T4]. However, this type
of mechanism alone can often make networks unstable since the highly correlated
input will keep strengthening synapses unboundedly [I]. Homeostatic plasticity, in
contrast, stabilizes the network by keeping the activities of the neurons relatively

constant through calcium sensors [80]. Synaptic scaling is a specific kind of home-
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ostatic plasticity where the strength of the incoming synapses is normalized while
still encoding the information from Hebbian learning in their relative strength after
normalization [79]. It is thus an important problem in computational neuroscience
to understand the interplay between Hebbian and homeostatic plasticity [78]. Oja’s

rule is one example of this. Concretely, Oja’s rule can be expressed as the following

wy = wi—y + Ty — ytzwtfl)

where w; is the strength of the synapse at time t, z;,y; are the firing rates of presy-
naptic, and postsynaptic neurons respectively, and 7; is the learning rate. One can see
that x;y; term corresponds to the Hebbian plasticity while y?w;_; term corresponds
to the homeostatic plasticity. One can then show the synaptic scaling property where
||we|| = 1 for all ¢.

Despite being a subject of extensive theoretical [59] 61], [70, B3], ©0, 68, 21], 88,
87, 23, ] and experimental |16l [43], BT, 40, 18, [73, [77, B1, [5] studies aimed at un-
derstanding its performance, the theoretical understanding of the Oja’s rule remains
incomplete. The state-of-the-art theoretical analysis only provides a guarantee on
convergence in the limit [23] through the Kushner-Clark methods [44]. However, to
the best of our knowledge, there is no prior work showing the convergence time of
Oja’s rule. Specifically, if the convergence time of Oja’s rule does not depend on the
input dimension or depend on only logarithmic factors of the input dimension, Oja’s
rule can serve as an example of sensory adaptation under the efficient coding principle
in a biologically realistic time scale.

In this work, we provide the first convergence rate analysis for biological Oja’s

rule in solving streaming PCA.

Theorem 3.1.1 (informal). Biological Oja’s rule efficiently solves streaming PCA
with (nearly) optimal convergence rate. Specifically, the convergence rate we obtain
matches the information-theoretic lower bound up to logarithmic factors.
Furthermore, the convergence rate has no dependency on the dimension when the
wnitial weight vector is close to the top eigenvector or has a dependency on logarithmic

factors of the dimension when the initial vector is random. Therefore, biological Oja’s
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rule solves streaming PCA on a biologically realistic time scale.

Also, we show for-all-time convergence with a slowly diminishing learning rate.

Most convergence results in the literature show that
Pr(error at time T > €) < 4.

However, this is not enough in a biological system. The sensory system cannot afford
to only be functional at time T'. It needs to be functional constantly. In contrast, the

convergence result we can show is
Pr(3t > T, error at time t > ¢€) < 0,

which guarantees the convergence at all time. Furthermore, in order to achieve this,

our learning rate 7, only needs to be scaled as 1, = O(@), in particular >, n? = cc.
In contrast, the Kushner-Clark theorem requires Y, 77 < co where the learning rate
is commonly set as 1, = O(%) Because our learning rate is slowly diminishing, when
the environment changes, the learning rate is still large enough to do efficient learn-
ing. This allows the sensory system to continuously adapt to changing environments
without taking a long time to adapt or reset the learning rate.

To show the (nearly) optimal convergence rate of biological Oja’s rule in solving
streaming PCA, we develop an ODE-inspired framework to analyze stochastic dy-
namics. Concretely, instead of the traditional step-by-step analysis, our framework
analyzes a dynamical system in one-shot by giving a closed-form solution for the
entire dynamic. The framework borrows ideas from ordinary differential equations
(ODE) and stochastic differential equations (SDE) to obtain a closed-form character-
ization of the dynamic and uses stopping time and martingale techniques to precisely
control the dynamic. This framework provides a more elegant and more general
analysis compared with the previous step-by-step approaches. We believe that this

novel framework can provide a simple and effective analysis of other problems with

stochastic dynamics.

We organize the rest of the introduction as follows. We first formally define bi-

ological Oja’s rule and streaming PCA in [Section 3.1.1| and state the main results
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and their biological relevance in [Section 3.1.2] In [Section 3.1.3] we provide a tech-

nical overview of the proof and the analysis framework. Finally, we conclude the

introduction with a survey and comparison of related works in [Section 3.1.4]

3.1.1 Biological Oja’s rule and streaming PCA

In a biological neural network, two neurons primarily interact with each other via
action potentials or instantaneous signals, a.k.a., "spikes", through synapses between
them. The strength of a synapse might vary from time to time and is called the
synaptic weight. The ability of a synaptic weight to strengthen or weaken over time
is considered as a source for learning and long term memory in our brains. While
generally, the update of a synaptic weight could depend on the spiking patterns of
the end neurons, it is common for neuroscientists to focus on the averaging behaviors
of a spiking dynamic. Namely, they simplify the model by only considering the firing
rate, which is defined as the average number of spikes. This is known as the rate-based
model [82], 83] and since biological Oja’s rule was defined on a rate-based model, this

setting will be the focus of this work.

To understand how biological Oja’s rule works, consider the following baby exam-
ple with two neurons x and y. Let x;,y; € R be the firing rates of neurons x, y at time
t € N and let w; € R be the synaptic weight from x to y at time ¢. In a biological
neural network, w; could change over time and the dynamic is defined locally on the
previous synaptic weight as well as the firing rates of the end neurons. Namely, the

synaptic weight from the neuron x to y has the following dynamic
wy = wy—q + mEF (w1, 24, Y1)

where F} is an update function and 7, is the plasticity coefficient, a.k.a., the learn-
ing rate. Biologically, the update function should further follow the Hebb postulate,
which has been informally paraphrased as “cells that fire together wire together” [32].
One naive way to implement Hebbian learning is to set the update function as

Fy(wi_1, x4, 9:) = x4y;. However, the values of w; can grow unboundedly. biologi-
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cal Oja’s rule is a self-normalizing Hebbian rule with the following synaptic updates.

wy = wi—1 + MY (T — Yywi—1)

Using the above synaptic update rule, Oja [59] configured a network that solves
streaming PCA while keeping the norm of the weights stable. Before introducing the
network, let us formally define the streaming PCA problem.

Streaming PCA Principal component analysis (PCA) [65, 38| is a problem to find
the top eigenvector of a covariance matrix of a dataset. Let n be the dimension of
the data. In the offline setting, one can compute the covariance matrix in O(n?)
space and use the power method to approximate the top eigenvector. As for its
variant, the streaming PCA (a.k.a. the stochastic online PCA, see [19] for a survey
on the literature), the input data arrives in a stream and the algorithm /dynamic only
has a limited amount of space, e.g., O(n) space. Streaming PCA is important for
biological systems because the information inherently arrives in a stream in a living
system. On the other hand, it is also much more challenging than offline PCA (see

for example [3]). In the following, we formally define the streaming PCA problem. []

Problem 3.1.2 (Streaming PCA). Let n,T € N and D be a distribution over the unit
sphere of R™. Suppose the input data x1,Xs, ..., X D are given one by one in a
stream. Let A = EXND[XXT] be the covariance matriz and Ay > Ao > -+ > A\, > 0 be
the eigenvalues of A. Assume Ay > Ay and let vy be the top eigenvector of A of unit

length. Then the goal of the streaming PCA problem is to output w € R"™ such that

Since the inputs arrive in a stream, usually a streaming PCA algorithm /dynamic
would maintain a solution w; € R™ at each time ¢t € N. Thus, the goal for a streaming

PCA algorithm /dynamic would be achieving Pr i) 5 1 _¢| > 1—§ with small

w3

n related works, some (e.g., [3]) measure the error using 1 — (w,v1)?, some (e.g., [72]) use
1 —w' Aw/| A|, and some (e.g., [39]) use sin?(w,v;). We remark that all of these error measures
(including ours) are the same up to a constant multiplicative factor.

Also, some works emphasize other convergence notions such as the gap-free convergence [72].
Though we do not explicitly study the convergence of biological Oja’s rule under these notions,
we believe that our results could be easily extended to other convergence notions with comparable
convergence rate and leave this for future work.
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T.

Biological Oja’s rule in solving streaming PCA  Oja [59] proposed a streaming
PCA algorithm using n input neurons and one output neuron. The firing rates of the
input neurons at time ¢ are denoted by a vector x; € R™ and the firing rate of the
output neuron is denoted by a scalar y; € R. The synaptic weights at time ¢ from the
input neurons to the output neuron are denoted by a vector w; € R™. Note that the
weight vector will be the output and ideally it will converge to the top eigenvector

vi. The firing rate vector x; and the synaptic weight vector w; correspond to the

x;, W in the streaming PCA problem in [Problem 3.1.2]

The input stream x;,Xs,..., X7 arrives in the form of firing rates of the input
neurons. The firing rate of the output neuron is simply the inner product of the
synaptic weight vector and the firing rate vector of the input neurons, i.e., y;, =
x; w;_;. Now, from biological Oja’s rule, the dynamic of the synaptic weight vector

is described by the following equation.

Definition 3.1.3 (Biological Oja’s rule). For any initial vector wo € R™ such that
|lwoll2 = 1, the dynamic of biological Oja’s rule is the following. For any t € N,
define

W, = Wy 1+ Ny (Xe — YeWy_1) (3.1.4)

where y; = xtth_l and x; 1s the input at time t. See also in|Figure 3-1| for a pictorial

definition of biological Oja’s rule in solving streaming PCA.

Figure 3-1: A neural network that uses biological Oja’s rule to solve streaming PCA.
The firing rate vector x; is the input and the weight vector w; is the output at time
t.

Following from the definition, biological Oja’s rule is biologically-plausible in the

51



following sense. First, the synaptic update rule is local. Namely, each synapse only
depends on the previous synaptic weight and the firing rates of the two end neu-
rons. Second, with some simple calculations (e.g., [Lemma 3.5.1)), biological Oja’s
rule achieves the synaptic scaling guarantee [1, i.e., w; being bounded for all ¢t € N
and ¢ € [n]. Thus, one can then interpret the convergence results of this work as

showing further biological-plausibilities of biological Oja’s rule in the retina-optical

nerve pathway. See [Section 3.1.2] for more discussions.

Oja’s derivation for biological Oja’s rule Before going into more technical con-
tents, it would be helpful to take a look at the original derivation for biological Oja’s
rule. Initially, Oja wanted to use the following update rule with normalizationﬂ to
solve the streaming PCA problem.

(I 4+ nexix/ ) Wi
W = .
| (I + UtXtXtT> w12

(3.1.5)

However, the normalization term || (I + nx] x;) wy_q||5" is globa and does not seem
to have a biologically-plausible implementation. To bypass this issue, Oja applied
Taylor’s expansion on the normalization term and truncated the second order terms of

n:. This exactly results in biological Oja’s rule (i.e., [Equation 3.1.4)). See

for more details on the derivation.

Also, to see why intuitively biological Oja’s rule could solve streaming PCA, one
can check that any eigenvector v of A of unit length with eigenvalue A is a fixed point
of biological Oja’s rule in expectation. Specifically, the expectation of the update

term y(x; — yywy_1) with w,_; = v is the following,.
E [x] vx; — (x{ v)*v] = Av — v Avv = Av — A||v|3v = 0.

The first equality follows from for all ¢, j € [n], E[x;;x: ;] = A; - 1,=;, and the second
equality follows from Av = Av. By checking the Hessian at the top eigenvector vy,

one can even see that vy is a stable fixed point.

2This update rule is doing a variant of power method with normalization. It is widely used in
the machine learning community to solve streaming PCA. See '§ect10n ?1% for more discussion.
31t is global because computing the f» norm requires the information from every neurons.
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Previous works: Results about convergence in the limit There were many
previous works on analyzing the convergence of biological Oja’s rule in solving stream-
ing PCA [59, 61, 70, B3], 60} 68, 21, 88, 87, 23]. However, these works only proved
guarantees on convergence in the limit. For example, Duflo [23] showed that w, con-
verges to the top eigenvector of A in the limit under some constraints on the learning

rates.

Theorem 3.1.6 ([23], informal). Let wo be a random unit vector in R"™. Ifn, < 5 for

allt € N, Y72 m =00, and Yo7 < oo, then limy_,oo (Wi, v1)? = 1 almost surely.

The proofs of these previous analyses are usually based on tools from dynamical
system such as the Kushner-Clark method or Lyapunov theory. Note that these proof
techniques are not sufficient for providing a convergence rate guarantee because they
only provide convergence in the limit.

To the best of our knowledge, prior to this work, there had been no efficiency
guarantee for biological Oja’s rule. The main technical barrier is due to the non-
linear terms in the update rule which introduces correlations in the traditional step-

by-step analysis and thus naive analysis would not work. We explain the difficulty

further in [Section 3.1.3| and [Section A.3| Given this situation, natural questions on

the frontier would then be:

Question: What is the convergence rate of biological Oja’s rule in solving
streaming PCA? Is the convergence rate fast enough to be an example
of fast sensory adaptation under the efficient coding principle with high

dimensional sensory inputs?

3.1.2 Our results

In this chapter, we answer the above questions by giving the first convergence rate
guarantee for biological Oja’s rule in solving streaming PCA. Furthermore, the con-
vergence rate matches the information-theoretic lower bound for streaming PCA up
to logarithmic factors [3]. In terms of the techniques, we develop an ODE-inspired
framework to analyze stochastic dynamics. We believe this general framework of us-

ing tools and insights from ODE and SDE in analyzing stochastic dynamics is elegant
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and powerful. We provide more details and intuitions on the ODE-inspired framework
in the section on the technical overview (see . Also, as a byproduct, our
convergence rate guarantee for biological Oja’s rule outperforms the state-of-the-art
upper bound for streaming PCA (using other variants of Oja’s rule).

There are two common convergence notions in the streaming PCA literature. The
global convergence requires the algorithm/dynamic to start from a random initial
vector while the local convergence allows the algorithm/dynamic to start from an
initial vector that is highly correlated to the top eigenvector of the covariance matrix.

Now, we are ready to state our main theorem as follows.

Theorem 3.1.7 (Global and local convergence). With the setting in |Problem 3.1.2

and dynamic in [Definition 3.1.9, let gap := Ay — Ay > 0. For any €,6 € (0,1), we

have the following results.

e (Local Convergence) Suppose > =Q(1). For anyn € N, §,e € (0,1)), let
~ [ €gap 11
=0 - =1).
! ( A ) (Egap <6’ 5)>

2
Pr M<1—e <94.
w3

Then, we have

e (Global Convergence) Suppose wq is uniformly sampled from the unit sphere of R™.

For anyn €N, §,e € (0,1), let

~ ([ (e N6?)gap A 11 1
_ o (\L0JER) g
© ( A1 ’ © (e A 0%)gap? oz’ e gap

Then, we have

2
Pr{m<l—e} <9.
[wr[3

The notation a A'b stands for min{a, b} and © hides the poly-logrithmic factors with
respect to e 1,071, gap~t,n

Biological perspectives Our results use biological Oja’s rule as an example to pro-
vide the first theoretical demonstration of how a sensory system can adapt to changing
environments in a biologically realistic time scale under the efficient coding principle.

In a linear network with Gaussian input, biological Oja’s rule maximizes the mutual
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information of the presynaptic inputs by selecting the top principal component as
the output. Specifically, we show that biological Oja’s rule is a local synaptic modifi-
cation mechanism that not only incorporates both Hebbian learning and homeostatic
plasticity but also can solve streaming PCA in a biologically realistic time scale. In
particular, in this work we demonstrate that biological Oja’s rule does not have any
dependency on the dimension (i.e., n, the number of neurons) in the local conver-
gence setting while the dependency is logarithmic in the global convergence setting.
Moreover, in the local convergence setting, the dependency of the convergence rate
on the failure probability § is inverse-logarithmic instead of O(1/d). The local conver-
gence is particularly important for sensory adaptation because different environments
in nature are usually still correlated and therefore the sensory system does not need
to start at a random initialization to adapt to the new environment. Since the local
convergence does not depend on the dimension of the inputs, this demonstrates that
it is possible for a sensory system with high dimensional sensory inputs to adapt to
changing environments in seconds.

Furthermore, we prove the for-all-time guarantee of biological Oja’s rule as a
corollary of the techniques used in the proof for the main theorems. By for-all-
time guarantee, we refer to the behavior of a dynamic that always stays around the
optimal solution after convergence. In particular, the dynamic would not leave even
temporarily the neighborhood of the optimal solution. The for-all-time guarantee is
of biological importance because a biological system constantly adapts and functions,
and it is not enough for a mechanism to hold for only a brief moment. We state the

theorem for the for-all-time guarantee as follows.

Theorem 3.1.8 (For-all-time guarantee with slowly diminishing rate). With the set-

ting in[Problem 3.1.2 and dynamic in[Definition 3.1.3, let gap := Ay — Xy > 0. For any
e,0 € (0,1), suppose wov)® > g —¢/2. For anyt € N, there exists n, > © <&>
2

lwoll X1 log(t/3)
such that
<Wt7 V1>2
w13

Pr |Vt e N, >1—¢|>1-9.

We should further notice that the learning rate is slowly-diminishing, i.e., n; =
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©(1/logt) instead of the commonly used 7, = O(1/t), in the for-all-time guarantee

(i.e., [Theorem 3.1.8)). This suggests the capability of continual adaptation, which

is crucial in the biological scenario. For example, if a person walks into a new en-
vironment, the retina cells need to quickly adapt to the new environment and this
cannot be achieved if the learning rate already diminished too fast in the previous en-
vironment. Since our learning rate decreases like §2(1/logt), when the environment
changes, the learning rate is still large enough to do efficient adaptation without

resetting the learning rate.

We remark that prior to this work, the for-all-time guarantee with slowly di-
minishing learning rates was even unknown to any streaming PCA algorithms. The
convergence in the limit result for biological Oja’s rule requires 7, = o(1/v/t) [23]
and the convergence rate analysis for non-biologically-plausible variants of Oja’s rule
requires 7, = O(1/t) [39, 3, 49] or ; = O(1/+/t) [72]. In particular, all previous works
satisfy >, 7 < oo while in this work we can achieve for-all-time convergence with
much weaker assumptions 7, = Q(1/logt) (hence >, n? = oo) for biological Oja’s

rule.

3.1.3 Technical overview

In this work, we give the first efficiency guarantee for biological Oja’s rule in solving
streaming PCA with an (nearly) optimal convergence rate. In this subsection, we
highlight three technical insights of our analysis which lead us to a clear understanding
of how biological Oja’s rule solves streaming PCA. In short, our high-level strategy is
to first consider the continuous version of Oja’s rule where the learning rate 7 is set
to be infinitesimal. In the continuous setting, the dynamic can be fully understood by
tools from the theory of ordinary differential equations (ODE) or stochastic differential
equations (SDE). With the inspiration from the continuous analysis, we are able to
identify the right tools (e.g., linearization at two different centers, etc.) to tackle the

discrete dynamic.

