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ABSTRACT
We study the problem of clock synchronization in highly
dynamic networks, where communication links can appear
or disappear at any time. The nodes in the network are
equipped with hardware clocks, but the rate of the hardware
clocks can vary within speciﬁc bounds, and the estimates
that nodes can obtain about the clock values of other nodes
is inherently inaccurate. Our goal in this setting is to output
a logical clock at each node, such that the logical clocks of
any two nodes are not too far apart, and nodes that remain
close to each other in the network for a long time are better
synchronized than far-apart nodes. This property is called
gradient clock synchronization.
Gradient clock synchronization has been widely studied
in the static setting, where the network topology does not
change. We show that the asymptotically optimal bounds
obtained for the static case also apply to our highly dynamic
setting: if two nodes remain at distance 𝑑 from each other
for suﬃciently long, it is possible to synchronize their clocks
to within 𝒪(𝑑 log(𝐷/𝑑)), where 𝐷 is the diameter of the network. This is known to be optimal for static networks, and
since a static network is a special case of a dynamic network,
it is optimal for dynamic networks as well. Furthermore,
we show that our algorithm has optimal stabilization time:
when a path of length 𝑑 appears between two nodes, the time
required until the skew between the two nodes is reduced to
𝒪(𝑑 log(𝐷/𝑑)) is 𝒪(𝐷), which we prove is optimal.

1.

INTRODUCTION

A core algorithmic problem in distributed computing is
to establish coordination among the participants of a distributed system, which is often achieved through a common
notion of time. Typically, every node in a network has its

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
PODC’10, July 25–28, 2010, Zurich, Switzerland.
Copyright 2010 ACM 978-1-60558-888-9/10/07 ...$10.00.

own local hardware clock, which can be used for this purpose; however, hardware clocks of diﬀerent nodes run at
slightly diﬀerent rates, and the rates can change over time.
This clock drift causes clocks to drift out of synch, requiring
periodic communication to restore synchronization. However, communication is typically subject to delay, and although an upper bound on the delay may be known, speciﬁc
message delays are unpredictable. Consequently, estimates
for the current local time at other nodes are inherently inaccurate.
A distributed clock synchronization algorithm computes
logical clocks at every node, and the goal is to synchronize
these clocks as tightly as possible. Traditionally, distributed
clock synchronization algorithms focuse on minimizing the
clock skew between the logical clocks of any two nodes in
the network. The clock skew between two clocks is simply
the diﬀerence between the two clock values. The maximum
clock skew that may occur in the worst case between any
two nodes at any time is called the global skew of a clock
synchronization algorithm. A well-known result states that
no algorithm can guarantee a global skew better than Ω(𝐷),
where 𝐷 denotes the diameter of the network [1]. However,
in many cases it is more important to tightly synchronize
the logical clocks of nearby nodes in the network than it is
to minimize the global skew. For example, if a time division
multiple access (TDMA) protocol is used to coordinate access to a shared communication medium in a wireless sensor
network, it suﬃces to synchronize the clocks of nodes that
interfere with each other when transmitting. The problem
of providing better guarantees on the synchronization quality between nodes that are closer is called gradient clock
synchronization. The problem was introduced in a seminal
paper by Fan and Lynch [5], where the authors show that
a clock skew of Ω(log 𝐷/ log log 𝐷) cannot be prevented between immediate neighbors in the network. The largest possible clock skew that may occur between the logical clocks of
any two adjacent nodes at any time is called the local skew
of a clock synchronization algorithm. For static networks,
it has been proven that the best possible local skew that an
algorithm can achieve is bounded by Θ(log 𝐷) [10, 11].
While tight bounds have been shown for the static model,
the dynamic case has not been as well understood. A dynamic network arises in many natural contexts: for example,

when nodes are mobile, or when communication links are
unreliable and may fail and recover. The dynamic network
model we consider in this paper is general: it allows communication links to appear and disappear arbitrarily, subject
only to a global connectivity constraint (which is required
to synchronize all nodes to each other). Hence the model
is suitable for modeling various types of dynamic networks
which remain connected over time.
In a dynamic network the distances between nodes change
over time, as communication links appear and disappear.
Consequently, we divide the synchronization guarantee into
two parts: a global skew guarantee bounds the skew between
any two nodes in the network at any time; this bound applies always, and does not depend on changes to the network
topology. The second part, a dynamic gradient skew guarantee, bounds the skew between two nodes as a function of the
distance between them and how long they remain at that
distance.
In [7], three of the authors showed that a clock synchronization algorithm cannot react immediately to the formation of new links, and that a certain stabilization time is
required before the clocks of newly-adjacent nodes can be
brought into synch. The stabilization time is inversely related to the synchronization guarantee: the tighter the synchronization required in stable state, the longer the time to
reach that state. Intuitively, this is because when strict synchronization guarantees are imposed, the algorithm cannot
change clock values quickly without violating the guarantee,
and hence it takes longer to react. The algorithm given in [7]
achieved the optimal trade-oﬀ between skew bound and stabilization
√ time; however, the local skew bound it achieved
was 𝒪( 𝑛), which is far from optimal.
In this paper we describe two algorithms which achieve the
same asymptotically optimal skew bounds as in the static
model: if two nodes remain at distance 𝑑 for suﬃciently long,
the skew between them is reduced to 𝒪(𝑑 log(𝐷/𝑑)), where
𝐷 is the dynamic diameter of the network (corresponding
roughly to the time it takes for information to reach from
one end of the network to the other). The two algorithms
diﬀer in the time required to reach this guarantee: their stabilization time is 𝒪(𝐷 log 𝐷) and 𝒪(𝐷), respectively. The
ﬁrst algorithm, which stabilizes in 𝒪(𝐷 log 𝐷) time, is much
simpler to describe, and this extended abstract will focus
on it. The second algorithm, which stabilizes in 𝒪(𝐷), is
described in full in the accompanying technical report1 . Finally, we improve the trade-oﬀ lower bound from [7] to show
that a stabilization time of Ω(𝐷) is necessary for an algorithm with the 𝒪(𝑑 log(𝐷/𝑑))-gradient skew property. This
shows that our second algorithm is optimal in its stabilization time as well as its skew guarantee.

2.

RELATED WORK

The fundamental problem of synchronizing clocks in distributed systems has been studied extensively and many results have been published for various models over the course
of the last approximately 30 years (see, e.g, [15, 17, 18, 19]).
Until recently, the main focus has been on bounding the
clock skew that may occur between any two nodes in the
network, and a tight bound of Θ(𝐷) has been proven [1, 3,
11, 19].
The problem of synchronizing clocks of nodes that are
close-by as accurately as possible has been introduced by
1
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Fan and Lynch [5]. In their work, the authors show that a
clock skew of Ω(log 𝐷/ log log 𝐷) between neighboring nodes
cannot be avoided if the clock values must increase at a
constant minimum progress rate. Subsequently, this result
has been improved to Ω(log 𝐷) [11]. If we take the minimum clock rate 𝛼, the maximum clock rate 𝛽, and the
maximum clock drift rate 𝜌 into account, the more general statement of the lower bound is that a clock skew of
Ω(log𝑏 𝐷), where 𝑏 := min{1/𝜌, (𝛽 − 𝛼)/(𝛼𝜌)} cannot be
avoided. The ﬁrst algorithm guaranteeing a sublinear bound
on the worst-case
clock skew between neighbors achieves a
√
bound of 𝒪( 𝜌𝐷) [12, 13]. Recently, this result has been
improved to 𝒪(log 𝐷) [10] (the base of the logarithm is a
constant) and subsequently to 𝒪(log𝑏 𝐷) [11]. Thus, tight
bounds have been achieved for static networks in which neither nodes nor edges fail.
The problem of synchronizing clocks in the presence of
faults has also received considerable attention (see, e.g., [2,
6, 9, 14, 16]). Some of the proposed algorithms are able
to handle not only simple node or edges failures but also
Byzantine behavior, which is outside the scope of this paper. However, while these algorithms can tolerate a broader
range of failures, their network model is not fully dynamic
as their results rely on the assumption that a large part of
the network remains non-faulty and stable at all times. For
the fully dynamic setting, it has been shown that there is
an inherent trade-oﬀ between the clock skew 𝒮 guaranteed
between neighboring nodes that have been connected for a
long time and the time it takes to guarantee a small clock
skew over newly added edges. In particular, the time it takes
to reduce the clock skew over new edges to 𝒪(𝒮) is Ω(𝑛/𝒮),
where 𝑛 denotes the number of nodes in the network [7]. In
√
the same work, it is shown that for 𝒮 ∈ Ω( 𝜌𝑛), there is
an algorithm that reduces the clock skew between any two
nodes to 𝒪(𝒮) in Θ(𝑛/𝒮) time. In this paper, we show that
𝒮 can be reduced to Ω(log𝑏 𝑛), i.e., the same optimal bound
as for static networks can be achieved.

3.

MODEL AND DEFINITIONS

Clock synchronization. In the clock synchronization
problem, each node 𝑢 is equipped with a continuous hard+
ware clock 𝐻𝑢 : ℝ+
0 → ℝ0 , which is initialized to 𝐻𝑢 (0) := 0.
The hardware clocks do not necessarily progress at the rate
of real time; they are subject to a clock drift bounded by 𝜌.
𝑑
At all times 𝑡 we assume that 𝑑𝑡
𝐻𝑢 (𝑡) ∈ [1 − 𝜌, 1 + 𝜌] for all
nodes 𝑢.
The objective of a clock synchronization algorithm (CSA)
+
is to output a logical clock 𝐿𝑢 : ℝ+
0 → ℝ0 (also initialized to
𝐿𝑢 (0) := 0), such that at all times, the logical clock values
of diﬀerent nodes are close to each other. Logical clocks
must also have a bounded drift: there must exist constants
𝑑
𝛼, 𝛽 > 0 such that 𝑑𝑡
𝐿𝑢 (𝑡) ∈ [𝛼, 𝛽] for all times 𝑡 and for all
nodes 𝑢.
The estimate graph. In [8] two of the authors introduced an abstraction called the estimate layer, which simpliﬁes reasoning about CSAs. Synchronization typically involves periodic exchanges of clock values between nodes, either through messages or by other means (e.g., RBS [4]).
The estimate layer encapsulates all means by which nodes
can estimate the clock values of other nodes, and eliminates
the need to reason explicitly about delay bounds and other
parameters of the system.

