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Abstract. The lack ci expressive power of temporal logic as a specification language can be
compensated to a ceriain extent by the introduction of powerful, high-level temporal operators,
which are difficult to understand and reason about. A more natural way to increase the expressive
power of a temporal specification language is by introducing conceptual siate variables, which are
auxiliary (unimplemented) variables whose values serve as an abstract representation of the
internal state of the process being specified. The kind of specifications resulting from the latter
approach are called conceptual state specifications.

This paper considers a central problem in reasoning about conceptual state specifications: the
problem of proving entailment between specifications. A technique, based on the notion of
simulation between machines, is shown to be sound for proving entailment. A kind of completeness
resuit can also be shown if specifications are assumed to satisfy well-formedness conditions. The
role played by entailment in proofs of correctness is illustrated by the problem of proving that
the concatenation of two FIFO buffers implements a FIFO buffer.

1. Imntroduction

A process’ can be characterized in terms of the possible histories of its accesses
to variables. A specification describes a process by stating properties that are required
to hold of all possible histories for that process. As has been shown by a number
of authors [2, 3, 6, 10, 15], such process specifications cai be expressed as sentences
in linear-time temporal logic. One of the difficulties with temporal logic as a
specification language is that, at least in the most basic formulations, it is lacking
in expressive power. This lack of expressive power can be compensated to a certain
extent by the introduction of a number of powerful temporal operators such as
until, chop or combine, and iterated combine [3, 17]. However, these operators do
not permit one’s intuitive understanding of the desired process behavior to be
formalized in the most direct and natural way, and also make reasoning about the
resulting specifications more difficult.

An alternative to the use of powerful temporal operators is the technique of
conceptual state specification. In a conceptual state specification, the behavior of a
process with respect to a collection of program variables is specified with the help
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of a collection of conceptual state or auxiliary variables, whose values serve as an
abstract representation of the internal state of the process. Conceptual state variables
appearing in a specification are not intended to be implemented; their introduction
serves merely to increase the expressive power of the temporal logic. A process
satisfies a conceptual state specification if every computation of that process can
be augmented or “explained” through the addition of a history of values for the
conceptual state variables, in such a way that the temporal sentence comprising the
specification is satisfied.

In contrast to specifications involving the use of powerful temporal operators,
conceptual state specifications appear to be a rather direct and natural way to
formalize an intuitive understanding of the desired process behavior. For example,
a conceptual state specification of a FIFO buffer process B directly formalizes an
informal description that begins: “Imagine that process B contains an internal
variable queue, whose value at any instant records the sequence of messages input
to the buffer but not yet output...,” and continues with a description of the initial
state of a buffer process, the kinds of state transitions that may be taken by a buffer
process, and a collection of liveness properties that must be satisfied. Conceptual
state specifications generally do not require the use of temporal operators other
than “henceforth,” “eventually,” and “next,” because conceptual state variables,
rather than temporal formulas, are used to summarize the past history of module
behavior.

The basic idea of conceptual state specifications is not new, having been proposed
previously in various forms by a number of authors. Yonezawa [18] describes a
specification method that uses “conceptual representations,” to specify behaviors
in the actor model of computation. The history variables of Hailpern and Owicki
[6] can be viewed as a kind of conceptual state variables, whose values represent
the sequences of values passed between processes up until a particular instant.
Lamport [ 10] describes a specification technique in which a specification is permitted
to refer to a collection of indeterminate state functions, whose values summarize the
state of a process. The style of specification that results is essentially similar to the
conceptual state style illustrated in this paper. However, to show that a particular
process satisfies a specification, it is necessary to provide definitions of the state
functions in terms of the impiemented process state. It would therefore appear that
Lamport views state functions as playing more than just an auxiliary role.

Although conceptual siate specifications seem to be a natural way to describe
process behavior, it is not quite as clear how to perform reasoning with them as it
is in the case of ordinary temporal specifications. The somewhat nonstandard
appearance of the quantifier ““there exists a history for the conceptual state variables
such that” in the definition of what it means for a process to satisfy a specification
causes a certain amount of difficulty. A central problem in reasoning with conceptual
state specifications is the problem of proving an entailment or logical implication

between two specifications, which in general involve different sets of conceptual
state variables.
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This paper introduces the notion of conceptual state specifications, defines what
it means for the entailment relation to hold between two conceptual state
specifications, and develops a technique for proving that this relation holds. We are
able to show a kind of completeness result for our technique, which states that a
true entailment relation can always be proved, assuming the specifications ir,volved
satisfy certain well-formedness conditions that can be independently checked. The
technique is illustrated by considering the problem of proving that the tandem
connection of two FIFO buffers again implements a FIFO buffer.

Our entailment proof technique makes use of the concept of a simulation between
machines, and can be viewed as a generalization of the standard representation
Junction, abstraction function, or interpretation techniques for proving an implementa-
tion relationship between an abstract data type and its concrete representation
[4,7,8]. If an abstract data type is viewed as a process, whose communications
correspond to invocations of operations of the data type, then standard techniques
are capable of proving only safety or invariance properties. In contrast, our technique
permits both safety properties and liveness or eventuality properties to be proved.
The technique used by Goree and Lynch [5, 11] in a hierarchical proof of invariance
properties of a concurrency control algorithm can also be viewed as a special case
of the technique presented here.

The results of this paper are a reformulation of results reported in [16]. In that
document, a number of processes are specified using the conceptual state technique,
and several correctness proofs are performed using the technique described here.
Experience with these examples forms the basis of the author’s opinion that concep-
tual state specifications are a natural specification method that can support the
systematic construction of correctness proofs by the techniques described here.

