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Abstract

Hiererachical clustering, that is computing a recursive partitioning of a dataset to
obtain clusters at increasingly finer granularity is a fundamental problem in data
analysis. Although hierarchical clustering has mostly been studied through proce-
dures such as linkage algorithms, or top-down heuristics, rather than as optimization
problems, recently Dasgupta [[1]] proposed an objective function for hierarchical
clustering and initiated a line of work developing algorithms that explicitly optimize
an objective (see also [2,13,!4]). In this paper, we consider a fairly general random
graph model for hierarchical clustering, called the hierarchical stochastic block
model (HSBM), and show that in certain regimes the SVD approach of McSherry [5]
combined with specific linkage methods results in a clustering that give an O(1)
approximation to Dasgupta’s cost function. We also show that an approach based
on SDP relaxations for balanced cuts based on the work of Makarychev et al. [6],
combined with the recursive sparsest cut algorithm of Dasgupta, yields an O(1)
approximation in slightly larger regimes and also in the semi-random setting, where
an adversary may remove edges from the random graph generated according to an
HSBM. Finally, we report empirical evaluation on synthetic and real-world data
showing that our proposed SVD-based method does indeed achieve a better cost
than other widely-used heurstics and also results in a better classification accuracy
when the underlying problem was that of multi-class classification.

1 Introduction

Computing a recursive partitioning of a dataset to obtain a finer and finer classification of the data is a
classic problem in data analysis. Such a partitioning is often refered to as a hierarchical clustering and
represented as a rooted tree whose leaves correspond to data elements and where each internal node
induces a cluster of the leaves of its subtree. There exists a large literature on the design and analysis of
algorithms for hierarchical clustering (see e.g., [7]]). Two main approaches have proven to be successful
in practice so far: on the one hand divisive heuristics compute the hierarchical clustering tree in a
top-down fashion by recursively partitioning the data (see e.g., [I8]). On the other hand, agglomerative
heuristics produce a tree by first defining a cluster for each data elements and successively merging
clusters according to a carefully defined function (see e.g., [9]). These heuristics are widely used in
practice and are now part of the data scientists’ toolkit—standard machine learning libraries contain
implementations of both types of heuristics.

Agglomerative heuristics have several appealing features: they are easy to implement, easy to tune,
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and their running time is 5(n20n a dataset of size n. Standard divisive heuristics based on graph
partitioning or clustering methods (like for example the bisection k-means or the recursive sparsest-cut
approaches) often involve solving or approximating NP-hard problemsE] Therefore, it is natural to
ask how good the solution output by an agglomerative method is compared to the solution output by
a top-down method.

From a qualitative perspective, this question has been addressed in a large body of work (see e.g., [LO])).
However, from a quantitative perspective little is known. As Dasgupta observes in his recent work [[1]],
both agglomerative and divisive heuristics are defined procedurally rather than in term of an objective
function to optimize, a reason why a quantitative comparision of the different heuristics is rather
difficult. Dasgupta introduced an objective function to model the problem of finding a hierarchical clus-
tering of a similarity graph—such an objective can be used to explicitly design optimization algorithms
that minimize this cost function as well as serve as a quantitative measure of the quality of the output.

Given a similarity graph i.e., a graph where vertices represent data elements and edge weights sim-
ilarities between data elements, Dasgupta’s objective function associates a cost to any hierarchical
clustering tree of the graph. He showed that his objective function exhibits several desirable properties:
For example, if the graph is disconnected i.e., data elements in different connected components are very
dissimilar, a tree minimizing this objective function will first split the graph according to the connected
components.

This axiomatic approach to defining a “meaningful” objective function for hierarchical clustering has
been further explored in recent work by Cohen-Addad et al. [4]. Roughly speaking, they characterize
a family of cost functions, which includes Dasgupta’s cost function, that when the input graph has a
“natural” ground-truth hierarchical clustering tree (in other words a natural classification of the data),
this tree has optimal cost (and any tree that is not a “natural” hierarchical clustering tree of the graph
has higher cost). Therefore, the results by Dasgupta and Cohen-Addad et al. indicate that Dasgupta’s
cost function provides a sound framework for a rigorous quantitative analysis of agglomerative and
divisive heuristics.

