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Several probabilisti simulation relations for probabilisti systems are
de ned and evaluated a ording to two riteria: ompositionality and preservation of \interesting" properties. Here, the interesting properties of a system are
identi ed with those that are expressible in an untimed version of the Timed Probabilisti on urrent Computation Tree Logi (TPCTL) of Hansson. The de nitions
are made, and the evaluations arried out, in terms of a general labeled transition
system model for on urrent probabilisti omputation. The results over weak simulations, whi h abstra t from internal omputation, as well as strong simulations,
whi h do not.
Abstra t.

1. Introdu tion

Randomization has been shown to be a useful tool for the solution of problems in distributed systems [2, 3, 15℄. In order to support reasoning about
probabilisti distributed systems, many resear hers have re ently fo used on
the study of models and methods for the analysis of su h systems [4, 6, 8, 26,
29, 30℄. The general approa h that is taken is to extend to the probabilisti
setting those models and methods that have already proved su essful for
non-probabilisti distributed systems.
In the non-probabilisti setting, labeled transition systems have be ome
well a epted as a basis for formal spe i ation and veri ation of on urrent and distributed systems. (See, e.g., [21, 22℄.) A transition system is
an abstra t ma hine that represents either an implementation (i.e., a physi al devi e or software system), or a spe i ation (i.e., a des ription of the
required properties of an implementation). In order to extend labeled transition systems to the probabilisti setting, the main addition that is needed
is some me hanism for representing probabilisti hoi es as well as nondeterministi hoi es [8, 26, 30℄.
In the non-probabilisti setting, there are two prin ipal methods that are
used for analyzing labeled transition systems: temporal logi (e.g. [25℄),
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whi h is used to establish that a system satis es ertain properties, and
equivalen e or preorder relations (e.g., [9, 21, 22, 24℄), whi h are used to establish that one system \implements" another, a ording to some notion of
implementation. Ea h equivalen e or preorder preserves some of the properties of a system, and thus the use of a relation as a notion of implementation
means that we are interested only in the properties that su h a relation preserves.
Among the equivalen es and preorders that have proved most useful are
the lass of simulation relations, whi h establish step-by-step orresponden es between two systems. Bisimulation relations are two-dire tional relations that have proved fundamental in the pro ess algebrai setting. Unidire tional simulations, su h as re nement mappings and forward simulations, have turned out to be quite su essful in formal veri ation of nonprobabilisti distributed systems [12, 20, 21℄. Thus, it is highly desirable to
extend the use of simulations to the probabilisti setting.
In this paper, we de ne several extensions of the lassi al bisimulation and
simulation relations (both in their strong and weak versions), to the probabilisti setting. There are many possible extensions that ould be made; it is
important to evaluate the various possibilities a ording to obje tive riteria. We use two riteria: ompositionality and preservation of \interesting"
properties. The rst requirement, ompositionality, is widely a epted sin e
it forms the basis of many modular veri ation te hniques.
To make sense of the se ond requirement, it is ne essary to be spe i
about what is meant by an \interesting" property. Here, we identify the
interesting properties of a system with those that are expressible in an untimed version (PCTL) of the Timed Probabilisti on urrent Computation
Tree Logi (TPCTL) of Hansson [8℄; as dis ussed in [8℄, this logi is sufiently powerful to represent most of the properties of pra ti al interest.
Thus, our se ond evaluation riterion is based on the types of PCTL formulas that a relation preserves. For the weak relations, i.e., the ones that
abstra t from internal omputation, we use a new version of PCTL, alled
WPCTL, whi h abstra ts from internal omputation as well.
We de ne and evaluate our simulation relations in terms of a new general
labeled transition system model for on urrent probabilisti omputation,
whi h borrows ideas from [8, 30℄. The model distinguishes between probabilisti and nondeterministi hoi es but, unlike the Con urrent Markov
Chains of [8, 30℄, does not distinguish between probabilisti and nondeterministi states. A probabilisti automaton is a labeled transition system
whose transition relation is a set of pairs (s; P), where P is a dis rete probability distribution over (a tion, state) pairs and a spe ial symbol Æ, representing deadlo k. If the distribution P is only over pairs with thea same
a tion, then a transition is alled simple and an be denoted by s ! P 0 ,
where P 0 is a dis rete probability distribution over states. The separation
between nondeterministi and probabilisti behavior is a hieved by means
of adversaries (or s hedulers), that, similar to [8, 26, 30℄, hoose a next transition to s hedule based on the past history of the automaton. In our ase,
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di erently from [8, 26, 30℄, we allow an adversary to hoose the next transition randomly. Indeed, an external environment that provides some input
essentially behaves like a randomized adversary.
Our rst major result is that randomized adversaries do not hange the
distinguishing power of PCTL and WPCTL. Intuitively, the main reason
for this result is that PCTL and WPCTL are on erned with probability
bounds rather than exa t probabilities.
We then rede ne the strong bisimulation relation of [16℄ in terms of our
model, and also de ne a strong simulation relation that generalizes the simulation relation of [13℄, strengthening it a bit so that some liveness is preserved. We show that strong simulation preserves PCTL formulas without
negation and existential quanti ation. Next, we generalize the strong relations by making them insensitive to probabilisti ombination of transitions,
i.e., by allowing probabilisti ombination of several transitions in order to
simulate a single transition. The motivation for this generalization is that
the ombination of transitions orresponds to the ability of an adversary to
hoose the next transition probabilisti ally. Our se ond main result is that
the new relations, alled strong probabilisti bisimulation and strong probabilisti simulation , are still ompositional and preserve PCTL formulas and
PCTL formulas without negation and existential quanti ation, respe tively.
Similar to the strong ase, we de ne new relations that abstra t from
internal omputation and we show that they preserve WPCTL. However,
the straightforward generalization of the strong probabilisti relations, although ompositional, does not guarantee that WPCTL is preserved. For
this reason we introdu e two other relations, alled bran hing probabilisti bisimulation and bran hing probabilisti simulation , whi h impose new
restri tions similar to those of bran hing bisimulation [7℄. Our third main result is that bran hing probabilisti bisimulation and bran hing probabilisti
simulation are ompositional and preserve WPCTL formulas and WPCTL
formulas without negation and existential quanti ation, respe tively, up to
a ondition about divergen es.
The rest of the paper is organized as follows. Se tion 2 de nes the standard
automata of non-probabilisti systems; Se tion 3 introdu es our probabilisti
model; Se tion 4 introdu es PCTL, de nes its semanti s in terms of our
model, and shows that the distinguishing power of PCTL does not hange by
using randomized adversaries; Se tions 5, 6 and 7 study the strong and weak
relations on our probabilisti model, and show how they preserve PCTL
formulas; Se tion 8 ontains some on luding remarks and further work.
2. Automata