2. Processes

In this scc’"on we define a mathematical model of processes, in which the notion
of process is identuied with that of certain sets of histories, where each history
records the acce:ses t9 variables made during a particular system execution. In the
next section, conceptual state specifications will be defined, and it will be shown
how a conceptual state specification is satisfied by a process.

Our model is based on the intuitive conception of a system of concurrently
executing sequential processes that interact through changes to the values of shared
variables. Only one process is permitted to access each particular variable at any
given instant of time. Although we find the shared variable assumption convenient
for this paper, it is not essential for the results, and in fact can easily be replaced
by a message-passing model, or a model in which processes interact by synchronized
communication.

We will represent the computation of such a system of processes in terms of the
history of values taken on by the variables. In addition, we will always be describing
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a computation from the vantage of a distinguished process in the system, and our
representation of computations will include information about which variables were
accessed at each instant of time by the distinguished process, and which were
accessed by the environment of that process. The presence of this information in
the model allows us to obtain composable temporal specifications [3].

There is a nonstandard feature of our model that requires some prior explanation.
Below we will define a history to be a certain kind of function from the nonnegative
real line to a set of events. We will then define the semantics of our temporal logic
language in terms of these “continuous” histories, rather than in terms of discrete
sequences as is usually done. A consequence of our approach is that the “next-state”
operator O becomes meaningless, and we replace it with the somewhat weaker
notions of “before” and “after” states. The reason for making these nonstandard
definitions is to obtain a temporal logic whose sentences are incapable of distinguish-
ing between histories that are identical except for ocrurrences of “null events,” in
which no changes are made to the values of variables. The formal statement of the
property we require is the Projection Lemma (Lemma 3.1). Ordinary formulations
of temporal logic iz terms of discrete sequences do not satisfy the Projection Lemma.

To begin our formal treatment, we assume the existence of a universe ¥ of program
variables, and a universe U of values. If V< ¥, then a V-state is a function q: V- 4.
If g is a V-state, q' is a V'-state and U< Vn V', then define g = q' if g(u) = q'(u)
forall ue U. If g =y~ v q, then define the join g L1 q' to be the unique (VU V’)-state
rsuchthatr =yqand r =y q'. If g is a V-state and U < V, then define the projection
wu(q) to be the unique U-state q' such that ¢’ = q.

Definition 2.1 (Event). A V-event is a pair e = (¢, é, €), where e and & are V-states,
called the before state and the after state, respectively, and é is a subset of V, called
the access set of e. The event e is a null event if é=0 and é=e.

We extend the =, notation to events by defining e = e’ if e = €', € =y &', and
én U=¢n U. The notations L and oy ( ) can then be extended to events in an
obvious way.

Intuitively, a V-event records the results of a single step of execution, viewed
from the vantage of a particular process, say P, in a system. The before state e of
a V-event e records the values of the variables V “just before” the step in question,
and the after state & records the values of the variables “just after” the step in
question. The access set € records the set of variables accessed by the process in
the step. Changes to the values of variables in é are attributed to the action of
process P. Changes to the values of variables not in € are attributed to the action
of the environment of process P. Access sets are a refinement of, and serv= the same
purpose as, the environment and process actions of [3].

Definition 2.2 (History). Let 2 be the set of nonnegative real numbers. A V-histoiy
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is a function x from ®" to V-events, with the following property: for all te ®*,
there exists an £ >0 such that

(1) x(¢)=x(t")=x(¢t) and £(¢')=@ for all e R* with t—e<t'<1t,

(2) x(t)=x(t')=x(¢') and £(¢')=0 for all e R* with t<t'<t+e.

We extend the notations =, L, and 7y( ) to histories in the obvious way.

Intuitively, a V-history is a record of all steps that occur during a single execution
of a process, along with their times of occurrence. The two requirements state that
each instant of time at which a nonnull event occurs is surrounded by an interval
of time during which only null events occur. These requirements intuitively corre-
spond to the idea that processes execute at a finite rate, and formally ensure that
histories have a certain local finiteness property, as we now show.

Define a subset TS R* to be locally finite if T I is finite whenever I is a
bounded interval of R*. Note that a locally finite set T always has a unique
enumeration as an increasing sequence, viz. 1, <t, <- - -, and if the set T is infinite,
then this sequence is unbounded.

Lemma 2.3. Suppose x is a V-history. Then the set of all te R* for which x(t) is
nonnull is locally finite. '

Prooi. Suppose not, then there is some bounded interval I = ®*, such that x(¢) is
rneanull for infinitely many ¢ € I. We can assume without loss of generality that I
1 closed. Since the closed, bounded subsets of &% are compact, it follows that
{i e I:x(t) nonnull} has an accumulation point, say ¢, in I Then ¢, is also an
accumulation point of one of the sets {¢' < fo: x(¢') nonnull} or {#' > t,: x(¢) nonnulil}.
Suppose the former, the argument for the latter case is symmetric. Then for all £¢>0
there exists a t'e (t,—¢, t,) with x(#') nonnull. This is in contradiction with the
definition of a history. [

Lemma 2.4. Given an infinite locally finite set T = {t, < t,<- - -} with t,= 0, a sequence
dos 41 - - - of V-states, and a sequence U,, U,, ... of subsets of V, there corresponds
a unique V-history x such that x(t,) = {qi, Ui, qi+:) for all k, and x(t) = (qx+1, 0, Gi+1)
for all k and all t € (1, t,.,). Conversely, if x is a V-history, then there exists a set T,
a sequence qo, q, - . . of V-states, and a sequence Uy, U,, ... of subsets of U with the
stated properties.