A suitable objective function to measure the quality of a clustering also allows one to explicitly design
algorithms that minimize the cost. Dasgupta showed that the recursive sparsest-cut heuristic is an

O(log?’/ 2n)-approximation algorithm for his objective function. His analysis has been improved by
Charikar and Chatziafratis [2] and Cohen-Addad et al. [4] to O(+/log n). Unfortunately, Charikar
and Chatziafratis [2]] and Roy and Pokutta [3]] showed that, for general inputs, the problem cannot be
approximated within any constant factor under the Small-Set Expansion hypothesis. Thus, as suggested
by Charikar and Chatziafratis [2]], a natural way to obtain a more fine-grained analysis of the classic
agglomerative and divisive heuristics is to study beyond-worst case scenarios.

Random (and semi-random) Graph Model for Hierarchical Clustering. A natural way to analyse
a problem beyond the worst-case is to consider a suitable random input model, which is the focus of this
paper. More precisely, we introduce a random graph model and a semi-random graph model which are
based on the notion of “hierarchical stochastic block model” (HSBM) introduced by Cohen-Addad et
al., which is a natural extensions of the stochastic block model introduced. Our random graph model
relies on the notion of ultrametric, a metric in which the triangle inequality is strengthened by requiring
d(z,y) <max(d(x,z),d(y,z)). This is a key concept as ultrametrics exactly capture the notion of data
having a “natural” hierarchical structure (cf. [10]). The random graphs are generated from data that
comes from an ultrametric, but the randomness hides the natural hierarchical structure. Two natural
questions are: Given a random graph generated in such a fashion, when is it possible to identify the
underlying ultrametric and is the optimization of Dasgupta’s cost function easier for graphs generated
according to such a model. The former question was partially addressed by Cohen-Addad ef al. and
our focus is primarily on developing algorithms that achieve an O(1) approximation to the expected
Dasgupta cost, not on recovering the underlying ultrametric.

More formally, assume that the data elements lie in an unknown ultrametric space (A,dist) and so
exhibit a natural hierarchical clustering defined by this ultrametric. The input is a random graph
generated as follows: an edge is added between nodes u,v € A with probability p = f(dist(u,v)), where
f is an (unknown) non-increasing function with range (0,1).Thus, vertices that are very close in the
ultrametric (and so very similar) have a higher probability to have an edge between them than vertices

'"The O notation hides polylogarithmic factors.

?In some cases, it may be possible to have a very fast algorithms based on heuristics to compute partitions,
however, we are unaware of any such methods that would have provable guarantees for the kinds of graphs that
appear in hierarchical clustering.



that are further apart. Given such a random graph, the goal is to obtain a hierarchical clustering tree
that has a good cost for the objective function. The actual ground-truth tree is optimal in expectation
and we focus on designing algorithms that with high probability output a tree whose cost is within
a constant factor of the expected cost of the ground-truth tree. Although, we do not study it in this
work, the question of exact recovery is also an interesting one and the work of Cohen-Addad et al. [4]
addresses this partially in certain regimes. We also consider the semi-random case, where an adversary
may remove edges from the random graph generated as above, but not add any edges. Such a model
has been considered by Makarychev et al. [6] in the context of planted partition problems. The goal
is still to obtain a constant factor approximation to the expected cost of the ground-truth tree.

Algorithmic Results. Even in the case of random graphs, the linkage algorithms may perform quite
poorly, mainly because ties may be broken unfavourably at the very bottom, when the clusters are
singleton nodes; these choices cannot be easily compensated later on in the algorithm. We thus
consider the LINKAGE++ algorithm which first uses a seeding step using a standard SVD approach
to build clusters of a significant size, which is an extension of the algorithm introduced in [4]. Then,
we show that using these clusters as starting point, the classic single-linkage approach achieves a
(1+e¢)-approximation for the problem (cf. Theorem.

