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1. Introduction

Marked graphs (see e.g. [7]) are a subclass of
Petri nets, called also Decision Free Petri Nets or
event graphs. They consist of a directed graph
with a marking that associates tokens to the edges.
Two types of events exist in a marked graph
(MG): processing performed at vertices, and
transmission delays of tokens along the edges.
Duration of events can be expressed by a nonneg-
ative real number or by a random variable (r.v.).
In this paper the second method is to study
stochastic marked graphs (SMGs). It is assumed
that the random variables are exponential, inde-
pendent, and identically distributed (i.i.d.).

Adding the time factor to MGs enables perfor-
mance evaluation of concurrent systems. For ex-
ample, parallel computation models [16], dis-
tributed computing systems [15], manufacturing
systems [6], tandem queueing networks [3], and
distributed algorithms [8,9,11].

* A preliminary version of this paper, including monotonicity
properties for general distributions, appears in [13].

** Email: rajsbaum@theory.lcs.mit.edu. On leave at the Lab-
oratory for Computer Science, MIT, Cambridge, MA 02139.

The main performance measure considered is
the rate of computation R(v), i.e., the average
number of computational steps (firings) of a ver-
tex v, per time unit. It is known that for strongly
connected graphs, R(v) is the same for every
vertex v (see e.g. [2]). It was shown by Molloy [12]
that the rate can be computed by analyzing a
Markov chain. However, this method of comput-
ing the rate is prohibitively inefficient because in
general, the size of the Markov chain is very big.
For example, the number of states of the chain
that corresponds to a complete MG with one
token on each edge is 2! —1 [14].

In this paper a form of recurrence relations
(see e.g. [2] and [11]) is used to derive efficiently
computable bounds on the rate of strongly con-
nected SMGs. These bounds depend on the de-
grees of the vertices and on the average number
of tokens per edge in a cycle, but do not depend
on the number of vertices itself. For example, for
the case of regular § degree graphs (either in-de-
gree or out-degree), such that the average num-
ber of tokens on every cycle is a, R(v)=
O®(a/log 8). The main result is that, for the case
of bounded degree graphs, R(v) = ®(4), where 4
is the minimum average number of tokens in a
cycle.
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The rate of a deterministic MG, i.e., one in
which duration of events is equal to one, is 4 (see
e.g. [11]). Since it is known that this is the case of
maximum rate (see e.g. [13,14]), Corollary 3.5
implies that the random event durations reduce
asymptotically the rate by at most a factor of
1/log A, where A is the maximum vertex degree,
independently of the number of vertices of the
MG.

This paper is a generalization of the results for
exponential distributions of Rajsbaum and Sidi’s
paper [14] (see also [4] and [5]) on the perfor-
mance of synchronizers [1] — methods to adapt a
synchronous distributed algorithm to run on an
asynchronous network. Baccelli and Konstan-
topoulos [3] independently derived upper bounds
on the rate for MGs with arbitrary integrable
i.id. processing times. Their results, although
more general, use subadditive ergodic theory and
multitype branching processes. Our proofs are
simpler and make explicit the role of the parame-
ters of the graph on the rate.

2. The model

Let G=(V, E) be a finite, directed and
strongly connected graph G = (V, E). A marking
s is a function from E to the non-negative inte-
gers representing a state of the graph, where s(e)
is the number of fokens on edge e. A marked
graph MG = (G, s,), consists of a graph G and an
initial marking, s,. A vertex v is enabled in s if
s(e) > 0 for every edge e=u — v going into v.
An enabled vertex v fires by consuming one to-
ken from each incoming edge and adding one
token to each outgoing edge. We assume that
MG is deadlock-free, i.e., that every vertex fires
infinitely many times. This is equivalent to assum-
ing that every cycle has at least one token in s,
(see e.g. [7D.

In a stochastic marked graph s(e) represents
the total number of tokens on edge e: the tokens
traveling along e plus the tokens stored in a
FIFO buffer at the end of e. The operation of
firing of a vertex v starts at the first moment in
which there is at least one token in the buffer of
each ingoing edge to v. After some processing

time, instantaneously, the first token from the
buffer of each incoming edge of v is removed,
and a token is sent along each outgoing edge of
v. At this moment the firing terminates.

Assume that at time 0, the marking is given by
5, and no tokens are in transit (all tokens are in
buffers). Let us denote by ¢,(v), k > 0, the time
on which v completes the (k + 1)st firing, and by
7, (v) the corresponding processing time. Let
8,(e) be the transmission delay of the token sent
by v on e at t,(v). The processing times 7,(v)
and the delays §,(e), are i.i.d. exponential r.v.’s
with mean A~ Formally, a stochastic marked
graph, SMG = (MG, 7, 8), consists of a marked
graph MG, together with the sequences of r.v.’s
7.(v)and §,(e), k>0,veEV, e€E.