Proof. Given T, qq, q,,..., and Uy, U,,..., the stated properties uniquely define
a function x from ®&* to V-events, which is easily seen to be a V-history.
Conversely, suppose x is a V-history. Then the infinite set

T={0,1,2,...}u{te R*:x(t) nonnull}

is locally finite by Lemma 2.3. Suppose T ={f,<t,<- - ‘}. A straightforward argu-
ment, which we omit, making use of the compactness of the closed, bounded subsets
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Definition 2.5 (Process). A V-pracess is a :et of V-histories.

It should be noied that, although we hav . here defined a process to be an arbitrary
set of V-histories, not every such set shou!:: be regarded as computable or realizable
in the sense that it is the behavicr of a process definition expressed in a particular
concurrent programming language. For example, the empty set of histories is
evidently not realizable since any program must have at ieasi one execution. in
general, we will have in mind a particular sabset of all processes, which we call the
realizable processes, and which are the processes denotableina paﬁlculaf prograim-
ming language under consideration. The definition of entailment between
specifications, and subsequent results based on this definition, should then be
relativized to the set of realizable processes. Since this relativization introduces
certain complications which are inessential for the purposes of this paper, we suppose
here that every process is realizable. The reader is referred to [16] for an attempt
to address the general situation.

3. Conceptual state specifications

As a concrete medium in which to express conceptual state specifications, we
define, for each set of variables V, a corresponding first-order temporal logic 7(V),
whose sentences are interpreted as properties of V-histories. The language J(V) is
syntactically similar to other linear-time temporal logics [9, 12, 14], containing the
temporal operators [1 (henceforth) and < (eventually). However, we do not permit
the use of the next-state operator O, since the notion of the “next” state is (by
design) meaningless for histories. We draw a distinction between program variables,
which are those in V and which cannot be bound by quantifiers, and logical variables,
which are drawn from a set X, disjoint from V, and which are permitted to be bound
by quantifiers.

In a temporal formula, we refer to the state portion of a history through the use
of program variables in terms. A program variable v € V can appear i~ a term only
in the form p, which denotes the value of a program variable just before the current
instant, or in the form &, which denotes the value of v just after the curresit instant.
Through the use of the v and ¥ constructs, we obtain some, but not all, of the
expressive power normally provided by the O operator. We refer to the access set
portion of a history through the use of special predicates , of which there is one
for each program variable v € V. The predicate 7 is true iff the variable v is accessed
by the process under consideration at the current instant.
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To avoid issues concerning the possibility of expressing various functions and
relations on the underlying universe %, we assume that for each function or relation
there is a corresponding function or relation symbol in the language 7(V).

The precise syntax of (V) is as follows.

Terms
\.) If ve V is a program variable, then v and ¥ are terms.
(2) If xe X is a logical variable, then x is a term.
(3) If f is an n-ary function on % and ¢,,..., !, are terms, then f(¢,...1,) is a
term, where f is the function symbol corresponding to f

Formulas
(1) If ve V is a program variable, then  is a forinula.
(2) If r is an n-ary relation on % and ¢,,...,t, are terms, then r(¢,...¢,) is a
formula, where r is the relation symbol corresponding to r.
(3) If ¢, ¢ are formulas and v e X is a logical variable, then -1, o A¢ and (3v)¢
are formulas.
(4) If ¢ is a formula, then (¢ is a formula.

Additional logical connectives, universal quantification, and < are treated as
defined constructs in the usual way.

To define the semantics of J(V), we first define the meaning of a term ¢ to be a
function that takes a V-event e and an X-state ¢ to a value t(e, q).

Terms
(1) v(e, q) = e(v); t(e, q) =&(v).
(2) x(e, g)=4q(x).
3 fh....)eq)=/(t(eq),...,t{e q)).

We next define the satisfaction relation = between a V-history x, an X-state g,
and a formula ¢ of 7(V).

Formulas
(1) x, g&= 1 iff ve £(0).
(2) x,q=r(t,...t,) iff r(t,(x(0),9),...,t.(x(0), q)) holds.
(3) x,q=¢ iff x,q ¢; x,qF @Ay iff x,qF¢ and x,qF¢; X, gE=(3v)e iff
there exists g’ with ¢’ =x_(, g such that x, g'F ¢.
(4) x,q=0e iff, for all te R*, x¥, qF= @, where x'" is the history x' such that
x'(t)Y=x(t+¢) for all e R".

As usual, if ¢ is 2 sentence (a formula with no free logical variabies), then whether
x, = ¢ holds is independent of g, and we may write x = ¢ without ambiguity. We
say that a sentence ¢ is valid, and we write =¢ if xF= ¢ holds for all V-histories x.

By interpreting sentences of 7 ( V) over “continuous” histories, rather than discrete
sequences as is usually done, we easily obtain the following result. It is crucial in
what follows.
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Lemma 3.1 (Projection Lemma). Suppose V and U are sets of variables, with Uc V.
If ¢ is a sentence of I(U) and x is a V-history, then

mu(x)F o iff xF o,
where the satisfaction on the left is taken in I (U) and that on the right is taken in T (V).