The estimate layer provides an estimate graph, where each
edge {𝑢, 𝑣} represents the fact that node 𝑢 has some means
of estimating 𝑣’s current clock value and vice-versa. The
edges of the estimate graph are not necessarily direct communication links between nodes. Node 𝑢 is provided with
˜ 𝑣𝑢 of 𝐿𝑣 , whose accuracy is guaranteed by
a local estimate 𝐿
the estimate layer:
˜ 𝑣𝑢 (𝑡)∣ ≤ 𝜖{𝑢,𝑣} ,
∀𝑡 ∀𝑢 ∈ 𝑉, 𝑣 ∈ 𝑁𝑢 (𝑡) : ∣𝐿𝑣 (𝑡) − 𝐿

(1)

where 𝜖{𝑢,𝑣} is called the uncertainty, or the weight, of the
edge {𝑢, 𝑣}. Each edge is also associated with a propagation
delay 𝒯{𝑢,𝑣} that bounds the time needed to send a message
from 𝑢 to 𝑣 and vice versa, such that 𝜖{𝑢,𝑣} ≥ (𝛽 − 𝛼)𝒯{𝑢,𝑣} .
This last assumption is reasonable because nodes typically
need to communicate (although perhaps not directly) to estimate each others’ clock values, and over the time required for
communication, their logical clocks continue to drift apart.
In the sequel, we refer to estimate edges of the sort described
above as simply edges; similarly, when we say “the graph”
we mean the estimate graph. We do not reason explicitly
about the communication graph, as the salient aspects of
communication are encapsulated by the estimate layer.

Dynamic networks. We consider dynamic networks
over a ﬁxed set of nodes 𝑉 , where we denote 𝑛 := ∣𝑉 ∣.
Edge insertions and removals are modeled as discrete events
controlled by a worst-case adversary. In keeping with the
abstract representation from [8], we say that there is an estimate edge {𝑢, 𝑣} between two nodes 𝑢, 𝑣 ∈ 𝑉 at time 𝑡 ≥ 0
iﬀ 𝑢 and 𝑣 have a means of obtaining clock value estimates
about each other at time 𝑡. As explained above, this does
not necessarily mean that there is a direct communication
link between 𝑢 and 𝑣 at time 𝑡.
We assume that nodes do not necessarily detect link formations and failures immediately, or even at the same time
as the other endpoint of the link. For each edge {𝑢, 𝑣},
we assume that there is a parameter 𝜏{𝑢,𝑣} such that both
nodes 𝑢 and 𝑣 ﬁnd out about the appearance or disappearance of edge {𝑢, 𝑣} within 𝜏{𝑢,𝑣} time units of the event
itself. Hence, although we are interested in undirected networks, we model the network as a directed graph, where
edge (𝑢, 𝑣) corresponds to the fact that 𝑢 thinks 𝑣 is its
neighbor. The appearance and disappearance of edges in𝑉 ×𝑉
duces a dynamic graph 𝐺 = (𝑉, 𝐸), where 𝐸 : ℝ+
0 → 2
maps non-negative times 𝑡 > 0 to a set of directed estimate edges that exist at time 𝑡. The graph is subject to
the following constraints, which approximate symmetry up
to the delay (𝜏{𝑢,𝑣} ) in ﬁnding out about link changes: (a) if
for all 𝑡′ ∈ [𝑡, 𝑡 + 2𝜏{𝑢,𝑣} ] we have (𝑢, 𝑣) ∈ 𝐸(𝑡′ ), then
(𝑣, 𝑢) ∈ 𝐸(𝑡 + 𝜏{𝑢,𝑣} ); (b) if for all 𝑡′ ∈ [𝑡, 𝑡 + 2𝜏{𝑢,𝑣} ] we
have (𝑢, 𝑣) ∕∈ 𝐸(𝑡′ ), then (𝑣, 𝑢) ∕∈ 𝐸(𝑡 + 𝜏{𝑢,𝑣} ). Throughout each execution, every node 𝑢 maintains a dynamic set
𝑉
of neighbors 𝑁𝑢 : ℝ+
0 → 2 , where 𝑁𝑢 (𝑡) contains all nodes
𝑣 such that (𝑢, 𝑣) ∈ 𝐸(𝑡). In the sequel, we frequently refer
to undirected edges {𝑢, 𝑣}. When we write {𝑢, 𝑣} ∈ 𝐸(𝑡) we
mean that both (𝑢, 𝑣) ∈ 𝐸(𝑡) and (𝑣, 𝑢) ∈ 𝐸(𝑡).
To simplify the presentation, in Section 6 we assume that
nodes ﬁnd out about link changes immediately: that is, for
all 𝑢, 𝑣 ∈ 𝑉 we have (𝑢, 𝑣) ∈ 𝐸(𝑡) iﬀ (𝑣, 𝑢) ∈ 𝐸(𝑡). This
assumption is not made in the accompanying tech report.
We say that edge {𝑢, 𝑣} exists throughout an interval [𝑡1 , 𝑡2 ]
if for all 𝑡 ∈ [𝑡1 , 𝑡2 ] we have {𝑢, 𝑣} ∈ 𝐸(𝑡). By extension, a
path 𝑝 is said to exist throughout [𝑡1 , 𝑡2 ] if all its edges exist
throughout the interval.

Definition 1 (Weighted Paths). Let 𝐺 = (𝑉, 𝐸) be
a dynamic graph with edge weights 𝜖𝑒 , 𝑒 ∈ 𝐸(𝑡). A path
𝑝 = (𝑢0 , . . . , 𝑢𝑘 ) of length 𝑘 ≥ 0 in 𝐺 at time 𝑡 is a tuple of nodes such that for all 𝑖 ∈ {1, . . . , 𝑘} it holds that
∑
{𝑢𝑖−1 , 𝑢𝑖 } ∈ 𝐸(𝑡). The weight of 𝑝 is 𝜖𝑝 := 𝑘𝑖=1 𝜖{𝑢𝑖−1 ,𝑢𝑖 } .
For simplicity, we will assume that the minimum edge weight
is normalized to 1 throughout this extended abstract.
We frequently refer to the skew on a path 𝑝 = (𝑢0 , . . . , 𝑢𝑘 )
at time 𝑡, by which we mean ∣𝐿𝑢0 (𝑡) − 𝐿𝑢𝑘 (𝑡)∣.

Dynamic diameter. A fundamental lower bound from [1]
shows that the performance of a CSA in a static network depends on the diameter of the network. In dynamic networks
there is no immediate equivalent to a diameter. Informally,
the diameter corresponds to the length of time it takes (at
most) for information to spread from one end of the network
to the other. To formalize this idea we adopt the following
deﬁnitions.
Definition 2 (Flooding). A ﬂood originating at node
𝑢 is a process initiated when node 𝑢 sends a Flood message to
all its neighbors. Each node that receives the message for the
ﬁrst time forwards it immediately to all its neighbors. We
say that the ﬂood is complete when all nodes have received
a Flood message.
Definition 3 (Dynamic Diameter). We say that dynamic graph 𝐺 has a dynamic diameter of 𝐷 (or simply “diameter” for short) if a ﬂood originating at any node in the
graph at any time in the execution always completes in at
most 𝐷 time units.

Clock skew. To measure the quality of a CSA we consider two kinds of requirements: a global skew constraint
which gives a bound on the diﬀerence between any two logical clock values in the system, and a dynamic gradient skew
constraint which becomes stronger the closer two nodes 𝑢, 𝑣
are to each other and the longer 𝑢, 𝑣 stay close to each other.
In particular, for nodes that remain neighbors for a long
time, the dynamic gradient skew constraint requires a much
smaller skew than the global skew constraint.
Definition 4 (Global Skew). A CSA guarantees a
global skew of 𝒢¯ if at all times 𝑡, for any two nodes 𝑢, 𝑣 ∈ 𝑉 ,
¯
it holds that 𝐿𝑢 (𝑡) − 𝐿𝑣 (𝑡) ≤ 𝒢.
In contrast, the dynamic gradient skew constraint does
depend on the dynamic graph: the older the shortest path
between 𝑢 and 𝑣, the better-synchronized 𝑢 and 𝑣 are required to be.
Definition 5 (Dynamic Gradient Skew). Given a
+
+
function 𝒮 : ℝ+
0 × ℝ0 → ℝ0 that is non-decreasing in the
ﬁrst parameter (distance) and non-increasing in the second
(time), we say that CSA 𝒜 guarantees a dynamic gradient
skew of 𝒮 if for all time intervals [𝑡1 , 𝑡2 ] and each path 𝑝 =
(𝑢0 , . . . , 𝑢𝑘 ) that exists throughout the interval [𝑡1 , 𝑡2 ], we
have that
𝐿𝑢0 (𝑡2 ) − 𝐿𝑢𝑘 (𝑡2 ) ≤ 𝒮(𝜖𝑝 , 𝑡2 − 𝑡1 ).
¯
:= limΔ𝑡→∞ 𝒮(𝑑, Δ𝑡) is deﬁned for all 𝑑,
If the limit 𝒮(𝑑)
¯
then we say that 𝒜 guarantees a stable gradient skew of 𝒮,
+
where 𝒮¯ : ℝ+
→
ℝ
.
In
this
case
we
also
say
that
𝒜
is
0
0
¯
𝒮-stabilizing.