We also consider the semi-random model and show that by recursively computing an O(1)-
approximation to the problem of computing a (roughly) balanced min-cut produces an O(1)-
approximation to the hierarchical clustering problem. To do so we harness an algorithm introduced by
Makarychev et al. [6] for the Small-Set Expansion problem in a semi-random version of the stochastic
blockmodel (cf. Theorem[2.6).

Experimental Results. We evaluate the performance of LINKAGE++ on real-world data (Scikit-learn)
as well as on synthetic hierarchical data. The measure of interest is the Dasgupta cost function and
for completeness we also consider the classification error (see e.g., [3]). Our experiments show that 1)
LINKAGE++ performs well on all accounts and 2) that a clustering with a low Dasgupta cost appears to
be correlated with a good classification. On synthetic data LINKAGE++ seems to be clearly superior.

Related Work. Our work follows the line of research initiated by Dasgupta [1]] and further studied
by [3,12,4]]. Dasgupta [1] introduced the cost function studied in this paper and showed that the recursive

sparsest-cut approach yields an O(log®?n). His analysis was recently improved to O(+/logn)
by [2,/4]. Roy and Pokutta [3]] and Charikar also considered LP and SDP formulations with spreading
constraints to obtain approximation algorithms with approximation factor O(logn) and O(+/logn)
respectively. Both these works also showed the infeasibility of constant factor approximations under
the small-set expansion hypothesis. Cohen-Addad et al. [4] took an axiomatic approach to identify
suitable cost functions for data generated from ultrametrics, which results in a natural ground-truth
clustering. They also looked at a slightly less general hierarchical stochastic blockmodel (HSBM),
where each bottom-level cluster must have a linear size and with stronger conditions on allowable
probabilities. Their algorithm also has a “seeding phase” followed by an agglomerative approach. We
go beyond their bounds by focusing on approximation algorithms (we obtain a (1 +¢)-approximation)
whereas they aim at recovering the underlying ultrametric. As the experiments show, this trade-off
seem not to impact the classification error compared to classic other approaches.

There is also a vast literature on graph partitionning problems in random and semi-random models.
Most of this work (see e.g., [SL[11]]) focuses on recovering a hidden subgraph e.g., a clique, whereas
we address the problem of obtaining good approximation guarantees w.r.t. an objective function. At
a high-level our approach is related to the work of Makarycheyv et al. [6,12]] in the semi-random model
for graph partitioning objectives like balanced cut, multicut, etc.

The reader may refer to [[13}[14] for the definitions and the classic properties on agglomerative and
divisive heuristics. Agglomerative and divisive heuristics have been widely studied from either a
qualitative perspective or for classic “flat” clustering objective like the classic k-median and k-means,
see e.g., [15,116, 17, (18, 119]. For further background on hierarchical clustering and its application
in machine learning and data science, the reader may refer to e.g., [20% 21} 22 23]].

Preliminaries In this paper, we work with undirected weighted graph G = (V,E,w), where V' is a set
of vertices, F' a set of edges, and w: F — R . In the random and semi-random model, we work with
unweighted graphs. We slightly abuse notation and extend the function w to subsets of V. Namely,
forany A,B <V, let w(A,B) = X, 4 pepw(a,b). We use weights to model similarity, namely

w(u,v) > w(u,w) means that data element u is more similar to v than to w. When G is clear from



the context, we let |[V| =n and |E| = m. For any subset S of vertices of a graph G, let G[S] be the
subgraph induced by the nodes of S.

In the following, let G = (V,E,w) be a weighted graph on n vertices. A cluster tree or hierarchical
clustering T for G is arooted binary tree with exactly | V| leaves, each of which is labeled by a distinct
vertex ve V. We denote LCAr(u,v) the lowest common ancestor of vertices u,v in T'. Given a tree
T and anode N of T', we say that the subtree of IV in 7' is the the connected subgraph containing all
the leaves of T that are descendant of IV and denote this set of leaves by V' (V). A metric space (X,d)
is an ultrametric if for every x,y,z€ X, d(z,y) < max{d(z,z),d(y,z)}.