Proof. By induction on formulas—straightforward. [l

Definition 3.2 (Conceptual State Specification). A conceptual state specification is a
three-tuple S=(V, C, ¢), where V is a set of interface variables, C is a set of
conceptual state variables disjoint from V, and ¢ is a sentence of the temporal
language J(Vu C). »

A V-process P satisfies a conceptual state specification S=(V, C, ¢) (in which
case we write P= S) if to each V-history x € P there corresponds a C-history y such
that (xL1y)F= .

Thus, a process satisfies a conceptual state specification iff every history in the
process can be augmented or “explained” by the addition of a history for the
conceptual state variables, in such a way that the temporal sentence in the
specification is satisfied.

Lemma 3.3. Suppose S=(V, C, ¢) is a conceptual state specification. Suppose P, P’
are V-processes such that P< P'. If P'E= S, then PE=S.

v roof. Obvious. O

4. Example: a buffer specification

As a concrete example of a conceptual state specification, we treat the problem
of specifying the behavior of a process that behaves as an unbounded FIFO buffer.
Later we will consider the problem of proving that the tandem connection of two
FIFO buffers is again a FIFO buffer. This example, although trivial from a practical
point of view, nevertheless exhibits most of the interesting theoretical issues.

4.1. Informal buffer specification

A buffer process has two interface variables: in and out, which we assume take
their values in the set Au{Ll}. The set A is the set of values that the buffer process
is capable of buffering, and L is a special value, denoting undefined, which plays
an impeortant role in the protocol by which the buffer process communicates with
its environment. The variable in is used for receiving values to be buffered from a

producer process, and the variable out is used for outputting values to a consumer
process.
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The behavior of a buffer process can be described with the heip of a single
conceptual state variable queue, whose values are finite sequences of elements of
A, representing the sequence of values stored in the buffer. The specification is
divided into three parts: a part describing the initial conditions that hold at the start
of execution, a part describing state-transition information, which is concerned with
the step-by-step evolution of the values of the variables, and a part describing
liveness properties.

For the buffer process, the initial conditions state merely that the value of queue
is the empty sequence.

It is convenient to organize the state-transition part of the buffer specification by
classifying each state transition that can occur as an instance of a certain kind of
event. There are three kinds of events that can occur during the execution of a buffer
process. The first kind of event is an input event in which a value, say a, is read
from the external variable in, the value of in is reset to L, and the value of the
conceptual state variable queue is changed by appending a at the end. When an
input event occurs, the variable out is not accessed by the buffer process.

The second kind of event is an output event in which a value, say a, is removed
from the conceptual queue, and written into the output variable out. It is required
that the variable out have value L before an output event can occur. When an output
event occurs, the variable in is not accessed by the buffer process.

The third kind of event is an environment event, which can occur at any time, in
which any change at all to the variables in and out is permitted, but in which the
conceptual state variable queue does not change. The buiier process does not access
the variables in and out during an environment event—rather, such an event rep-
resents a possible access of these variables by the environment of the buffer process.

There are two liveness conditions that must be satisfied by a butfer process: one
associated with the assimilation of input values, and one associated with the
production of output values. The first liveness condition states that if the variable
in assumes a non-L value and retains this value for a sufficiently long time, then
eventually an input event will occur. The second liveness condition states that if
the internal queue of the buffer process is ever nonempty, and the variable out
assumes the value L and retains this value for a sufficiently long time, then eventually
an output event will occur. Together thesc conditions ensure that the buffer process
eventually transmits values from producer to consumer, if possible.

4.2. Formal bufffer specification

The informal description of the behavior of a buffer process given above can be
formalized as a conceptual state specification:

S=({in, out}, {queue}, ¢p.(in, out, queue)),
where

©our (iD, OUt, queue) = y,.c(in, out, queue) A 7, (in, out, queue) A Ay ¢ (in, out, queue),
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Your(i; 0, 9) = q =(),
Tour (i, 0, ¢) =0 (Ievent(i, o, q) v Qavewt(i, o, ¢) v Nevent(j, o, q)),
Awur(i, 0, ) =00(0(3 # L)>Olevent(y, o, g))
AO(g#()a0(e = 1)>Qevent(j, o, q)),
and
Ievent(i, 0, q) = iA0Ai#LAT~ NV B KA
Oevent(i, 0, q) = 6/\‘1ng #()a 0~ rf~uil(q) » 6 =head(q),
Nevent(i, 0, q) = -1?/\—16/‘17 =4q.

The functions head and tail are the obvious fynctions on sequences.

The sentence vy, (in, out, queue) expresses the condition that the conceptual state
variable queue has the empty sequence as its valy¢ in an initial state.

The sentence T,,¢(in, out, queue) asserts that, for all instants of time, an event
appearing in a history for a buffer process must &ither be an input event, an output
event, or an environment event, as discussed gbove,

The sentence Ap,c(in, out, queue) expresses the liveness properties mentioned
above.

The lengthiness of the specification is primarily due to the fact that we have to
say explicitly when a variable is unchanged 45 2 result of an event, as well as how
the values of variables change. For more compler pracesses, it is useful to introduce
notational conventions to shorten the state-tranajtion part of a specification. Lam-
port’s “Allowed Changes” notation [10] is av esymple of the kind of abbreviations
that can be made.

S. Proving entailment

In this section, we define the notion of entsilment between conceptual state
specifications, and consider the problem of how to prove that a conceptual state
specification S =(V, C, ¢) entails a conceptual stute specification §'=(V, C’, ¢').