Before we start, let us recall the problem setting and the goal. For simplicity, here

we consider the diagonal case where the covariance matrix A is a diagonal matrix,
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i.e., A =diag(A; ..., A\y) with Ay > Ay > A3 > -+ > A, > 0. Thus the top eigenvector
of A is eq, i.e., the indicator vector for the first coordinate, and the goal becomes

showing that W?’l efficiently converges to 1 when ¢t — oo. A reduction from the

general case to the diagonal case is provided in [Section 3.5.1}

Insight 1: Inspiration from the continuous dynamics The first insight is to
analyze biological Oja’s rule in a way inspired by its continuous analog. The advantage
of considering the continuous dynamics is that not only does it capture the inherent
dynamics but also we can apply the theory of ODE and SDE to obtain closed-form
solutions. Thus, the continuous dynamic would serve as a hint on how to derive a

tight and closed-form analysis for the discrete dynamic.

Interestingly, the continuous SDE of biological Oja’s rule degenerates into a simple
deterministic ODE almost surely (see [Section 3.3| for a derivation). Specifically, for
any t > 0, we have

th71

Z (/\1 — /\Q)Wt’1(1 — WZI) and ||Wt||2 =1 (319)

almost surely. Furthermore, observe that the continuous Oja’s rule is non-decreasing
and has three fixed points 0 and +1 for w;; while the first is unstable and the later
two are stable. Namely, in the continuous dynamic, w; will eventually converge to

+eq, i.e., the top eigenvector of A.

Note that in a discrete stochastic dynamic, there are two sources of noise: (i) the

intrinsic stochasticity from its continuous analog and (ii) the noise due to discretiza-

tion. Thus, [Equation 3.1.9suggests that the noise in biological Oja’s rule comes only

from discretization since the continuous Oja’s rule is deterministic.

In addition to the limiting behavior, one can also read out finer structures of the

continuous dynamic from [Equation 3.1.9] by solving the differential equation using

standard tools from dynamical system. The right hand side (RHS) of the inequality

in |Equation 3.1.9|is non-linear which usually does not have a clean solution. A natural

idea from dynamical system would then be linearizing the differential equation around

fixed points and applying the exact solution for a linear ordinary differential equation.

Moreover, as there are three fixed points in [Equation 3.1.9] one can linearize the
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differential equation with the center being either 0 or +1. For simplicity, we focus on

the two fixed points 0 and 1 while —1 can be analyzed similarly due to symmetry.

For example, we can linearize at 0 by lower bounding the RHS of [Equation 3.1.9|

by e(A; — Ag)w;y for any wy; € [0,/1 — €] (see Figure [3-2a). Similarly, we can
linearize at 1 by using wq (A1 — A2)(1 — wy 1) for any wy; € [wo 1, 1] (see Figure

. Another choice would be linearizing at both 0 and 1. Concretely, we linearize at
0 for w;; € [0,2/3] and linearize at 1 for w;; € [2/3,1] (see Figure | 3-2c).

—gap- wii(l—-wiy) — gap-wii(1-wiy)

—— €-gap- W1 wo,1 - gap - (1 —wq1)

oot st
WQ o /\
; o

o ez s or s o5 o e o b en ex w3 ei us ha ur s e

(a) Linearization only at 0. (b) Linearization only at 1.

— gap-wia(1—wiy)
5

— —gap- W,
gg P Wi

10
98P (1—we1)

oos
o¢2/<
0

o o1 0z a1 o4 a5 o8 o7 s o 1

(¢) Linearization at both 0
and 1.

Figure 3-2: In (a), we only linearize at 0 and use € - gap - w;; to lower bound
tion 3.1.9| for w;; € [0,v/1 —¢€|. In (b), we only linearize at 1 and use (wo; - gap -

(1 —wyy)) for wey € [Wo 1, 1]. On the other hand, in (c), we linearize at both 0 and
1. For wy; € [0, %], we use ggap - wy 1 while for wy; € [%, 1] we use %gap (1 —wyq).
One can see that the lower bounds in (c) are much tighter than that in (a) and (b)
in the sense that the slopes are of order 2(gap) instead of O(e - gap) or O(wyq - gap).

The main difference between linearizing only at a single fixed point and lineariz-
ing at two fixed points is the slope in the linearization. Note that the slopes of the
linearizations in Figure and Figure are €(A; — A2) and wq1(A; — Ag) re-
spectively while the slope is of the order Q(A; — Ag) in Figure As the slope
corresponds to the speed of the convergence, the extra e or wy; in the slope of lin-

1

earization at a single fixed point would result in an extra e ' or w1 in the convergence
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rate. See for a pictorial explanation.

Another key inspiration from the continuous dynamic is the ODFE trick which
provides a closed form characterization of the dynamic in terms of the drifting term
captured by the continuous dynamic and the noise term originated from the lineariza-
tion and discretization. The ODE trick is inspired by the solution to a linear ordinary

differential equation (linear ODE). Consider the following simple linear ODE

dZ—it) = ay(t) + b(t)

for some constant a and function b(¢). To put into the context, one can think of a as
the drifting term and b(¢) as the noise term in the continuous Oja’s rule due to the
linearizationﬂ By the standard tool for solving linear ODE, the solution of y(t) at
t="T1is

y(T) = e <y(0) + /0 ' e‘“%(t)dt) : (3.1.10)

From the above equation, one can see that the solution of a linear ODE extracts the
drifting term into a multiplier e* and decouples the initial condition y(0) with the
noise term fOT e~ b(t)dt. As a consequence, once we can show that the noise term
is much smaller than the initial value, then y(7") is dominated by the drifting term

e®Ty(0) and thus we are able to analyze the progress of y(T').

To sum up, the continuous dynamic informs us how to linearize biological Oja’s
rule at different centers in different phases of the analysis. Further, the ODE trick
provides us a closed-form approximation to the dynamic. We are then able to ana-
lyze biological Oja’s rule in one shot rather than doing the traditional step-by-step

analysis.

Insight 2: One-shot analysis instead of step-by-step analysis The second
insight of this work is performing an one-shot analysis instead of the traditional

step-by-step analysis (e.g., [3]).

4In biological Oja’s rule, the discretization also contributes in the noise term.
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Traditional step-by-step analysis To see the difference, let us illustrate how
the step-by-step analysis on biological Oja’s rule would work. Denote the natural
filtration as {F;} where F; is the o-algebra generated by xi,Xs,...,%;. For any

t € N, we have

E w1 =E [E [Wt—l,l + nt(XtTWt—l)Xt,l — nt(X:Wt—l)QWt—l,l | th—l”

=E W11+ 77t>\1Wt—1,1 — M (Z )\thz_M) Wi_1,1

=1

where the second equation is due to the fact that for any ¢, j € [n], E[x;;x; | Fi—1] =
A;j = X;-1,—; and for any i € [n], E[w;_1; | Fi—1] = W¢_1,;. In a step-by-step analysis,
one then argues that the expectation E[w, ;| would be improved from E[w;_; ] by a
certain factor. Then, an induction on each step followed by showing concentration
would give some convergence rate guarantee. However, there are two difficulties in
getting an optimal convergence rate (these difficulties usually also appear in the step-

by-step analysis for other problems).

o First, there are some non-linear terms of w,_; ; in the update noise. This usually

requires some hacks tailored to the specific problem to enable the analysis.

e Second, the improvement factor at each step can depend on w;_; and at worst
case, the dynamic can show no improvement or even deteriorate. Taking expec-
tation loses precise controls of the values of w,_;. This makes naive martingale

analysis difficult to work and probably requires more ad hoc tricks.

For instance, the first difficulty is exactly what 3] encountered in their analysis for a
variant of biological Oja’s rule. They resolved the first difficulty by decomposing the
non-linear term in the dynamic into a multi-dimensional chain and carefully bounding
the chain with strong assumptions on learning rates to enable martingale analysis.
They used extremely delicate and complicated techniques tailored to the dynamic
to achieve optimal convergence rate. biological Oja’s rule, in addition to having the
first difficulty, also has the second difficulty (see for more discussions).
Therefore, applying the traditional step-by-step analysis of biological Oja’s rule will

encounter great obstacles.
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Our one-shot analysis In this work, we use an one-shot analysis to avoid the
complication of a step-by-step analysis. Namely, instead of looking at the process
iteratively, we study the entire dynamic at once. Two key ingredients are needed to
implement such a one-shot analysis: (i) a closed-form characterization of the dynamic
and (ii) stopping time techniques. As discussed in the previous discussion, the con-
tinuous dynamic of biological Oja’s rule inspires us to get a closed-form lower bound

for w; 1 by the ODE trick. Concretely, as a simplified exampldﬂ, we have

N
Wr1 = HT . <W071 + Z#) (3].].1)

where H > 1 is the multiplier term and {V;} is the noise term which forms a martin-

gale on the natural filtration. See |Corollary 3.7.21] and [Corollary 3.6.4| for a precise

formulation of H and {N,} in our analysis. Intuitively, one should think of H"wj;
as the drifting term and the other part as the noise term. The goal of the ODE trick

in the discrete dynamic is to show that the drifting term dominates the noise term.

To show that the noise in [Equation 3.1.11] is small, Azuma’s inequality would

be a natural tool to start with (see |Lemma 3.2.3|). However, the bounded difference

condition in Azuma’s inequality would immediately cause an issue: the noise at time

t is correlated with w,_; ; and thus one cannot get a small bounded difference almost
surely. For example, suppose the bounded difference of {N;} at time ¢ is at most
Wf_m. Since we do not yet know the behavior of w;_;, we can only upper bound
the bounded difference of {)V,} in the worst casd’| by 1+ o(1). In the meantime, both
Wf’l and the noise are expected to be very small in the early stage of the dynamic
with high probability.

To circumvent this obstacle, we consider the stopped process of the original martin-
gale in which the bounded difference is under control. For example, consider the above
situation where the noise term {/N;} is a martingale and a stopping time 7 for the

event {w2, > 0.1}. The stopped process, denoted by {N;x,} where t A7 = min{t, 7},

5In general, the multiplier term also varies with respect to time ¢.

6This is because we are able to upper bound w;_11 by 1+ 0(1) almost surely. See|Section 3.5.2
Note that there are ways to get better bounded difference conditions in the worst case but this is

still not sufficient.
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is a process that simulates {N;} and stops at the first time ¢* such that w7, ; > 0.1.
It is known that a stopped process of a martingale is also a martingale. Furthermore,
the bounded difference of the stopped process { Nyr,} would be 0.1 almost surely by
the choice of 7. It turns out that this improvement in the bounded difference con-
dition drastically increases the quality of Azuma’s inequality and gives the desiring

concentration for the stopped process.

There is one last missing step before showing the dominance of wy; in
[tion 3.1.11} we have to show that the concentration for the stopped process {Nix, }
can be extended to the original process {INV;}. We achieve this task by developing a
pull-out lemma which is able to utilize the structure of the martingale and pull out

the stopping time from a concentration inequality.

Insight 3: Maximal martingale inequality and pull-out lemma In general,
there is no hope pulling out the stopping time from a concentration inequality for the
stopped process without blowing up the failure probability. The naive union bound

would give a blow-up of factor 7" in the failure probability and it is undesirable.

Let M, = ",,_, H " Ny be the noise term in the ODE trick (i.e., [Equation 3.1.11))

t'=1

and 7 be a stopping time that ensures good bounded difference condition. Note that
as {N;} is a martingale, we know that {M;,} is also a martingale. There are two
key ingredients to pull out the stopping time from {M;,,}, i.e., the stopped process

of the noise term.

First, we use the mazimal concentration inequality (e.g., [Lemma 3.2.4) which

gives the following stronger guarantee than the traditional Azuma’s inequality.

Pr| sup |Min, — My| > a| <0 (3.1.12)

1<t<T
forsomea > 0,7 € N, and § € (0,1). Note that the maximal concentration inequality
gives concentration for any 1 <t < T without paying an union bound.
Second, we identify a chain structure on the martingale and the stopping time 7

we are working with. Concretely, we are able to show that for all ¢ € [T7,

1<t/ <t

Pr {72t+1 ‘ sup |[My — My| < a| =1. (3.1.13)
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Namely, if the bad event has not happened, then the martingale would not stop

immediately. Intuitively, [Equation 3.1.13| holds because {sup,<y<; |My — Mo| < a}

implies the noise term to be small and thus the drifting term dominates in the ODE
trick. As 7 is properly chosen such that the martingale would not stop if the process

w; followed the drifting term, we know that 7 > ¢ 4 1.

Combining the above two ingredients (i.e., [Equation 3.1.12|and [Equation 3.1.13)),

we are able to show in the pull-out lemma that

Pr| sup |M;— My >a| <9,

1<t<T
i.e., the stopping time has been pulled out.

Let us end this subsection with a high-level sketch on the proof for the pull-out
lemma. The key idea is to consider another stopping time 7’ for the event {|M,, —
My| > a} and partition the probability space of the error event {sup, ;< |M;— M| >

a} in to two parts P; and P, with the following properties. In P, we can show that

Pr [ sup |M; — My| > a, Pl} =Pr [ sup | M, — Myl > a, Pl} )

1<t<T 1<t<T

As for P, we use the chain condition in [Equation 3.1.13|to show that the probability

of error event is 0 based on a diagonal argument. Thus, we have

Pr { sup |M; — My| > a]
1<t<T

= Pr | sup |M; — M| > a, Pl} + Pr [ sup |M; — M| > a, PQ}

L 1<t<T 1<I<T

= Pr | sup |Mr — M| > a, Pl} +0

| 1<t<T

< Pr | sup | M, — M| Za} <90.

l1<t<T

See [Section 3.6.2| and [Figure 3-3| for more details on the chain condition for biological

Oja’s rule and how to partition the probability space of the error event.

3.1.4 Related works

Related theory work on biological Oja’s variants Computational neurosci-

entists have proposed several variants of biological Oja’s rule to solve streaming
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PCA [59, 60, [70, 26l 406, 69, 43, [67]. In a single neuron case, Oja used stochastic
approximation theory [44] to prove the global convergence in the limit [59]. In a
multi-neurons case, Hornik and Kuan demonstrated the connection between the dis-
crete dynamics and the associated ODE [36] from the Kushner-Clark theory [44].
However, most existing analyses on the multi-neurons dynamics show only local con-
vergence |70, 26, [46], 69], 43, [67]. Even for the ODE dynamic, the global convergence
for most networks in a multi-neurons case is difficult to show. Yan et al. provide the
only global analysis on Oja’s multi-neurons subspace network [60], 86l 85]. Previously
there is no work showing the convergence rate on the discrete dynamics. This thesis

shows the first convergence rate bound on biological Oja’s rule.

Oja’s rule in machine learning Unlike the situation in biological Oja’s rule, a
line of recent exciting results [30} 20} [10, [72] 39| 3] showed convergence rate analysis
for variants of Oja’s rule in the machine learning community. Since the update rules of
these works are not biologically-plausible, we call them ML Oja’s rules to distinguish
from biological Oja’s rule.

To see the difference between biological Oja’s rule and ML Oja’s rules, let us take
the update rule from [72} B9, 3] as an example. Note that the other variants of ML
Oja’s rules also have a similar fundamental difference from biological Oja’s rule as
illustrated by the following example. Let w; € R™ be the output vector at time
t=0,1,...,T, the update rule is

t

Wi = H (]_ + nt’xt’X;) W

=1
and the output is wy/||wr||2. Note that the above update rule is equivalent to
[tion 3.1.5] i.e., applying Taylor’s expansion on the ML Oja’s rule and truncating the
higher-order terms would result in biological Oja’s rule.

A natural idea would be trying to couple biological Oja’s rule with the ML Oja’s
rule by showing that for every t € N, the weight vectors from the two dynamics would
be close to each other. However, this seems to be more difficult than direct analysis
and we leave it as an open problem to investigate whether this is the case. Moreover,

the corresponding continuous dynamics suggest an intrinsic difference between the
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two: the continuous version of the ML Oja’s rule can be tightly characterized by

a single linear ODE while that of biological Oja’s rule requires two linear ODEs in

different regimes for tight analysis. See [Section 3.3|and [Section A.3| for more details.

To sum up, biological Oja’s rule and the ML Oja’s rule are similar but the analysis
of the latter cannot be directly applied to the former. While following the proof idea
for the ML Oja’s rule might give some hints on how to analyze biological Oja’s rule,
in this work we develop a completely different framework (as briefly discussed in
tion 3.1.3). This framework not only gives the first and nearly optimal convergence
rate guarantee for biological Oja’s rule but also could improve the convergence rate
of the ML Oja’s rule with better logarithmic dependencies and we leave it as future

work.

Comparing with other streaming PCA algorithms Streaming PCA is a well-
studied and challenging computational problem. Many works [20], [72, [49] 39} 3] pro-
vided theoretical guarantees for streaming PCA algorithms. Interestingly, all of the
streaming PCA algorithms in these works are some variants of biological Oja’s rule.

Recall that there are two standard convergence notions: the global convergence
where wy is an uniformly random unit vector and the local convergence where wy is
constantly correlated with the top eigenvector. There are 5 parameters of interest: the
dimension n € N, the eigenvalue gap gap := A\; — A2 € (0, 1), the top eigenvalue \; €
(0, 1), the error parameter € € (0,1), and the failure probability 6 € (0,1). Ideally, the
goal is to achieve the information-theoretic lower bound Q(\;gap~2e !log(d~1)) given
by [3]. Prior to this work, the state-of-the-art for both global and local convergences
are achieved by [3] using ML Oja’s rule (see the second to last row of [Table 3.1).
In this work, as a byproduct, the convergence rate we get for biological Oja’s rule

outperforms [3] by a logarithmic factor in both settings. See[Table 3.1|for a summary.

*Let f(logn,log(1/€),log(1/6),log(1/gap)) be the polynomial of the logarithmic dependencies in
the convergence rate. We compare the maximum degree of f among different analyses. Note that
this measure makes sense when n,1/¢,1/6,1/gap are polynomially related.

"Both [20] and [72] cannot handle arbitrary failure probability so we ignore their § dependency
on the table.

HIn [20) 72, [49], their convergence rates are far from the information-theoretic lower bound. So
we do not trace down their logarithmic dependencies.

$In [3], they only stated Q(% - 1) lower bound. We observe that their lower bound can be
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Global Convergence Local Convergence
Algorithm | Reference Iﬁggt
Convergence Degree in Convergence Degree in
Rate Log Terms Rate Log Terms
Sugen, | This Work | Y O(25-ds) | 3 0251 2
[20] N |[O(-=2,.1)0 i O(-2,.1)0 -
gap € gap €
72 v @<n2.l>ﬁl _H o(n2.1>[ﬂ _[
gap € gap €
ML ~ n ~ n
Oja’s Rule [49] N O <g)\alp2 #) _H 0) <g)\alp2 e(SL4> _H
I39] Y | 0(2n &) > 0(&e k)| 2
B v o(@eae)| 21 (0(gEt) | 28
An log :\ [
Algori>t,hm [3] Q <g2\$ ) %)

Table 3.1: Convergence rate for biological Oja’s rule and ML Oja’s rule in solving
streaming PCA. The “Any Input” column indicates that whether the analysis has
higher moment conditions on the unknown distribution D. Note that having higher
moment conditions would drastically simplify the problem because the non-linear
terms in the update rule can then be non-trivially replaced with the first order term.