If a CSA 𝒜 guarantees a dynamic gradient skew of 𝒮, then
we call 𝒜 an “𝒮-dynamic gradient CSA”. The literature on
gradient clock synchronization (e.g., [5, 7, 11, 13]) is typically concerned with the local skew of a CSA, which bounds
the skew on any single edge. The local skew can be consid¯
ered equivalent to the stable gradient skew 𝒮(1),
provided
that all edges are of uniform weight 1.
We will further discuss the stabilization time of a CSA,
which we deﬁne as follows.
Definition 6 (Stabilization Time). Let 𝒜 be a dynamic gradient CSA with a dynamic gradient skew of 𝒮 and
¯ The stabilization time of 𝒜 is
a stable gradient skew of 𝒮.
deﬁned as
{
}
𝒯𝑆 := inf Δ𝑡 ∣ ∀𝑑∀Δ𝑡′ ≥ Δ𝑡 : 𝒮(𝑑, Δ𝑡′ ) ≤ 2𝒮¯ .
The dynamic and stable gradient skew and the stabilization
time are parameterized by 𝐷, the diameter of the network,
and potentially other parameters such as the bound on the
clock drift 𝜌 or the minimum edge weight. Usually we omit
these depedencies to simplify the notation. Note that the
choice of 2 as the constant in the deﬁnition above is arbitrary; we are interested in the asymptotic behavior of the
clock skew as 𝐷 → ∞.

4.

OVERVIEW OF THE OPTIMAL CSA IN
STATIC NETWORKS

The algorithms in the current paper are based on the algorithm of [8, 11], which achieves the optimal gradient property for static networks. In [8, 11], each node of the network
can be in one of two modes: in slow mode, the logical clock
is increased at the rate of the node’s hardware clock; in fast
mode, the logical clock progresses at a faster rate. The rate
of the logical clock in fast mode is (1 + 𝜇) times the rate
of the hardware clock, where 𝜇 > 0 is a parameter of the
algorithm. This ensures that logical clock rates are always
bounded as required: they are between 1−𝜌 and (1+𝜌)(1+𝜇)
at all times.
The heart of the algorithm is the logic that controls which
mode a node is in at any given time. This is speciﬁed in the
form of two conditions: the fast condition (FC) tells nodes
when to enter fast mode, and the slow condition (SC) tells
nodes when to enter slow mode. To determine the appropriate mode, each node examines its estimate for the logical
clock values of its neighbors. Both FC and SC are conditions on these estimates; informally, the fast condition FC
checks if the node is too far behind its neighbors, in which
case it enters fast mode; and the slow condition SC checks
if the node is too far ahead of its neighbors, in which case it
goes into slow mode.
The two conditions FC and SC are mutually exclusive,
and furthermore they are strictly separated and deﬁned as
closed regions. This is necessary to ensure that (from a
control-theoretic point of view) the algorithm can be implemented. If neither condition is satisﬁed, a node is free
to choose non-deterministically between fast mode and slow
mode (correctness is guaranteed for either choice).
The algorithm in [8] allows the use of edges 𝑒 with diﬀerent uncertainties 𝜖𝑒 . For every edge 𝑒, the algorithm uses a
parameter 𝜅𝑒 which directly corresponds to 𝜖𝑒 and, roughly
speaking, determines how much clock skew the nodes are
willing to tolerate on the edge 𝑒. We call 𝜅𝑒 the weight of
edge 𝑒. An edge {𝑢, 𝑣} with a large weight 𝜅{𝑢,𝑣} corre-

sponds to a neighbor 𝑣 for which node 𝑢 cannot obtain reliable estimates. Accordingly, node 𝑢 treats its estimates of
node 𝑣’s clock value as less signiﬁcant than estimates along
edges with a smaller weight. One may think of each edge
as a “leash” that pulls the clocks of its endpoint together.
Edges with smaller weights correspond to shorter leashes,
which require closer synchronization than edges with larger
weights. For example, if 𝜅{𝑢,𝑣1 } = 2𝜅{𝑢,𝑣2 } , and a skew of Δ
is required on edge {𝑢, 𝑣1 } to cause 𝑢 to enter fast mode or
slow mode, then a skew of about 2Δ is required on {𝑢, 𝑣2 }
to cause 𝑢 to enter the same mode.

5.

ALGORITHMS

In this section, we adapt the algorithm of [8, 11] for the
dynamic model, and obtain an algorithm with an asymptotically optimal global skew of 𝒪(𝐷) and stable local skew
of 𝒪(log𝜇/𝜌 𝐷), where 𝜇 is the parameter governing logical
clock rate in fast mode. We present two variants of the algorithm, based on the same technique. Both variants achieve
optimal skew bounds: for any two nodes that remain at distance 𝑑 from each other for suﬃciently long, the algorithms
guarantee a skew of at most 𝒪(𝑑 log(𝐷/𝑑)). The ﬁrst algorithm we present is simpler and more elegant, but it does
not achieve the optimal trade-oﬀ between skew and stabilization time; its stabilization time is 𝒪((𝐷 log 𝐷)/𝜇), which
is oﬀ by an 𝒪(log 𝐷) factor from the optimum. The second
variant is more complex, and it achieves an optimal stabilization time of 𝒪(𝐷 𝜇). To simplify the presentation, we
focus here on the ﬁrst algorithm, which we describe and analyze in detail. The second algorithm is presented in full in
the accompanying technical report. We include here a brief
overview.

5.1

A Dynamic-Weight Algorithm

The ﬁrst of the two algorithms we present, 𝒜DW , is a
dynamic-weight algorithm. Instead of a ﬁxed value 𝜅𝑒 for
an edge 𝑒, algorithm 𝒜DW maintains a dynamic weight 𝜅𝑒
that starts with a large value for each newly formed edge
𝑒 and is gradually decreased. The initial edge weight is
chosen large enough such that an edge has no eﬀect on its
endpoints’ modes immediately after insertion. Then, 𝜅𝑒 is
decreased exponentially until it reaches its ﬁnal value, which
corresponds to the uncertainty 𝜖𝑒 of 𝑒 (as in the static case).
Hence, edges are initially treated as unimportant, and they
continuously gain in importance while present.

Parameters and constants. Algorithm 𝒜DW involves
several parameters which can be tuned to reduce the skew
at the cost of longer stabilization time, or vice-versa. In
addition we deﬁne several constants to simplify the presentation. The constants and parameters are described below.
퓖̄: an upper bound on the global skew of the algorithm. We
assume that all nodes have access to this bound. It is sufﬁcient for all nodes to know the number 𝑛 of nodes in the
network, and use 𝑛 as a conservative estimate for the diameter 𝐷 of the graph in the global skew bound established in
Section 6.1.
𝝁: a parameter that determines logical clock rate in fast
mode. To allow nodes to catch up when they are behind, 𝜇
must be suﬃciently large; we require
𝜇≥

16𝜌
.
1−𝜌

(2)

On the other hand, nodes should not increase their clocks
too quickly, or synchronization will be lost; we also require
𝜇𝜖{𝑢,𝑣} ≤ 12𝒢¯ for any possible edge {𝑢, 𝑣}.
𝜿∞
{𝒖,𝒗} : the “stable” weight of edge {𝑢, 𝑣}. This is the weight
eventually assigned to edge {𝑢, 𝑣} if it exists long enough in
the system, and it corresponds to the uncertainty 𝜖{𝑢,𝑣} . We
require
2 (
𝜇)
𝜅∞
⋅ 1+
⋅ 𝜖{𝑢,𝑣} .
(3)
{𝑢,𝑣} >
𝜆
6
𝝀: a constant, chosen as 0 < 𝜆 < 1/4, which determines the
slack in the fast and slow conditions (see Deﬁnitions 8,9).
The choice of 𝜆 does not aﬀect the asymptotic behavior of
the algorithm.
𝜼: a constant that controls the rate at which 𝜅{𝑢,𝑣} is increased. It is deﬁned as
𝜂 :=

𝜆(1 − 𝜌)
⋅ 𝜇.
6

(4)

Next we describe the components that make up the algorithm.

Dynamic weights. When edge {𝑢, 𝑣} appears at time
𝑡0 , nodes 𝑢, 𝑣 establish and maintain a dynamic weight 𝜅{𝑢,𝑣} (𝑡)
for the edge. Both 𝑢 and 𝑣 maintain a local estimate of the
weight; we use 𝜅𝑣𝑢 (𝑡) to denote 𝑢’s estimate and 𝜅𝑢𝑣 (𝑡) to denote 𝑣’s estimate of 𝜅{𝑢,𝑣} (𝑡). The “true” weight induced by
the two estimates is deﬁned by 𝜅{𝑢,𝑣} (𝑡) := min {𝜅𝑣𝑢 (𝑡), 𝜅𝑢𝑣 (𝑡)}.
Suppose that 𝑢 < 𝑣 2 . The node with the smaller identiﬁer, in this case 𝑢, is responsible for setting the initial weight
and decreasing it over time, while the other node, in this case
𝑣, periodically synchronizes its estimate to 𝑢’s value. Node
𝑢 (the “master node”) changes 𝜅𝑣𝑢 (𝑡) over time according to
the following dynamics, decreasing it exponentially from an
initial value of 𝒢¯ to the ﬁnal value of 𝜅∞
{𝑢,𝑣} .
𝜅𝑣𝑢 (𝑡0 )
𝑑 𝑣
𝜅𝑢 (𝑡)
𝑑𝑡

¯
:= 𝜅{𝑢,𝑣} (𝑡0 ) = 𝒢,
{
𝑑 𝐻 (𝑡)
𝑢
− 𝒢𝜂¯ ⋅ 𝑑𝑡(1+𝜌)
⋅ 𝜅𝑣𝑢 (𝑡)
:=
0

(5)
𝜅𝑣𝑢 (𝑡) > 𝜅∞
{𝑢,𝑣} ,
𝜅𝑣𝑢 (𝑡) = 𝜅∞
.
{𝑢,𝑣}

Using the estimate layer, node 𝑣 (the “slave node”) conservatively synchronizes its estimate 𝜅𝑢𝑣 to 𝑢’s value. We omit
the technical details here; the following lemma characterizes
the accuracy of 𝑣’s estimates.
Lemma 7. For all 𝑡 ≥ 0 and nodes 𝑢 < 𝑣, we have
0 ≤ 𝜅𝑢𝑣 (𝑡) − 𝜅𝑣𝑢 (𝑡) ≤

𝜇𝜖{𝑢,𝑣}
⋅ 𝜅{𝑢,𝑣} (𝑡).
6𝒢¯

In particular, we always have 𝜅{𝑢,𝑣} (𝑡) = 𝜅𝑣𝑢 (𝑡), that is, the
master node’s estimate is the true weight.