Definition 5.1 (Eniailment). A conceptual stava specification S=(V, C, ¢) entails a
conceptual state specification §'=(V, C’, p) (and we write S S') if every process
that satisfies S also satisfies S'.

Intuitively, one would expect it to be possibia ¢ perform a proof that Sk S’ by
proving a certain implication in temporal lagj¢. Yhe evident implication is ¢ 2 ¢'.
Although the validity of this implication (tsken in the language 7(Vu Cu C')) is
sufficient to imply that Sk §', it is not necessary, and in fact is much too strong a
condition to be useful in practice. The reason is that knowing ¢ holds of a
(VU Cu C')-history tells us nothing abany the relationship between the values of
the C-variables and the values of the C”"-varjables. This relationship will clearly be
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important, in general, for proving that ¢’ holds. We would like to find weaker
sufficient conditions for S= S, which if not necessary, are at least of practical utility.

In thic QAM=An wa chnawr that it ic in fant ennfRatant ta RBund tammennonl caménmana
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and p\ corresponding to “machines” M and M’, such that the temporal implica-

tions @ D up and up A @ A p D @ are valid. Here p is a temporal sentence derived
from a “simulation relation” from M to M’, which expresses the correspondence

S wiive

between the states of M and those of M'. The snmulatlon relation p is a generalization
of, and serves a purpose similar to, the abstraction functions or representation functions
used in proofs of implementation relationships between abstract data types [4, 7, 8].

Lemma 5.2. Suppose S=(V,C,¢) and S'=(V,C',¢') are conceptual state
specifications. Then S&= S’ iff to each V-history x and C-history y such that (x i y)E @,
there corresponds a C’-history y' such that (x Ly')=¢'.

Proof. Suppose that to each V-history x and C-history y such that (x L1 y) = ¢ there
corresponds a C’-history y’ such that (x uy')F ¢’. Assume Pk S; then to each
V-history x € P there corresponds a C-history y such that (x L1 y) = ¢. By hypothesis,
there exists a C’-history y’ such that (x s y') = ¢’. Since this is true for all xe P, it
foiiows that P=S'.

Conversely, suppose SE=S'. If x is a V-history and y is a C-history such that
(x L y)E ¢, then the singleton V-process P ={x} satisfies S. Since Sk §’, it must
also be the case that P~ S'. This implies the existence of a C’-history y’ such that
(xuy)ee'. O

Next, we define the kind of nondeterministic machine that wiil be used in our
entailment proof technique. Such a machine consists of an “initial state relation,”
which specifies the states in which computation is permitted to start, and a “state
transition relation,” which specifies the events that are permitted to occur. Condition
(1) of the definition below says that a machine must have an initial state correspond-
ing to any given assignment of values to interface variables. Condition (2) says that
itis always possible for a machine to execute a null event (i.e., do nothing). Condition
(3) is a technical condition which ensures that access information for conceptual
state variables is essentially irrelevant in a computation. We impose this condition
because conceptual state variables are unimplemented auxiliary variables, for which
access information is meaningless.

Definition 5.3 (Machine). Suppose V and C are disjoint finite sets of variables.
A (V, C)-machine is a pair M = (yp, 7a), Where vy, is a unary relation on (Vu
C)-states, called the initial state relation and 7, is a unary relation on (Vu
C)-events, called the transition relation, such that the fcllowing conditions are
satisfied:

(1) For all V-states g, there exists a C-state r such that yy (gL r) holds.

(2) For all V-states q and all C-states r, Ty (qur, @, qur) holds.
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(3) For all V-states qo, q,, all C-states ro, ;, and all subsets U, U’ of VU C, if
UAV=U'nYV, then my(gou 1o, U, q,uny) bolds iff 7y(goLtre, U', i)
holds.

The temporal sentence corresponding to a (V, C)-machine M =y, 7u) is the

sentence pp of T(Vu C) defined by

pm = (YU C)ADm(VUC, VU, VU O).

Here ym(V U C) denotes the formula, involving the terms p for each ve VU C,
corresponding to the initial state relation yu, and 7 (YU C, Vu €, Vu €) denotes
the formula, involving the terms v, d for each ve VU C, and the predicates # for
each ve Vu C, corresponding to the transition relation 7.

A computation of a (V, C)-machine M is a (Vu C)-history xu1y such that
(xuy)E pm.

We next define the notion of a ‘“simulation” from a machine M, with interface
variables V and conceptual state variables C, to a machine M’ with the same set
of interface variables, but a disjoint set C’ of conceptual state variables. Intuitively,
a simulation relates states of M to corresponding states of M’ so that the initial
state and state transition relations are preserved in a certain fashion.

Definition 5.4 (Simulation). Suppose M is a (V, C)-machine, and M'is a (V, C')-
machine, where CnC’'=0. A simulation from M to M’ is a relation pc
V-states X C-states X C'-states such that the following hold:
(1) For all V-states p and C-states q, if yy»(puLgq) holds, then there exists a
C'-state q' such that y,(pLiq”) and p(p, q, q’) hold.
(2) For all V-states p, p’, C-states g, q', all U < V, and all C’-states r, if p(p, q, r)
and 7v(pugq, U,p'Liq’) hold, then there exists a C’-state r' such that
p(p',q',r') and ry(puir, U, p'usr’) hold.

The following is the main technical lemma used in the proof of the Entailment
Theorem below. Intuitively, it says that the existence of a simulation from M to
M’ ensures that for each computation of M we can obtain a computation of M’,
in such a way that the two computations can be combined into a single “joint
computation” for which the simulation relation invariantly holds.