We borrow the notion of a (similarity) graph generated from an ultrametric and generating tree
introduced by [4]. A weighted graph G = (V, E,w) is a generated from an ultrametric, if there
exists an ultrametric (X,d), such that V € X, and for every z,y € V,x # y, e = {z,y} exists, and
w(e)= f(d(z,y)), where f:R; — R, is a non-increasing function.

Definition 1.1 (Generating Tree). Let G = (V,E,w) be a graph generated by a minimal ultrametric
(V,d). Let T be a rooted binary tree with |V | leaves; let N denote the internal nodes and L the
set of leaves of T' and let o : L — V denote a bijection between the leaves of T and nodes of V.. We
say that T is a generating tree for G, if there exists a weight function W : N' — R, such that for
Ni1,Ns e N, if N7 appears on the path from Ny to the root, W (N1) < W (Nz). Moreover for every
zyeV, w(lwyh) = W(LCAr (o~ (x).0~ 1 (1))).

As noted in [4], the above notion bear similarities to what is referred to as a dendrogram in the machine
learning literature (see e.g., [10]).

Objective Function. We consider the objective function introduced by Dasgupta [1]. Let G = (V,E,w)
be a weighted graph and T’ = (N, £) be any rooted binary tree with leaves set V. The cost induced
by anode N of T is costp(N) = |V/(N)|-w(V(C1),V(C3)) where Cy,C5 are the children of N in
T'. The cost of T'is costy =,y prc0str (V). As pointed out by Dasgupta [1]], this can be rephrased
as costr =, )e pW(u,v)-[V(LCAr (u,v))|.

2 A General Hierarchical Stochastic Block Model

We introduce a generalization of the HSBM studied by [4] and [24]]. Cohen-Addad et al. [4] introduce
an algorithm to recover a “ground-truth” hierarchical clustering in the HSBM setting. The regime
in which their algorithm works is the following: (1) there is a set of hidden clusters that have linear
size and (2) the ratio between the minimum edge probability and the maximum edge probability is
O(1). We aim at obtaining an algorithm that “works” in a more general setting. We reach this goal
by proposing on (1 + ¢)-approximation algorithms. Our algorithm very similar to the widely-used
linkage approach and remains easy to implement and parallelize. Thus, the main message of our work
is that, on “structured inputs” the agglomerative heuristics perform well, hence making a step toward
explaining their success in practice.

The graphs generated from our model possess an underlying, hidden (because of noise) “ground-truth
hierarchical clustering tree” (see Definition 2.I)). This aims at modeling real-world classification
problem for which we believe there is a natural hierarchical clustering but perturbed because of missing
information or measurement erros. For example, in the tree of life, there is a natural hierarchical cluster-
ing hidden that we would like to reconstruct. Unfortunately because of extinct species, we don’t have a
perfect input and must account for noise. We formalize this intuition using the notion of generating tree
(Def E]) which, as hinted at by the definition, can be associated to an ultrametric (and so a “natural” hi-
erarchical clustering). The “ground-truth tree” is the tree obtained from a generating tree on k leaves to
which we will refer as “bottom”-level clusters containing 11 ,ns,...,nx nodes (following the terminology
in [4]). Each edge of a generated graph has a fixed probability of being present, which only depends on
the underlying ground-truth tree. This probability is a function of the clusters in which their endpoints
lie and the underlying graph on k vertices for which the generating tree is generating (as in Def[I.T).

Definition 2.1 (Hierarchical Stochastic Block Model — Generalization of [4]). Let n be a positive
integer. A hierarchical stochastic block model with k bottom-level clusters is defined as follows:

1) Let Gy, = (‘N/k7E’k,w) be a graph generated from an ultrametric, where |‘N/k\ =k for each e € Ey,
w(e)€(0,1). let Ty, be a tree on k leaves, let N' denote the internal nodes of T and L denote the leaves;
let&:L— [k] be a bijection. Let T be generating for C:’k with weight function W:N— [0,1).

2) For each i€ [k], let p; € (0,1] be such that p; > W(N), if N denotes the parent of 5 (i) in T.