Max estimates. As in [7, 11, 12, 13], each node maintains a local estimate 𝑀𝑢 of the maximum logical clock value
in the network, and makes sure never to exceed it. As this
is a standard technique we omit the implementation details,
and note only that max estimates satisfy the following constraint: if the dynamic graph has a diameter of 𝐷, then for
2
We assume unique node identiﬁers, but other symmetrybreaking mechanisms may be substituted.

all 𝑡 ≥ 0 and for all nodes 𝑢 we have
𝑀𝑢 (𝑡) ≤ max {𝐿𝑣 (𝑡)} ,

(6)

∀𝑡 ≥ 2𝐷 : 𝑀𝑢 (𝑡) > max {𝐿𝑣 (𝑡 − 2𝐷)} ,

(7)

𝑀𝑢 (𝑡) ≥ 𝐿𝑢 (𝑡),

(8)

{
}
˜ 𝑣𝑢 (𝑡) − 𝜖{𝑢,𝑣} ,
𝑀𝑢 (𝑡) ≥ max 𝐿

(9)

𝑣∈𝑉

𝑣∈𝑉

𝑣∈𝑁𝑢 (𝑡)

That is, the max estimate of any node is never more than the
true maximum, and it represents the true maximum from 2𝐷
time units ago, where 𝐷 is the time required to complete a
ﬂood in the dynamic graph. In addition, (8) asserts that
nodes cannot set their logical clock ahead of their max estimate, and (9) asserts that the max esimate always reﬂects
the logical clock values of immediate neighbors. (The factor
2 arises from the fact that nodes do not constantly ﬂood the
network with max estimates. It can be reduced to (1 + 𝜄),
where 𝜄 is an arbitrarily small constant, by starting ﬂoods
suﬃciently often.)

The fast and slow conditions. If node 𝑢 ﬁnds that
it is too far behind, it goes into fast mode and uses a fast
𝑑
𝐻𝑢 (𝑡) to increase its logical clock. The
rate of (1 + 𝜇) 𝑑𝑡
following rule is used to determine when to go into fast mode.
Informally, it states that some neighbor is far ahead, and no
neighbor is too far behind.
Definition 8 (Fast condition FC). At time 𝑡, node
𝑢 ∈ 𝑉 satisﬁes the fast condition, denoted FC, if there is
some integer 𝑠 ≥ 1 for which the following conditions are
satisﬁed:
𝑤
˜𝑤
∃𝑤 ∈ 𝑁𝑢 (𝑡) : 𝐿
𝑢 (𝑡) − 𝐿𝑢 (𝑡) ≥ (𝑠 − 𝜆)𝜅𝑢 (𝑡)
˜ 𝑣𝑢 (𝑡) ≤ (𝑠 + 𝜆)𝜅𝑣𝑢 (𝑡).
∀𝑣 ∈ 𝑁𝑢 (𝑡) : 𝐿𝑢 (𝑡) − 𝐿

Conversely, if a node is far behind some neighbor, and no
other neighbor is too far ahead of it, it enters slow mode
and uses the slow rate. The rule for entering slow mode is
as follows.
Definition 9 (Slow condition SC). At time 𝑡, node
𝑢 ∈ 𝑉 satisﬁes the slow condition, denoted SC, if there is
some integer 𝑠 ≥ 0 for which the following conditions are
satisﬁed:
)
(
1
˜𝑤
∃𝑤 ∈ 𝑁𝑢 (𝑡) : 𝐿𝑢 (𝑡) − 𝐿
𝑠 + − 𝜆 𝜅𝑤
𝑢 (𝑡)
𝑢 (𝑡) ≥
2
)
(
˜ 𝑣𝑢 (𝑡) − 𝐿𝑢 (𝑡) ≤ 𝑠 + 1 + 𝜆 𝜅𝑣𝑢 (𝑡).
∀𝑣 ∈ 𝑁𝑢 (𝑡) : 𝐿
2
Since a node cannot be in fast mode and in slow mode
at the same time, SC and FC are required to be mutually
exclusive, otherwise the algorithm would be impossible to
implement.
Lemma 10. No node can satisfy FC and SC at the same
time.
This essentially follows from the fact that 𝜆 < 1/4, implying
that 𝑠 + 1/2 − 𝜆 > 𝑠 + 𝜆 and 𝑠 + 1/2 + 𝜆 < (𝑠 + 1) − 𝜆 for
all 𝑠. A formal proof of this statement is given in [8] and
an analogous result for our second algorithm is shown in the
technical report.

With the above deﬁnitions in place, 𝒜DW is given by the
following rules, executed at each node 𝑢 at all times 𝑡:
− If FC holds, or if SC does not hold and 𝐿𝑢 (𝑡) < 𝑀𝑢 (𝑡),
𝑑
then node 𝑢 must be in fast mode, setting 𝑑𝑡
𝐿𝑢 = (1 +
𝑑
𝜇) 𝑑𝑡 𝐻𝑢 .
− If SC holds, or if FC does not hold and 𝐿𝑢 (𝑡) = 𝑀𝑢 (𝑡),
𝑑
𝑑
then node 𝑢 must be in slow mode, setting 𝑑𝑡
𝐿𝑢 = 𝑑𝑡
𝐻𝑢 .
If neither of the conditions above holds, the node is free to
choose its mode nondeterministically.

5.2

Overview of Algorithm 𝒜OPT

The second variant of the algorithm uses exactly the same
deﬁnition of fast mode and slow mode. In particular, it also
guarantees that all logical clock rates are always in the range
[1 − 𝜌, (1 + 𝜇)(1 + 𝜌)]. The main diﬀerence is that the algorithm uses a diﬀerent mechanism to ensure that new edges
cannot immediately determine the current mode. Instead
of a dynamic weight 𝜅𝑒 , each node 𝑢 uses several neighborhood sets 𝑁𝑢1 , 𝑁𝑢2 , . . . (in addition to 𝑁𝑢 ), for which it
holds at all times that 𝑁𝑢 ⊇ 𝑁𝑢1 ⊇ 𝑁𝑢2 etc. Both FC and
SC are changed in that they now apply when there is some
integer 𝑠 for which the FC/SC preconditions restricted to
𝑁𝑢𝑠 (𝑡) are satisﬁed. For example, the ﬁrst condition of FC
changes to “when there is a neighbor 𝑤 ∈ 𝑁𝑢𝑠 (𝑡) such that
𝑤
˜𝑤
𝐿
𝑢 (𝑡) − 𝐿𝑢 (𝑡) ≥ (𝑠 − 𝜆)𝜅𝑢 (𝑡).” If the neighborhood sets are
chosen and updated appropriately, these modiﬁed conditions
also guarantee that new edges cannot cause a violation of the
desired skew bounds.
The crucial question is when and how the neighborhood
sets are updated. We will now brieﬂy outline this procedure.
The algorithm operates in loosely synchronized rounds, i.e.,
a round always begins when the logical clock reaches a certain value (which may occur at diﬀerent times at diﬀerent
nodes). The edges that are incorporated in any round are
all the new edges that are present at the beginning of the
round, i.e., if new neighbors appear during the course of a
round, they are ignored until the next round starts. In each
round, the sets 𝑁𝑢1 , 𝑁𝑢2 , . . . , are updated exactly once and
in this order at times 𝑇1 < 𝑇2 < . . . etc. Updating a set
𝑁𝑢𝑠 simply means setting it to 𝑁𝑢𝑠−1 . The set 𝑁𝑢1 is updated
using the neighborhood 𝑁𝑢 of 𝑢 at time 𝑇1 . The update
times occur in intervals that ensure that the targeted skew
bounds are never violated. In the technical report, we prove
that these times can be deﬁned in such a way that the duration of a round is 𝒪(𝐷/𝜇) and that all new edges introduced
at the beginning of a round have stabilized by its end.

6.

ANALYSIS

In this section we sketch the analysis of 𝒜DW , the simpler of the two algorithms, and bound its worst-case global
and dynamic gradient skew. To simplify further, we assume here that when an edge appears or disappears, both
endpoints ﬁnd out about this event immediately. Hence,
in this section, the following four statements are equivalent: I. (𝑢, 𝑣) ∈ 𝐸(𝑡), II. (𝑣, 𝑢) ∈ 𝐸(𝑡), III. 𝑢 ∈ 𝑁𝑣 (𝑡), and
IV. 𝑣 ∈ 𝑁𝑢 (𝑡). Consequently, we refer only to undirected
edges {𝑢, 𝑣} throughout the section. In the accompanying
technical report, algorithm 𝒜OPT is analyzed without this
assumption.