Lemma 5.5. Suppose M is a (V, C)-machine and M' is a (V, C')-machine. Suppose
p is a simulation from M to M'. Then, to each computation x L1 y of M, there corresponds
a computation x L y' of M' such that

(xuyuy)=Op(Y, C, C)AOp(V,C, C).

Proof. Suppose xuL y is a given computation of M. By Lemma 2.4, there exists an
infinite locally finite set T={t,<t,<--:} with £,=0, a sequence po, p;,... of
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V-states, a sequence qo, 4, ... of C-states, and a sequence U,, U,, ... of subsets
of (VUC) such that x(&)=(pcU g, Uk, Prs1UGr+y) for all k and x(2)=
(Pr+1U Gu+1, 0, Prv1 L Gicsr) forall kand all € (4, 6.+,). Since x iy isa computation
of M, we know that vy (qo) holds and 75(gy, Uk, gi+1) holds for all k.

It is now a simple matter to construct by induction, using the defining properties
of a simulation, a sequence gg, g, ... of C’-states, such that yp(poLi1g5) holds,
and p( px, gx, qi) and 7p(pi LI gk, U AV, presy L1 gisy) hold for all k. Define U} =g
for all k. Then an application of Lemma 2.4 to the set T and sequences
Us, Ui, ..., 40, 41, - . yields a C-history y' such that x1y' is the desired computa-
tion of M'. O

The following result gives our technique for proving entailment between concep-
tual state specifications.

Theorem 5.6 (Entailment Theorem). Suppose S=(V, C, ¢) and S'=(V, C', ¢') are
conceptual state specifications, with C n C'={. Suppose we can find a (V, C)-machine
M, a (V, C')-machine M', and a simulation p from M to M’ such that the implications

@ :”‘Ma
pm A AOp(Y, C, CYAOp(V,C,C) o ¢’
are valid. Then SE=S'.

Proof. Suppose M, M’', and p have the stated properties. By Lemma 5.2 above, we
need only show that, to each V-history x and C-history y such that (xuy)Fe.
there corresponds a C'-history y' such that x L1y’ ¢’'. Given x and y such that
xu yF= @, we know from the first hypothesized implication that (x L y) = uy,. Since
p is a simulation, Lemma 5.5 gives us a y’ such that x L y'= u,, and

(xuyuy)=0p(Y, C, C)AOp(V, C, ).
By the Projection Lemma, ‘
(xuyuy)eEppmneaOp(Y, C, C)aOp(V, G, C).

By modus ponens and the second implication assumed valid by hypothesis, it
follows that (xuyuy')=¢'. Applying the Projection Lemma again gives us
(xuy)=¢'. O

6. Example: tandem connection of two buffers

This section illustrates the role played by the Entailment Theorem in a proof that
the tandem connection of two FIFO buffers correctly implements a FIFO buffer. Let

@0 = @uur(in, inout, queue,),
©1= @yyr(inout, out, queue, ),

@Pabs = @pur(in, Out, queune,y,;).
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Let S be the conceptual state specification
({in, out, inout}, {queue,, queue,}, JConsis({inout}) A ¢y A ¢,),

which is the specification satisfied by the tandem connection of two buffer processes.
Here the formula Consis(U), for a finite set of variables U, is given by
Consis(U)= A (md>d=yp).
velU
Intuitively, the formula [Consis({inout}) states that if the variable inout is not
accessed in an event by one of the two buffer processes, then its value does not
change in that event. This corresponds to the idea that the variable inout is an
internal variable used for communication between the two buffer processes, and is
hidden from access by the external environment.
Let S’ be the specification

({im, out, inout}, {queue,ys}, @avs),

which, if satisfied by an {in, out, inout}-process P, implies that the projection of P
to the variable set {in, out} satisfies the buffer specification.

To prove the correctness of the implementation, we must prove that the entailment
S S’ holds. To apply the Entailment Theorem, we must determine the machines
M and M’, find a simulation p from M to M’, and prove the validity of two
implications in temporal logic.

The factorization of the buffer specification into initial conditions, state-transition
conditions, and liveness conditions obviously suggests an M and M’. Define

YM = Your(in, inout, queue,) A y,,-(inout, out, queue, ),
TM = Tpur(in, inout, queune,) A 7,,¢(inout, out, queune,) A Consis({inout}),
Ym = Your(in, out, queue,y;),  7a= Toyue(in, out, queue,).

It is straightforward to check that M and M’ are, in fact, machines, and that the
implications

OConsis({inout}) A poA @D ppy and  @aps 2 pprr

are valid.

Next, we must define a relation p, and show that it is a simulation from M to
M'. The appropriate p is the one that says that the abstract queue is the concatenation

of the two component queues, with the value of inout in between if that value is
not 1.

p(inout, queue,,, queue,, queue, )
= (inout = 1 Squeue,,, = queue, - queue,)

A (inout # 1 Squeue,,, = queue, - inout - queue,).
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The proof that p is a simulation involves a case analysis based on the different

possible combinations of input, output, and environment events that are permitted
y the transition relations 7,; and 7, .. The details are stra ightforward but tedious,

L AR LA aVaa aiRA Kaa-= % EAY mwLieriD AW U

and are omitted. In general, the construction of the simulation p is the part of the
proof that requires insight; once this relation has been constructed, the enumeration
of the various cases in the conditions required for p to be a simulation, and the
construction of the proof for each case, are systematic tasks that are within the
ability of automatic or semi-automatic theorem-proving programs.