Algorithms inspired by biological neural networks In recent years, the study
of the algorithmic aspect of mathematical models for biological neural networks is an
emerging field in theoretical CS. For example, the efficiency of spiking neural networks
in solving the winner-take-all (WTA) problem [56, 54, 55, B3, [76], the efficiency
of spiking neural networks in storing temporal information [57,, [34], assemblies [47,
64], spiking neural networks in solving optimization problems [I7, 66] and learning

hierarchically structured concepts [52]. Under this context, this work provides an

algorithmic insight in a biologically-plausible learning rule that solves streaming PCA.

3.2 Preliminaries

In this section, we introduce the mathematical notations and tools that we use in this

work.

improved by a log(1/§) factor using the fact that distinguishing a fair coin from a biased coin with
probability at least § requires ©(log(1/4)) samples.
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3.2.1 Notations

We use N = {1,2,...} and N5y = {0,1,...}. For each n € N, denote [n] =
{1,2,...,n} and [n]>o = {0,1,...,n}. For a vector indexed by time ¢, e.g., wy,
its i coordinate is denoted by wy ;. The notation O (similarly, Q and (:)) is the same
as the big-O notation by ignoring extra poly-logarithmic term. 1g stands for the indi-
cator function for a probability event £. We sometimes abuse the big O notation by
y = O(z) meaning |y| = O(x) and this will be clear in the context. Throughout the
chapter, A is used to denote the vector (Ay, A, ..., A,) where Ay > Ay > -+ > X, >0
are the eigenvalues of the covariance matrix A. diag(\) denotes the diagonal matrix
with A\ on the diagonal. We will follow the convention of stochastic process and de-
note min{a, b} as a A b. We say an event happens almost surely if it happens with

probability one.

3.2.2 Probability toolbox

Random process and concentration inequality Random process is a central
tool in this chapter. Let us start with the most general definition on adapted random

process.

Definition 3.2.1 (Adapted random process). Let { X;}ien., be a sequence of random
variables and {Fi}ien., be a filtration. We say {X;}ien,, s an adapted random
process with respect to {Fi}iens, if for each t € Ny, the o-algebra generated by
Xo, X1, ..., X} is contained in Fy.

In most of the situation, we use F; to denote the natural filtration of {Xt}teNZO,
namely, F; is defined as the o-algebra generated by Xg, X1, ..., X;. One of the most

common adapted processes is the martingale.

Definition 3.2.2 (Martingale). Let {M;}en., be a sequence of random variables and
let {Fi}w be its natural filtration. We say { M, }ien., is a martingale if for eacht € N,
E[Mt+1 | .F;g] - Mt'

Note that for any adapted random process { X }en.,, one can always turn it into a

martingale by defining My = X, and for any t € N, let M; = X; —E[X; | F;—1]. When
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the difference of a martingale can be bounded almost surely, the Azuma’s inequality

provides an useful concentration inequality with exponential tail.

Lemma 3.2.3 (Azuma’s inequality [8]). Let {M;}ien., be a martingale. Let T' € N
and a,c > 0 be some constants. Suppose for each t = 1,2,....T, |My — M;_1| < ¢

almost surely, then we have

a2
Pr ||Mp — My| > e .
r[| My ol > d] <exp< (cQT))

The following maximal Azuma’s inequality shows that one can even get union

bound for free with the help of Doob’s inequality.

Lemma 3.2.4 (Maximal Azuma’s inequality [28, Section 3|). Let {M;}ien., be a
martingale. Let T € N and a,c > 0 be some constants. Suppose for each t =

L,2,...,T, |My — M;_1| < ¢ almost surely, then we have

2
Pr| sup |M; — My| > a} < exp (—Q (Z—)) .
0<t<T T

The Azuma’s inequality can be strengthen by considering the conditional variance.

This is known as the Freedman’s inequality.

Lemma 3.2.5 (Freedman’s inequality [25]). Let {M;}ien., be a martingale. Let T €
N and a,c,0; > 0 be some constants for all t € [T]. Suppose for eacht =1,2,...,T,
| My — My 1| < ¢ almost surely and Var[My — My | F;_1] < o2, then we have

2
Pr | sup |M; — M| > a} <exp | —Q Ta— .
0<t<T S0+ ca

Finally, we state a corollary of Freedman’s inequality for adapted random process

with small conditional expectation.

Corollary 3.2.6. Let {M;}ien., be a random process. Let T € N and a, ¢, 0, iy > 0
be some constants for all t € [T|. Suppose for each t = 1,2,...,T, |M; — My_1| < ¢
almost surely, Var[My; — M,y | Fy_1] < 02, and |E[M; — My | Fi1]| <, then we

have

T 2
a
Pr| sup |[M; — My| > a+ max. ;_1 ut] < exp (—Q (—)) -

T
ostaT S o+ ca
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Stopping time One powerful technique for studying martingale is the notion of

stopping time defined as follows.

Definition 3.2.7 (Stopping time). Let {X;}ien., be an adapted random process as-
sociated with filtration {F;}ien.,. An integer-valued random variable T is a stopping
time for {Xi}iens, if for allt € N, {1 =t} € F,.

Let {M;}en., be a martingale, the most common stopping time for {M; }en., is

of the following form. For any a € R, let

T:=mint.
Mtza

Namely, 7 is the first time when the martingale becomes at least a. For convenience,
in the rest of the chapter, we would define stopping time of this form by saying “7 is
the stopping time for the event {M; > a}”.

Given a martingale { M;},cn., and a stopping time 7, it is then natural to consider
the corresponding stopped process {Mins}ien,, Where t A 7 = min{t,7} is also a
random variable. An useful and powerful fact here is that the stopped process of a
martingale is also a martingale. See [81, Theorem 10.9] for a proof for this classic

result.

Brownian motion In [Section 3.3, we consider a continuous version of biological
Oja’s rule by modeling the input stream as a Brownian motion. Here, we provide
background that is sufficient for the readers to understand the discussion there.
First, we introduce the 1-dimensional Brownian motion using the following opera-
tional definition. In the following, we use N (u, 0?) to denote the Gaussian distribution

with mean p and variance o2.

Definition 3.2.8 (1-dimensional Brownian motion). Let {3;}+>0 be a real-valued ran-

dom process. We say {Bi}i>0 is a I-dimensional Brownian motion if the following

holds.
e [y =0 and B; is almost surely continuous.

o For any ty,ta,t3,t4 such that 0 < t1 < ty < t3 < ty4, B, — By, 1S independent
from By, — B,
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o For any ty,ty such that 0 < t; < to, By, — B, ~ N(0,t3 — t1).

With the above definition, it is then natural to consider some variants such as
putting n independent copies of 1-dimensional Brownian motion into a vector, i.e., the
n-dimensional Brownian motion, or applying linear operations on an n-dimensional
Brownian motion, or considering the calculus on Brownian motion by looking at
dp; = lima_,0 Bisn — Bi. The role of Brownian motion in the study of continuous
random process is similar to Gaussian random variance in discrete random process
and many properties in the discrete world directly extend to the continuous world.
One property of Brownian motion though obviously does not hold in the discrete
setting and might be counter-intuitive for people who see this for the first time. This

is the quadratic variation of Brownian motion as stated below.

Lemma 3.2.9 (Quadratic variation of Brownian motion). Let {f;}:>0 and {5} }+>0 be

two independent 1-dimensional Brownian motions. The following holds almost surely.
dB? =dt and dBdB; =0.

We omit the proof of here and refer the interested readers to standard

textbook such as [45] for more details on Brownian motion.

3.2.3 ODE toolbox

Lemma 3.2.10 (ODE trick for scalar). Let {X;}i>n.,, {Ai}ien, and {H}ien be

sequences of random variables with the following dynamic
Xt — Htthl + At (3211)

for allt € N. Then for all ty,t € N> such that ty < t, we have

t t
A;
IT = (Xto + Z—) .
H;

i=to+1 1=to+1 Hj=t0+1

Proof of[Lemma 3.2.10. For eachty < i < t, dividing|Equation 3.2.11|with H

Jj= t0+1

on both sides, we have

Xi Xz 1 AZ

H;:to—‘rl H] H] =to+1 H H] t0+1
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By telescoping the above equation from ¢ = £y + 1 to ¢, we get the desiring expression.

]

Lemma 3.2.12 (ODE trick for vector). Let {X;}iens,, {Ai}ien be sequences of my-
dimensional random variables and {H;}ien be a sequence of random my X my_q ma-

trices with the following dynamic
Xt - Htthl —|— At (3213)

for allt € N. Then for all ty,t € N> such that ty < t, we have

t t t
Xo= [ Bx+ > ][] H-iA

i=tg+1 i=to+1 j=i+1
Proof of[Lemma 3.2.12. The proof is a direct induction. m

3.2.4 Approximation toolbox

Here we state some useful inequalities. Since some are quite standard, the proofs are

omitted.
Lemma 3.2.14. For any x € (—0.5,1),
l+z<e"<l4+a+2”°<1+2z.
In fact for all x > 0, the first inequality holds.
Lemma 3.2.15. For any x € (0,0.5) and t € N,
1—|—%t§e? <(1+z)<e™.

Lemma 3.2.16. For any € € (0,1), we have

(E)l_loglé _c

8 4

Proof. Rewrite the expression as the follows.

€ 1_10g1§ 8 @ 1
(5) “"=<(1)" %

1
It suffices to show that (%) log £ % = 411' Consider the logarithm of the term, we have

8\ m? 1 1 1
log | | - =] = s(3+tlog-]—-3=1-3=-2
€ 8 log 2 €
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as desired. O

3.3 Analyzing the Continuous Version of Oja’s Rule

In this section, we introduce the continuous version of Oja’s rule and analyze its
convergence rate. The analysis here serves as an inspiration for attacking the discrete
dynamic. Specifically, in we show a surprising fact, the randomness in
the input disappears at the continuous limit. Therefore, the continuous limit of Oja’s
rule is deterministic almost surely. In [Section 3.3.2] we formalize the key insights 1
in by proving that one needs to linearize the continuous dynamic at 0
first and then at 1 to obtain a tight analysis. This provides three insights for analyzing
the discrete dynamic. First, it suggests that one should linearize at 0 at the beginning
of the process and switch to linearizing at 1 when w;; becomes (1). Second, after
the linearization, using linear ODE to give an exact characterization of the dynamic
would give a tight analysis. Finally, the continuous dynamic is deterministic and will
stay around the optimal region for all time after a certain point. This suggests that
the for-all-time guarantee could potentially happen in the original discrete setting.
To model the continuous dynamics, we use Brownian motion to capture the con-
tinuous stream of inputs. Surprisingly, it turns out that this continuous version of
Oja’s rule is deterministic. Thus, we can use the tools from ODE to easily give an
exact characterization of how it converges to the top eigenvector of the covariance
matrix. As a disclaimer, since the analysis for continuous Oja’s rule is mainly for
intuition, we would omit some mathematical details and point the interested readers

to the corresponding resources.

3.3.1 Continuous Oja’s rule is deterministic

In the rest of the section, we are going to focus on the diagonal case where the
covariance matrix A = diag(\) and the goal is showing that w;; goes to 1. This
is sufficient since there is a reduction from the general case to the diagonal case as

explained in [Section 3.5.1l In this section, we will show that the continuous dynamic

of Oja’s rule is actually deterministic almost surely. Specifically, we will derive the
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following ODE as the continuous dynamic of Oja’s rule
dw, = [diag(\)w, — w, diag(\)w,w,] dt . (3.3.1)

Intuitively, the continuous dynamic is the limiting process of biological Oja’s rule
with learning rate n going to 0. Formally, for each i € [n], let (ﬁt(i))tzo be an inde-
pendent 1-dimensional Brownian motion and let (B;):>o be an n-dimensional random
process with the i entry being B;; = \/X-Bt(i) for each t > 0. Now, the difference of
B; should then be thought of as nx;.

Concretely, to see why (B;);>0 captures the input behavior of streaming PCA in
the continuous setting, let us first discretize (B;):>o using constant step size A > 0.
Now, observe that for each t > 0, By a — B; is an isotropic Gaussian vector with the

variance of the i'" entry being \; - A. Namely,

1 .
E [(Busa = B) (Buea — B)| = diag()). (3.3.2)
Thus. by discretizing B, into intervals of length A {LB~_—B»_.}
us, by discretizing B, into intervals of leng >0, 7% ( A G—1) A) sen

naturally forms a stream of i.i.d. input{/] with covariance matrix being A. To put this
into the context of biological Oja’s rule, one should think of n = A, x; = \/LKAB]-,
and y; = X]-ij,l for each j € N where AB; = (Bj.A — B(j—1)~A) . Then, we get the

following dynamic.

Wi =W+ 0y (X5 — ywii1)

2
=W;_1 + ABJTW]‘_lABj — [AB]TWJ'_J W;_1.

The above dynamics becomes continuous once we let A — 0. Formally, we replace
Biyan— B; with dB; and index the weight vector by ¢t > 0, i.e., (wW;)>o. We then obtain

the following SDE as the continuous Oja’s rule dynamic.
dw, = dB] w,dB, — (dB]w,)" w, . (3.3.3)

It might look absurd at first glance (for those who have not seen stochastic calculus

"Though here is a caveat that the length of the input vector might not be 1. Nevertheless, the
point of continuous dynamic is not to exactly characterize the limiting behavior of discrete Oja’s
rule. Instead, the goal here is to capture the intrinsic properties of biological Oja’s rule.

8Here we abuse the notation of A. When we write AB;, the A is regarded as an operator instead
of the interval length.
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before) that there is a quadratic term of dB; in [Equation 3.3.3] Nevertheless, it

is in fact mathematically well-defined and we recommend a standard resource such
as [45] for more details. Intuitively, the quadratic term (which is formally called the
quadratic variation) of a Brownian motion should be thought of as a deterministic

quantity. Concretely, let (8;)>o be a Brownian motion, we have df? = dt almost
surely (see [Lemma 3.2.9)). Thus, for the (B;);>¢ defined here, we would have

Ndt =7

0  ,i#j

for each i, j € [n]. As a consequence, the randomness from the input disappears, and

dBt,idBt,j -

the continuous Oja’s rule defined in [Equation 3.3.3|can be rewritten as|Equation 3.3.1],

a deterministic process, almost surely.

dw, = [diag(\)w; — w, diag(\)wyw,] dt . B31)

With the continuous Oja’s rule being deterministic as in [Equation 3.3.1}, it is then not

difficult to have a tight analysis on its convergence using tools from ODE as explained

in the next section.

3.3.2 One-sided versus two-sided linearization

In this subsection, we analyze |[Equation 3.3.1| by linearizing the dynamic at 0 and 1

respectively and get two incomparable convergence rates (Theorem 3.3.4] and [Theo-|

Fom 3.59)

Theorem 3.3.4 (Linearization at 0). Suppose wo1 > 0. For any € € (0,1), when

O, W2
t>0Q (%), we have wi, >1— €.

Theorem 3.3.5 (Linearization at 1). Suppose wo1 > 0. For any € € (0,1), when

log(1/e
tZQ(%» we have Wi, > 1 — €.

The proofs for [Theorem 3.3.4] and [Theorem 3.3.5| are based on applying Taylor’s

expansion on |[Equation 3.3.1| with a center either being 0 or 1. Then, we approximate

the dynamics with linear differential equations and use tools from ODE to get a tight
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analysis. See for the analysis on the linearizations of continuous Oja’s
rule.

When starting with a random vector, i.e., wo; = €(1/4/n) with high probabil-

ity, the above convergence rates become O ( ;Og 7?\2 ) and O (flog )\1/ 6)> respectively.

This indicates that linearizing only on one side (either at 0 or at 1) would not give

tight analysis. Nevertheless, if we invoke [[heorem 3.3.4] with the error parameter

being 0.5, then for some t; = O <M>, we have wy, 1 > 0.5. Next, we invoke [The-

X —Aa
starting from wy, and with the error parameter being e, then for some
ty = O (%), we have wy, 14,1 > 1 — €. Putting these together, we have the

following theorem combining the linearizations on both sides.

Theorem 3.3.6 (Linearization at both 0 and 1). Suppose wo; > 0. For any € €

(0,1), when
log —% 1
t>Q WO,l €
o),

The above theorem for the convergence rate of the continuous Oja’s rule gives

we have Wi, > 1—e.

three key insights. First, it suggests that one should linearize at 0 at the beginning
of the process and switch to linearizing at 1 when w;; becomes €(1). Second, after
the linearization, using linear ODE to give an exact characterization of the dynamic
would give a tight analysis. Finally, the continuous dynamic is deterministic and will
stay around the optimal region for all time after a certain point. This suggests that

the for-all-time guarantee could potentially happen in the original discrete setting.

3.4 Main Results

In this section, we state the main technical results of this chapter. In the following, all

of the theorems and lemmas are stated with respect to the setting of streaming PCA

defined as[Problem 3.1.2] and discrete biological Oja’s rule defined as [Definition 3.1.3|

Thus, for simplicity, we would not repeat the setup in their statements. Now, let us

state the formal version of the main theorem for biological Oja’s rule.
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In [Theorem 3.4.1] we show that both the local and the global convergence of

Oja’s rule are efficient. We remind readers that in the local convergence setting,

the weight vector is correlated with the top eigenvector by a constant while in the

global convergence setting, the weight vector is randomly initiated. In[l'heorem 3.4.2|

we show that once w; becomes e-close to the top eigenvector vy, it will stay in the
neighborhood of vy for a long time without decreasing the learning rate too much.
This demonstrates the capacity of Oja’s rule as a continual learning mechanism in a

living system.

Theorem 3.4.1 (Main Theorem). We have the following results on the local and

global convergence of Oja’s rule.

e (Local Convergence) Let n € N, 6 € (0,1),¢ € (0,%). Suppose (wo.va)? 2/3. Let

[woll3
n=0 €(A1 — A\2) T:@( log% )
A1 log log?g% ’ n(A—X) )

2
pr[Md_g}«s.