6.1

The Global Skew

Like its predecessors in [8, 11], algorithm 𝒜DW achieves
an asymptotically-optimal global skew of 𝒪(𝐷), where 𝐷
is now deﬁned as the dynamic diameter of the graph (see
Section 3).
Theorem 11. Algorithm 𝒜DW achieves a global skew of
2𝐷(1 + 𝜌) ∈ 𝒪(𝐷) in networks of diameter 𝐷.
Proof. The proof is similar to the ones in [7, 11], and
depends solely on the behavior of the nodes with the largest
and smallest clock values in the network. We argue that
these nodes act to reduce the global skew: the node with
the largest clock is always in slow mode, and if the skew is
large, then the node with the smallest clock is in fast mode,
trying to catch up.
First, consider the node 𝑢 with the largest clock in the
network: 𝐿𝑢 (𝑡) = max𝑣∈𝑉 {𝐿𝑣 (𝑡)}. From (6) and (8) we
have 𝑀𝑢 (𝑡) = 𝐿𝑢 (𝑡), that is, node 𝑢 knows that it has the
largest clock. In addition, by (3) and (9) we have 𝑀𝑢 (𝑡) ≥
max𝑣∈𝑁𝑢 (𝑡) {𝐿𝑣 (𝑡) − 𝜖{𝑢,𝑣} } and for any neighbor 𝑣, (1 −
𝜆)𝜅𝑣𝑢 (𝑡) ≥ (1 − 𝜆)𝜅∞
{𝑢,𝑣} > 𝜖{𝑢,𝑣} . Hence, 𝑢’s estimates of
its neighbors’ clock values cannot be large enough for FC to
hold. Together with the fact that 𝐿𝑢 (𝑡) = 𝑀𝑢 (𝑡), this forces
𝑢 to be in slow mode.
For this reason, the maximum clock value in the network
increases at most at rate 1 + 𝜌, the maximum hardware
clock rate. From (7) it follows that for any node 𝑣 we have
𝑀𝑣 (𝑡) > max𝑤∈𝑉 {𝐿𝑤 (𝑡)} − 2𝐷(1 + 𝜌); that is, the max
estimates of all nodes are “not too far oﬀ” the true maximum.
Now consider a node 𝑢 with the smallest clock in the network, 𝐿𝑢 (𝑡) = min𝑣∈𝑉 {𝐿𝑣 (𝑡)}, and suppose that 𝐿𝑢 (𝑡) =
max𝑣∈𝑉 {𝐿𝑣 (𝑡)} − 2𝐷(1 + 𝜌), in other words, that there is
a large gap between the smallest and largest clocks. Because 𝑀𝑣 (𝑡) < max𝑤∈𝑉 {𝐿𝑤 (𝑡)} − 2𝐷(1 + 𝜌), we immediately obtain 𝐿𝑢 (𝑡) < 𝑀𝑢 (𝑡), so node 𝑢 knows it is behind. In addition, since node 𝑢 has the smallest clock,
for each 𝑣 ∈ 𝑁𝑢 (𝑡) we have 𝐿𝑣 (𝑡) ≥ 𝐿𝑢 (𝑡), and hence
˜ 𝑣𝑢 (𝑡) ≥ 𝐿𝑢 (𝑡) − 𝜖{𝑢,𝑣} > 𝐿𝑢 (𝑡) − (1/2 − 𝜆)𝜅𝑣𝑢 (𝑡), which
𝐿
means that SC does not hold (all of 𝑢’s neighbors are too
far ahead). Together with the fact that 𝐿𝑢 (𝑡) < 𝑀𝑢 (𝑡), this
forces node 𝑢 to be in fast mode.
We have shown that whenever there is a large enough skew
such that min𝑣∈𝑉 {𝐿𝑣 (𝑡)} = max𝑣∈𝑉 {𝐿𝑣 (𝑡)}−2𝐷(1+𝜌), all
nodes with the smallest logical clock value, min𝑣∈𝑉 {𝐿𝑣 (𝑡)},
will be in fast mode, and all nodes with the largest logical
clock value will be in slow mode. A node in fast mode increases its logical clock at a rate of at least (1 + 𝜇)(1 − 𝜌),
and a node in slow mode increases its logical clock at a rate
of at most (1 + 𝜌). By (2), (1 + 𝜇)(1 − 𝜌) > 1 + 𝜌, so the
nodes that are the most behind cannot fall behind any further. The continuity of logical clocks thus ensures that the
global skew never exceeds 2𝐷(1 + 𝜌).
As explained in Section 5.1, we assume that each node
maintains an upper bound 𝒢¯ on the global skew of the network. This can be done dynamically, by running an estimation protocol alongside the clock synchronization algorithm,
or the bound 𝒢¯ can be computed statically based on known
properties of the network. For simplicity, we use a single
global skew estimate 𝒢¯ throughout the paper. All algorithms
and proofs can however be adapted to a scenario where each
node maintains an individual and possibly dynamic upper
bound on the global skew.

6.2

Analysis of the Gradient Skew

In this section we prove the gradient skew property of
Algorithm 𝒜DW :
¯
Theorem 12. 𝒜DW has a stable gradient skew of 𝒮(𝑑)
∈
𝒪(𝑑 log(𝐷/𝑑)), with a stabilization time of 𝒪(𝐷 log 𝐷).
We start by analyzing the properties of the dynamic weights
𝜅{𝑢,𝑣} (𝑡). For a path 𝑝 = (𝑢0 , . . . , 𝑢𝑘 ) that exists at time
∑𝑘
𝑡, we deﬁne 𝜅𝑝 (𝑡) :=
𝑖=1 𝜅{𝑢𝑖−1 ,𝑢𝑖 } (𝑡) to be the total
weight of the path at time 𝑡. In addition, for any path 𝑝
that exists throughout an interval [𝑡0 , 𝑡1 ], let Δ𝜅𝑝 (𝑡0 , 𝑡1 ) :=
𝜅𝑝 (𝑡1 ) − 𝜅𝑝 (𝑡0 ) be the change in the path’s weight from time
𝑡0 to time 𝑡1 . The following technical lemma asserts that
over suﬃciently short intervals [𝑡0 , 𝑡1 ], the change in a path’s
weight is bounded as a function of its weight at time 𝑡1 .
Lemma 13. For any path 𝑝, integer 𝑠 ≥ 1, and times
¯ 𝑠−1
𝑡1 ≥ 𝑡0 such that 𝑡1 − 𝑡0 ≤ 𝒢/2
, we have
(1−𝜌)𝜇
𝜆/3
.
𝑠 + 1/2
Proof. First, observe that 𝜅𝑝 (𝑡) is positive and nonincreasing (along paths that do not disappear). From (5),
we have
𝜂
𝜆
Δ𝜅𝑝 (𝑡0 , 𝑡1 ) ≥ −𝜅𝑝 (𝑡0 ) ⋅ ¯ (𝑡1 − 𝑡0 ) = −𝜅𝑝 (𝑡0 ) ⋅
3 ⋅ 2𝑠
𝒢
𝜆/3
≥ −𝜅𝑝 (𝑡0 ) ⋅
.
𝑠+1
0 ≥ Δ𝜅𝑝 (𝑡0 , 𝑡1 ) ≥ −𝜅𝑝 (𝑡1 ) ⋅

This implies that 𝜅𝑝 (𝑡1 )/𝜅𝑝 (𝑡0 ) ≥ 1−
the claim follows.

𝜆/3
𝑠+1

≥

𝑠−1/2
,
𝑠+1

and thus

The following deﬁnition captures the formal requirement
on the skew along paths of diﬀerent weight.
Definition 14 (Legal State). We say that the network is in a legal state at time 𝑡 if and only if for all integers 𝑠 ≥ 1 and all paths 𝑝 = (𝑣0 , . . . , 𝑣𝑘 ) with 𝜅𝑝 (𝑡) ≥ 𝐶𝑠 :=
¯ 𝑠−1 that exist at time 𝑡 it holds that
𝒢/2
𝐿𝑣𝑘 (𝑡) − 𝐿𝑣0 (𝑡) ≤ 𝑠 ⋅ 𝜅𝑝 (𝑡).
We will show that the legal state condition is an invariant maintained throughout any execution of the algorithm,
which implies Theorem 12.
In the analysis we work with two notions of “weighted
skew”, capturing how much a node 𝑣0 is ahead or behind
any other node, respectively. Both notions of weighted skew
are essentially the diﬀerence between the clocks of the nodes
at the endpoints of a path, normalized by the total weight
of the path. However, we use diﬀerent constants for each,
corresponding to the constants used in FC and SC.
Definition 15. Given an integer 𝑠 ≥ 1, a time 𝑡, and a
path 𝑝 = (𝑣0 , . . . , 𝑣𝑘 ), we deﬁne
Ξ𝑠𝑝 (𝑡) := 𝐿𝑣0 (𝑡) − 𝐿𝑣𝑘 (𝑡) − 𝑠 ⋅ 𝜅𝑝 (𝑡),
Ξ𝑠𝑣0 (𝑡) := max Ξ𝑠𝑝 (𝑡).

and

𝑝=(𝑣0 ,... )

Definition 16. Given an integer 𝑠 ≥ 1, a time 𝑡, and a
path 𝑝 = (𝑣0 , . . . , 𝑣𝑘 ), we deﬁne
)
(
1
Ψ𝑠𝑝 (𝑡) := 𝐿𝑣𝑘 (𝑡) − 𝐿𝑣0 (𝑡) − 𝑠 +
⋅ 𝜅𝑝 (𝑡), and
2
Ψ𝑠𝑣0 (𝑡) := max Ψ𝑠𝑝 (𝑡).
𝑝=(𝑣0 ,... )

Given a path 𝑝 = (𝑣0 , . . . , 𝑣𝑘 ), we use 𝑝−1 = (𝑣𝑘 , . . . , 𝑣0 ) to
denote the inverted path. Note that
𝜅𝑝 (𝑡)
.
(10)
2
In particular, if node 𝑣0 is “far behind” node 𝑣𝑘 , as reﬂected
by a large value of Ψ𝑠𝑝 (𝑡), then node 𝑣𝑘 is “far ahead” of node
𝑣0 , which is reﬂected by a large value of Ξ𝑠𝑝−1 (𝑡).
We use the following abbreviation for the increment of a
logical clock value:
Ψ𝑠𝑝 (𝑡) = Ξ𝑠𝑝−1 (𝑡) −

𝐼𝑣 (𝑡, 𝑡′ ) := 𝐿𝑣 (𝑡′ ) − 𝐿𝑣 (𝑡).