To complete the proof of correctness of the buffer implementation, we must prove

the implication

(‘Ln: A D ({i, “t}) A@a A (Dn D (

( t}) | O t, quene,, queue, , queue,.)
¥ vz ,r v Ll -7 "B vy 7 avud/s

A0 p(inout, qUeUE, , qUETE; , QUEE,p,)) = Pabss
or equivalently,

(m A pae A QO p(inout, queue,, queue, , queue,,;)

AOp(inout, queune,, queue, , queue,,,))
O (Apur(in, inout, queue,) A Ay (inout, out, queue,)
3 Apyue(in, out, queue,.)).

The intuitive content of this implication is that every “joint computation” of M and
M’', whose ‘““M-part” satisfies the specification for the tandem connection of two
FIFO buffers, and whose M-part and M'-part are related by the simulation relation
p, also has the property that its M'-part satisfies the specification of a FIFO buffer.

This proof can be performed, for example, by the proof iatiice techniques of
Owicki and Lamport [13]. We omit the details.

7. A completeness result

The sufficient conditions given by the Entailment Theorem for proving an entail-
ment are not necessary, in general. However, if we assume the specifications involved
satisfy certain well-formedness conditions, we can show that the proof technique
given by the Entailment Theorem is complete in the sense that a proof can always
be found when an entailment holds.

Definition 7.1 (Regularity). Suppose M is a (V, C)-machine, and A is a sentence
of 7(Vu C). We say that A is regular with respect to M if for all computations
xuy xuy of M, xuyEA iff xuy'EA.

Intuitively, if A is regular with respect to M, then whether a computation x Lty
of M satisfies A depends only upon x, and not upon the particular choice of history
for the conceptual state variables.



Intuitively, for a quasi-determinate machine, the particular choice of conceptual
state history made on an initial segment of a computation does not affect whether
or not that computation can be completed to generate a particular history x for the
interface variables.

Intuitively, A is dense in M if every computation of M is arbitrarily close (w.r.t.
a metric that measures the length of agreement of prefixes) to a computation of M
that satisfies A.

a

Theorem 7.4 (Compieteness Theorem). Suppose
S=(V,C,pmnrr) and S'=(V,C',pm L")

are conceptual state specifications, with C, C' disjoint. Suppose that A is dense in M,
and that A’ is regular with respect to the guasi-determinate machine M'. If S&= S’, then

there exists a simulation p from M to M', and the implication

P ' =

PM’I\ 'LM nNn - n
is valid.
pl'ges. Sun“\neﬂ M;fﬂu n-\_ and ':_-l-u' Y Wa firct chaw that 20 .. a s . a2 ™)/
- n yyvow ave N ,, "v S\ 4Va ‘ ’ ? 4 ,l VYV W L3500 DIAV Y RLiLlGLV P‘M' ”n FM AN A Taadit ] 3
is valid. To show thic. sunnase that ¥ ic a V.histarv v ic 2 C-hictorv and v’ is a
S vaiid. 10 show tnis, suppose that x 1s a V-history, y1s a C-nistory, and y 1s a
C’-history such that

(xuyuy)eE mar A pa A A

Then (xwy)E up AA and (x L1 y') = up,- by the Projection Lemma. By Lemma 5.2
and the assumption that S S’, there exists a C’-history y” such that (x L y") = s A
A’. The regularity of A’ with respect to M’ implies that (x Liy')E= A" iff (xL1y")EA’,
so we conclude that (x 1 y')=A". It follows by the Projection Lemma that (x iy
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If p is a V-state, g is a C-state, and q' is a C'-state, then define p(p, q, r) to hold
iff the pair (pug, pur) is jointly reachable.

We claim that p is a simulation from M to M'. To show this, we must show two
things:

(1) For all V-states p and C-states g, if yp(puLiq) holds, then there exists a

C'-state q' such that y,(puL1q’) and p(p, g, q') hold.

(2) For all V-states p, p’, all C-states q, q’, all U< V, and all C'-states r, if
p(p, q,r) and 7y(pLag, U, p'Lig’) hold, then there exists a C’-state 7’ such
that p(p', ¢', r') and 7y (puir, U, p'Lir’) hold.

To show (1), suppose p is a V-state and q is a C-state such that vy, (p L1 g) holds.
Then since M' is a machine, there exists a C’-state r such that y,,(puir) holds.
Since the pair (puLi g, puir) is jointly reachable, it follows that p(p, g, r) holds.

To show (2), suppose p(p, q, r) and 7,(puLiq, U, p'L1q’) hold. Then, by definition
of p, the pair (pLig, p i r) is jointly reachable. We can therefore obtain a sequence
U, Uy,..., U,_, of subsets of V, a sequence p,, p;, ..., p. Of V-states, a sequence
dos 91, - - - » qn Of C-states, and a sequence ro, I, . . . , I, of C'-states such that p, = p,
4. =4 ra=", Ym(PoL1 qo), and yar(poLiro) hold, 7as(pi LI qus Uk, Pr+11 Gi+1) and
7aa( Pic Ui Ty Uiy Prs1 U Iy hold for all k with 0< k=<n-—1, and p(px, gx, 1) holds
for all k with O0<k=n.