An automaton A onsists of four omponents: a set states (A) of states,
a nonempty set start (A)  states (A) of start states, an a tion signature
sig(A) = (ext (A); int (A)) where ext (A) and int (A) are disjoint sets of ex-
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ternal and internal a tions, respe tively, and a transition relation trans (A) 
states (A)a ts (A)states (A), where a ts (A) denotes the set ext (A)[int (A)

of a tions. Thus, an automaton is a state ma hine with labeled transitions.
Its a tion signature des ribes the interfa e with the external environment
by spe ifying whi h a tions model events that are visible from the external
environment and whi h ones model internal events.
An exe ution fragment of an automaton A is a ( nite or in nite) sequen e of alternating states and a tions starting with a state and, if the
exe ution fragment is nite, ending in a state, = s0a1s1 a2s2   , where
ea h (si ; ai+1; si+1 ) is a transition of A. Denote by fstate ( ) the rst state
of and, if is nite,
denote by lstate ( ) the last state of . Furthermore, denote by frag  (A) and frag (A) the sets of nite and all exe ution
fragments of A, respe tively. An exe ution is an exe ution fragment whose
rst state is a start state. Denote by exe (A) and exe (A) the sets of nite
and all exe utions of A, respe tively. A state s of A is rea hable if there
exists a nite exe ution of A that ends in s. A nite exe ution fragment
1 = s0 a1 s1    an sn of A and an exe ution fragment 2 = snan+1 sn+1   
of A an be on atenated . In this ase the on atenation, written 1 a 2 , is
the exe ution fragment s0a1s1    ansnan+1 sn+1   . An exe ution fragment
1 of A is a pre x of an exe ution fragment 2 of A, written 1  2 , if
either 1 = 2 or 1 is nite and there exists an exe ution fragment 01 of
A su h that 2 = 1 a 01 .
3. The Basi

3.1 Probability Spa es

Probabilisti

Model

Most of our de nitions rely on the notion of a probability spa e, whi h is
used to denote whi h events an be observed and what are their probabilities.
A probability spa e is a triplet ( ; F ; P ) where is a set, F is a olle tion
of subsets of that is losed under omplement and ountable union and
su h that 2 F, and P is a fun tion from F to [0; 1℄ su h that P [ ℄ = 1
and for any olle tion fCP
i gi of at most ountably many pairwise disjoint
elements of F, P [[iCi℄ = i P [Ci℄.
The set is alled the sample spa e and ontains the obje ts that we
want to analyze. For example = [0; 1℄. The set F is alled the -algebra
and ontains the subsets of that we an measure, also alled events . For
example F an be the set of measurable sets of [0; 1℄ a ording to Lebesgue.
Finally, P is alled the probability measure and is a fun tion that asso iates a
measure with ea h element of F. For example, P an asso iate ea h element
of F with its Lebesgue measure.
A probability
P spa e ( ; F ; P ) is dis rete if F = 2 and for ea h C  ,
P [C ℄ =
P [fxg℄. It is immediate to verify that for every dis rete
x2C
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probability spa e there are at most ountably many points with a non-zero
probability measure. Given a set X , we denote by Probs (X ) the set of
dis rete probability spa es ( ; F ; P ) whose sample spa e is a subset of X .
The Dira distribution over an element x, denoted by D(x), is the probability spa e with a unique element x.
Throughout the paper we denote a probability spa e ( ; F ; P ) by P. As
a notational onvention, if P is de orated with indi es and primes, then the
same indi es and primes arry to its elements. Thus, Pi0 denotes ( 0i; Fi0 ; Pi0 ).
The produ t of two dis rete probability spa es ( 1; F1 ; P1 ) and ( 2; F2 ; P2 ),
denoted by ( 1; F1 ; P1 ) ( 2; F2 ; P2 ), is the dis rete probability spa e ( 1 
2 ; 2 1  2 ; P ), where P [(x1 ; x2 )℄ = P1 [x1 ℄P2 [x2 ℄ for ea h (x1 ; x2 ) 2 1  2 .
In other words, the produ t of two dis rete probability spa es P1 ; P2 is a
new probability spa e that des ribes the operation of pi king an element at
random from P1 and P2 independently.
3.2 Probabilisti Automata
Definition 1. A probabilisti automaton M
onsists of four omponents:
a set states (M ) of states, a nonempty set start (M )  states (M ) of start
states, an a tion signature sig(M ) = (ext (M ); int (M )) where ext (M ) and
int (M ) are disjoint sets of external and internal a tions, respe tively, and a
transition relation
trans (M )  states (M )  Probs ((a ts (M )  states (M )) [ fÆg);
where a ts (M ) denotes the set ext (M ) [ int (M ) of a tions.
A probabilisti automaton M is simple if for ea h transition (s; P) of
trans (M ) there is an a tion a of a ts (M ) su h that  fag states (M ). In
su h a ase a transition an be represented alternatively as (s; a; P 0 ) where
P 0 2 Probs (states (M )), and it is alled a simple transition with a tion a.
A probabilisti automaton is fully probabilisti if it has a unique start state
and from ea h state there is at most one transition enabled. 2
Thus a probabilisti automaton di ers from an automaton in that the a tion
and the next state of a given transition are hosen probabilisti ally. The
symbol Æ that an appear in the sample spa e of ea h transition represents
those situations where a system deadlo ks. Thus, for example, it is possible
that from a state s a probabilisti automaton performs some a tion with
probability p and deadlo ks with probability 1 p.
A simple probabilisti automaton does not allow any kind of probabilisti
hoi e on a tions. On e a transition is hosen, then the next a tion is
determined and the next state is given by a random distribution.
A fully probabilisti automaton is a probabilisti automaton without nondeterminism; at ea h point only one transition an be hosen.
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An ordinary automaton is a spe ial ase of a probabilisti automaton where
ea h transition leads to a Dira distribution; the generative model of probabilisti pro esses of [6℄ is a spe ial ase of a fully probabilisti automaton;
simple probabilisti automata are partially aptured by the rea tive model
of [6℄ in the sense that the rea tive model assumes some form of nondeterminism between di erent a tions. However, the rea tive model does not
allow nondeterministi hoi es between transitions involving the same a tion. By restri ting simple probabilisti automata to have nitely many
states, we obtain obje ts with a stru ture similar to that of the Con urrent
Labeled Markov Chains of [8℄; however, in our model we do not need to
distinguish between nondeterministi and probabilisti states. In our model
nondeterminism is obtained by means of the stru ture of the transition relation. This allows us to retain most of the traditional notation that is used
for automata.
An exe ution fragment of a probabilisti automaton M
is a ( nite or in nite) sequen e of alternating states and a tions starting
with a state and, if the exe ution fragment is nite, ending in a state,
= s0a1s1a2 s2   , where for ea h i there exists a probability spa e P
su h that (si; P) 2 trans (M ) and (ai+1 ; si+1) 2 . Denote by frag  (M ) and
frag (M ) the sets of nite and all exe utions fragments of M , respe tively.
An exe ution is an exe ution fragment whose rst state is a start state. Denote by exe  (M ) and exe (M ) the sets of nite and all exe utions of M ,
respe tively.
An extended exe ution (fragment) of M is either an exe ution fragment
of M , or a sequen e = s0a1s1    ansnÆ su h that s0a1 s1    ansn is an
exe ution (fragment) of M . 2
Even though we have de ned exe utions for a probabilisti automaton, for
the study of the probabilisti behavior of a probabilisti automaton, some
more detailed stru ture is needed. Su h a stru ture, whi h we all a probabilisti exe ution , is introdu ed in Se tion 3.3.
The next de nition shows how it is possible to ombine several transitions of a probabilisti automaton into a new one. Informally, a ombined
transition leaving from a state s is obtained by hoosing a transition that
leaves from s probabilisti ally, and then behaving a ording to the transition
hosen. Combined transitions play a fundamental role for the de nition of
probabilisti adversaries and the de nition of our probabilisti simulations.
Definition 2.