[wrll3

Then, we have

Namely, the convergence rate is of order

o A1 log % (log log log % + log %)
6()\1 — )\2)2

with probability at least 1 — .

e (Global Convergence) Let n € N, 6 € (0,1),e € (0,1). Suppose wy is uniformly

sampled from the unit sphere of R™. Let

77:@ /\1—/\2. € /\ 62 T:@(log%—i—log%)
A1 log 10%;3 log” (5(>\1>\1+2)2 ’ n(A = As)

Then, we have

2
Pr{M<l—e} <4,
w3

Namely, the convergence rate is of order

Ly s log 2 Jog?
o ()\1 (logz —I—log 3) -max{log 3 | log 5()\1i)\2)2 })

(A1 — Ag)?

with probability at least 1 — 9.
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Proof structure of [I'heorem 3.4.1] To prove [['heorem 3.4.1, we first reduce

the general setting where the covariance matrix A is PSD to the special case where
A = diag(\) in[Section 3.5] For local convergence, we show that starting from constant
correlation, Oja’s rule can efficiently converge to the top eigenvector up to arbitrarily
small error in[Section 3.6, For global convergence, we show that starting from random
initialization, Oja’s rule can efficiently converge to the top eigenvector up to arbitrarily

small error in [Section 3.7l

Theorem 3.4.2 (Continual Learning). We have the following results on the continual

learning aspects of Oja’s rule.

e (Finite continual learning) Let n,l € N, €, € (0,1). Suppose <T|'3V;'H12>2 >1—5. Let
Al — A
n=0 —6( ! lz) .
)\1 IOg 5
Then
2
Pr{ﬂlétﬁ@( / ) <WT’V12> <1—€] <.
n(A1 = As) w3
e (For-all-time continual learning) Letn,ty € N, €,6 € (0,1). Suppose <T|,\[I)V(:’||12>2 > 1-3.
2

Then there is

6()\1—)\2))
>0 —
= <)\110g§
such that
prlgten, eV ]
’ HWt”%

Proof structure of [Theorem 3.4.2] We first reduce the general setting to the
special case where A = diag(A) in[Section 3.5, The proof of finite continual learning is

then a direct application of techniques developed in local convergence. By repetitively

applying finite continual learning, we can show for-all-time continual learning. The

results will be proven in [Section 3.6.4]

3.5 Preprocessing

Before the main analysis of biological Oja’s rule, we provide two useful observations

on the dynamic in this section. Specifically, we show in [Section 3.5.1|that considering
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the covariance matrix being diagonal is sufficient for the analysis and in [Section 3.5.2
that ||w||2 = 1 + O(n) almost surely for all ¢ € N.

3.5.1 A reduction to the diagonal case

In this subsection, we show that it suffices to analyze the case where the covariance
matrix A is a diagonal matrix D. Recall that A is defined as the expectation of xx"
and thus it is positive semidefinite. Namely, there exists an orthonormal matrix U
and a diagonal matrix D such that A = UDU'. Especially, the eigenvalues of A,
e, 1 > X > X >--- >\, >0, are the entries of D from top left to bottom right
on the diagonal. Thus, by a change of basis, we can focus on the case where A = D
without loss of generality.

To see this, consider w, = Uw; and X, = Ux;. As U'U = UU" = I, we have
;

x/w =x/w and E[xx"] = D. Let v; be the top eigenvector of A (i.e., the first row

of U), we also have

Wi = villa = |[UwW; — Uvi|lz = [[W; — e4]]2

where e; is the indicator vector for the first coordinate. Namely, it suffices to analyze
how fast does w; converge to e;. Thus we without loss of generality consider the

diagonal case where the goal would be showing that w7, > 1 —e.

3.5.2 Bounded conditions of Oja’s rule
In this section, we show that the /5 norm of the weight vector is always close to 1.

Lemma 3.5.1. For any n € (0,0.1), if for all t € N, n, <, then for all t € N>,
1—10n < ||wil|3 < 1+ 101 almost surely.

Proof. Here we prove only the upper bound while the lower bound can be proved
using the same argument. The proof is based on induction. For the base case where
t = 0, we have ||wy||3 = 1 from the problem setting. For the induction step, consider

any t € N such that w;_; satisfies the bounds, we have

Iwill3 = well3 + 2new,_y [yexe — yiwer] +nf - lyixe — yiwif?

= [[Wialls = 20e(ye)” - ([Weall2 — 1) + 27 - max{[lx 13, v w1 [13}
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Consider two cases: (i) [|[w;_1]|3 < 1+ 8y and (ii) 1+ 8n < ||w;_1]|3 < 1+ 107. Note
that |[w;||3 < 1+ 107 in both cases. This completes the induction and the proof. [J

3.6 Local Convergence: Starting With Correlated
Weights

For the local convergence result, the synaptic weight wq is correlated with the top

eigenvector by a constant. To be precise, we suppose that w%jl > % The goal of this

A1 log(1/€)(logloglog(1/€)+log(1/5))
st/ ok e o) ) for

section is to show that 1 — w7, < e for some ¢t = O <

any small e. Let us first state the main theorem of this section as follows.

Theorem 3.6.1. Suppose wi, > 2/3. For anyn € N, 6 € (0,1),€ € (0, 1y, let

8
n=0 €(A1 — A\2) T:@( log% )
A1 log log?g% ’ nA—X) )

Then

Pr [W%’l <l—¢ <3§.
Namely, the convergence rate is of order © (Allogl(ziio_gii?rlog”) with probability
at least 1 — 9.

By applying the diagonal reduction argument in [Section 3.5.1, we prove the local

convergence part of [Theorem 3.4.1] as a corollary. The proof structure of
is as follows. First, in[Section 3.6.1| we derive a linearization of the dynamic

using a center at 1 instead of 0 based on intuition from the continuous dynamic in

tion 3.3l Furthermore, we use the ODE trick to write down the dynamic in closed
form with respect to the linearization.

Next, in[Section 3.6.2 we want to show that the noise term is small. However, the
difficulty here is that w,; might go back to the small region (e.g., W1 < —2/3) and
thus the bounded difference might become too large to bound the noise effectively
with Freedman’s inequality. To deal with this issue, we consider a stopping time

where w;; < —a to give good control on the bounded difference and subsequently

bound the stopped process in [Lemma 3.6.8, After we show that the stopped process
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is small, we want to pull out the stopping time from the stopped process to show
the concentration on the original process. In general, pulling out the stopping time
is impossible without introducing extra failure probability; however, by exploiting

the structure of the dynamics, we are able to pull out the stopping time without

additional cost in [Lemma 3.6.9

Finally in [Section 3.6.3 by combining the small noise and the ODE trick, we are
able to prove [Theorem 3.6.1] with an interval analysis. As a corollary of

in the local convergence, we show that biological Oja’s rule has the continual learning

capacity in [Section 3.6.4] In a biological system, it is important to function for

a long period of time instead of at one time point. In this section, we prove two

theorems on continual learning. [['heorem 3.6.12| guarantees Oja’s rule can maintain

the convergence for any finite time length efficiently while [I'heorem 3.6.13| guarantees

Oja’s rule can function for all time without sacrificing too much efficiency to adapt

to a new environment.

3.6.1 Linearization and ODE trick centered at 1

In this section, we derive the linearization of Oja’s rule with a center at 1 in

and the closed form solution of Oja’ rule in|Corollary 3.6.4, In addition, we show that

the bounded differences and moments of the noise can be controlled in [Lemma 3.6.51

In the analysis of the local convergence, we use the linearization with a center at
1 instead of 0. The idea is inspired from the analysis of the continuous dynamics as
explained in To ease the notation, we define w;; = w1 — 1 and the goal
becomes to show that Wy, 4,1 > —e with probability at least 1 — J. The following

lemma states the linearization for wy ;.

Lemma 3.6.2 (Linearization at 1). Let Wy = w;, — 1 and z; = X,y — y;wi—1. For

any t € Nsg and n € (0,1), we have
we>H-w,_+ A+ B
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almost surely, where

2
H=1- g()\l — A7,

Ay =20z 1w 11 + 7722?71 — E[2nz1wi11|Wi—1] + 2o (1 — H‘Ft*1HQ)Wt2—1,1>

B 2 -
Bt = —277()\1 — )\2)Wt71<§ + Wt,1>'

Proof of[Lemma_3.6.3 By expanding w7, with the Oja’s rule (Equation 3.1.4), we

have

2 _ 2 2,2
Wiy =Wy 11+ 202 1We11 + 172

Add and subtract E [2nz, 1w _11|Fi—1] — 2nA2(1 — [|w,_1||*)w?_,. We have

= Wt2—1,1 + 277(/\1Wt2—1,1 - Z /\thQ—l,th2—1,1 — Ag(1 = ||Wt—1||2>wt2—1,1) + Ay
i=1

Upperbound 7" , Asw7 | ;w7 | by Ao > ", wi | ;wi |, we then have
> W?fl,l + 277(/\1(“'}271,1 - W:&lfl,l) - )‘Q(Wthl,l - W?A,l)) + Ay
= Wffl,l +2n(A; — )‘2)Wt271,1(1 - Wt271,1> + A (3.6.3)

Based on the intuition from the continuous dynamic in [Section 3.3| since we want

to converge from constant error to € error, we want to linearize at 1. Hence we

rewrite [Equation 3.6.3|in terms of w;; = w7, — 1 and get

W > W1 — 2n(A1 — M)Wy (1 + W) + Ay

:H'VNthl‘i‘At—'—Bt

as desired. O

We apply the ODE trick (see|Lemma 3.2.10|) on[Lemma 3.6.2|and get the following

corollary.

Corollary 3.6.4 (ODE trick). For any ty € Nso, t € N, and n € (0,1), we have

to+t
- - A, + B;
Wit = H - (Wto + Z Hi—to > :

i=to+1

To control the noise term, we need to have bounds on the bounded differences and

the moments of A;, B;.
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Lemma 3.6.5. Let A;, B, be defined as in[Lemma 5.6.3. For any t € N, we have
Ay, By satisfy the following properties:

e (Bounded difference) |Ay)| = O(n|wi_1| + n[Wi_1|z + n2) almost surely. If

W11 > —%, then By > —O(n?) almost surely.
e (Conditional expectation) E[A; | Fi_1] = O(n*\;).
e (Conditional variance) Var [A, | Fr—1] = O (n*\ (\v~vt,1|2 + |Wie1| +1)).

Proof. First by [Lemma 3.5.1, we have |wy1],|y:| < /14 10n < 1+ 10n < 2. Now

let’s bound |z; ;| first. By expanding |z; |, we have

|Zt,1| = |yt(Xt,1 - tht—1,1)|

n
2
Yt (Xt,l(l - Wt—l,l) - E Xt,z‘Wt—l,z‘Wt—1,1>
i=2

By Cauchy-Schwarz and the fact that ||x|2 = 1, we have

<l (s |y (30) (5w o
i=2 =2
By and the definition of w;_1, we have

<yl - <’V~Vt—1’ + ‘\/ —Wyq + 1077’)

< Jy - (’V~Vt71’ + V[ W] + \/1077> : (3.6.6)

n

E Xt,iWi—1,:W¢—1.1

=2

< |y - <‘Xt,1V~Vt1‘ +

Since |y:| < 2, we have
< 2 (|Wet| + VW + v/107)
Combining above, [Lemma 3.5.1| and the fact that z;; = O(1), we have

~ ~ 1 3
Al = O (nWea] + ml¥eaf? + )

and for w,_; > —%, we have B; > —0(n?) because % + w1 > 0and w,_; < O(n).
For conditional expectation, notice that E[y?|F;_1] = wl  diag(A\)w;_1 = O(\y).
This implies that E[z7,|F;,_1] = O(\1) and hence E[A;|F,_1] = O(n*\1). Now the
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conditional variance is

Var [A| Fi—1] = O (UZE[Z?,lfftfl]Wf_l,l + )\1774) )

By [Equation 3.6.6 we have

_ 2 2 ~ ~ 2 4
= 2| Fe B - ‘
) (77 Ely; | Fi-1] (|Wt 1|+\/|Wt 1|—|—\/1077> —1—)\177)

(M1 (Wt P + W] 4+ 1) + M)

O
@ (7]2>\1 (|V~Vt—1|2 + [Wer| + 77))

as desired. [

3.6.2 Concentration of noise and pulling out the stopping time

In this subsection, we want to show that the noise term in [Corollary 3.6.4]is small.

Specifically, we prove the following lemma.

Lemma 3.6.7. Let €,6 € (0,1),T € Nxo. Suppose given to € N, vy € (—3,0)

and a € [0,1], we have Wy, > vy and vg = —O(e'™%). Let n = © (%) If
B

H™T =0(e?), then

to+t
Ai + B;
Pr | min Z + §U0] < 0.

1<t<T Hi-to
i=tg+1

The most natural way to prove such a statement is using a martingale concentra-
tion inequality. However, the difficulty here is that w, might go back to the small
region (e.g., Wy < —2/3) and thus the bounded difference might become too large to
bound the noise effectively with Freedman’s inequality. Nevertheless, the continuous
dynamic (see suggests that this situation should happen with only a
small probability because the wy term in the continuous dynamic increases monoton-
ically to 1. To enforce the analysis, we consider a stopped process where the dynamic
stops once w; is too small. This stopped process satisfies good bounded difference
conditions by its construction and thus we can apply Freedman’s inequality on it.
See [Lemma 3.6.8 for a formal statement of the above intuition.

After obtaining good control of the noise term in the stopped process, we want

to remove the stopping time and show the concentration of the original non-stopped
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process in order to prove This can be done by which pulls

out the stopping time from the concentration inequality for the stopped process. In
general, pulling out the stopping time is impossible without introducing additional
failure probability; however, the following structure of the stochastic process we are
looking at allows us to pull out the stopping time. Intuitively, given a stopping time
7 with 7 > t for some ¢, with high probability all the noise terms before time ¢ are
small (using a maximal martingale inequality). Next, the noise being small at time
t would further imply that 7 > ¢ + 1 (using the ODE trick). The above argument

forms a chain of implications as pictured in

Maximal Maximal
martingale martingale
inequality ODE trick inequality

noises before time noises before time
T 2 t t are small T Z t+ 1 t+1 are small

Figure 3-3: Intuition on why it is possible to pull out stopping time in Phase 2.

With the above chain structure in the noise terms, we are then able to pull out

the stopping time in by introducing another stopping time to help us
properly partition the probability space. The rest of this subsection is devoted to

formalizing the above intuition and completing the proof for [Lemma 3.6.7]

First, let us show the concentration of the stopped process.

Lemma 3.6.8 (Concentration of stopped noise in an interval). Let €,0 € (0,1),T €

L0) and a € [0,1], we have Wy, > vy and

N>o. Suppose given to € N, vy € (—3,

vo = —O(e!7%). Let 1, to be the stopping time {w; < 2vy} such that t > ty. Let
n=0 <M> If HT = ©(e2), then

A1 log%

(to+t

)/\‘rv0
A; + B;
Pr | min N
1<t<T Hi—to — 0
i=to+1

Proof. We are going to apply Freedman’s inequality [Corollary 3.2.6| on the stopped

process ZEZ; 21\% Hf‘jto. First notice that given a stopping time 7 and an adapted

stochastic process M;, the difference of the stopped process can be described as
Mt/\T - M(tfl)/\‘l' = ]-TZt(Mt - Mt—l)-
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For notational convenience, we denote 1ru02(to+t)At as A;. Now by [Lemma 3.6.5 and

geometric series, i.e., ZiTzl H <0 <7](fl—:T)\2)>, we have
<0 (nelﬂ ,
HT 77)\15*%
<0 — | =0 d
( <A1—A2>) (Al—Az)’a“
to+T —oT 1-2
H 77)\16 @
Var Fia|| <O ([ n*\e a—>:o(—).
l%;rl [Hz fo ‘ } ( 1 (A1 = A2) At — A

By applying the above bounds to [Lemma 3.2.5 we have

(t0+t /\TUO

VI<t<T, A“’”

to+T
> s |7

1=to+1

\U0|
— | <9
- 2

Pr | max
0<t<T H 1= to
1=to+1

C . . log 1nAjel—2e _ .
because the deviation term is O ( %) =0 (™) < [l and the summation

of the conditional expectation terms is O (M> =0 (™) < vol. By stopping

A2 4
time and |Lemma 3.6.5, we have

(t0+T)/\7't0 B 6_% v
—_ > _0 2—) > —0(eh"7) > -2
i%—l Ho (77 n(A1 = A) ) 2

By combining both inequalities, we get

(to+t) AT
Pr | min OZ " A+ By <op| <6
1<t<T Hi-to = " '
i=tp+1

O

We are going to pull out the stopping time 7, in [Lemma 3.6.8f The following
lemma shows that under a certain chain condition, it is possible to pull out the

stopping time without introducing additional failure probability.

Lemma 3.6.9. Let {Mt}teNZO be an adapted stochastic process and T be a stopping
time. Let { M} }ien., be the mazimal process of { M, }ien., where M = maxi<p<; M.

For anyt € N, a € R, and § € (0,1), suppose

1. Pr[M},. > a]l <6 and
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2. Foranyl1 <t <t,Pr[r>t+1]| Mj <a]=1.

Then, we have

Pr[M] >a] < 6.

Proof of[Lemma 3.6.9. The key idea is to introduce another stopping time which
helps us partition the probability space. Let 7/ be the stopping time for the event

{M},. > a}. The following claim shows that if 7 stopped before time ¢, then 7" should

stop earlier than 7.

Claim 3.6.10. Let 7 and 7' be stopping times as defined above. Suppose the conditions
in[Lemma 3.6.9 hold. Then we have

Prr <t, 7" >71]=0.

Proof of [Claim 3.6.10, The claim can be proved by contradiction as follows. Suppose
both 7 < t and 7" > 7. By the definition of 7/, we know that M* < a since 7 < 7',

However, by the second condition of the lemma, we then have
Prfr>7+ 1| M <a]=1,
which is a contradiction. O]

Next, we will show that Pr[M} > a] < Pr[M}, . > a]. The idea is partitioning the
probability space as follows. We have
Pr[M; > a] =Pr[M; > a,7 > t]+ Pr[M; > a,7 < t, 7 < 7]

+Pr[M] > a, 7 <t, 7 > 7]

By [Claim 3.6.10, we have Pr[M; > a,7 < t, 7" > 7] = 0. We have
=Pr[M; > a,7 > t]+ Pr[M; > a,7 <t,7 <7l
For the first term, when 7 > ¢, we have t = ¢ A 7 and thus M; = M}, .. As for the

second term, when 7" < 7 < ¢, we have both M}, M/, > a. Thus, the equation

becomes
=Pr[M}\, >a, 7>t +Pr[M}, >a, T<t, T <T

< Pr[M}.. > al.

tAT
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Thus, we conclude that Pr[M; > a] < Pr[M}, > a] < 0 as desired. O

By applying the above |Lemma 3.6.9/on [Lemma 3.6.8] we can pull out the stopping
time and show concentration on the original process in [Lemma 3.6.7

5:0)
and a € [0,1], we have Wy, > vy and vg = —O(e'™%). Let n = © <M> If

A log%
H™T =0(e2), then

Lemma 3.6.7. Let ¢,6 € (0,1),T € Nso. Suppose given ty € N, vy € (—

to+t

A, + B;

P . (2 i (2 < 5'
i=tg+1

Proof. Let 7,, be the stopping time {W; < 2vy} such that ¢ > t;. We want to

apply [Lemma 3.6.9| with M; = —ZEO;;H ?}iﬁ", a = —vy and 7 = 7,, — tp. First

condition is satisfied by [Lemma 3.6.8. So it is suffice to check that

to+t
A + B;
min * < v0] =1.