Extend the sequences p; and g; to infinity by defining p, =p' and g;=q’ for all
i > n. Extend the sequence U, to infinity by defining U, = U and U; =@ for all i> n,
and extend the sequence r; to infinity by defining r; =r, for all i> n. Define the
sequences p/ and U/ so that p,=p, and U= U, for0<i<n, and p;=p, and U; =9
for i=n. Then

Tz ( P U Gy Ui, Prr1U Qi) and 7y picim, Ul Pic+1U Tict1)

hold for all k.
Let T={0,1,2,...}. Then by Lemma 2.4, T and the sequences Uy, pi, and g
uniquely determine a V-history x, and a C-history y, such that

Xo(k) L yo(k) = (px L gks Uk, Prs1 U Gk+y) forall ke T,
and

xo(t) L Yo(t) = (Pt U Gr15 0, Prcer ' Gr+1)
for all ke T and all te (&, t+1)-

Similarly, the sequences U}, pi, and r, uniquely determine a V-history xo and a
C'-history y4, which have the additional property that (xoL1 yo){f) = (X0 yo)(?) for
all t€[0, n). By construction, (xoL yo) = par and (xoL1 yo) = s

Intuitively, the computation x, L1 y, of M is a computation that begins in an initial
state, reaches the state p L1 g before time n, performs the event (pLig, U,p'L1q’) at
time n, and then subsequently performs null events. The computation xgL1 yo of M’
is a computation that begins in an initial state, reaches the state pLi7 before time
n, in a way that is related by p to the way in which pLig is reached by M, and
performs null steps subsequently. What we wish to show is that M ' can perform a
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transition to the state p'Li v’ at time n, corresponding to the transition to the state
p'u g’ that M petforms at time n in XpL! yo.

By the assumption that A is dense in M, there exists a (VU C)-history (x;11y1)
such that x,() L y,(¢) = xo(#) L1 yo(2) for ail ¢€[0, n], and such that (x,L1y,)F pm A
A. This implies that the singleton process {x,} satisfies S. By the assumption that
Sk S, {x;}=S', and hence there exists a C'-history y such that (x, Liy}) = usm A A"

We now know that (x, L y))E par, (X611 y0)E par, and x,(2) = xg(¢) for all te
[0, n). By the quasi-determinacy of M’, there exists a C'-history y> such that
(x; L1y3) = pag and y3(2) = yi(t) for te[0, n).

Since (x;U1y5)E par, it follows that 7a(x,(n) L1 y5(n)) holds. Since x,(n)=p,
% (m=p', £i(n)=U, and yj(n)=r, it follows that y>(n) has the property that
m(pur, U, p'uij5(n)) holds, and hence is the desired state r'. [

The previous result is not the strongest possible completeness result that one
might wish for since it dces not assert the existence of the machines M and M'.
Rather, it assumes that the specifications have been presented in such a way that
M and M’ are made explicit. A better completeness result would show that it is
possible to choose M to be a “smallest” machine such that A © u,, is valid, and
M’ to be a certain “maximal” machine for A'. Such a result is apparently not true
for the general set-up considered in this paper. For example, it can be shown that,
to each temporal sentence A that satisfies a “strong satisfiability” condition, there
corresponds a “smallest” machine M such that =A > u,,. However, it is not always
the case that A is dense in M. Obtaining a “maximal” machine M’ corresponding
to A’ such that M’ is quasi-determinate and A’ is regular with respect to M’ seems
at least as problematic. Perhaps, though, by imposing suitable restrictions on the
temporal specification language, a result along these lines could be obtained. Alpern
and Schneider [1] have obtained similar completeness results in a set-up where
temporal properties are specified as “property recognizers,” which are similar to
Biichi automata.

8. Summary

We have introduced the notion of a conceptual state specification, which is a
kind of temporal logic specification in which conceptual state variables are intro-
duced to increase the expressive power of the temporal language. We have defined
the notion of entailment between conceptual state specifications, and have obtained
a proof technique for establishing the entailment relationship. The proof technique
can be viewed as a generalization of standard techriques for proving the correctness
of implementations of abstract data type. We showed that if the specifications
involved are assumed to satisfy certain well-formedness conditions, then true entail-
ment relations can always be established by our technique. The use of the technique
was illustrated by a simple example.
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The combination of the Entailment Theorem and the Completeness Theorem
above suggests a disciplined approach to the use of conceptual state specifications.
In particular, a conceptual state specification ought to be presented in “factored”
form, where one factor (conjunct) is the temporal sentence corresponding to a
machine, and the other factor expresses liveness properties (which cannot be
expressed in machine form). Furthermore, the machine and liveness properties
should be quite tightly related in that the liveness properties are regular with respect
to, and dense in, the machine. Finally, the machine part should be quasi-determinate,
which means that it does not permit very much freedom in the choice of the
conceptual state history corresponding to any given history for the interface variables.

We are therefore led to the following definition.

Definition 8.1 ( Well-formedness). A well-formed conceptual state specification is of
the form S=(V, C, uap A A), where A is regular with respect to, and dense in, the
quasi-determinate machine M.

Note that well-formedness is a property that can be verified about a specification
in isolation, and it is possible to show the buffer specifications of the previous
section to be well-formed. In general, the behaviors of many processes are naturally
specified by well-formed conceptual state specifications. Exceptions are processes
like a lossy buffer process, which behaves like a FIFO buffer except that it is
permitted to lose values. Such a process is naturally specified by a conceptual state
specification much like the lossless buffer specification presented here, except the
occurrence of an input event can result either in no change to the internal queue
(the value is lost), or to be added to the end of the queue (the value is destined for
transmission). The machine derived from this specification is not quasi-determinate.
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