Definition 3. Given a probabilisti automaton M , a
nite or ountable
set fPigi of probability distributions of Probs
((
a
ts
(
M
)
states
(M ))[f
P
P Æg),
and a weight pi > 0 for ea h i su h that i pi  1, the ombination i piPi
of the distributions
fPi gi is P
the probability spa e P su h that

Æ = [[ii ii [ fÆg ifif Pi ppii =< 11
i
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Æ F =2
Æ for ea h (a; s) 2 , P [(a; s)℄ = Pfij(a;s)2 i g piPi[(a; s)℄
Æ if Æ 2 , then P [Æ℄ = (1 Pi pi) + PfijÆ2 i g piPi [Æ℄.
A pair (s; P) is a ombined transition of M if there exists a nite or ountable
f(s; Pi )gi and a set of positive weights fpigi with
P family of transitions P
p

1,
su
h
that
P
=
i
i
i pi Pi . Denote by trans (M ) the set of ombined
transitions of M . 2
For notational onvenien e we write s a!
P whenever there is a simple
a
transition (s; a; P) in M , and we write s !C P awhenever there is a simple
ombined transition (s; a; P) in Ma. We write s ! whenever there exists a
probability spa e P su h that s ! P.
We now turn to the parallel omposition operator, whi h is de ned in
the CSP style [11℄, i.e., by syn hronizing two automata on their ommon
a tions. As outlined in [8℄, it is not lear how to de ne a parallel omposition
operator for general probabilisti automata that extends the CSP operator of
ordinary automata; thus, we only de ne it for simple probabilisti automata.
Two simple probabilisti automata M1 and M2 are ompatif
(1) int (M1 ) \ a ts (M2 ) = ;, and
(2) int (M2 ) \ a ts (M1 ) = ;.
The parallel omposition M1kM2 of ompatible simple probabilisti automata M1 and M2 is the simple probabilisti automaton M su h that
(1) states (M ) = states (M1 )  states (M2 )
(2) start (M ) = start (M1 )  start (M2 )
(3) ext (M ) = ext (M1 ) [ ext (M2 )
(4) int (M ) = int (M1 ) [ int (M2 )
(5) ((s1 ; s2); a; P) 2 trans (M ) i P = P1 P2 , su h that
(a) if a 2 a ts (M1 ) then (s1 ; a; P1 ) 2 trans (M1 ), else P1 = D(s1),
and
(b) if a 2 a ts (M2 ) then (s2 ; a; P2 ) 2 trans (M2 ), else P2 = D(s2). 2
Our analysis in this paper will fo us on simple probabilisti automata, and
we use general probabilisti automata only for the analysis of probabilisti
s hedulers. Several systems an be des ribed as simple probabilisti automata. A probabilisti Turing Ma hine where we assume that ea h ell
of the random tape is instantiated when it is read for the rst time is a
simple probabilisti automaton with a unique a tion, say  , whose states
are the instantaneous des riptions of the given ma hine; an algorithm that
at some point an ip a oin or roll a di e an be represented as a simple
probabilisti automaton where the ipping and rolling operations are simple transitions. If the out ome of a oin ip or di e roll a e ts the external

Definition 4.

ible
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behavior of the automaton, then the ip and roll a tions an be followed
by simple transitions whose a tions represent the out ome of the random
hoi e. We emphasize that if we introdu e an input/output distin tion as
in [20℄, then it is possible to ompose general probabilisti automata under
the onditions that their input a tions appear only in simple transitions. A
similar observation appears in [31℄.
3.3 S hedulers and Adversaries

Several papers in the literature use s hedulers, sometimes viewed as adversarial entities, to resolve the nondeterminism in probabilisti systems
[5, 8, 17, 30℄. An adversary (or s heduler) is an obje t that s hedules the
next transition based on the past history of a probabilisti automaton. The
next transition an be hosen probabilisti ally.
An adversary for a probabilisti automaton M is a fun tion
A taking a nite exe ution fragment of M and returning a ombined
transition of M that leaves from lstate ( ). Formally, A : frag (M ) !
trans (M ) su h that if A( ) = (s; P), then s = lstate ( ). An adversary
is deterministi if on input it returns either transitions of M or the pair
(lstate ( ); D(Æ)), i.e., the next transition is hosen deterministi ally. Denote
the set of adversaries for a probabilisti automaton M by Advs (M ). 2
Observe that Æ an appear in the ombined transitions hosen by an adversary. Su h an option is useful when the a tions enabled from some state
are meant to model input from the external environment and the adversary
plays the role of an environment that is not providing any input.

Definition 5.