1<t<t/ Hi—to

Pr [TUO >t 4ty +1
i=to+1

And indeed we have by [Corollary 3.6.4]

to+t/
o ’ o A'L + BZ
Wigse > H' - (Wto + Z Hi—to )

i=to+1
> Ht, . (UO +U0)

2 27}0.

This implies that 7,, >t 4ty + 1 as desired. O

3.6.3 Interval Analysis

Given € € (0,1), let € = £. The goal of this section is to prove the local conver-

gence of Oja’s rule (Theorem 3.6.1)) with the following interval scheme that shows the

improvement of w;

1 11 1 -1

5 ~1—= logl~
g7 @ T o

Proof of [Theorem 3.6.1 Let € = ¢ and vy = —%,l = loglog%. For 1 <i <[, choose

T, € N such that L& > HT > 1&o and v; = =727, Let S; = Y20, T) and let

T = S;. Notice that by [Lemma 3.2.16, we have v; = —1.
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We are going to show that for all 1 < j <[, we have

—~l >

Pr [Wsj < Uj“ifsjil > Uj,1:| < (3611)

Then by union bounding over j, we have Pr [VNVT < —ﬂ < 9 and

44 24 n(A — Az2) n(A — A2)
as desired. What remains to be shown is [Equation 3.6.11} Now by [Lemma 3.6.7 for
nz@(M),wehaveforalllgjgl

oglog 1
A log 128108 %
Sj_1+t
r | min E : v lwe v, o
1<t<S; Hi=Sj-1 — Sj—1 = Vj—1 ;i
i=Sj_1+1

Now by [Corollary 3.6.4], the following is true with probability 1 — §

Sj_1+t
A + B,
- T ~ i i
W, > H' . Wg, , + Z g5
i:Sj_1+1
1. 1
Z §€2j . 2Uj_1
Z 'Uj.

This shows that

Pr[w%lgl—e} gPr[VvT<—ﬂ <0

as desired. O

3.6.4 Continual Learning

One of the most remarkable aspects of the biological learning system is its ability
to function indefinitely and continuously adapt. In previous sections, we have only
been looking at the convergence of Oja’s rule at a time point. However, the sensory
system needs to function for a long period of time or even for all time. In this section,

we explore the capacity of Oja’s rule for continual learning as an application of the

previous techniques. In [Theorem 3.6.12] we show that Oja’s rule can maintain its

convergence for any finite time while in [Theorem 3.6.13] we show that Oja’s rule can

maintain its convergence for all time with a slowly diminishing learning rate that scales

88



like Q(@) This shows that even if the animal switches to a new environment after
a period of time, the learning rate is still large enough to allow efficient continual
learning. Notice that the Kushner-Clark theorem requires Y, 77 < oo where the
learning rate is commonly set as 7, = O(%). In comparison, our slowly diminishing
learning rate can achieve Y, n7 = co and thus enables efficient continual learning.
First, we have the following finite continual learning theorem. By applying the

diagonal reduction argument in we prove the finite continual learning

part of [T'heorem 3.4.2| as a corollary.

Theorem 3.6.12 (Finite continual learning). Let n,l € N, ¢,§ € (0,1). Suppose

n= @ 6()\1 — )\2)
A1 log% '

Choose t' such that % > HY > %. Then

W(2),1 >1—5. Let

Pridl <t <It', wj, <1l—¢] <§.

Proof. Given any 1 < 7 <, by |Lemma 3.6.7, we have

Jt'+t Az + Bz €| - € 0

Pr | min _— — Wiy > ——| < -.
[gtgt/ Zi:(j—l)t’—l—l Hi-G-)t" — U-Dt = "9 l
Jt'+t Ai+B;

Notice conditioned on w(;_1)» > —35 and ming<i<y Y 7 > —5, we

i=(—D)t'+1 gi-G-ue ~ 27

have for 1 <t <t by |Corollary 3.6.4]

i i G-De+t A + B
Wiyt > H - (W(j_1)t' + Z —)

i=(G—-1)t+1 Hi—(@G-D¥
€ €

> H!
> H'(-5 - 7)
> —H'e.

In particular, wjy > —5. This implies that

~I >

Pl" [(30 S t S t,, W(j—l)t/-i-t < _E) U <®jt’ < _§> ‘ V’VV(j_l)tl Z _%] <
Union bound over 1 < j <[, we get
Pr31<t<it’, w;;<l—¢] <6

as desired. O
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As a corollary of the above finite continual learning theorem, we can obtain the

following for-all-time continual learning theorem. By applying the diagonal reduction

argument in [Section 3.5.1] we prove the for-all-time continual learning part of
as a corollary.

Theorem 3.6.13 (For-all-time continual learning). Let n,to € N, €,0 € (0,1). Sup-

6()\1 — )\2)
>0 —F
= < Arlog & )

Pr{3teN, w;; <1l—¢] <4.

2 € .
pose Wi, > 1 — 5. There is

such that

Proof. The proof proceeds by recursively choosing 7, in intervals and apply

rem 3.6.12| repetitively. Let §; = 2%. Then notice that > .7, 6; < §. Now apply
orem 3.6.12| with to = 1 with failure probability d; to get the corresponding 7,¢ and
denote them as 1), ;). Now for 1 < j < (), define n; = ). By [Theorem 3.6.12

this shows that

Pr(31 <t <tj, wi; <1—¢ <4

For the ith interval, we apply [I'heorem 3.6.12|with ¢, = 1 with failure probability ¢, to

get the corresponding 7, ¢ and denote them as 7;, t’(i). Now for t/(i—l) <j< t’(i), define

n; = ngy- Notice that the above recursive scheme ensures that 7, > © (%) And

by union bound, we get
Pr[3t €N, WZI <l—¢ <§.

]

3.7 Global Convergence: Starting From Random Ini-

tialization

For the global convergence result, the synaptic weight w starts from a random initial-
ization. Specifically, we suppose that wy is uniformly sampled from the unit sphere

of R™. The main theorem in this section states the convergence of Oja’s rule starting
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from random initialization for the diagonal case. By applying the diagonal reduction

argument in [Section 3.5.1, we prove the global convergence part of [I'heorem 3.4.1] as

a corollary. The following theorem is the main theorem of this section.

Theorem 3.7.1. Suppose wq is uniformly sampled from the unit sphere of R™. For

anyn €N, 6 € (0,1),¢e € (0, 411>7 let

7]:@ )\1—)\2. € /\ 52 T:@(log%—i—log%)
v e N ) ) 70 G

Then

PI‘[W%’1<1—€] <4.

The main difficulty in the global convergence is that at the beginning the bounded

differences of the noise in [Lemma 3.7.22| cannot be controlled directly. To be precise,

the |y;| term at the worst case needs to be bounded by O(y/n|wy1|). This will intro-
duce a polynomial dependency on n, which makes the convergence inefficient. To deal
with this issue, in [Section 3.7.1, we provide an initialization lemma and the definition
of the stopping time &, that controls the bounded difference of |y|. Next, in

tion 3.7.2] we construct n— 1 auxiliary stopping times and use an induction argument

to show that the stopping time &, s is large with high probability in [Theorem 3.7.4]

In we derive a linearization using a center at 0 instead of 1 based on
the intuition from the continuous dynamic in [Section 3.3 Furthermore, we use the
ODE trick to write down the dynamic in closed form with respect to the linearization.

Similar to the local convergence, in [Section 3.7.4, we show the noise from the
ODE trick can be controlled with the stopping time and we can pull out the stop-

ping time carefully to bound the original noise. In |Section 3.7.5) we prove that W?’l
is greater than 2/3 efficiently with high probability in an interval analysis in

rem 3.7.29] Finally, in [Section 3.7.6] by combining [Theorem 3.7.29, [Theorem 3.6.1]

and [Theorem 3.6.12, we prove the efficient global convergence in [['heorem 3.7.1]

3.7.1 Initialization and the main stopping time

In this section, we begin with [Definition 3.7.2], which introduces the key stochastic pro-

cesses that we study in Then we give an initialization lemma,
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which guarantees that the processes perform well with good probability at the first

time step.

Definition 3.7.2. For each 2 < j <n, t € [T], and w € R", define

Y xew;

We cite the initialization lemma in [3, Lemma 5.1] with some straightforward

modification below.

Lemma 3.7.3 (Initialization lemma in [3, Lemma 5.1]). For any n,T € N, and D a
distribution over unit vectors in R™. Let wy € R™ be a random unit vector, then for

any j € [n] and p,é € (0,1), there exists
1 nT n n
Aps =0 <5\/log T) A, =0 (Z? log ;)

Pr [Bjenl, tell], |fi;(wo)l > Aps] <0

Xl,...7XTN'D

such that

and
1

2
Wo1 2= 3,
A
with probability at least 1 — p — & where the randomness is over wqy. Notice that we
denote the above event as Cf,’lft and we denote the event inside the probability as C7°.

In particular, the probability inequality reads Pr[Cé”é | CPo] < 6.

init
Given p,d € (0,1) in [Lemma 3.7.3] we define the stopping time 1), 5 to be the

first time ¢ such that w7, < 1/2A] ; and the stopping time &, 5 to be the first time ¢

such that | f,(W—1)ny,s)| > 2A,s. When there is no confusion, we will abbreviate

Q/)p,(S: 5}?,57 Ap,§7 A; as ¢, 5, A, A,

3.7.2 Bounding the stopping time §,;

As we said at the beginning of the section, in order to keep the bounded differences
of the noise in the global convergence small, we need to make f;,(w;_1) small with

high probability. Therefore, the main goal of this section is to show that &, s is large

with high probability in[l'heorem 3.7.4] In order to prove[I'heorem 3.7.4) we consider
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a vector linearization and the ODE trick of the auxiliary processes of |Definition 3.7.2|

in |Corollary 3.7.8| and |Corollary 3.7.9] Similar to the local convergence, we consider

a stopped version of the stochastic processes, but because the randomness in £ is

shifted by 1 we define a special stopped process in [Definition 3.7.5L We then obtain

the concentration on the stopped processes in [Lemma 3.7.15| Finally, to prove the

main theorem by induction, we prove the induction step in|[Lemma 3.7.16| by carefully

pull out the stopping time to finish the proof.

The following is the main theorem of this section.

Theorem 3.7.4. Let T € N and p,§ € (0,1). Let n = © (MAQ (Al_/\zl) gnT)' If we
0875
have T = Q(n%l) and p = O(0), then we have

p,8/4n2T

init

P 7T
vVt e [T], Pr {{—t ‘C- } < g7

In particular we have

init

vi € [T}, Pr [ézt ‘ £2t,c?"’ﬁ] g%

and
r|§< it | < 59
First notice that the usual notion of the stopped process is not enough to use this

stopping time. To give an intuition, we have

Wine — W—1)ag = 1§2t77yt(xt - tht—1)-

However, 1¢>, only ensures f;_; ,(W;—3) is bounded and hence y_; is bounded, but
we need y; to be bounded instead. Therefore, we need to consider a different notion of
the stopped process. In particular, consider the following notion of a shifted stopped

process.

Definition 3.7.5. Given an adapted stochastic process M, with respect to filtration
Fi and a stopping time 7, we define a new adapted process My, with respect to F; to
be

Miw = Loy My + 1y M.
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Given t € N, we define a random variable t x T as
t‘kT = 1T>tt + ]-Tgt(T — 1)

Given a stopping time 7 and an adapted stochastic process M;, the difference of

a normal stopped process can be described as
Mipr — M(t—l)/\T = 17’2t(Mt - Mt—l)'

Similarly, we want to understand the difference of this shifted stopped process.

Lemma 3.7.6. Given a stochastic process My and a stopping time 7. We have

Mt*T - M(tfl)*‘r = 1T>t(Mt - Mt—l)-

Proof. We have

Mi,; — M(t—l)*T = 17’>tMt + 1T§tMT—1 - 1T>t—1Mt—1 - 1T§t—1MT—1

=1 My — 1 My + 1, M.
Since 7 =t at the last term, we can combine the last two terms to have

= 1T>tMt - 1T>tMt—1

= 1T>t(Mt - Mtfl)

as desired. O

To bound the stopping time &, we need to show the concentration of f; ;(W—1)ap)

and as before the linearization and the ODE trick would be our main tools.

Linearization and ODE trick Let us start with the linearization and the ODE

trick for function f; ; in this subsection.

Lemma 3.7.7 (Linearization). Let t € [T], s € [t — 1]. Let wy = Wq_1 + nz5 where
zs = Ys(Xs — YsWs_1). Then there exists Wy_1 = W,_1 + cnz, for some ¢ € [0,1] such
that for all j,2 < j <mn,

7—1

frj(ws) = (1 =n(A — Nj)) frj(Ws—1) + 772()\1‘ — Xi1) fri(Ws—1) + Aﬁ?

1=2
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where

AL =0V fiy(wo)T (2o — Elzy | Foor)) + 11227V (W1 )z,
5J

Proof. This is a direct application of Taylor expansion. Concretely, there exists

Ws_1 = Ws_1 + cnzg for some ¢ € [0, 1] such that

Jtj (w,) = Jtj (We1) + nV [t (WS—I)TZS + nQZsTVth,j (Ws-1)Zs.

Note that af”(w = —fi;(w)/w; and af” w) 1i<j-xy;/wy fori =2,...,n.We have
i\(Ws— J"— Xs,ils
= fuglwan) — o) g gl Xei eyt (g
Wis_1.1 Ws—-1.1

Next, recall that E[zs; | Fs1] = (N — w,_,diag(\)w,_1) - w,_;,. By adding and
subtracting the expectations, the equation becomes

J
=2 AiXs,istl,i

= ft,j(wsfl) - nAlft,j(stl) +n
Ws—11

. J"_ Xs,iWs—14
+1n (wz_ldlag()\)ws_l) : (ft7j(w5—1) _ L Xs, L ) + Aﬁ?

Ws—11

Observe that the two terms in the parenthesis becomes 0 after cancelling out with
each other. Finally, by adding and subtracting nA; fi;(ws_1) for each i = 2,3,..., 4,
we have

== A S Ve 1S A sl ) + A

=2

as desired. [

We can write the above lemma in the vector form. For any ¢t € [T7, let f;(w), AD e

R™! be (n — 1)-dimensional vectors where the i™* coordinates of them are f;;1(W),

Ag 41 respectively. The following is an immediate corollary of [Lemma 3.7.7| by rewrit-

ing everything into a vector form.

Corollary 3.7.8 (Linearization in vector form). For any t € [T] and s € [t — 1], we

have

fi(w,) = Hf,(w,_) + AD
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where

H=1 n—Xs) nAs =)  1—=nA—XN) -+ 0
n(A2 — As) n(A3 — A1) nAs—2As) -+ T—=n(A—N\y)

By the ODE trick for vector (see|Lemma 3.2.12)), we immediately have the follow-

ing corollary for a closed form solution to f;(wy).

Corollary 3.7.9 (ODE trick). For anyt € [T], s € [t — 1], we have

fi(w,) = H'fy(wo) + > HAY.

s'=1
Concentration of the noise terms We want to control the noise term in
ary 3.7.91 However, same as the situation before, we cannot get the concentration
for the noise terms of the ODE trick directly. As a consequence, we have to introduce
a new stopping time 7; to make sure the bounded difference of the stopped processes
are small enough for the martingale concentration inequality.

For a fixed t € [T], we define a stopping time 7 for the noise terms from s =
1,2,...,t —1 as follows. First, we work on a slightly different filtration {fp}se[t_l]
than the natural filtration {F,}scp—1]. The key idea is that the stopping time can
depend on x; since we only look at the noise term up to t — 1. Concretely, for each
s € [t — 1], let 7 be the o-algebra generated by {x1,Xs,...,%,} U {x;}. Note
that {Fs(t)}se[t_l] is well-defined and { A ;}sc—1) is an adapted random process with
respect to {.Fg(t)}se[t,l], i.e., Ays; lies in FO for all s € [t —1]. Also, note that
Elzs | Fs-1] = Elzs | ]:S(t_)l]. That is, the conditional expectation and conditional
variance of z are the same with respect to {Fs} and {f§t)}.

Now we define 7; to be the stopping time for the first s such that {||f;(Wsapse)|co >
2A,5}. Before we bound the bounded differences and the moments for 1., y>s¢ssAy s,

observe that we have the following helper lemma on the conditional expectation.
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Lemma 3.7.10. Let T € N, £ be the stopping time specified before and t € [T]. For
s <t, given

Pr [fzs ‘ 525,}"5(15_)1} <,

we have
(0 (0 20'
‘E [Xs’ixs,j Foo, &> S} —E [xs,ixs,j }—571} 5
and furthermore
20’
HE [XSXST o 1,§ > s] —-E [XSXST .7{5?1} < 5

Proof. By laws of total expectation and rearrange the terms we have

E[Xs7iXs7j|fS(t_)1,€ > 8]

E[x, % j| F\Y,, € > ] — Blxgixo | FY,, € = o] Pr[¢ = s[¢ > s]
1 —Pr[¢ = sl¢ > ] '

So we have

)E[xmxs,ﬂ}"(t_)l,f > 5] — E[xg,ixs ;| Fs t)l,f > 5]

Elx, x| F0), € > 8] Prle = s|€ > s] — Elx, %, ;| F), € = 5] Pr[¢ = s[¢ > s]
1— Prl¢ = s > 5]

20
< .
T 14

Similarly, we get

[EpaT 17O e > 5] - Bl |7
2

Lemma 3.7.11. LetT € Nynp € (0,1),t € [T] and s € [t—1]. Let A be the parameter
specified before and &, 1y be the stopping times as chosen before. If n = O (%) T =
Q(n—}\l),p = O(0) and the following condition holds

Vi<t <t—1, Prl¢ =¢t|e>t,CP0) <

) Yinit

1
=7 (3.7.12)

then the following holds almost surely.
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e (Bounded difference) We have
|1 pse5sAP|| = O(nA?).
e (Conditional expectation) We have

[BlLr iz A | FOCE0I| = O6RNAY).

e (Conditional variance) We have

= 0(772)\1A4) .

—1» ¥init

HE[ln,@s,§>sA§t)A§t)T | FY, el maz

where the || « ||maz s the entrywise mazimum of a matriz.

Proof. The proof is basically direct verification using the definition of stopping time

and [Lemma 3.7.10, We postpone the proof to [Section A.4] O

Now note that given s € [t — 1] the stopped process {Zjﬁj{“ﬁ HE_S/AM/} .
selt—1
is an adapted stochastic process with respect to {fg(t)}se[g]. Furthermore, it has small

bounded difference and moments. Concretely we have the following.