(11)

The fast and slow conditions are “subjective” conditions
that tell a node when to enter fast or slow mode. The following two lemmas are an “objective” statement which characterizes, from the point of view of an external observer who
can see the entire state of the system, when a speciﬁc node
must be in fast or slow mode.
Lemma 17. If there is an integer 𝑠 ≥ 1 such that the
following two conditions are satisﬁed, a node 𝑢 is in fast
mode:
(
)
𝜆
∃𝑤 ∈ 𝑁𝑢 (𝑡) : 𝐿𝑤 (𝑡) − 𝐿𝑢 (𝑡) ≥ 𝑠 −
𝜅{𝑢,𝑤} (𝑡)
2
)
(
𝜆
𝜅{𝑢,𝑣} (𝑡).
∀𝑣 ∈ 𝑁𝑢 (𝑡) : 𝐿𝑢 (𝑡) − 𝐿𝑣 (𝑡) ≤ 𝑠 +
2
Lemma 18. If there is an integer 𝑠 ≥ 0 such that the
following two conditions are satisﬁed, a node 𝑢 is in slow
mode:
(
)
1−𝜆
∃𝑤 ∈ 𝑁𝑢 (𝑡) : 𝐿𝑢 (𝑡) − 𝐿𝑤 (𝑡) ≥ 𝑠 +
𝜅{𝑢,𝑤} (𝑡)
2
(
)
1+𝜆
∀𝑣 ∈ 𝑁𝑢 (𝑡) : 𝐿𝑣 (𝑡) − 𝐿𝑢 (𝑡) ≤ 𝑠 +
𝜅{𝑢,𝑣} (𝑡).
2
The proofs are technical and they are omitted here.
The next two lemmas prove important properties regarding the functions Ξ𝑠𝑣 (𝑡) and Ψ𝑠𝑣 (𝑡).
Lemma 19. If for a node 𝑢 ∈ 𝑉 , an integer 𝑠 ∈ ℕ and a
𝑑 𝑠
𝑑
time 𝑡, Ξ𝑠𝑢 (𝑡) > 0, then 𝑑𝑡
Ξ𝑢 (𝑡) ≤ 𝑑𝑡
𝐿𝑢 (𝑡)−(1−𝜌)(1+𝜇)+𝜂.
Proof Sketch. Set 𝑢0 := 𝑢 and let 𝑝 = (𝑢0 , . . . , 𝑢𝑘 ) be
a path maximizing Ξ𝑠𝑢 (𝑡). Since Ξ𝑠𝑢 (𝑡) is positive, we know
that 𝑢0 ∕= 𝑢𝑘 , i.e., the path is non-empty. We have that
𝐿𝑢𝑘−1 (𝑡) − 𝐿𝑢𝑘 (𝑡) ≥ 𝑠𝜅{𝑢𝑘−1 ,𝑢𝑘 } (𝑡),
since otherwise Ξ𝑠(𝑢0 ,...,𝑢𝑘−1 ) (𝑡) would be larger than Ξ𝑠𝑝 (𝑡);
also, for all 𝑣 ∈ 𝑁𝑢𝑘 (𝑡)
𝐿𝑢𝑘 (𝑡) − 𝐿𝑣 (𝑡) ≤ 𝑠𝜅{𝑢𝑘 ,𝑣} (𝑡),
since otherwise Ξ𝑠(𝑢0 ,...,𝑢𝑘 ,𝑣) (𝑡) would be larger than Ξ𝑠𝑝 (𝑡).
Hence, Lemma 17 states that node 𝑢𝑘 is in fast mode, which
𝑑
𝑑
yields that 𝑑𝑡
𝐿𝑢𝑘 (𝑡) = 𝑑𝑡
𝐻𝑢𝑘 (𝑡)(1 + 𝜇) ≥ (1 − 𝜌)(1 + 𝜇).
Further, by the deﬁnition of 𝜅{𝑢,𝑣} (𝑡) in (5), we have that
𝑠 ⋅ 𝑑𝜅𝑝 (𝑡)/𝑑𝑡 ≥ −𝑠 ⋅ 𝜂𝜅𝑝 (𝑡)/𝒢¯ ≥ −𝜂. We conclude that
𝑑 𝑠
𝑑
𝑑
𝑑
Ξ𝑝 (𝑡) = 𝐿𝑢 (𝑡) − 𝐿𝑢𝑘 (𝑡) − 𝑠 ⋅ 𝜅𝑝 (𝑡)
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑𝑡
𝑑
≤ 𝐿𝑢 (𝑡) − (1 − 𝜌)(1 + 𝜇) + 𝜂.
𝑑𝑡
Since this holds for all paths 𝑝 that maximize Ξ𝑠𝑢 (𝑡), the
statement follows.

Lemma 20. For all nodes 𝑣 ∈ 𝑉 , integers 𝑠 ∈ ℕ, and
times 𝑡, it holds that Ξ𝑠𝑣 (𝑡) < 𝐶𝑠 .
Proof. Analogous to [8, 11].
Definition 21. Given a node 𝑢 and times 𝑡 > 𝑡0 ≥ 0, we
deﬁne the swing time of 𝑢 relative to 𝑡0 and 𝑡 by
{
}
𝐿𝑢 (𝑡) − 𝐿𝑢 (𝑡′ )
sw𝑢 (𝑡0 , 𝑡) := min 𝑡′ ∈ [𝑡0 , 𝑡]
. (12)
≤ (1 + 𝜌) ⋅ (𝑡 − 𝑡′ )
By deﬁnition, sw𝑢 (𝑡0 , 𝑡) is the earliest time relative to 𝑡 such
that between sw𝑢 (𝑡0 , 𝑡) and 𝑡 node 𝑢’s clock increased by no
more than its maximal natural rate. Hence, the rate at time
sw𝑢 (𝑡0 , 𝑡) is greater than 1 + 𝜌 and thus 𝑢 is in fast mode
at time sw𝑢 (𝑡0 , 𝑡) provided that sw𝑢 (𝑡0 , 𝑡) > 𝑡0 .3 We show
that in this case, one of the following two conditions must
hold at time sw𝑢 (𝑡0 , 𝑡).
(SW-∃) There exist a neighbor 𝑤 ∈ 𝑁𝑢 (sw𝑢 (𝑡0 , 𝑡)) and an
integer 𝑠 ≥ 0 such that
𝐿𝑤 (sw𝑢 (𝑡0 , 𝑡)) − 𝐿𝑢 (sw𝑢 (𝑡0 , 𝑡))
(
)
1+𝜆
> 𝑠+
𝜅{𝑢,𝑣} (sw𝑢 (𝑡0 , 𝑡)).
2
(SW-∀) For all neighbors 𝑤 ∈ 𝑁𝑢 (sw𝑢 (𝑡0 , 𝑡)) and integers
𝑠 ≥ 0 we have
𝐿𝑢 (sw𝑢 (𝑡0 , 𝑡)) − 𝐿𝑤 (sw𝑢 (𝑡0 , 𝑡))
)
(
1−𝜆
𝜅{𝑢,𝑣} (sw𝑢 (𝑡0 , 𝑡)).
< 𝑠+
2
Lemma 22. For all nodes 𝑢 and times 𝑡, if sw𝑢 (𝑡0 , 𝑡) > 𝑡0 ,
then either (SW-∃) or (SW-∀) holds.
The following theorem proves the gradient skew property
of 𝒜DW . Due to lack of space, we include only an overview
of the proof. For the full proof, we refer to the technical
report.

Roughly speaking, our goal is to show that there is always
some node that pulls node 𝑢𝑘 ahead, acting to reduce Ξ. For
this to happen we need Ξ to remain large as we go back in
time, allowing us to use Lemma 19. Furthermore, in order
to show an actual decrease of Ξ, we need the node that is
ahead to remain in slow mode while 𝑢𝑘 (or whichever node
is behind the most) catches up. We cannot guarantee that
the foremost nodes will indeed remain in slow mode, but we
know that if node 𝑣 enters fast mode, there is a reason: node
𝑣 believes itself free to move at the fast rate, therefore either
some neighbor 𝑤 is far ahead (SW-∃), or no neighbor is very
far behind (SW-∀).
In the ﬁrst case (SW-∃), we can switch to reasoning about
the path that extends to 𝑤, and doing so only increases the
weighted skew of the path (because 𝑤 has a large weighted
skew relative to 𝑣). We refer to such a switch as a forward
switch. However, the second case (SW-∀) is problematic: in
this case we actually lose weighted skew, because we have to
switch to a node that is behind 𝑣, and the weighted skew of
the path decreases. We call this a backwards switch. In order
to retain positive weighted skew we must bound the number
of backwards switches. This is accomplished by only making
backwards switches along the path from 𝑢0 to 𝑢𝑘 , so that
eventually we “run out of nodes”. We show that eventually
we can stop making backwards switches.

I. Backwards switches, tracing 𝑝 inwards towards 𝑢𝑘 .
We deﬁne a sequence of non-increasing times 𝑡0 = 𝑡 ≥
𝑡1 ≥ . . . ≥ 𝑡ℓ , where ℓ < 𝑘. The construction is inductive,
with 𝑡0 = 𝑡 and for all 1 ≤ 𝑖 ≤ ℓ, 𝑡𝑖+1 := sw𝑢𝑖 (𝑡, 𝑡𝑖 ). The
construction stops at the minimal index ℓ such that either
𝑡ℓ+1 = 𝑡 or (SW-∃) is satisﬁed for 𝑢ℓ at time 𝑡ℓ+1 .
First, observe that since 𝑡𝑖+1 = sw𝑢𝑖 (𝑡, 𝑡𝑖 ), for all 0 ≤ 𝑖 ≤
𝑘 − 1 and times 𝑡 ∈ [𝑡𝑖+1 , 𝑡𝑖 ] we have
Ξ𝑠𝑢𝑖 ,...,𝑢𝑘 (𝑡) =
(12)

≥

Theorem 23. The system is always in a legal state.
Proof. Assume by way of contradiction that the legal
state condition is violated, and let 𝑡 be the inﬁmum of times
for which it is violated. In this case there exists an integer
𝑠 ≥ 1 and a path 𝑞 = (𝑤, . . . , 𝑤′ ) such that 𝜅𝑞 (𝑡) ≥ 𝐶𝑠+1
and
𝐿𝑤 (𝑡) − 𝐿𝑤′ (𝑡) = (𝑠 + 1) ⋅ 𝜅𝑞 (𝑡).