Definition 6. An adversary s hema for a probabilisti automaton M , denoted by Advs , is a subset of Advs (M ). If Advs is a proper subset of
Advs (M ) then Advs is a restri ted adversary s hema , otherwise Advs is
a full adversary s hema . 2
Adversary s hemas are used to redu e the power of a lass of adversaries.
Note, for example, that the set of deterministi adversaries is an example of
a restri ted adversary s hema whenever M is not fully probabilisti . Other
examples of restri ted adversary s hemas are sets of adversaries that base
their hoi es only on partial knowledge of the past history. We refer the
reader to [1, 19℄ for examples of analysis of distributed algorithms based on
restri ted adversary s hemas.
In this paper, in order to guarantee some minimal liveness, we impose a
di erent restri tion on our adversaries. Spe i ally, we denote by Padvs (M )
the adversary s hema where ea h adversary an hoose Æ with a non-zero
probability on input i there is no transition enabled in M from lstate ( ),
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and we denote by Dadvs (M ) the set of deterministi adversaries of Padvs (M ).
In other words, our adversaries must s hedule something whenever something an be s heduled.
We next de ne what it means for a probabilisti automaton to run under
the ontrol of an adversary. Namely, suppose that M has already performed
some nite exe ution fragment and that an adversary A starts resolving
the nondeterminism at that point. The result of the intera tion between
M and A is a fully probabilisti automaton, alled a probabilisti exe ution ,
where at ea h point the only transition enabled is the transition due to the
hoi e of A. A similar onstru tion appears in [30℄. Unfortunately, the
de nition of a probabilisti exe ution is not simple sin e ea h state ontains
the past history of M .
Definition 7. A probabilisti exe ution fragment H of a probabilisti automaton M is a fully probabilisti automaton su h that
(1) states (H )  frag  (M ).
(2) for ea h transition ( ; P) of H there exists a ombined transition
(lstate ( ); P 0 ) of M , alled the orresponding ombined transition ,
su h that
0 = f(a; s)j(a; as) 2 g [ (fÆg \ ); and
P 0 [(a; s)℄ = P [(a; as)℄
for ea h (a; s) 2 0. If q = lstate ( ), then denote P by PqH and denote
( ; P) by tr Hq .
(3) ea h state of H is rea hable and enables one transition.
A probabilisti exe ution of M is a probabilisti exe ution fragment of M
whose start state is a start state of M . 2
Condition (1) says that the states of a probabilisti exe ution H ontain
the past history of M ; Condition (2) ensures that the transitions of H are
derived from transitions of M by in luding the history in the new states
that are rea hed; Condition (3) is just te hni al to eliminate useless states
and to handle Æ uniformly. Observe that a state q may enable a transition
(q; D(Æ)).
Now we an de ne formally what it means for a probabilisti automaton
M to run under the ontrol of an adversary A.

Given a probabilisti automaton M , an adversary A for M ,
and a nite exe ution fragment of M , the exe ution H (M; A; ) of M
under adversary A with starting fragment is the unique probabilisti exeution fragment of M whose start state is and su h that for ea h state q,
if (q; P) 2 trans (H (M; A; )), then the orresponding ombined transition
of (q; P) is A(q). 2

Definition 8.
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3.4 Events

We de ne a probability spa e ( H ; FH ; PH ) for ea h probabilisti exe ution
fragment H , so that it is possible to analyze the probabilisti behavior of
a probabilisti automaton on e the nondeterminism is removed. This onstru tion is slightly di erent from the onstru tion presented in [28℄.
First of all, we observe that there is a strong orresponden e between the
extended exe ution fragments of a probabilisti automaton and the extended
exe utions of one of its probabilisti exe ution fragments. We express this
orresponden e by means of an operator "q0H that takes an extended exeution fragment of M and gives ba k the orresponding extended exe ution
of H , and # that takes an extended exe ution of H and gives ba k the
orresponding extended exe ution fragment of M .
Then, the sample spa e H an be de ned as the set of extended exeutions of M that orrespond to omplete extended exe ution fragments
of H , where an extended exe ution of H is omplete i it is either innite or = 0 Æ and Æ 2 Hlstate( 0 ) . For ea h nite extended exe ution fragment of M , let C , the one with pre x , be the set f 0 2
 0g, and let CH be the lass of ones for H . The probability
H j
H (C ) of the one C is the produ t of the probabilities asso iated with
ea h edge that generates in H . Formally, let q0 be the start state of H ,
and let s0 be lstate (q0 ). If = q0as0a1 s1    sn 1ansn, then H (C ) =4
PqH0 [(a1 ; q1 )℄    PqHn 1 [(an ; qn )℄, where ea h qi is q0 as0 a1 s1    ai si, and if =
4 H
q0 as0 a1 q1    qn 1 an qn Æ, then H (C ) =
Pq0 [(a1 ; q1 )℄    PqHn 1 [(an ; qn )℄PqHn [Æ℄,
where ea h qi is de ned as before. In [27℄ it is shown that there is a unique
measure H that extends H to the - eld (CH ) generated by CH , i.e.,
the smallest - eld that ontains CH . FH is then obtained from (CH )
by extending ea h event with any set of extended exe utions taken from 0probability ones, and PH is obtained by extending H to FH in the obvious
way. With this de nition it is possible to show that any union of ones (even
un ountable) is measurable. In fa t, at most ountably many ones have a
non-zero measure.
Examples of events are the o urren e of a spe i nite exe ution , whi h
is C , and the o urren e of a spe i a tion a, whi h an be represented
as the union of ones C su h that a tion a o urs in .
In our analysis of probabilisti automata we are not interested in events for
spe i probabilisti exe utions. Whenever we want to express a property,
we want to express it relative to any probabilisti exe ution. This is the
purpose of event s hemas.
An event s hema e for a probabilisti automaton M is a
fun tion that asso iates an event of FH with ea h probabilisti exe ution
fragment H of M . 2
An example of an event s hema is the fun tion that asso iates with ea h

Definition 9.
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probabilisti exe ution fragment H the event of performing a spe i a tion

a.