Consider an edge e =w — v € V. Observe that
v consumes the (sq(e) + Dst first token from e
only after having consumed all the sq(e) tokens
initially in e. To fire for the next time, v has to
wait for w to fire for the first time, and for the
token to arrive to v. Thus, £, () >t(w)+
8,(e). In general, to fire at ¢,(v), v waits for the
token produced by u at time £ _ (), for
every u, such that u —» v € E. When these tokens
arrive, v starts the firing that will take =, (v) time.
Namely, the evolution of the system can be de-
scribed by the following recursions:

e E {tk—so(e)(u) + (Sk—so(e)(e)}

+1.(v), k=0, veV. n
To simplify the presentation, we make the
inessential assumption that the transmission de-
lays are negligible; it is not difficult to extend the
results of this paper to the case of non-negligible
delays. The recursions (1) become:
t(v) = e=‘£n_)al’f€E {tk—so(e)(u)} + 71 (v),
k=0, veV. (2)

To ensure that v does not start firing for the kth
time before completing the previous firing, we
assume, for ease of notation, that there is an edge
v — v for every vertex v, with one token, s,(v —
v) = 1. Initially no tokens are in transit, hence,
for k <0, let £,(v)=0.

The explicit form of the recursions (2) has a
simple graph-theoretic representation. A path

o) =
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starting in u is maximal, if for every w > u € E,
solw = u) > 0. For a vertex v, let S,(v) be the set
of all maximal, directed paths ending in v, and
having k tokens (in sy). Note that, since every
cycle has a positive number of tokens, every maxi-
mal directed path of k tokens is of finite length
(number of edges). For instance, for k=0, if
every edge entering v has a positive number of
tokens in the initial marking, then Sy(v) includes
only v itself. And for every k, S,(v) is not empty,
since there is always a path of length k which
uses only the loop v — v.

For a path P S, (v), P=vy,—> v, > - =y
(=), define a prefix of P as p,=vy,—> v,
- v, i </, and let sy(P;) be equal to the number
of tokens in P,. Now we define the r.v. T(P) =
i OTSO(P)(U) Thus, T(P) is the sum of [+ 1
rv.’s, the first a TO(UO) and the last a 7, (v).
Consider the set of r.v.’s {T(P): P € §,(v)}. Note
that the r.v.’s in this set are in general not inde-
pendent. The graph-theoretic interpretation of
the firing times is given by the next theorem,
which can be proved using the recursions (2).

Theorem 2.1. For every vEV, k>
max{T(P): P S (v)}.

0, r,(v)=

The performance measures investigated in this
paper are the firing times #,(v), k > 0, v € V, and
the related computation rate of v, R(v), of a
vertex v in G, defined by R(v) = lim,, _, .k /t,(v).

3. Upper and lower bounds

The bounds presented here are a function of
the following quantities. Denote by d,(v)
(d,(v)) the number of edges going out of (into) v
(the original number of edges plus 1, for the loop
added) and let A, =max,.,d, (), A4, =

u eVd (U) 5out minb eV dout(U) 6m =
min, ., d;,(v). For a directed cycle C of length [
and sO(C) tokens, let A(C)—sO(C)/l Let A=
max{A(C): C is a cycle}, @ =min{A(C): C is a
cycle}, f=max{s,(P): P is a simple path}, and
§ = max{s,(e): e € E}). The quantities 4 and /f,
can be computed in time O(|V |- | E|) using an
algorithm of Karp [10].

The following decomposition procedure is used
in the sequel. Let P=v,—>v,— -+ v, be a
path of G. If P is simple, nothing is done. Other-
wise, remove a simple cycle from P as follows.
Let j <! be the least index such that for some
i<j, v;=v;. Clearly, C;=0v,2v, = " 2y
is a simple cycle Remove from P all the edges of
C, to obtain a shorter path. Repeat this proce-
dure until the path is simple, obtaining simple
cycles Cy,...,C,, and a simple (possibly empty)
path P’. Observe that usmg the decomposition of
P we get that s,(P) <f+IA.

Theorem 3.1 (Lower bound). (i) For every k =0
there exists a vertex v for which

k—§—f
E[tk(U)] = —TflOg 5out

(ii) For every k = 0 and every vertex v,

A

E[ ] _S‘ log o
t > ~ in*
k(U) AA

Proof. We present a detailed proof of part (i); the
proof of part (i) is discussed at the end. Define a
random walk vy — v, 2 v, > on G as fol-
lows. Let v, be any enabled vertex in the initial
marking and consider any execution of the MG.
Let v, be a vertex such that v,—>v, €E, and
Toyoo—oplU1) in the execution was the largest
processing time of a token sent by v, for the first
time; call this rv. 7, eg, 7, =max,_, _,
Tsywo— y(0)- In general, assume that the random
walk has been defined up to v;, i > 0, and call it
P.. Let so(P,) =f;, i.e., the number of tokens in
the random walk defined so far. The v;,; is a
vertex such that v, = v, (possibly v;,; = ;) and
on the given execution 7, . ., Xv;;1) was
the largest processing time of a token sent by v,
at its step f;:

Tip1= Mmax 7., Soyl).

e=y;=>Uu

Hence, fi,,=5¢(P;.)=fi+s,(v;—>v;,,). Since
v;,, will not start the f,,  th firing before v,
finishes the f;th firing, it follows that ¢, (v;,,) >
t;(v;) +7,,,. The quantity 7,,, is equal to the
maximum of at least §,,, independent and identi-
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cally distributed r.v.’s with mean AL It is well
known that the mean of ¢ such r.v.’s is equal to
X$_1/i=A""log ¢ (natural logarithm). It fol-
lows that

E[tf,+1 Ui+1)] >E[tf,(v»)] +A27 1 log 8,y

and thus Efz; (v, )] > Eltwdl + 271G +
1) log 8,,,, where by (2), Elto(vy)] = A~!. Hence,

for f, <k <f;.,, we get
E[1,(v)] > E[tp(v)] =A7 + 27T log &

out*

(3)
Using the gecqmposition procedure, one can see
that f; <id +f. Thus

>AT1+AT i f

E[t,(v)] = log &,

Since k —§<f, and A7' >0,

. -f
E[t(viy1)] 22 I—A—log Sout-

This completes the proof of part (i). The proof
of part (ii) evolves along similar lines, except that
we start from u; and move backward along the
path. 0O

The inequalities of the previous theorem can
sometimes be improved for the case in which A
is large enough, by considering a cycle C for
which A(C) =4, and a walk which goes around
C; namely, Elr,(v)]>A"'k/d4. Therefore, we
have the following:

Corollary 3.2.

: A
R <A mi ,ah.
(U) " lOg max(aout’ Sin) a}

The following proposition (similar to [5, p.
672)), is used in the proofs of the upper bounds
on the firing times.

Propesition 3.3. Let (X,) be a sequence of inde-
pendent exponential r.v.’s with mean A~1. For
every positive integer k and any ¢ > 4 log 2,

ck
Pr( Y X > ) <e k4,

i=1 A

Theorem 3.4 (Upper Bound). (i) For every k > 0,
for every vertex v,

Elf,_(v)] < (1+|V\10gA +§10gA )

(ii) For every k > 0 and every vertex v,

E[tk—l(v)]

4 k
<loglV |+ — (1+ [V]log 4, + <log Aout).
a

Proof. Again we restrict to the proof of part (i).
Recall that Theorem 2.1 states that for every
veV, k>0, t,_(v)=max{T(P). PeS§,_[(v)}
Also, for a path P S, _(v), T(P) is equal to the
sum of [, I =length(P), ii.d. random variables,
By Proposition 3.3,

cl
—(cl/4) log Ay,
~log Am <e (cl/4) log s

Pr|T(P) =
for every ¢ >4, since log 2/log A,  <1. Using
the decomposition procedure, we have that / is
equal to the length of a simple path plus the
length of some simple cycles. By the definition of
4, and since a simple path has length at most
|V 1—1,then I<k/d+ |V ]|—1=K. Now, there
are at most AX paths of length K ending in v. It
follows that

cK
Prit,_(v) = Tlog 4;,
<A§ e ~(cK/Dlog Ay
~K(c/4—1) log Ain c>4.

Letting ¢t =(cK/A) log A,,, dt =(K/A) log 4,
dc. To compute a bound on the expectation we
use the previous inequality for ¢ > 4; for ¢ <4,
only the fact that the probability is at most 1:

E[tk l(b)] \f(4K/)\)lOgAm1 dt

® K
—K(c/4—1)log Aj, __ i
+L e Iy log 4, dc

4K 4
=—log A, + —.
A A
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Namely,

E 4kl A
N < — .
[te-i(0)] < I og 4;,

4\V]—-1
VD e
4
+—.0
A

Corollary 3.5.
Ad
4 log min(4,,,, 4,,)

R(v) =

Consider the meaning of the previous results.
For regular in- or out-degree & graphs, for which
4 =A, the bounds are tight up to a constant
factor of 1/4:

Corollary 3.6. For regular in-degree or out-degree
& graphs, for which 4 = A, R(v) = ©(Ad /log 8).

The case of bounded degree graphs is of par-
ticular interest, because it is practically infeasible
to construct networks with vertex degrees that
grow as |V | grows. In this case, R(v) = Q(Ad),
by Corollary 3.5. Also, R(v) = 0(Ad), by Corol-
lary 3.2. Therefore, even if A > 4, for bounded
degree graphs the bounds are asymptotically tight
(up to a constant factor of 1/4 of the logarithm
of the bound on the degrees):

Corollary 3.7. For bounded degree graphs, R(v) =
O(r4).
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