Lemma 3.7.13 (Structure of the stopped processes). Let T € N,n,§ € (0,1),t €
[T),s € [t —1]. Let A be the parameter specified before and &, 1, be the stopping
times as chosen before. For any s € (5] and j € [n — 1], let My ; be the j™ entry
of Z‘:,A:wl*&\” HAyy. Ifn=0(1).T =0 (n—}\1> ,p = O(8) and the following

condition is true

Vi<t <t—1, Pre=¢|¢ >t,C0) <

1
n2T’
then the following holds.

e (Bounded difference) For any j € [n — 1], we have

max | M — M o1 = O(nA?) almost surely.

s€|[3]
e (Conditional expectation) For any j € [n — 1|, we have

F CP";] 0 < nAA? ) |

s—17 Yinit )\1 _ )\2

STE My — Mg

s=1
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e (Conditional variance) For any j € [n — 1], we have

F C?”‘;] —0 < nAA* ) |

s—1> Yinit )\1 _ )\2

ZVar |:Mt,s,j — Mt,s—l,j

s=1

Proof of[Lemma 3.7.15. For notational convenience given a matrix A, we will denote

its jth row as A for the rest of the proof. Notice that H = VDV ™! is invertible

where
100 --- 0 1 0 0 - 0
110 --- 0 -1 1 0 - 0
V=|111 --- 0 and V=0 -1 1. 0
111 -+ 1 o o0 o0 --- 1

Also, observe that for any diagonal matrix D’ = diag(d;, ds, .. .,d,_1), we have

dy 0 0 -0

dy — do dy 0 - 0

VDV t=\d —dy dy—ds ds -~ O
dy —dy dy—dg dz—dy - dn

Note that if dy > dy > -+ > d,,_1 > 0, then we have
i—1
VDVl =di+ > dj—di =dy. (3.7.14)
j=1
Fixed j € [n]. First we have for all s € [3],

|Mt7s,j - Mt7s—1,j| = |]—Tt25/\¢*§,£>s/\1/1,1/}23H§_8At,5| - |1Tt,¢23,§>sH§_8At,s| < O(T]Az)

by [Equation 3.7.14] For conditional expectation, we similarly have

E [Mt,s,j — M1 fs(t—)hcggt] =K [1Tt,¢287€>8H§_5At7s ‘th—)lﬁcfﬁgt}
< HH(EJSS |E [1Tt,¢28,§>SAt7s J:S(t_)pcf’ﬁjt} LO

By [Equation 3.7.14] and [Lemma 3.7.11], we have

< (=0 — X2))7 - O(* M A?)
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So by geometric series, we have

S OE My — Misor

s—1s Yinit
s=1 )\1 )\2

) C?”J} 0 ( nAA? > |

For conditional variance, we similarly have

Var | My = Mys1,

Foe)

s—17 Yinit

=K |:1Tt,1/125,£>s (HgisAt,s)2

t 0
FOend)

s—1s Yinit

— (HESS)TE |:1Tt:¢257£>3At,sA,tI:S

Pt (G5

HE—S

< HH(SJSS ()

E |:1Tt"¢)287€>sAt)sAZ;S

Foend

s—1y Yinit

1 max 1

By [Equation 3.7.14] and [Lemma 3.7.11], we have

< (1—n(A = )2 O A Ah).

So by geometric series, we have

0 Cp,S] —0 ( nAA* ) |

E}
E Var |:Mt757j - Mt,s—l,j s—1° “inat A A
p 1 — A2

]

As a consequence of [Lemma 3.7.11] we are able to prove the following concentra-

tion for the stopped processes of the noise terms.

Lemma 3.7.15 (Concentration for the stopped process of the noise vectors). Let T €
N>o,p,0,0" € (0,1),t € [T]. Let A, 5 be the parameter specified before and &, 7, be the
. . _ (A1—X2) _ 1 _
stopping times as chosen before. Let n = © (/\1/\56—,1(2)%) IfT = Q(W),p = 0(%)

and the following condition is true

Vi<t <t—1, Prle=¢|¢>t,C0) <

1
n?T’
then for all's € [t — 1],

5/\1[)*517 1 \Tt - /
Pr [Hi eln—11, 3T (HTAL), 2 Ay | CM} <nd.

=1 i init

Proof of [Lemma 5.7.15. The proof is based on applying the corollary of Freedman’s

inequality (see |Corollary 3.2.6)) on each coordinate using [Lemma 3.7.13, We have

Pr |:Z§A¢*Ep’6,ATt (HgisAns)i Z Ap,5, | CP’[;/] <5

=1 init
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AL Al ,1 ,
by noticing that the deviation term is O ( 7 “ 0g6> < ApTé and the sum of

77>\1A 5/
22 Now we obtain the desired

<

conditional expectation term is O

inequality by union bounding over i € [n — 1] n

Wrap up First fix ¢, in the |Lemma 3.7.15| as MLQT, ng% respectively. The follow-

ing lemma proves the inductive step toward the main theorem.

Lemma 3.7.16. Let T € N>o,p,0 € (0,1) be the parameters and & be the stopping
times as chosen before. Let n = © ( (1 =22) nT) IfT = Q(n%) and
8

MAD 5 an27 108
)
V1<t <t—1, Prle = ¢|C T
— — ’ I‘[ | nit ] 2n2T’
then
)
=1 C 4n2T .
[ ‘ init ] 2n2T

Proof. We have

Prlg = H1C 5] = Prl| fon(Wo—synpee)| > 20,6 > 1/CL 5]

init init

< Pr[n <t,&> t|cp’4n2T]

inat

< Prjn < t|Cp’4”2T].

init

So it suffices to bound Pr[r < t|C;, 4"2T] Notice that we have V1 < ¢ <t —1,

init

init

1-Pr[¢ < t’|Cp’4"2T] =57

inat

1P EaT _0
Pr[gztllfzt C 4n ]_ P [ t|c ] < 4n2T i

) Yinat

So we satisfy the condition of [Lemma 3.7.15]
Let A;, = {Ji € [n],zso/\w*g (H*°Ay,), > A} and A7 to be its stopped version

{(3i € [n], S0P (H**A4,), > A}. Recall from [Lemma 3.7.3 that C§’4"2T is the

event

(37 €nl, te[T], [fi;(Wo)l > Aps}

We claim that
Y S
Pr ln > 50+ 1 ’ Cﬁ"*"QT,ASO} =1 (3.7.18)
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This [Equation 3.7.18|is a direct consequence from the ODE trick [Corollary 3.7.91 We

have for any t € [T7,

SoAY*E

£ (Wagnime)| = [H" 0 (wo) + D H* ™ Ay ] < 20

—_— 5 —_—
by the definition of C, ™7, A,, and

init

s
Pr |:7‘t <t ‘ C?"‘”QT] <Pr [7‘,5 <t,

s'=1

FEquation 3.7.14

. Now we have by union bound

By [Equation 3.7.18] the first term is 0, we have

Then by union bound and we have

By [Equation 3.7.18 again, we can rewrite the terms as

Now the main theorem can be derived as a corollary.

¢ A | €]
Pias | o
+Pr| A UC, ™" | C.0"|.
=P 2r | ProT PrT | AP
<04+ Pr |4, T | O 4 P | Ch T | T
< tiP A A | eratr] 0
r Sy s—1» mi .
= | bo ¢ 4n2T
t—1 - 5 5 5
— _pvnT PanT
= ;Pr _AS,AS_1,CO4 T,Tt Z S C,mft T] + m
t—1 - s s 5
™ A _p’nT p’nT
—. [ Pt 5
Tt ‘4n?2T
< ;Pr _AS Cok } +
By [Lemma 3.7.15 we can bound the first term by (¢ — 1)nd/4n3T>
) ) )
< (t—1 .
= )n4n3T2 + 4n2T — 2n2T
O
(A1—=A2)
A1A2,6/4n2Tlogr%T). If we

Theorem 3.7.4. Let T € N and p,§ € (0,1). Let n = © (

have T = Q(n%l) and p = O(6), then we have

init

_6
vVt € [T], Pr [g —t ‘ c?”m}
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In particular we have

vt € [T1, Pr[gzt’5>tcpw] Sn‘%

) Yinit

and

P, n
|:€ < T ‘ CznftT} 2n2‘

Proof. The proof proceed by induction. For the base case, we have

J

p’4n2T pv4n2T
Prlé = 1)) = Prll i i(wo)l > 2AICHET] < 5

init nat

The induction step is exactly [Lemma 3.7.16, The second conclusion is exactly

and the last conclusion can be obtained from union bounding over 7. [

3.7.3 Linearization and ODE trick centered at 0

In the analysis of the global convergence, we use a linearization with a center at 0
instead of 1. The idea is inspired from the analysis of the continuous dynamics as
explained in [Section 3.3 However, unlike in the local convergence case, the bounded
differences here can only be controlled after applying the stopping time §, 5 from the
last section. For the rest of the section, we set a stopping time and an initialization
_ Cé/4,5/8n2T

event from [Section 3.7.2 to be {r = &5/4,5/8n27 and Cli = Ciii

by [Lemma 3.7.3| and [Theorem 3.7.4) we have Vt € [T],

. In particular

)
<

T
[C ’ 1nzt] — 2n2T

1nzt] W7
We abbreviate the corresponding As /4 5/sn27, Aj /4 @S A, A’ for the rest of the section.

We first derive the linearization with a center at 0.

Lemma 3.7.20 (Linearization at 0). Let z, = xyy; — yfwt,l. For any t € N and
€ (0,1), we have
wiy > H-wi, + A+ B
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almost surely, where

2

H=1+ g()\l — X)),

At = 27’]Zt71Wt,1,1 + 7]2Z?71 —E [antylwtfl,l‘ftfl] + 277)\2(1 — HWt,1H2>Wt2_171, and
1

By =2n(A; — )\2)W§—1,1(1 - Wt2—1,1 - g)

Proof of [Lemma 3.7.20. By [Equation 3.6.3 we have

Wt2,1 > Wt271,1 +2n(A — )‘2)Wt271,1(1 - Wt271,1) + A4

= Wt2—1,1 + H - W§—1,1 + Ay + B

as desired. O

We apply the ODE trick (see|Lemma 3.2.10|) on|[Lemma 3.6.2|and get the following

corollary.

Corollary 3.7.21 (ODE trick). For any ty € Nso, t € N, and n € (0,1), we have

to+t

Wt20+t,1 > H'- <Wt20,1 + Z Hi—to ) :

1=to+1

To control the noise term, we need to have bounds on the bounded differences and

the moments of A;, B;.

Lemma 3.7.22. Let Ay, By be defined as in |[Lemma 3.6.2. Let n = O (%>

A1 A2 log%
IfT = Q(n%), then for any t € [T] we have Ay, By satisfy the following properties:

e (Bounded difference) |1¢, 51450 Ai] = O (nAwi_, 1) almost surely. If wi_,, < 2,

then By > 0 almost surely.
e (Conditional expectation) Ele, s 51 Ar | Fio1,Clyl = O (Mn*A?wiy ).
e (Conditional variance) Var [Le sy As | Fio1,CLyy] = O (Mn?A2wi_y ).

Proof. First by the definition of &7, we have |1¢, 514>yt | = O(A|Wi—11]) and |Le,si p>1Zi1| =

O(A|w¢-11]). Combining above and [Lemma 3.5.1] we have
[ Legstp>eAe] = O ((77A + 772A2 + 772) Wt2—1,1> = O(UAW?—LQ-
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And for wi ,, < %, we have By > 0 because 1 —w; || — % > 0. For the conditional

expectation, we have

E [1§T>t,w2tzil } ft—lucg;n't] =K [15T>t,¢2tyt2(xt,1 - tht—1,1)2 | E—l;cﬁit}

By [Lemma 3.7.10] [Theorem 3.7.4] and definition of &7, we have

< O()‘lAQWthl,l)'

Given a random variable v, we denote E[1¢,~; 45| Fi—1,CL;] — E[v|Fi—1] as v. Now

we also have

N L — T T
Zig = W 1 XXyl — W 1 XXy Wi 1 Wi11.

By applying [Lemma 3.7.10| with [Equation 3.7.19 and Cauchy-Scharwz, we have

vn 5 1
0 (Hwtluzﬁ Fliwialias ).

Conditioning on ¢ >t we have + = O(A*wi_, ;) by the definition of A, A’. We have

= 0(77)\1/\2“7?—1,1)-
So combining above we have

EllgstpetAe Fioa] = O APwi ) ).

And similarly applying [Lemma 3.7.10] we obtain that the conditional variance is

Var [1§T>t,¢2tAt|Jt;€—17 Cg;zit]
=0 (772E |:1§T>t,¢2tzf,1|ﬂ—17C3;Lit:| Wt271,1 +1'E [1§T>t,w2tzftl,1’-7:t—l7 Cgu't])

= O(ﬁz)\lAQWil,l)

as desired. O

3.7.4 Concentration of noise

In this subsection, we want to show that the noise term in [Corollary 3.7.21] is small.

As in the local analysis, we are going to use a stopping time to control good bounded

differences. Specifically,
Lemma 3.7.23 (Concentration of stopped noise in an interval). Letty, T, € N, §,6" €
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(0,1) and a € (0,3). Suppose Wi ,yer1 = 5. Let 7, be the stopping time {W, e, >

3
a}. Letn:@<&>.lf(5’: O(:2),8>H" >4 and T = Q( =), then

A1AZ? log %
. (to+t)Apxérnta A; + B
Pr | min E - < ClL.l<d.
1<t<t’ i=to+1 Hi—to

Proof. For notational convenience, we denote 1., > ¢t A as A,. Now by ILemma 3.7.22|

and geometric series, i.e., Zszl H <0 (M), we have

Ay

Vt0+1§t§to+t’, SO(UA(L),
to+t’ 2
T n\iA“a
Z E|:Hzt “E 1acfmzt:| SO()\l_)\Z)7and
i=to+1
to+t’ 2.2
T niAiAa
> v | | <0 (R55)
i=to+1

Apply the above bounds to [Lemma 3.2.5 we have
(t0+t)/\1[1*§T/\Ta AZ

a T !
Pr | max Z ﬁ > — Cznzt <9

1<t<t’
1=to+1

\)

o . log LnA1A2a2 . .
because the deviation term is % = O (a) < § and the summation of condi-
tional expectation term is /\)\1117_1\/\2; = O (a) < . By stopping time 7, and [Lemma 3.7.22,
we have

(to-+t) ApxET ATa
Bi -
Z Hi—to —
i=to+1

Combining both inequality we get

(to-+t) AY*ET AT,
. Az + Bz a T y
Pr min E it < —5 Cinir | <0

1=to+1

[]

Now we will pull out the stopping time v, 7, and & together to show that W?’l
doubles itself efficiently with high probability.

Lemma 3.7.24 (Pull out stopping time in an interval). Let to,T,t' € N,§,0" € (0,1)

and a € (0,2). Suppose Wi npsera = 5 Let 7 be the stopping time of {w}, > a}. Let
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n:@(ﬁﬁgf)yw O(2), 8> H' >4, g+t < T and T = Q(;1-), then

Pr[r > to+t|¢ > T,CL.] <&

) Yinat

Proof. Let 7, be the stopping time {w7,,... , > a}. Notice that now we only have
controls on Wi, . . ;. To conclude a statement about 7, we need to pull out
U, Ty, . &p will be pull out by paying union bounds in conditioning. 7, and v will
be pulled out similar to [Lemma 3.6.9} Denote the event

to+t) AYXEAT,
. ( ’ )Zw*g § Az + Bz < a
1I§ntlsnt Hizto — 2

i=tg+1

as A. By|Lemma 3.7.23 we have Pr[A|CL.,] < %/. First let’s deal with 7, first. I claim

it

that we have
!

5
qu>aﬁ40¢>m+#@T>ch]<§ (3.7.25)

) Yingt

Notice if 7, > to +t',&r > T, ¢ > to +t' and A are true, by [Corollary 3.7.21| we have

(to+t)AthxE

‘N A; + B;
(t0+t’)/\w*§1 > H A@—toJx{E~io) Wto 1t Z Hi—to
i=tg+1
(to-i—t)/\zﬁ*{/\Ta
, A; + B;
t 2 7 7
=H" |wi,+ > i
i=to+1
> d(a— =) = 2a
2
Contradict with 7, > to + t’. This implies that
Prr, > to+t,6r > T, > tg+t, Al = 0. (3.7.26)

Now we have

Pr [Ta,w > tO +t/ ‘ £T > T7Czj;nt}

=Pr |, >to+t,A| & >T,CLy] +Prlra, v >to+t,A| & >T,Cl,]

» Yinat )y Yinat

The second term vanishes because of [Equation 3.7.26| We have

<Pr[A|& >T,CL,l

_ Pr [.,4 ‘ szt}
Pr [ST > T ‘ szt]
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Since Pr [A ’ cr
5/
< —.
- 2

] < —, and Pr [ST >T ‘ szt} % from [Equation 3.7.19, we have

init

Now let’s deal with 1. I claim that we have

!/

6
Prlr, >to+t ¢ <to+t'|&r >T,Cly] < 3 (3.7.27)

» Yinat

Notice that from Pr [A | chal < %l, we have

(to+t)A
Pr | min

1<t<t/ HZ to
i=to+1

We will apply to pull out 9 in the above inequality. Denote the event

5
y Ta >t0+t/,€T >T Czj;ut < Z

A+B<_g
- 2

ot Az + Bl < a

min .
1<t<t/ Hi=to — 2
= i=totl

as B. It suffices to check that if B is true, then we have ) > to+t. By|Corollary 3.7.21]

we have for all ¢ € [t/]

to+t
A; + B;
Wt20+t71 - t (WtO 1 + Z z to )

i=to+1

a a

> H'(a—=)> =
> H(a=3)25

as desired. By this shows that
5/

[B Ta>t0—|—t £T>T‘let] 4

Then notice that if 7, > tg +t',&r > T, 7 < ty +t' and B is true, by second condition
of [Lemma 3.6.9| we just checked, we have 7 > ¢, + t/. Contradict with 7 < tq + t'.
This implies that

Prir, > to+ 1,60 > T <ty +t',B] =0.
Now we have

Prir, >to+t ¢ <to+t | & >T,Chyl
=Prlr, >to+t, ¢ <to+t,Blér > T,CL,]

+Pr[r, > to+t, 0 <to+t,B|ér > T,ClL,l

)y Yinat
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The second term vanishes because of [Equation 3.7.4. We have

r [Ta > to"‘tl,w < tO +t/ B|£T > Taczj;nt}

P
C Prim > to+t & > T <to+t,B|Ch,]
PI'[£T > T‘szt]

The numerator can be bounded by Z/ and the denominator can be bounded by %

from [Equation 3.7.19, so we have
5/
< —.
-2

Now we have

P[T>to+t‘€>T

) zmt]

< Pr[r, o > to + t'|ép > T,CL )+ Pr[r, ¢ < tg+t'|ér > T,CL..].

) Yinat ) Yinat

Because 7 > to + t’ implies 7, > to + t/, we have

< Prlrg, o > to+|&r > T,CL] + Pr[ra, v < to +'|&r > T,C1L .

) Yinat ) Yinat

By [Equation 3.7.25 and [Equation 3.7.27, we have

<—+—==1
2+2

as desired.