4. Probabilisti

Computation Tree Logi

In this se tion we present the logi that is used for our analysis, and we
give it a semanti s based on our model. It is a simpli ation of the Timed
Probabilisti on urrent Computation Tree Logi (TPCTL) of [8℄, where,
unlike in [8℄, we do not onsider time issues. Then, we show that randomized
adversaries do not hange the distinguishing power of the logi .
Consider a set of a tions ranged over by a. The syntax of PCTL formulas
is de ned as follows:
f ::= a j :f j f1 ^ f2 j J Af
f1 EU p f2 j f1 AU p f2 j f1 EU >p f2 j f1 AU >p f2
Informally, the atomi formula a means that a tion a is the only one that
an o ur during the rst transition of a probabilisti automaton and that
a tion a must indeed o ur; the formula J Af means that f is valid for a
probabilisti automaton M after making the rst transition invisible; the
formula f1 EU p f2 means that there exists an adversary su h that the
probability of f2 eventually holding and f1 holding till f2 holds is at least
p; the formula f1 AU p f2 means that the same property as above is valid
for ea h adversary. For example, the property that under any s heduling
poli y a tion a o urs eventually with probability at least 1=2 is expressed
by the formula true AU 1=2 a, where true an be expressed by the formula
:(a^:a). For the formal semanti s of PCTL we need two auxiliary operators
on probabilisti automata.
Let M be a probabilisti automaton, a an a tion of M , and s a state of
M . Then M [(a; s)℄ is a probabilisti automaton obtained from M by adding
a new state s0, adding a new transition (s0; a; D(s)), and making s0 into the
unique start state. In other words M [(a; s)℄ for es M to start with a tion a
and then rea h state s.
!
Let M be a probabilisti automaton. Then M is obtained from M by
adding a dupli ate of ea h start state, by making
the dupli ate states into
the new start states, and, for ea h transition s a! P of M where s is a start
state, by adding a transition s0 ! P from the dupli ate s0 of s, where  is
an
internal a tion that annot o ur in any PCTL formula. In other words
!
M makes sure that the rst transition of M is invisible.
Let M be a probabilisti automaton, and let be an extended exe ution
of M . Let w denote either  or >. Let an exe ution of M be omplete
i either it is in nite or it is nite and no transition is enabled in M from
lstate ( ). Then we de ne the satisfa tion relations M j= f and j=M g as
follows
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i ea h omplete exe ution of M
starts with a tion a,
M j= :f
i not M j= f ,
M j= f1 ^ f2
i M j= f1 and M j= f2,
j=M f1 U f2
i there is n > 0 su h that = s0a1 s1    ansna 0,
for ea h i; 1  i < n, M [(ai ; si)℄ j= f1,
and!M [(an ; sn)℄ j= f2,
M j= J Af
i M j= f ,
M j= f1 EU wp f2 i there exists an adversary A and a start state s0
su h that PH [ef1 Uf2 (H )℄ w p,
where H = H (M; A; s0), and ef1 Uf2 (H ) is the set of
elements 0 of H su h that 0 j=M f1 U f2,
M j= f1 AU wp f2 i for ea h adversary A and ea h start state s0 ,
PH [ef1 Uf2 (H )℄ w p,
where H = H (M; A; s0), and ef1 Uf2 (H ) is the set of
elements 0 of H su h that 0 j=M f1 U f2.
Note that for ea h probabilisti exe ution H the set ef1 Uf2 (H ) an be expressed as a union of ones, and thus it is an element of FH . This guarantees
that the semanti s of PCTL is well de ned.
In the de nition above we did not mention expli itly what kind of adversaries to onsider for the validity of a formula. In [8℄ the adversaries
are assumed to be deterministi . However, the semanti s does not hange
by adding randomization to the adversaries. The intuitive justi ation of
this laim is that if we are just interested in upper and lower bounds to
the probability of some event, then any probabilisti ombination of events
stays within the bounds. Moreover, deterministi adversaries are suÆ ient
to observe the bounds.
M

j= a

Theorem 1.

For ea h probabilisti automaton M and ea h PCTL formula

j= f relative to Dadvs (M ) i M j= f relative to Padvs (M ).
Proof sket h. The proof is by indu tion on the stru ture of the formula
f , and most of it is simple routine he king. Two riti al points are the
following: if M j= f1 EU wp f2 relative to randomized adversaries, then
we need to make sure that there exists at least a deterministi adversary
that an be used to satisfy f1 EU wp f2; if M j= f1 AU wp f2 relative to
deterministi adversaries, then we need to make sure that no probabilisti
adversary would lead to a violation of f1 AU wp f2. In both ases the idea
is to onvert a probabilisti adversary A for a probabilisti automaton M
into a deterministi one su h that the probability of ef1 Uf2 is in reased ( rst
ase) or de reased (se ond ase). The onversion is shown in [27℄. 2
We now show how to hange the syntax and semanti s of PCTL to abstra t from internal omputation. The new logi is denoted by WPCTL.
f, M
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The syntax of WPCTL is the same as that of PCTL with the additional requirement that no internal a tion an o ur in a formula. For the semanti s
of WPCTL, there are three main hanges.
M j= a
i ea h omplete extended exe ution of M has at least
one external a tion, and its rst external a tion is a,
j=M f1 U f2 i there exists n > 0 su h that = s0a1 s1    ansna 0,
an is external, M [(an ; sn )℄ j= f2 , and for
ea h) i; 1  i < n, if ai is external, then M [(ai ; si)℄ j= f1,
M j= J Af
i M j= f ,
)
where M hides the rst external transitions of M , i.e., it is obtained from
M by dupli ating all its states (and then removing the non-rea hable ones
at the end), by making the dupli ates of the old start states into the new
start states, by reprodu ing all the internal transitions in the dupli ated
states, and, for ea h external transition (s; a; P) of M , by adding an internal
transition (s0; ; P) from the dupli ate s0 of s, where  is a new internal
a tion. Note that the satisfa tion relation for an exe ution is de ned solely
in terms of its external transitions.
For ea h probabilisti automaton M and ea h WPCTL formula f , M j= f relative to Dadvs (M ) i M j= f relative to Padvs (M ).
Theorem 2.

5. Strong Relations

In this se tion we analyze relations that are sensitive to internal omputation. We formalize in our model the bisimulations of [16℄ (strong bisimulation) following the lines of [8℄, and the simulations of [13, 16℄ (strong
simulation); then, we show that strong bisimulation preserves PCTL and
that strong simulation preserves PCTL formulas that do not ontain negation and EU wp. We then introdu e two other oarser relations that allow
probabilisti ombination of transitions and ontinue to preserve PCTL formulas and PCTL formulas without negation and EU wp, respe tively. For
onvenien e, throughout the rest of this paper we assume that no pair of
probabilisti automata has any state in ommon.
Definition 10. Let R be an equivalen e relation over a set X . Two probability spa es ( 1; F1 ; P1 ) and ( 2; F2 ; P2 ) of Probs (X ) are R-equivalent,
written ( 1 ; F1 ; P1 ) R ( 2 ; F2 ; P2 ), i for every lass C of X= R,
X
X
P1 [x℄ =
P2 [x℄:

x2

1

\C

x2

2

\C

In other words ( 1 ; F1 ; P1 ) and ( 2 ; F2 ; P2 ) are R-equivalent if they assign
the same probability measure to ea h equivalen e lass of R. 2
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Definition 11. A strong bisimulation between two simple probabilisti automata M1 and M2 is an equivalen e relation R over states (M1 )[ states (M2 )
su h that
(1) ea h start state of M1 is related to at least one start state of M2, and
vi e versa;
(2) for ea h s1 R s2 and eaa h transition s1 a! P1 of either M1 , M2 , there
exists a transition s2 ! P2 of either M1 , M2 su h that P1 R P2 .
We write M1 ' M2 whenever a ts (M1 ) = a ts (M2 ) and there is a strong
bisimulation between M1 and M2. 2
Condition 2 of De nition 11 is stated in [16℄ in a di erent but equivalent
way, i.e., for ea h equivalen e lass [x℄ of R, the probabilities of rea hing
[x℄ from s1 and s2 are the same. Strong bisimulation oin ides with the
strong bisimulation of [22, 24℄ whenever the involved probabilisti automata
represent ordinary automata.
The next de nition is used to introdu e strong simulations. A similar
de nition appears in [13℄. Informally, ( 1; F1 ; P1 ) vR ( 2; F2 ; P2 ) means
that there is a way to split the probabilities of the states of 1 between the
states of 2 and vi e versa, expressed by a fun tion w, so that the relation
R is preserved. In other words the left probability spa e an be embedded
into the right one up to R.