(13)

Note that by the global skew constraint, the legal state is
always satisﬁed for paths 𝑞 with 𝜅𝑞 (𝑡) ≥ 𝐶1 . We can therefore assume that 𝑠 ≥ 1. Let 𝑝 = (𝑢0 , . . . , 𝑢𝑘 ) be a path for
which Ψ𝑠𝑝−1 (𝑡) = Ψ𝑠 (𝑡). We have
Ψ𝑠𝑝−1 (𝑡) = Ψ𝑠 (𝑡) ≥ Ψ𝑠(𝑤′ ,...,𝑤) (𝑡) = Ξ𝑠(𝑤,...,𝑤′ ) (𝑡) −
(13)

=

𝜅𝑞 (𝑡)
𝐶𝑠+1
≥
.
2
2

𝜅𝑞 (𝑡)
2
(14)

From legality (which still holds at time 𝑡) and (13), we obtain
𝜅𝑝 (𝑡) < 𝐶𝑠 . Deﬁne
𝐶𝑠
.
(1 − 𝜌)𝜇
3
′
More precisely, there is a time 𝑡0 < 𝑡 < sw𝑢 (𝑡0 , 𝑡) for which
it holds that the amortized rate of 𝑢 is larger than 1 + 𝜌 over
any time interval [𝑡′′ , sw𝑢 (𝑡0 , 𝑡)] where 𝑡′′ ∈ (𝑡′ , sw𝑢 (𝑡0 , 𝑡)).
𝑡 := 𝑡 −

Ξ𝑠𝑢𝑖 ,...,𝑢𝑘 (𝑡𝑖 ) − 𝐼𝑢𝑖 (𝑡, 𝑡𝑖 ) + 𝐼𝑢𝑘 (𝑡, 𝑡𝑖 )
+ 𝑠Δ𝜅(𝑢0 ,...,𝑢𝑖 ) (𝑡, 𝑡𝑖 )
Ξ𝑠𝑢𝑖 ,...,𝑢𝑘 (𝑡𝑖 ) − (1 + 𝜌)(𝑡𝑖 − 𝑡) + 𝐼𝑢𝑘 (𝑡, 𝑡𝑖 )
+ 𝑠Δ𝜅(𝑢0 ,...,𝑢𝑖 ) (𝑡, 𝑡𝑖 ).
(15)

Next, we show by induction on 𝑖 that for all 𝑖 ∈ {0, . . . , ℓ},
Ξ𝑠𝑢𝑖 ,...,𝑢𝑘 (𝑡𝑖 ) ≥

𝜅𝑢0 ,...,𝑢𝑖 (𝑡0 )
− (1 + 𝜌)(𝑡0 − 𝑡𝑖 )
2
+ 𝐼𝑢𝑘 (𝑡𝑖 , 𝑡0 ) + 𝑠Δ𝜅(𝑢0 ,...,𝑢𝑖 ) (𝑡𝑖 , 𝑡0 ). (16)

Ξ𝑠𝑝 (𝑡0 ) −

The induction is omitted here for lack of space. Informally,
this bounds the weighted skew from below as we trace 𝑝
inwards towards node 𝑢𝑘 , showing that plenty of weighted
skew remains. This will be used to derive a contradiction to
the fact that the system is legal at time 𝑡.
Induction base. For 𝑖 = 0 the claim is trivial, since
(𝑢0 , . . . , 𝑢𝑘 ) = 𝑝.
Induction step. Suppose that the claim holds for 𝑖 and
consider some time 𝑡 ∈ [𝑡𝑖+1 , 𝑡𝑖 ]. We have
(15)

Ξ𝑠𝑢𝑖 ,...,𝑢𝑘 (𝑡) ≥ Ξ𝑠𝑢𝑖 ,...,𝑢𝑘 (𝑡𝑖 ) − (1 + 𝜌)(𝑡𝑖 − 𝑡) + 𝐼𝑢𝑘 (𝑡, 𝑡𝑖 )
+ 𝑠Δ𝜅(𝑢0 ,...,𝑢𝑖 ) (𝑡, 𝑡𝑖 )
(16)

𝜅𝑢0 ,...,𝑢𝑖 (𝑡0 )
− (1 + 𝜌)(𝑡0 − 𝑡)
2
+ 𝐼𝑢𝑘 (𝑡, 𝑡0 ) + 𝑠Δ𝜅(𝑢0 ,...,𝑢𝑖 ) (𝑡, 𝑡0 ).
(17)

≥ Ξ𝑠𝑝 (𝑡0 ) −

This holds for all 𝑡 ∈ [𝑡𝑖+1 , 𝑡𝑖 ]; now let us show that we do

not “lose” too much weighted skew when we switch from 𝑢𝑖 to
𝑢𝑖+1 at time 𝑡𝑖+1 (and shorten the path to 𝑢𝑖+1 , . . . , 𝑢𝑘 ). By
deﬁnition, 𝑡𝑖+1 = sw𝑢𝑖 (𝑡, 𝑡𝑖 ). From Lemma 22, either (SW∀) or (SW-∃) is satisﬁed for 𝑢𝑖 at time 𝑡𝑖+1 ; however, in the
latter case the construction halts. Therefore (SW-∀) holds
for 𝑢𝑖 at time 𝑡𝑖+1 . In particular, since 𝑢𝑖+1 ∈ 𝑁𝑢𝑖 (𝑡𝑖+1 ),
(
)
(SW-∀)
1−𝜆
𝑠+
𝐿𝑢𝑖 (𝑡𝑖+1 ) − 𝐿𝑢𝑖+1 (𝑡𝑖+1 ) <
𝜅{𝑢𝑖 ,𝑢𝑖+1 } (𝑡𝑖+1 )
2
)
(
(𝜆>0)
1
𝜅{𝑢𝑖 ,𝑢𝑖+1 } (𝑡𝑖+1 ).
(18)
<
𝑠+
2

we can choose a node 𝑣𝑖+1 ∈ 𝑁𝑣𝑖 for which

Using (18) and (17) we obtain

Induction base. The base case follows from applying
the bound obtained in (14) to (16), with 𝑖 = ℓ and 𝑡 = 𝑡ℓ+1 .
We omit the details.
Induction step. We ﬁrst extend the path by adding node
𝑣𝑖+1 . Let 𝑝 = (𝑣𝑖 , . . . , 𝑣) be a path maximizing Ξ𝑠𝑣𝑖 (𝑡𝑖+1 ).
Note that since 𝑝 exists at time 𝑡𝑖+1 and 𝑣𝑖+1 ∈ 𝑁𝑣𝑖 (𝑡𝑖+1 ),
the path (𝑣𝑖+1 , 𝑣𝑖 , . . . , 𝑣) exists at time 𝑡𝑖+1 as well. We have

𝜅𝑢0 ,...,𝑢𝑖+1 (𝑡0 )
+ 𝐼𝑢𝑘 (𝑡𝑖+1 , 𝑡0 )
2
− (1 + 𝜌)(𝑡0 − 𝑡𝑖+1 ) + 𝑠Δ𝜅(𝑢0 ,...,𝑢𝑖+1 ) (𝑡𝑖+1 , 𝑡0 ).

Ξ𝑠𝑢𝑖+1 ,...,𝑢𝑘 (𝑡𝑖+1 ) ≥ Ξ𝑠𝑝 (𝑡0 ) −

This completes the induction.

II. Forward switches until time 𝑡. Having reached a
node where we can make a forward switch for the ﬁrst time,
we show that we can continue to make forward switches
as we go back in time until we reach 𝑡. We construct a
chain 𝑣ℓ , . . . , 𝑣ℓ+𝑚 , where 𝑣ℓ = 𝑢ℓ , and a sequence of times
𝑡ℓ , . . . , 𝑡ℓ+𝑚 = 𝑡 (where 𝑡ℓ is the time we reached in the
previous part). The times 𝑡𝑖 are deﬁned as before, for all
ℓ ≤ 𝑖 ≤ ℓ + 𝑚 − 1, we deﬁne
𝑡𝑖+1 := sw𝑣𝑖 (𝑡, 𝑡𝑖 ).

(
𝐿𝑣𝑖+1 (𝑡𝑖+1 ) − 𝐿𝑣𝑖 (𝑡𝑖+1 ) >

Combining (20) and (21) yields
𝐼𝑣𝑖−1 (𝑡𝑖+1 , 𝑡𝑖 ) < 𝐼𝑣𝑖 (𝑡𝑖+1 , 𝑡𝑖 ) − 𝜆𝜅{𝑣𝑖 ,𝑣𝑖+1 } (𝑡𝑖 )
(
)
1−𝜆
− 𝑠+
Δ𝜅{𝑣𝑖 ,𝑣𝑖+1 } (𝑡𝑖+1 , 𝑡𝑖 )
2

1+𝜆
2

)
𝜅{𝑣𝑖 ,𝑣𝑖+1 } (𝑡𝑖+1 ).

(23)
In the following, we show by induction on 𝑖 that for all 𝑖 ∈
{ℓ, . . . , ℓ + 𝑚 − 1},
Ξ𝑠𝑣𝑖 (𝑡𝑖+1 ) ≥ Ξ𝑠𝑣ℓ (𝑡ℓ+1 ) + ((1 − 𝜌)𝜇 − 2𝜌 − 𝜂)(𝑡ℓ+1 − 𝑡𝑖+1 )
> 0.
(24)

Ξ𝑠𝑣𝑖+1 (𝑡𝑖+1 ) ≥ Ξ𝑠(𝑣𝑖+1 ,𝑣𝑖 ,...,𝑣) (𝑡𝑖+1 )
= Ξ𝑠(𝑣𝑖 ,...,𝑣) (𝑡𝑖+1 ) + 𝐿𝑣𝑖+1 (𝑡𝑖+1 ) − 𝐿𝑣𝑖 (𝑡𝑖+1 )
− 𝑠𝜅{𝑣𝑖+1 ,𝑣𝑖 } (𝑡𝑖+1 )

(25)

(23)

> Ξ𝑠(𝑣𝑖 ,...,𝑣) (𝑡𝑖+1 ) = Ξ𝑠𝑣𝑖 (𝑡𝑖+1 )

(I.H.)