3.7.5 Interval Analysis

In this section, we proceed with the following interval scheme to show the improvement

of W,
Lol ey L 2
N N N 3

We first show in [Lemma 3.7.28 on how to choose the learning rate without dependency

on T and then show that wil is going to reach 2/3 efficiently.

Lemma 3.7.28. Given t' such that 8 > HY > 4, there exists
6 Allogélog 6/\ )\2)2
02(A1 — Ag)?
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such that

A=A
oS} T > log A
K (AlAglog%>

Proof. Since 8 > H" > 4, we have that ' = ©(1/n(\; — \2)). Now

A1 log A’ log? 2L
t'logA' = © 0
o ( (M — Ag)?
For notational convenience we let A = %. Then we need T' > Alog® % and
A log%log2 3 ,\N/\IA 5
T = O(Alog?nA) = © o2
( og n ) ( 52(}\1 _ )\2)2
satisfied the requirement as desired. n
Ap log % log? — "M
Theorem 3.7.29. Letn € N,¢, 6 € (0,1). Let T =06 ( gé';(/\if\;*){”)Q ) Let T be

the stopping time of wi, > 2. Let

MAZlog 2L |7 TP VD I

Then we have

Prir> 1T, <6.

Proof. Choose t' such that 8 > H* > 4 and let m = |log o] +1, 0= 2 for i =

0,---,m—1and v, = 3. Let 7,, be the stopping time of {w7, > v;} and let Ty, = mt’.

We will apply |Lemma 3.7.24| with ¢ = ﬁ. Notice that since log A’ = O(nT'), we can

choose 0’ this way. Now we have

Pr[r > Ty] = Pr[r,,, > mt']

< Prlr,, >mt'|ér > T,CL ]+ Prj¢ < T|CL ] + Pr[CL..]

» Yinat

By [Equation 3.7.19  and union bound, we have

< ZPT[Tvi > ZtlaTvi71 < (Z - 1)t,|€T > T’ Clz;nt] + ﬁ * 5
=1

m ) )
< ZPr[Tvi > 7, + e >T,CL )+ in2 + )

i=1

By |Lernma 3.7.24|, each summand can be bounded by &, we have

<5_m+i+§<5
dm  4n2 2 T
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as desired.

3.7.6 Combining Theorem

3.7.29 with the local analysis

In this section, since we have shown that w7, efficiently reaches 2/3 in|{Theorem 3.7.29,

by combining [Theorem 3.7.29| the local convergence (Theorem 3.6.1)) and the finite

continual learning ((Theorem 3.6.12)), we derive [Theorem 3.7.1}

Proof of [Theorem 5.7.1. Let T to be the hitting time of ng >1— 5. With

)\1 — )\2 € 52
77:@( N ( log%/\102 N :
1 log —= g Sa-\2)Z

we can apply [Theorem 3.7.29] [T'heorem 3.6.1| to get that

Prr > T] <é

2

log L +log A/ log L +log 2 NP
where T = (=< %22) = O(—=—21). Now we initialize

n(A1—A2)

n(A1—

A2)

to = @(log% + log %) with failure probability g to get

Pri3l <t <T,wl,, <1l—¢<

Since T € [r,7 + T] if 7 < T, now by union bounding two inequalities, we have

|

Priw}, <1—¢ <é.

3.8 Discussion and Future Directions

Theorem 3.6.12

with

In this work, our contributions are three-fold. In terms of biology, we show that Oja’s

rule can solve streaming PCA in a biologically realistic time scale as an example of fast

sensory adaptation under the efficient coding principle. Moreover, we demonstrate the

capacity of Oja’s rule for continual learning. With only slowly diminishing learning

rate that decreases like €2(1/logt), we show that

Pr[3t > T, error at time ¢t > €] < 0.

This shows that Oja’s rule not only can function indefinitely but also can continuously

adapt to different environments without sacrificing much efficiency or resetting the
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learning rate.

In terms of algorithms, we give the first convergence rate analysis for biological
Oja’s rule in solving streaming PCA. As a byproduct, the convergence rate we get
for biological Oja’s rule outperforms the state-of-the-art upper bound for streaming
PCA (using ML Oja’s rules) and matches the information-theoretic lower bound up
to logarithmic factors.

In terms of mathematics, we develop a novel one-shot framework to analyze a
stochastic process using inspiration from the continuous dynamic as a guide. Instead
of using the traditional step-by-step analysis, this framework writes down the closed
form solution of the dynamic and uses stopping times to obtain precise control of
the dynamics. This framework provides a more elegant and more general analysis
compared with the previous step-by-step approaches. And we hope it can inspire
future works on analyzing stochastic processes.

At the rest of the section, we discuss some future directions in both the biological

aspects and the algorithmic aspects.

3.8.1 Biological aspects

Spiking Oja’s Rule In this thesis, we simplify the biological dynamic using a rate-
based model. It would be interesting to design a spiking version of the learning rule
to solve streaming PCA. On the other hand, it has been shown that Spike Timing
Dependent Plasticity (STDP) has self-normalizing behaviors [I], so the higher-order
terms in biological Oja’s rule might not be needed for the normalization in the spiking

version.

Convergence rate analysis for other biological-plausible learning rules As
mentioned in there are plenty of Hebbian-type learning rules that had
been proposed to solve some computational problems [71], 14l [70], 84] [63], 4], 67]. Nev-
ertheless, most of them do not have an efficiency guarantee and we think it would be
of interest to use our frameworks to systematically analyze the convergence rates of
these update rules. This is not only a natural theoretical question but also could po-

tentially provide insights on how these biologically-plausible algorithms are different
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from standard algorithms.

Convergence rate analysis for biologically-plausible learning rules for on-
line k-PCA In this work, we focus on biological Oja’s rule in finding the top eigen-
vector of the covariance matrix. It is a natural question to ask: whether there is a
biologically-plausible algorithm for finding top k eigenvectors (a.k.a. the k-PCA prob-
lem)? In the setting of ML Oja’s rule, this can be achieved by QR decomposition [3].
As mentioned in [Section 3.1.4] computational neuroscientists have proposed several
variants of biological Oja’s rule to solve streaming k-PCA [60, [70, 26, [46], [69] 43, 67].
Some networks use feedforward connections only but the learning rules are not lo-
cal [60), [70] while some use Hebbian learning on the feedforward connection and use
anti-Hebbian learning on the recurrent connection to decorrelate the outputs 26, 146,
69, 43, 67]. However, there is no convergence rate analysis for these networks and
even the results on the global convergence in the limit are not known for most of
these networks. Therefore, it will be interesting to apply our framework to derive a

convergence rate analysis for these biologically-plausible learning rules to solve online

k-PCA.

3.8.2 Algorithmic aspects

Improving the guarantees for biological Oja’s rule In this thesis, we mainly
focus on the situation when A; > Ay while some of the previous works also considered
the gap-free setting. We believe our framework can be easily extended to the gap-
free setting and leave it as future work. Also, there are some logarithmic terms (e.q.
additive logloglog(1/¢) in the local convergence) in the convergence rate and do not
seem to be inherent. It would be interesting to find out the optimal logarithmic
dependency.

On the other hand, we suspect the log(1/¢) term in the convergence rate of bi-
ological Oja’s rule might be necessary. Thus, showing a lower bound with log(1/e)
would be of great interest. Note that there exists (non-streaming) algorithm which
solves PCA using only O (Aje 'gap™2) samples so the lower bound should be tailored

to the dynamic.
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Tighter analysis for ML Oja’s rule Using the objective function from [3], one
can also easily generalize our framework to ML Oja’s rule and tighten the bounds for

both the local and global convergence rates.

Other Stochastic Dynamics There are many stochastic optimization problems
in machine learning where the optimal analysis still remains elusive, e.g., stochastic
gradient dynamics of matrix completion, low-rank approximation, nonnegative matrix
factorization, etc. It is of great interest to apply our one-shot framework to analyze

other important stochastic dynamics.

3.9 Contribution Statement

The work in this chapter is done as joint work with Chi-Ning Chou.

e Analysis framework conception: Mien Brabeeba Wang

e Mathematical analysis: Chi-Ning Chou and Mien Brabeeba Wang
e Biological motivation: Mien Brabeeba Wang

e Writing: Chi-Ning Chou and Mien Brabeeba Wang

e Editing: Chi-Ning Chou and Mien Brabeeba Wang
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Appendix A

Appendix

A.1 QOja’s Derivation for the Biological Oja’s Rule

Recall that Oja wanted to use the following normalized update rule to solve the
streaming PCA problem.

(I 4+ nexix/ ) Wiy
W; = .
(T + mxex| ) Wi

Oja applied Taylor’s expansion on the normalization term and truncated the higher-

(A.1.1)

order term of 7;. Concretely, we have

n ~1/2
(T + 77tXtXtT) wiilz' = (Z (Wi—1, + Utytxt,i>2>

=1

i=1

n —-1/2
= (Z Wt2—1,i + 20y Xe i W1 + 0(77t2)> :

As y; = x; wy_1 and ||w;_1]|2 is expected to be 1, the equation approximately becomes

— (14202 +02)) P =1—n? +0(3).  (A12)

Replace the denominator of [quation A.1.1] with [Equation A.1.2] and truncate the

O(n?) term, one recovers biological Oja’s rule (Equation 3.1.4)).
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A.2 Details of the Linearizations in Continuous Oja’s

Rule

Recall that the dynamic of the continuous Oja’s rule is the following.

% = diag(\)w, — w, diag(\)w,w, .

Before proving the two convergence theorems of continuous Oja’s rule using different

linearizations, let us first prove the following lemma on some basic properties.

Lemma A.2.1 (Properties of continuous Oja’s rule). Let wy € R™ such that ||wq||2 =

1 and wo;1 > 0. For any t > 0, we have
1 flwill2 =1,
2. d‘;’—;’l > (M = A)wyi (1 —wyy), and
3. W1 1s non-decreasing

almost surely.

Proof of[Lemma A.2.1. In the following, everything holds almost surely so we would

not mention this condition every time. First, consider

|| wi[3
dt

= 2w, — = 2w/ (diag(\)w, — w, diag(\)w,w;)
— 2w diag(\we - (1 [will2) -

As 1 — ||wyl|3 = 0, by induction, we have ||w;||s = 1 for all ¢ > 0.

For the second item of the lemma, we have

dwt,l

o = |\ - ez[:} /\iwf’i Wip 2 (A — /\Q)Wt,l(l - Wt2,1>

n
3 2
= M(Wi = W) = ) AW W
i=2
From the first item, we have > , w?, =1 — w?,. Thus, we have

> M(Wer =Wy ) = da(l—wi)wiy = (A — Ag)wia (1 —wyy).
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The last item of the lemma is then an immediate corollary of the first two items.

]

Now, we restate and prove [Theorem 3.3.4] as follows.

Theorem 3.3.4 (Linearization at 0). Suppose wo; > 0. For any € € (0,1), when

O W2
t>Q (%), we have Wi, >1—e.

Proof of[Theorem 3.3.4] Observe that for any ¢ > 0 such that wgl < 1 —¢€, by the
second item of [Lemma A.2.1] we have

th,l

dt

Z ()\1 — )\2)Wt71<1 — Wt2,1) Z 6()\1 — )\2)Wt’1 .

10 log(l/wg’l)
e(A1—A2)

above linearization and w;; being non-decreasing (the third item of [Lemma A.2.1)),

we have

Let T = and assume w7 ; < 1 — ¢ for the sake of contradiction. From the

e(A1—X2)T

W7—712€ 'W071>1,

which is a contradiction to the first item of [Lemma A.2.1] Thus, we conclude that

O; W2
foranytzﬂ(%>,wil>l—e. O

Now, we restate and prove [Theorem 3.3.5| as follows.

Theorem 3.3.5 (Linearization at 1). Suppose wo; > 0. For any € € (0,1), when

log(1/e
tZQ(%), we hcwewfﬁl>1—e.

Proof of [Theorem 3.5.5. Observe that for t > 0, by the second item of [Lemma A.2.7],

we have

d(Wt,l — 1)

0 > (M = Ao)wia(1 = wiy)

= (M = Ao) (W = 1wy + W)

As w;; is non-decreasing (the third item of and at most 1, we have
> —(A — A)woa(we —1).

By solvign the linear ODE, we have

AM—A2)wot

wi— 1> (wop —1)-e
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Thus, for any ¢ > (%), we have wi; > 1 — . O

A.3 Why the Analysis of ML Oja’s Rule Cannot be

Applied to Biological Oja’s Rule

In this section, we discuss what makes biological Oja’s rule much harder to analyze
compared to the previous approaches for ML Oja’s rule [3]. We study this problem
through the lens of their corresponding continuous dynamics. Observe that, to study
ML Oja’s rule, it suffices to study the following dynamic

dw _
d_tt = diag(\)w; .

The dynamic of the objective function } " , w7;/w7, would be

Yo Wi,
d 1= t,1 n 2 n
w7, =23, Wi, \ 2wy A\
= 1Wi1 + iWt i
3 ’ 2 B
dt w L+ W
t1 i—a Wil

ZTL—Q W?‘
< —2(A\g — ) =2 Bt
< —2(\ 2) Wt2,1

Namely, the continuous dynamic is just a linear ODE with slope being independent
to the value of w;. In comparison, the dynamic of the biological Oja’s rule is the

following.
th’l
dt

> ()\1 — )\Q)Wt,l(l - W),?,l)

where you must use at least two objective functions with different linearizations to
get a tight analysis. Furthermore, for any linearization, there exist some values of w;
that make the improvement extremely small or even vanishing. It is also not obvious
how to choose which two objective functions to analyze unless you are guided by the

continuous dynamics.

We remark that the discussion here only suggests the difficulty of applying previous
techniques of ML Oja’s rule to biological Oja’s rule. It might still be the case that
the two dynamics are coupled but we argue here that even if this is the case, previous

techniques cannot show this.
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A.4 Proof of Lemma [3.7.11

Proof of [Lemma 5.7.11. The proof is basically direct verification using the definition
of &, 7,7 and [Lemma 3.7.10L Let’s first describe V f; ;(ws_1) and V?f, j(ws_1) and

give their corresponding bounds. We have

(F foslwe ) = V) vy (e =

Ws_1,1 Ws—1,1

and all other coordinates are zero. In particular, conditioning on 7;,% > s, we have

IV o5 (W)l = O —) = O(VAN) (A1)

For V2 f, j(ws_1), we have

Iy W1y
(VthJ(stl))l,l —_ 21_2, St,z s 1’2’
Ws-1,1

Xt

V1<i<j, (V2 fe(Weoi))ri = (V2 fri(Weo1))in = T w2
s—1,1

and all other coordinates are zero. In particular, we can rewrite it as linear combina-

tion of three rank one matrices
. . \T . . N\T
2 _ (43,1) (4,1) (4,0) . (4,0) T
Vefij(Weo1) = anxy” /%y + asxy” Xy + azeje;

where A
] —
1 1 Zizg XtiWs—1,i
, Qg = , Qi3 = +

1
w2 w2 w3 w2 |’ and
s—1 s—1 s—1 s—1

A = —

a) (4,a)

ey is the basis vector of first coordinate and XEJZ =x; i1 <i<j, %] =aand it
is zero at all other coordinates. Now we would like to bound the coefficient. Notice

that since n = O(3),

W1 =Ws 1+ NZsi = Ws_1,; + O(Ws_11Xs; + NWs_1,;).

In particular, wy_1; = O(Ws_1; + Ws_11X,s;). Now we can bound the coeflicient
jon] = O( ), las] = O(—) and

A
|043| =0 ( 3 ) .
Ws_11
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In particular, given any vector v, we have

WV fi(weq)v| = ‘04 o x Il ot anvTx70x 0 0y 4 agvTelelTv’
= alxgj’l) vo"xY 4 ozgxgj’o) v %70 4 azeTvvTey ] .
By combining the bound o; = O (WQA ), lvvT|la = |[v||3 and |les]|o, ]|x§j’0)\|2,
s—1,1
x|, < 2, we have
A
<0 (ol (A42)
We_11
Now we are ready to analyze the bounds on A(t) For notational convenience, denote
zs—E[z, | Fs_1] as z, and separate A ; into two terms where A( 1) =V fii(ws_1)" 2z
and Agtj =n*zI'V f; ](ws 1) * Zs. By Cauchy—Schwarz and |[Equation A.4.1], We have

A
AL < 0l szl = O (1

ygzomﬂy

s—1

We also have

|A(t2 | = |772ZTV2ftJ(Ws 1)Z8|

A

_ 2 2

-0 (i lult)
A

=0 (nzwg yg)
s—1,1

= O(n*A%) = O(nA?)

By [Equation A.4.2, we have

Because ||z,]|2 = O(y?), we have

This gives us |1¢,ths,5>sA£2~| = O(nA?). For conditional expectation, we have

‘E[1¢rt>s,s>s tl)|ft) Ch

ant]

- ‘E[1¢,Tt2375>577vft»j(stl)TZS“F(t)l7szt]

: (t 5 ) apd
Notice that we have E[z,| 7"}, 0] = E[x,xTw,_1 — wl_ x,xTw,_1w,_1|FD,,cP).

By [Lemma 3.7.10 applying on x,x! and Cauchy-Schawrtz, we have

<0 (nIIVft,J(Ws 1)||2 = [%sll2) + 1V fos (W) ll2 Wl T)

120



By |[Equation A.4.1| and T = Q(n—}\l), we have

2 /\2
< = A )
<0 ( Tn ) O(n"\A?)

For AS 77, we have

B[y 20 ALY F, €L

= Bl zoeosn2E V2 fug(wo1) 2, FLO, O

Notice we have [|E[Ly ;55552522 | F][l2 = O(y2A1) by|Lemma 3.7.10, Again by—
tion A.4.2) we have

<0 (77293)\1 ) = 0(772)\1/\3).

s—1,1

So we have

E[1y 56 AD|FY, 00

1y Yinit

= O(772/\1A3)

For the last moment bound, fix 2 < j, ' < n. Expanding the definition, we get

E[1¢Tt>sg>5A(t1)At1 +At1)At2)+At2)At1)+At2)At2|f$ .C

zmt] :

For the first term, we have

|E[1¢17't25,§>5A(t Y A(t ) |]:S 15 szt”

= [E[1yr>s655n°V frj(Weo1) ZZEV fr (W) | Faor, CL3|

Notice we have ||E[Ly 5555270 | Fo21, C20 ] |la = O(y2)) by |Lemma 3.7.10|. We have

1 ) Yinat

< OV frg(Wem) 2y MV frr (W) |2)

Since we know ||V fij(Ws_1)||2 = O (ng >, we have
= 0(772/\1A4)

For the second and third term, since they are symmetric, we will only deal with the

second term. We have

|E[1¢17't257§>5A(t g A(t 2 |‘FS 15 szt”

= |]E[1¢,n2s,§>s77 Vft,j(“’s—l) Zszzvzft,j’(ws—l)ZsT|fs—1vCzpnft]|
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By taking the maximum of the AS}I) and combining with [Equation A.4.2| we have

< O(nA? - n* A A?)
= 0(7]3>\1A5) = 0(7]2)\1A4)

For the last term, we can deal with it completely analogously. In particular we have

E[Lyrs0ess ALY A F L CEAT) < OMAZ - P\ A%) = O(PAAY).