Let R X  Y be a relation between two set X; Y , and
let ( 1 ; F1 ; P1 ) and ( 2; F2 ; P2 ) be two probability spa es of Probs (X ) and
Probs (Y ), respe tively. Then ( 1 ; F1 ; P1 ) and ( 2 ; F2 ; P2 ) are in relation
vR, written ( 1; F1 ; P1 ) vR ( 2 ; F2 ; P2 ), i there exists a fun tion w :
X  Y ! [0; 1℄ su h that
(1) for ea h x 2 X , Py2Y w(x; y) = P1[x℄,
(2) for ea h y 2 Y , P w(x; y) = P [y℄,
Definition 12.

x2X

2

(3) for ea h (x; y) 2 X  Y , if w(x; y) > 0 then x R y.
The fun tion w is alled a weight fun tion . 2

A strong simulation between two simple probabilisti automata M1 and M2 is a relation R states (M1 )  states (M2 ) su h that
(1) ea h start state of M1 is related to at least one start state of M2 ;
(2) for ea h s1 R sa2 and ea h transition s1 a! P1 of M1 , there exists a
transition s2 ! P2 of M2 su h that P1 vR P2.
(3) for ea h s1 R s2, if s2 a!, then s1 a!.
Definition 13.
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We write M1 vSS M2 whenever a ts (M1 ) = a ts (M2 ) and there is a strong
simulation between M1 and M2. The kernel of strong simulation is denoted
by SS. 2
If we do not in lude Condition 3 in the de nition of a strong simulation,
then we obtain a relation that extends the strong simulation relation of
ordinary automata. Here we add Condition 3 to guarantee some minimum
liveness requirements, thus extending the 2/3-bisimulation relation of [16℄.
Condition 3 is fundamental for the preservation of PCTL formulas; however
it an be relaxed by requiring s1 to enable some transition whenever s2
enables some transition.
Proposition 1. ' and vSS are ompositional. That is, for ea h M1 and
M2 su h that a ts (M1 ) = a ts (M2 ), and for ea h M3 ompatible with both
M1 and M2 , if M1 ' M2 , then M1 kM3 ' M2 kM3 , and if M1 vSS M2 , then
M1 kM3 vSS M2 kM3 . 2

Lemma 1. Let X; Y be two disjoint sets, R be an equivalen e relation on
X [ Y , and let P1 and P2 be probability spa es of Probs (X ) and Probs (Y ),
respe tively, su h that P1 R P2 . Then P1 vR0 P2 , where R0 =R \X  Y .

Lemma 1 an be used to prove dire tly that bisimulation is ner than simulation. The same observation applies to all the other pairs of relations that
we de ne in this paper.
Let M1 and M2 be two simple probabilisti automata, and let
f be a PCTL formula.
(1) If M1 ' M2 , then M1 j= f i M2 j= f .
(2) If M1 vSS M2 and f does not ontain any o urren e of : and EU wp ,
then M2 j= f implies M1 j= f .

Theorem 3.

The proofs are by indu tion on the stru ture of f , where
the nontrivial step is the analysis of f1 AU wp f2 and f1 EU wp f2. In the
rst ase it is enough to show that for ea h probabilisti exe ution H1 of
M1 obtainable from some adversary there exists a probabilisti exe ution
H2 of M2 , obtainable from some adversary, su h that PH2 [ef1 Uf2 (H2 )℄ 
PH1 [ef1 Uf2 (H1 )℄. In the se ond ase we need to make sure that PH2 [ef1 Uf2 (H2 )℄ =
PH1 [ef1 Uf2 (H1 )℄.
The probabilisti exe ution H2 is built by reprodu ing the stru ture of H1
via R. We also need to ensure that H2 is obtainable from some adversary,
and for this part we need Condition 3 of De nition 13. Indeed, if Æ o urs
in a transition enabled from a state q of H2, then there is some state q0 of
H1 that orresponds to q via R and that ontains Æ in the transition that it
enables. Then, lstate (q0) does not enable any transition in M2, whi h, using

Proof sket h.
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: Strong simulations do not preserve EU wp .
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: Probabilisti

ombination of transitions is useful.

Condition 3, means that lstate (q) does not enable any transition in M2 . We
do not need to show that H2 an be generated by a deterministi adversary
(indeed this is false in general) be ause of Theorem 1. The orresponden e
between H1 and H2 is alled an exe ution orresponden e stru ture and it is
shown to exist in [27℄. On e an exe ution orresponden e stru ture is built,
it is easy to show that PH2 [ef1 Uf2 (H2)℄  PH1 [ef1 Uf2 (H1)℄ if R is a strong
simulation, and that PH2 [ef1 Uf2 (H2 )℄ = PH1 [ef1 Uf2 (H1)℄ if R is a strong
bisimulation. 2
PCTL formulas with o urren es of EU wp are not preserved
in general by SS . Consider the two simple probabilisti automata of Figure 1. The two probabilisti automata are strong simulation equivalent by
mat hing ea h si with s0i and by mat hing s2; s6 ; s7; s10 to s01; s03; s04 ; s08, respe tively. However, the right probabilisti automaton satis es true AU 1
(a ^(true EU 1=2 )), whereas the left probabilisti automaton does not. 2
Example 1.

Consider the two probabilisti automata of Figure 2, where
are the start states, s1; s01 enable some transition with a tion b, and
enable some transition with a tion . The di eren e between the left
and right probabilisti automata is that the right probabilisti automaton
enables an additional transition whi h is obtained by ombining the two

Example 2.

s0 ; s00
s2 ; s02
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transitions of the left probabilisti automaton. Thus, the two probabilisti
automata satisfy the same PCTL formulas; however, there is no simulation from the right probabilisti automaton to the left one sin e the middle
transition annot be reprodu ed. 2
Example 2 suggests two oarser relations where it is possible to ombine
several transitions into a unique one. Note that the
only di eren e between
a
the new preorders
and the old ones is the use of !C ( ombined transitions)
instead of a! (regular transitions) in Condition 2.
A strong probabilisti bisimulation between two simple probabilisti automata M1 and M2 is an equivalen e relation R over states (M1 )[
states (M2 ) su h that
(1) ea h start state of M1 is related to at least one start state of M2, and
vi e versa;
(2) for ea h s1 R s2 and ea h transition
s1 a! P1 of either M1 , M2 , there
a
exists a ombined transition s2 !C P2 of either M1, M2 su h that
P1 R P2 .
We write M1 'P M2 whenever a ts (M1 ) = a ts (M2 ) and there is a strong
probabilisti bisimulation between M1 and M2. 2
Definition 14.