≥ Ξ𝑠𝑣ℓ (𝑡ℓ+1 ) + ((1 − 𝜌)𝜇 − 2𝜌 − 𝜂)(𝑡ℓ+1 − 𝑡𝑖+1 )
> 0.
(26)

(19)

The construction is inductive.
Assume that we have reached node 𝑣𝑖 at time 𝑡𝑖+1 =
sw𝑣𝑖 (𝑡, 𝑡𝑖 ). To obtain 𝑣𝑖+1 , we show that we can make a
forward switch from 𝑣𝑖 , that is, that (SW-∃) is satisﬁed at
𝑣𝑖 at time 𝑡𝑖+1 . For 𝑖 = ℓ the claim follows from the halting
condition of Part I; thus, suppose that 𝑖 > ℓ and that (SW∃) is not satisﬁed. Then from Lemma 22, (SW-∀) is satisﬁed
at time 𝑡𝑖+1 for 𝑣𝑖 . In particular, for 𝑣𝑖−1 ∈ 𝑁𝑣𝑖 (𝑡𝑖+1 ) we
then have
(
)
1−𝜆
𝐿𝑣𝑖 (𝑡𝑖+1 ) − 𝐿𝑣𝑖−1 (𝑡𝑖+1 ) < 𝑠 +
𝜅{𝑣𝑖 ,𝑣𝑖−1 } (𝑡𝑖+1 ).
2
(20)
Since 𝑣𝑖 was reached by a forward switch from 𝑣𝑖−1 at time
𝑡𝑖 , we also have
(
)
1+𝜆
𝐿𝑣𝑖 (𝑡𝑖 ) − 𝐿𝑣𝑖−1 (𝑡𝑖 ) > 𝑠 +
𝜅{𝑣𝑖 ,𝑣𝑖−1 } (𝑡𝑖 ). (21)
2

𝑠+

We now show that Ξ𝑠𝑣𝑖+1 (𝑡) > 0 for all times 𝑡 ∈ [𝑡𝑖+2 , 𝑡𝑖+1 ].
For the sake of contradiction, assume that there is a 𝑡 ∈
[𝑡𝑖+2 , 𝑡𝑖+1 ] for which Ξ𝑠𝑣𝑖+1 (𝑡) ≤ 0 and assume that 𝑡 is the
largest such time. We then have Ξ𝑠𝑣𝑖+1 (𝜏 ) > 0 for all 𝜏 ∈
(𝑡, 𝑡𝑖+1 ] and therefore
(26)

< Ξ𝑠𝑣𝑖+1 (𝑡𝑖+1 ) = Ξ𝑠𝑣𝑖+1 (𝑡) +

0

𝑡𝑖+1

∫
𝑡

𝑑 𝑠
Ξ𝑣 (𝜏 )𝑑𝜏
𝑑𝑡 𝑖+1

(Lem. 19)

≤

𝐿𝑣𝑖+1 (𝑡𝑖+1 ) − ((1 − 𝜌)(1 + 𝜇) − 𝜂)(𝑡𝑖+1 − 𝑡)
− 𝐿𝑣𝑖+1 (𝑡)

(19)

≤ −((1 − 𝜌)𝜇 − 2𝜌 − 𝜂)(𝑡𝑖+1 − 𝑡) < 0.
We conclude that Ξ𝑠𝑣𝑖+1 (𝑡) > 0 for all 𝑡 ∈ [𝑡𝑖+2 , 𝑡𝑖+1 ], which
allows us to apply Lemma 19 to lower bound Ξ𝑠𝑣𝑖+1 (𝑡𝑖+2 ):
Ξ𝑠𝑣𝑖+1 (𝑡𝑖+2 ) ≥ Ξ𝑠𝑣𝑖+1 (𝑡𝑡+1 ) + ((1 − 𝜌)𝜇 − 2𝜌 − 𝜂)(𝑡𝑖+1 − 𝑡𝑖+2 )
(26)

≥ Ξ𝑠𝑣ℓ (𝑡ℓ+1 ) + ((1 − 𝜌)𝜇 − 2𝜌 − 𝜂)(𝑡ℓ+1 − 𝑡𝑖+2 ).

(Lem. 13)

≤

𝐼𝑣𝑖 (𝑡𝑖+1 , 𝑡𝑖 ).

(22)

𝐼𝑣𝑖−1 (𝑡𝑖+1 , 𝑡𝑖−1 )

III. Putting everything together. Using Inequality (16)
for 𝑖 = ℓ and 𝑡 = 𝑡ℓ+1 , we obtain

We thus obtain
=

𝐼𝑣𝑖−1 (𝑡𝑖+1 , 𝑡𝑖 ) + 𝐼𝑣𝑖−1 (𝑡𝑖 , 𝑡𝑖−1 )

(22)

<

𝐼𝑣𝑖 (𝑡𝑖+1 , 𝑡𝑖 ) + 𝐼𝑣𝑖−1 (𝑡𝑖 , 𝑡𝑖−1 )

Ξ𝑠𝑢ℓ (𝑡)

≥

Ξ𝑠(𝑢ℓ ,...,𝑣𝑘 ) (𝑡)

=

Ξ𝑠𝑢ℓ (𝑡ℓ+1 ) + 𝐼𝑢ℓ (𝑡ℓ+1 , 𝑡) − 𝐼𝑢𝑘 (𝑡ℓ+1 , 𝑡)
− 𝑠Δ𝜅(𝑢ℓ ,...,𝑢𝑘 ) (𝑡ℓ+1 , 𝑡)

(12)

≤

(1 + 𝜌)(𝑡𝑖−1 − 𝑡𝑖+1 ).

This is a contradiction to the choice of 𝑡𝑖 = sw(𝑡𝑖−1 ). Thus,
(SW-∃) must be satisﬁed at node 𝑣𝑖 at time 𝑡𝑖+1 . Therefore,

(16),(10)

≥

(27)

Ψ𝑠𝑝−1 (𝑡) − (1 + 𝜌)(𝑡 − 𝑡ℓ+1 ) + 𝐼𝑢ℓ (𝑡ℓ+1 , 𝑡)
+ 𝑠Δ𝜅(𝑢0 ,...,𝑢ℓ ) (𝑡, 𝑡).

(28)

Applying (24) for 𝑖 = ℓ + 𝑚 (note that 𝑢ℓ = 𝑣ℓ ) yields
(24)

Ξ𝑠𝑣ℓ+𝑚 (𝑡) ≥ Ξ𝑠𝑢ℓ (𝑡ℓ+1 ) + ((1 − 𝜌)𝜇 − 2𝜌 − 𝜂)(𝑡ℓ+1 − 𝑡)
(Lem. 19)

≥
Ξ𝑠𝑢ℓ (𝑡) − 𝐼𝑢ℓ (𝑡ℓ+1 , 𝑡) + ((1 − 𝜌)(1 + 𝜇) − 𝜂)(𝑡 − 𝑡ℓ+1 )
+ ((1 − 𝜌)𝜇 − 2𝜌 − 𝜂)(𝑡ℓ+1 − 𝑡)

(28)

≥ Ψ𝑠𝑝−1 (𝑡) + ((1 − 𝜌)𝜇 − 2𝜌 − 𝜂)(𝑡 − 𝑡) + 𝑠Δ𝜅𝑝 (𝑡, 𝑡)

(2),(Lem. 13)

𝐶𝑠+1
𝐶𝑠+1
𝐶𝑠+1
𝐶𝑠+1
+ 𝐶𝑠 −
−
−
≥ 𝐶𝑠 ,
2
4
12
6
which contradicts Lemma 20.
Theorem 12 follows from Theorem 23: the legal state condition implies that the stable local skew is 𝒪(𝑑 log(𝐷/𝑑)).
The stabilization time of 𝒪(𝐷 log 𝐷) follows from the dynamics of 𝜅{𝑢,𝑣} , which stabilizes to its ﬁnal value of 𝜅∞
{𝑢,𝑣}
after 𝒪(𝐷 log 𝐷) time. (The weights are deﬁned in terms of
¯ which Theorem 11 shows is 𝒪(𝐷).)
the global skew 𝒢,
≥

7.

LOWER BOUND

The lower bound of [7] stated, roughly speaking, that the
stabilization time of any 𝒮-dynamic gradient CSA with a
¯
stable gradient skew of 𝒮¯ cannot be better than Ω(𝐷/𝒮(1))
in graphs of diameter 𝐷. For CSA with 𝒪(log 𝐷)-local
skew, this bound implies that the stabilization time must
be Ω(𝐷/ log 𝐷). Algorithm 𝒜OPT has a stabilization time
of 𝒪(𝐷), which does not match the bound in [7]; however,
by reﬁning the analysis in the lower bound we can show that
the algorithm is in fact asymptotically optimal in its stabilization time. The key to the stronger bound is reasoning
about the full gradient property, which bounds the skew on
paths of all distances, rather than just the local skew property, which only bounds the skew on single edges.
Let us call a dynamic gradient CSA non-trivial if it has
¯
a stable gradient skew satisfying 𝒮(1)
∈ 𝑜(𝐷). This essentially means that the algorithm guarantees a local skew (e.g.,
along single edges) that is better than the global skew. The
stronger lower bound states the following.
{
}
+
Theorem 24. Let ℱ = 𝑓𝐷 : ℝ+
be a
0 → ℝ0 ∣ 𝐷 ∈ ℝ
family of functions, and let 𝑐1 , 𝑐2 ∈ (0, 1/16) be constants
such that for all 𝑓𝐷 ∈ ℱ we have 𝑓𝐷 (𝑐1 𝐷) ≤ 𝑐2 𝐷. Let 𝒜 be
a non-trivial stabilizing CSA guaranteeing a dynamic gradient skew of 𝑓𝐷 in graphs of weighted diameter 𝐷. Then the
stabilization time of 𝒜 is at least Ω(𝐷).
The proof is similar to the one in [7]; it appears in the technical report. Algorithms 𝒜OPT , 𝒜DW , which guarantee a
¯
stable gradient skew of 𝒮(𝑑)
∈ 𝒪(𝑑 log(𝐷/𝑑)), satisfy the
conditions of the theorem; hence, 𝒜OPT has optimal stabilization time, while 𝒜DW is within a log 𝐷 factor of optimal.

8.
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