8,j 1) Yinit
Combining all the terms, we get

E[Lyrosess A AY | F 00 = O\ AY).

S,

122



Bibliography

[1]

2l

3]

4]

[5]

[6]

17l

8]

19]

[10]

[11]

Larry F. Abbott and Sacha B. Nelson. Synaptic plasticity: taming the beast.
Nature Neuroscience, 3:1178-1183, 2000.

Edgar D. Adrian and Yngve Zotterman. The impulses produced by sensory
nerve-endings: Part ii. the response of a single end-organ. Journal of Physiology,
61(2):151-171, 1926.

Zeyuan Allen-Zhu and Yuanzhi Li. First efficient convergence for streaming
k-pca: a global, gap-free, and near-optimal rate. In 2017 IEEE 58th Annual
Symposium on Foundations of Computer Science (FOCS), pages 487-492. IEEE,
2017.

Vladimir Aparin. Simple modification of oja rule limits /;-norm of weight vector
and leads to sparse connectivity. Neural computation, 24(3):724-743, 2012.

Raman Arora, Andy Cotter, and Nati Srebro. Stochastic optimization of pca
with capped msg. In Advances in Neural Information Processing Systems, pages
1815-1823, 2013.

Joseph J. Atick and A. Norman Redlich. Towards a theory of early visual pro-
cessing. Neural Computation, 2:308-320, 1990.

Joseph J. Atick and A. Norman Redlich. What does the retina know about
natural scenes? Neural Computation, 4:196-210, 1992.

Kazuoki Azuma. Weighted sums of certain dependent random variables. Tohoku
Mathematical Journal, Second Series, 19(3):357-367, 1967.

Stephen A. Baccus and Markus Meister. Fast and slow contrast adaptation in
retinal circuitry. Neuron, 36:909-919, 2002.

Maria-Florina Balcan, Simon Shaolei Du, Yining Wang, and Adams Wei Yu. An
improved gap-dependency analysis of the noisy power method. In Conference on
Learning Theory, pages 284-309, 2016.

Horace B. Barlow. Possible principles underlying the transformations of sensory
messages. pages 217-234. The MIT Press, 1961.

123



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

Guo-qgiang Bi and Mu-ming Poo. Synaptic modifications in cultured hippocampal
neurons: dependence on spike timing, synaptic strength, and postsynaptic cell
type. Journal of Neuroscience, 18:10464-10472, 1998.

William Bialek, Rob de Ruyter van Steveninck, Fred Rieke, and David Warland.
Spikes - exploring the neural code. MIT Press, Cambridge, MA., 1996.

Elie L. Bienenstock, Leon N. Cooper, and Paul W. Munro. Theory for the de-
velopment of neuron selectivity: orientation specificity and binocular interaction
in visual cortex. Journal of Neuroscience, 2(1):32-48, 1982.

Tim V. Bliss and Terje Lgmo. Long-lasting potentiation of synaptic transmis-
sion in the dentate area of the anaesthetized rabbit following stimulation of the
perforant path. Journal of Physiology, 232(2):331-356, 1973.

Hong Chen and Ruey-Wen Lin. An online unsupervised learning machine for
adaptive feature extraction. IEFEE Transactions on Circuits and Systems II:
Analog and Digital Signal Processing, 41(2):87-98, 1994.

Chi-Ning Chou, Kai-Min Chung, and Chi-Jen Lu. On the algorithmic power
of spiking neural networks. In 10th Innovations in Theoretical Computer Sci-
ence Conference, ITCS 2019, January 10-12, 2019, San Diego, California, USA,
pages 26:1-26:20, 2019.

Andrzej Cichocki, Wlodzimierz Kasprzak, and Wladyslaw Skarbek. Adaptive
learning algorithm for principal component analysis with partial data. Cybernet-
ics and Systems Research, pages 1014-1019, 1996.

Pierre Comon and Gene H Golub. Tracking a few extreme singular values and
vectors in signal processing. Proceedings of the IEEE, 78(8):1327-1343, 1990.

Christopher De Sa, Kunle Olukotun, and Christopher Ré. Global convergence of
stochastic gradient descent for some non-convex matrix problems. In Proceedings

of the 32Nd International Conference on International Conference on Machine
Learning - Volume 37, ICML’15, pages 2332-2341. JMLR.org, 2015.

Konstantinos I. Diamantaras and Sun Yuan Kung. Principal component neural
networks: theory and applications. John Wiley & Sons, Inc., 1996.

Serena M. Dudek and Mark F. Bear. Homosynaptic long-term depression in
area cal of hippocampus and effects of n-methyl-d-aspartate receptor blockade.
Proceedings of the National Academy of Sciences of the United States of America,
89:4363-4367, 1992.

Marie Duflo. Random iterative models, volume 34. Springer Science & Business
Media, 2013.

124



[24] Nicolas Fourcaud-Trocmé, David Hansel, Carl van Vreeswijk, and Nicolas Brunel.
How spike generation mechanisms determine the neuronal response to fluctuating
input. Journal of Neuroscience, 23:11628-11640, 2003.

[25] David A. Freedman. On tail probabilities for martingales. The Annals of Prob-
ability, pages 100-118, 1975.

[26] Peter Foldiak. Adaptive network for optimal linear feature extraction. Interna-
tional 1989 Joint Conference on Neural Networks, pages 401-405, 19809.

[27] Tim Gollisch and Markus Meister. Rapid neural coding in the retina with relative
spike latencies. Science, 319:1108-1111, 2008.

[28] Michel Habib, Colin McDiarmid, Jorge Ramirez-Alfonsin, and Bruce Reed. Prob-
abilistic methods for algorithmic discrete mathematics, volume 16. Springer Sci-
ence & Business Media, 2013.

[29] M. Haft and J. Leo van Hemmen. Theory and implementation of infomax filters
for the retina. Network: Computation in Neural Systems, 9(1):39-71, 1998.

[30] Moritz Hardt and Eric Price. The noisy power method: A meta algorithm
with applications. In Advances in Neural Information Processing Systems, pages
2861-2869, 2014.

[31] George F. Harpur and Richard W. Prager. FEzxperiments with simple Hebbian-
based learning rules in pattern classification tasks. Citeseer, 1994.

[32] Donald O. Hebb. The organization of behavior: A neuropsychological theory.
Wiley, New York, June 1949.

[33] John Hertz, Anders Krogh, and Richard G. Palmer. Introduction to the theory
of neural computation. Santa Fe Institute Studies in the Sciences of Complexity;
Lecture Notes, Redwood City, Ca.: Addison-Wesley, 1991, 1991.

[34] Yael Hitron and Merav Parter. Counting to ten with two fingers: Compressed
counting with spiking neurons. 27th Annual European Symposium on Algorithms,
2019.

[35] Alan L. Hodgkin and Andrew F. Huxley. A quantitative description of membrane
current and its application to conduction and excitation in nerve. Journal of
Physiology, 117(4):500-544, 1952.

[36] Kurt Hornik and Chung-Ming Kuan. Convergence analysis of local feature ex-
traction algorithms. Neural Networks, 5:229-240, 1992.

[37] Toshihiko Hosoya, Stephen A. Baccus, and Markus Meister. Dynamic predictive
coding by the retina. Nature, 436:71-77, 2005.

[38] Harold Hotelling. Analysis of a complex of statistical variables into principal
components. Journal of educational psychology, 24(6):417, 1933.

125



[39]

[40]

[41]

42]

[43]

|44]

[45]

[46]

147]

48]

[49]

[50]

[51]

Prateek Jain, Chi Jin, Sham M Kakade, Praneeth Netrapalli, and Aaron Sidford.
Streaming pca: Matching matrix bernstein and near-optimal finite sample guar-

antees for oja’s algorithm. In Conference on learning theory, pages 1147-1164,
2016.

Nicolaos B. Karayiannis. Accelerating the training of feedforward neural net-
works using generalized hebbian rules for initializing the internal representations.
IEFEE transactions on neural networks, 7(2):419-426, 1996.

Stephan R. Kelso, Alan H. Ganong, and Thomas H. Brown. Hebbian synapses
in hippocampus. Proceedings of the National Academy of Sciences of the United
States of America, 83:5326-5330, 1986.

Werner M. Kistler, Wulfram Gerstner, and J. Leo van Hemmen. Reduction of
hodgkin-huxley equations to a threshold model. Neural Computation, 9:1069—
1100, 1997.

Sun-Yuan Kung, Konstantinos I. Diamantaras, and Jin-Shiuh Taur. Adaptive
principal component extraction (apex) and applications. IEEE Transactions on
Signal Processing, 42(5):1202-1217, 1994.

Harold. J. Kushner and Dean S. Clark. Stochastic approzimataon for constrained
and unconstrained systems. Springer, Berlin, 1978.

Jean-Francois Le Gall. Brownian motion, martingales, and stochastic calculus,
volume 274. Springer, 2016.

Tood K. Leen. Dynamics of learning in linear feature-discovery networks. Net-
work, 2(1):85-105, 1991.

Robert A. Legenstein, Wolfgang Maass, Christos H. Papadimitriou, and San-
tosh Srinivas Vempala. Long term memory and the densest k-subgraph problem.
In 9th Imnovations in Theoretical Computer Science Conference, ITCS 2018,
January 11-14, 2018, Cambridge, MA, USA, pages 57:1-57:15, 2018.

Michael S. Lewicki. Efficient coding of natural sounds. Nature Neuroscience,
5(4):356-363, 2002.

Chris Junchi Li, Mengdi Wang, Han Liu, and Tong Zhang. Near-optimal stochas-
tic approximation for online principal component estimation. Mathematical Pro-
gramming, 167(1):75-97, 2018.

Ralph Linsker. Towards an organizing principle for a layered perceptual network.
In D. Z. Anderson, editor, Neural Information Processing Systems, pages 485—
494. American Institute of Physics, 1988.

Jian Cheng Lv, Kok Kiong Tan, Zhang Yi, and Sunan Huang. A family of fuzzy
learning algorithms for robust principal component analysis neural networks.
IEEE Transactions on Fuzzy Systems, 18(1):217-226, 2009.

126



[52] Nancy A. Lynch and Frederik Mallmann-Trenn. Learning hierarchically struc-
tured concepts. arXww preprint arXiv:1909.04559, 2019.

[53] Nancy A. Lynch and Cameron Musco. A basic compositional model for spiking
neural networks. arXiv preprint arXiv:1808.03884, 2018.

[54] Nancy A. Lynch, Cameron Musco, and Merav Parter. Computational tradeoffs
in biological neural networks: Self-stabilizing winner-take-all networks. In §th
Innovations in Theoretical Computer Science Conference, ITCS 2017, January
9-11, 2017, Berkeley, CA, USA, pages 15:1-15:44, 2017.

[55] Nancy A. Lynch, Cameron Musco, and Merav Parter. Neuro-ram unit with
applications to similarity testing and compression in spiking neural networks. In
31st International Symposium on Distributed Computing, DISC 2017, October
16-20, 2017, Vienna, Austria, pages 33:1-33:16, 2017.

[56] Nancy A. Lynch, Cameron Musco, and Merav Parter. Spiking neural networks:
An algorithmic perspective. In Workshop on Biological Distributed Algorithms
(BDA), July 28th, 2017, Washington DC, USA, 2017.

[57] Nancy A. Lynch and Mien Brabeeba Wang. Integrating temporal information to
spatial information in a neural circuit. arXiw preprint arXiv:1903.01217, 2019.

[58] Wolfgang Maass. Lower bounds for the computational power of networks of
spiking neurons. Neural Computation, 8:1-40, 1996.

[59] Erkki Oja. Simplified neuron model as a principal component analyzer. Journal
of mathematical biology, 15(3):267-273, 1982.

[60] Erkki Oja. Principal components, minor components, and linear neural networks.
Neural networks, 5(6):927-935, 1992.

[61] Erkki Oja and Juha Karhunen. On stochastic approximation of the eigenvectors
and eigenvalues of the expectation of a random matrix. Journal of mathematical
analysis and applications, 106(1):69-84, 1985.

[62] Bruno A. Olshausen and David J. Field. Sparse coding with an overcomplete
basis set: A strategy employed by v1? Vision Research, 37(23):3311-3325, 1997.

[63] Shan Ouyang, Zheng Bao, and Gui-Sheng Liao. Robust recursive least squares
learning algorithm for principal component analysis. IEEE Transactions on Neu-
ral Networks, 11(1):215-221, 2000.

[64] Christos H. Papadimitriou and Santosh S. Vempala. Random projection in the
brain and computation with assemblies of neurons. In 10th Innovations in The-
oretical Computer Science Conference (ITCS 2019). Schloss Dagstuhl-Leibniz-
Zentrum fuer Informatik, 2018.

127



[65] Karl Pearson. On lines and planes of closest fit to systems of points in space.
Philosophical Magazine, 2:559-572, 1901.

[66] Cengiz Pehlevan. A spiking neural network with local learning rules derived from
nonnegative similarity matching. In IEEE International Conference on Acous-
tics, Speech and Signal Processing, ICASSP 2019, Brighton, United Kingdom,
May 12-17, 2019, pages 7958-7962, 2019.

[67] Cengiz Pehlevan, Tao Hu, and Dmitri B. Chklovskii. A hebbian/anti-hebbian
neural network for linear subspace learning: A derivation from multidimensional
scaling of streaming data. Neural computation, 27(7):1461-1495, 2015.

[68] Mark D. Plumbley. Lyapunov functions for convergence of principal component
algorithms. Neural Networks, 8(1):11-23, 1995.

[69] Jeanne Rubner and Paul Tavan. A self-organizing network for principal-
component analysis. Europhysics Letters (EPL), 10(7):693-698, 1989.

[70] Terence D. Sanger. Optimal unsupervised learning in a single-layer linear feed-
forward neural network. Neural networks, 2(6):459-473, 1989.

[71] Terrence J. Sejnowski. Storing covariance with nonlinearly interacting neurons.
Journal of mathematical biology, 4:303—-321, 1977.

[72] Ohad Shamir. Convergence of stochastic gradient descent for pca. In Interna-
tional Conference on Machine Learning, pages 257265, 2016.

[73] Lifeng Shang, Jian Cheng Lv, and Zhang Yi. Rigid medical image registration
using pca neural network. Neurocomputing, 69(13-15):1717-1722, 2006.

[74] Robert Shapley and Christina Enroth-Cugell. Visual adaptation and retinal gain
controls. Progress in Retinal Research, 3:263-346, 1984.

[75] Stellos M. Smirnakis, Michael J. Berry, David K. Warland, William Bialek, and
Markus Meister. Adaptation of retinal processing to image contrast and spatial
scale. Nature, 386:69-73, 1997.

[76] Lili Su, Chia-Jung Chang, and Nancy Lynch. Spike-based winner-take-all
computation: Fundamental limits and order-optimal circuits. arXiw preprint
arXiv:1904.10399, 2019.

[77] Christian D. Swinehart and Larry F. Abbott. Dimensional reduction for reward-
based learning. Network: Computation in Neural Systems, 17(3):235-252, 2006.

[78] Taro Toyoizumi, Megumi Kaneko, Michael P. Stryker, and Kenneth D. Miller.
Modeling the dynamic interaction of hebbian and homeostatic plasticity. Neuron,
84(1):497-510, 2014.

[79] Gina G. Turrigiano. The self-tuning neuron: Synaptic scaling of excitatory
synapses. Cell, 135(3):422-435, 2008.

128



[80] Gina G. Turrigiano. Homeostatic synaptic plasticity: Local and global mecha-
nisms for stabilizing neuronal function. Cold Spring Harb Perspective in Biology,
4(1):1-17, 2012.

[81] David Williams. Probability with martingales. Cambridge university press, 1991.

[82] Hugh R. Wilson and Jack D. Cowan. Excitatory and inhibitory interactions in
localized populations of model neurons. Biophysical journal, 12(1):1-24, 1972.

[83] Hugh R. Wilson and Jack D. Cowan. A mathematical theory of the functional
dynamics of cortical and thalamic nervous tissue. Kybernetik, 13(2):55-80, 1973.

[84] Lei Xu, Erkki Oja, and Ching Y. Suen. Modified hebbian learning for curve and
surface fitting. Neural Networks, 5(3):441-457, 1992.

[85] Wei-Yong Yan. Stability and convergence of principal component learning al-
gorithms. SIAM Journal on Matriz Analysis and Applications, 19(4):933-955,
1998.

[86] Wei-Yong Yan, Uwe Helmke, and John B. Moore. Global analysis of oja’s flow
for neural networks. IEEE Transactions on Neural Networks, 5:674-683, 1994.

[87] Zhang Yi, Mao Ye, Jian Cheng Lv, and Kok Kiong Tan. Convergence analysis
of a deterministic discrete time system of oja’s pca learning algorithm. [FEFE
Transactions on Neural Networks, 16(6):1318-1328, 2005.

[88] Pedro J. Zufiria. On the discrete-time dynamics of the basic hebbian neural
network node. IEEE Transactions on Neural Networks, 13(6):1342-1352, 2002.

129



	Introduction
	Processing of temporal information
	Oja's rule and sensory adaptation
	Summary

	Static Neural Circuit: Processing of Temporal Information
	Introduction
	Model
	Problem Statement
	Main Theorems

	First Consecutive Spikes Counting
	First Stage: Counter Network
	Second Stage: Capture Network
	Wrap up

	Total Spikes Counting
	Mod 4 Counter Network
	TSC Network
	Wrap up

	Time Lower Bound for FCSC and TSC
	Discussion and Future Directions

	Plastic Neural Circuit: Oja's Rule and Sensory Adaptation
	Introduction
	Biological Oja's rule and streaming PCA
	Our results
	Technical overview
	Related works

	Preliminaries
	Notations
	Probability toolbox
	ODE toolbox
	Approximation toolbox

	Analyzing the Continuous Version of Oja's Rule
	Continuous Oja's rule is deterministic
	One-sided versus two-sided linearization

	Main Results
	Preprocessing
	A reduction to the diagonal case
	Bounded conditions of Oja's rule

	Local Convergence: Starting With Correlated Weights
	Linearization and ODE trick centered at 1
	Concentration of noise and pulling out the stopping time
	Interval Analysis
	Continual Learning

	Global Convergence: Starting From Random Initialization
	Initialization and the main stopping time
	Bounding the stopping time p, 
	Linearization and ODE trick centered at 0
	Concentration of noise
	Interval Analysis
	Combining Theorem 3.7.29 with the local analysis

	Discussion and Future Directions
	Biological aspects
	Algorithmic aspects

	Contribution Statement

	Appendix
	Oja's Derivation for the Biological Oja's Rule
	Details of the Linearizations in Continuous Oja's Rule
	Why the Analysis of ML Oja's Rule Cannot be Applied to Biological Oja's Rule
	Proof of Lemma 3.7.11