A strong probabilisti simulation between two simple probabilisti automata M1 and M2 is a relation R states (M1 ) states (M2 ) su h
that
(1) ea h start state of M1 is related to at least one start state of M2 ;
(2) for ea h s1 R s2 and ea h transitiona s1 a! ( 1; F1 ; P1 ) of M1 , there
exists a ombined transition s2 !C ( 2; F2 ; P2 ) of M2 su h that
( 1 ; F1 ; P1 ) vR ( 2; F2 ; P2 ).
(3) for ea h s1 R s2, if s2 a!, then s1 a!.
We write M1 vSPS M2 whenever a ts (M1 ) = a ts (M2 ) and there is a strong
probabilisti simulation between M1 and M2. The kernel of strong probabilisti simulation is denoted by SPS. 2

Definition 15.

Proposition 2.

'P and vSPS are ompositional. 2

Let M1 and M2 be two simple probabilisti automata, and let
f be a PCTL formula.
(1) If M1 'P M2 , then M1 j= f i M2 j= f .

Theorem 4.
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(2) If M1 vSPS M2 and f does not ontain any o urren e of : and EU wp ,
then M2 j= f implies M1 j= f . 2

Even strong probabilisti bisimulations and strong probabilisti simulations
are a generalization of the strong bisimulation and simulation relations of
ordinary automata. In fa t, if a transition of M1 leading to a Dira distribution an be simulated by a ombined transition of M2 , then the same
transition of M1 an be simulated by a non- ombined transition of M2, whi h
leads to a Dira distribution if we are dealing with ordinary automata.
Strong probabilisti simulations provide us with a simple way
to represent the losed interval spe i ation systems of [13℄. A probabilisti
spe i ation system of [13℄ is a state ma hine where ea h state is asso iated with a set of probability distributions over the next state. The set of
probability distributions for a state s is spe i ed by asso iating ea h state
s0 with a set of probabilities that an be used from s. In our framework a
spe i ation stru ture an be represented as a probabilisti automaton that,
from ea h state, enables one transition for ea h one of the probability distributions over the next states that are allowed. A probabilisti pro ess system
is a \fully probabilisti " (in our terms) probabilisti spe i ation system. A
probabilisti pro ess system P is said to satisfy a probabilisti spe i ation
system S if there exists a strong simulation from P to S .
A losed interval spe i ation system is a spe i ation system whose set
of probability distributions is des ribed by means of a lower bound and an
upper bound, for ea h pair (s; s0 ), on the probability of rea hing s0 from s.
Thus, the set of probability distributions that are allowed from any state
form a polytope. By using our strong probabilisti simulation as satisfa tion
relation, it is possible to represent ea h polytope by means of its orners only.
Any point within the polytope is given by a ombination of the orners. 2
Remark 1.

6. Weak Transitions

The relations of Se tion 5 do not abstra t from internal omputation, while
in pra ti e a notion of implementation should ignore the internal transitions
of a system as mu h as possible. In order to do so, we extend our arrow
notation in a way
similara to the non-probabilisti ase [22℄. We de ne the
a
weak arrows =) and =)C to state that a probability distribution over
states P is rea hed through a sequen e of transitions of M , some of whi h
are internal. The main di eren e from the non-probabilisti ase is that in
our frameworka the transitions involved form a tree rather than a linear hain.
Formally, s =) P, where a is either an external a tion or the empty sequen e
and P is a probability distribution over states, i there is a probabilisti
exe ution fragment H su h that
(1) the start state of H is s;
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: A representation of a weak transition with a tion a.

(2) PH [f Æ j Æ 2 H g℄ = 1, i.e., the probability of termination in H is 1;
(3) for ea h Æ 2 H , tra e ( ) = a;
(4) P = flstate ( ) j Æ 2 H g, and for ea h element s0 of , P [s0℄ =
P [C ℄;
Æ2 H jlstate ( )=s0 H

Æ

(5) for ea h state q of H , either tr Hq is the pair (lstate (q); D(Æ)), or the
transition that orresponds to tr Hq is a transition of M .
a
A weak ombined transition, s =)
C P, is de ned as a weak transition by
dropping Condition 5.
The diagram of Figure 3 represents graphi ally a weak transition with a tion a that leads to state s1 with probability 5=12 and to state
s2 with probability 7=12. We do not represent the states as nite exe ution fragments sin e their position in the diagram gives enough information.
Similarly, we do not represent Æ expli itly. The a tion  represents any internal a tion. From the formal de nition of a weak transition, a tree that
represents a weak transition may have an in nite bran hing stru ture, i.e.,
it may have transitions that lead to ountably many states, and may have
some in nite paths; however, ea h tree representing a weak transition has
the property that in nite paths o ur with probability 0. This de nition of
a weak transition is more general than the de nition given in [28℄, where it
is required that no in nite path appear in a weak transition.
Figure 4 represents a weak transition of a probabilisti automaton with yles in its transition relation. Spe i ally, H represents the weak transition
s0 =) P, where P [s0 ℄ = 1=8 and P [s1 ℄ = 7=8. If we extend H inde nitely
on its right, then we obtain a new probabilisti exe ution fragment that
represents the weak transition s0 =) D(s1). Observe that the new probabilisti exe ution fragment has an in nite path that o urs with probability
0. Furthermore, observe that there is no other way to rea h state s1 with
probability 1. 2
Example 3.
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7. Weak Relations

In this se tion we study the weak versions of the relations of Se tion 5, and
we show how they relate to WPCTL. We introdu e only the probabilisti
version of ea h relation, sin e the others an be derived subsequently in a
straightforward way. We start by presenting the natural extension of the
probabilisti relations of Se tion 5; then, in order to preserve WPCTL, we
introdu e a bran hing version of the new relations using the basi idea of
bran hing bisimulation [7℄.
Weak probabilisti bisimulations and weak probabilisti simulations an
be de ned in a straightforward manner by hanging
Condition 2 of De nitions 14 and 15 so that ea h transition s1 a! P1 of a probabilisti auext (M2 )
tomaton an be simulated by a weak ombined transition s2 ad=)
C P2 of
the other probabilisti automaton, and by using weak transitions in Condition 3. Even in this ase, with the opportune arguments about Condition 3,
the weak probabilisti relations are an extension of the orresponding relations for ordinary automata. However, although the two weak relations are
ompositional, WPCTL formulas are not preserved by weak bisimulations
and weak simulations. The key problem is that weakly bisimilar exe utions
do not satisfy the same formulas. Consider the diagram below.
 /s
1

s0
R

a /s
2
f1

s00 a? / s01

 /s
3

 /s
4

R

Sin e s01 and s2 are not ne essarily related, it is not possible to dedu e
M [(a; s01 )℄ j= f1 from M [(a; s2 )℄ j= f1. To solve the problem we need to
make sure that s01 and s2 are related, and thus we introdu e the bran hing
versions of our weak relations.
A bran hing probabilisti bisimulation between two simple probabilisti automata M1 and M2 is an equivalen e relation R over
states (M1 ) [ states (M2 ) su h that
Definition 16.
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(1) ea h start state of M1 is related to at least one start state of M2, and
vi e versa;
(2) for ea h s1 R s2 and ea h transition s1 a! P1 of either M1 , M2 , there
ext (M2 )
exists a weak ombined transition s2 ad=)
C P2 of either M1 , M2
adext (M2 )
su h that P1 R P2 and s2 =)C P2 satis es the bran hing ondition, i.e., there is a probabilisti exe ution fragment H that represents
adext (M )
s2 =)C2 P2 su h that for ea h extended exe ution Æ of H and
ea h o urren e of a state s in , either
(a) s1 R s, a 2 ext (M2 ) implies that a has not o urred yet, and
ea h state s0 pre eding s in satis es s1 R s0, or
(b) a 2 ext (M2 ) implies that a has o urred, and for ea h s01 2 1
su h that s01 R lstate ( ), s01 R s.
We write M1 'P M2 whenever ext (M1 ) = ext (M2 ) and there is a bran hing
probabilisti bisimulation between M1 and M2. 2
Another way to state the bran hing ondition is the following: there is
ext (M2 )
a probabilisti exe ution fragment H that represents s2 ad=)
C P2 su h
that, viewing H as a tree, all the the states of the tree that o ur before
a tion a are related to s1, and whenever a state s02 of 2 is related to some
state s01 of 1 , then all the states in the path from s2 to s02 that o ur after
a tion a are related to s01 as well. In other words, ea h omplete path in the
tree satis es the bran hing ondition of [7℄.
A bran hing probabilisti simulation between two simple
probabilisti automata M1 and M2 is a relation R states (M1 ) states (M2 )
su h that
(1) ea h start state of M1 is related to at least one start state of M2 ;
(2) for ea h s1 R s2 and ea h transition s1 a! ( 1; F1 ; P1 ) of M1 , there
ext (M2 )
exists a weak ombined transition s2 ad=)
C ( 2 ; F2 ; P2 ) of M2 su h
adext (M2 )
that ( 1; F1 ; P1 ) vR ( 2; F2 ; P2 ), and s2 =)C ( 2; F2 ; P2 ) satis es
the bran hing ondition.
a
a
(3) for ea h s1 R s2, if s2 =),
then s1 =).
We write M1 vBPS M2 whenever ext (M1 ) = ext (M2 ) and there is a bran hing probabilisti simulation between M1 and M2 . The kernel of bran hing
probabilisti simulation is denoted by BPS. 2
Definition 17.

'P and vBPS are ompositional. 2
To show that WPCTL formulas are preserved by the di erent simulation
relations, we need to guarantee that a probabilisti automaton is free from
Proposition 3.
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divergen es with probability 1. The de nition below allows for a probabilisti automaton to exhibit in nite internal omputation, but it requires that
su h a behavior an happen only with probability 0.
A probabilisti automaton M is probabilisti ally onverif for ea h probabilisti exe ution H of M and ea h state q of H , the
probability of diverging (performing in nitely many internal a tions and no
external a tions) from q is 0, i.e., PH [q ℄ = 0, where q is the set of in nite exe utions of H that pass through state q and that do not ontain any
external a tion after passing through state q. Note that q is measurable
sin e it is the omplement of a union of ones. 2
Definition 18.

gent

Let M1 and M2 be two probabilisti ally onvergent, simple
probabilisti automata, and f be a WPCTL formula.
(1) If M1 'P M2 , then M1 j= f i M2 j= f .
(2) If M1 vBPS M2 and f does not ontain any o urren e of : and EU wp ,
then M2 j= f implies M1 j= f .

Theorem 5.

Proof sket h. Similar to the proof of Proposition 3. Here the onstru tion
of H2 is mu h more ompli ated than in the proof of Proposition 3 due to

the fa t that we need to ombine several weak transitions. Moreover, we
need to show that the bran hing requirement guarantees the preservation of
properties between bisimilar exe utions. 2
8. Con luding Remarks

We have extended some of the lassi al simulation relations to a new probabilisti model that distinguishes naturally between probabilisti and nondeterministi hoi e and that allows us to represent naturally randomized
and/or restri ted forms of s heduling poli ies. Our method of analysis is
based on ompositionality issues and preservation of PCTL and WPCTL
formulas. Throughout the presentation we have shown how our relations
are a onservative extension of the orresponding relations de ned on ordinary automata. We have observed that the distinguishing power of PCTL
does not hange if we allow randomization in the s hedulers. Based on that,
we have introdu ed a new olle tion of relations whose main idea is that a
probabilisti automaton may ombine some of its transitions probabilistially in order to simulate another probabilisti automaton.
In [27℄ this work is pursued further by extending the tra e semanti s of
ordinary automata to the probabilisti framework. The key issue is ompositionality, whi h is not trivial to a hieve. We show that all the simulation
relations of this paper are sound for the tra e semanti s, and we introdu e
other oarser simulation relations that apture the tra e semanti s better.
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A problem that is still open is to derive adequa y results for PCTL and
WPCTL. We do not know whether PCTL and WPCTL are adequate for
our probabilisti simulation relations. In the non-probabilisti framework
adequate logi s for strong bisimulation are studied in [10℄, and adequate
logi s for bran hing bisimulation are studied in [23℄. An adequate logi for
strong bisimulation in the probabilisti framework is studied in [16℄; however,
no nondeterminism is present in the formalism of [16℄.
If PCTL and WPCTL are not adequate, then further resear h should
fo us either on nding adequate logi s (what other operators do we need?)
or nding more appropriate simulation relations. An important question
is to determine whether WPCTL is suÆ iently powerful to express all the
properties of pra ti al interest.
A knowledgments. Thanks to the anonymous referees for their valuable
suggestions on a draft version of this paper. In parti ular, one of the referees
pointed out an error in Theorems 19, 23 and 28 of [28℄, whi h we have
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