3) For each i€ [k], there is a positive integer n; such that Zleni =n.
Then a random graph G = (V,E) onn nodes is defined as follows. Eachvertex i€ n] is assigned a label
(i) € [k], so that exactly nj nodes are assigned the label j for j € [k]. An edge (1.j) is added to the

graphwith probability py,;) if ¢ (i) = 1(j) and with probability W (N) if1(i) #(j) and N is the least
common ancestor of (i) and 5= (5) in T.. The graph G = (V,E) is returned without any labels.

We use, for a generating tree ZN“, the notation p,i, to denote W(NO), where Ny is the root node of

T. Let Nmin be the size of the smallest cluster (of the £ clusters) As in [4]], we will use the notion of
expected graph. The expected graph as the is the weighted complete graph G in which an edge (i,5)
has weight p; ;, where p; ; is the probability with which it appears in the random graph G'. We refer
to any tree that is generating for the expected graph G as a ground-truth tree for G. In order to avoid
ambiguity, we denote by costy(G) and costy (G) the costs of the cluster tree T' for the unweighted
(random) graph G and weighted graph G respectively. Observe that due to linearity of expectation
for any tree T" and any admissible cost function, costy (G) = E[costr (G)], where the expectation is
with respect to the random choices of edges in G. We investigate the cost of a ground-truth tree in

Proposition[C.2]and the following theorem.

Algorithm LINKAGE++, a (1+¢)-Approximation Algorithm in the HSBM. We consider a simple
algorithm, called LINKAGE++, which works in two phases (see Alg.[I|for more details in Section[C)):
1) Apply an SVD to the input data and apply single-linkage using the Euclidean distance to build big
enough clusters.

2) Consider these bottom clusters in the original input and apply single-linkage using the edge weights
of the input graph to finish building the hierarchical clustering tree.

We use a result of [5]] who considers the planted partition model. His approach however does not allow
to recover directly a hierarchical structure when the input has it.

Theorem 2.2 ([3]], Observation 11 and a simplification of Theorem 12). Let § be the confidence
parameter. Assume that for all u,v belonging to different clusters with adjacency vectors u,v (i.e.,
u; is 1 if the edge (u,i) exists in G and 0 otherwise) satisfy

|E[u] _E[V]Hg zc k- (02”/nmin+10g(n/5)) (D

for a large enough constant ¢, where E[u] is the entry-wise expectation and o = w(log®n/n) is an
upper bound on the variance. Then, the algorithm of [5 Thm. 12] with parameters G ,k,§ projects
the columns of the adjacency matrix of G to points {{(1),...,((|V|)} in a k-dimensional subspace
of RV such that the following holds w.p. at least 1 — 6 over the random graph G and with probability
1/k over the random bits of the algorithm. There exists >0 such that for any w in the ith cluster and
vin the jth cluster: 1) ifi=j then |((u)—((v)|3 <nand2)ifi+ j then ||C(u)—((v)||3 > 2n.

In the remainder we assume 6 = 1/|V|2. We are ready to state our main theorem.

Theorem 2.3. Let n be a positive integer and € >0 a constant. Assume that the separation of bottom
clusters given by (1)) holds, pmin =w(+/logn/n), and nymin =+/n- log'/*n. Let k be a fixed constant

and G be a graph generated from an HSBM (as per Defn. where the underlying graph Gy, has
k nodes with satisfying the above constraints.

With high probability, Algorithm || with parameter k on graph G outputs a tree T’ that satisfies
cost < (14€)OPT.

We note that k£ might not be known in advance. However, different values of k can be tested and an
O(1)-estimate on k is enough for the proofs to hold. Thus, it is possible to run Algorithm[1]O(log n)
times with different “guesses” for k£ and take the best of these runs.

Let G = (V,E) be the input graph generated according to an HSBM. Let T be the tree output by
Algorithm[I] We divide the proof into two main lemmas that correspond to the outcome of the two
phases mentioned above.

The algorithm of [5, Thm. 12] might fail for two reasons: The first reason is that the random choices
by the algorithm result in an incorrect clustering. This happens w.p. at most 1 —1/k and we can simply
repeat the algorithm sufficiently many times to be sure that at least once we get the desired result, i.e.,
the projections satisfy the conclusion of Thm.[2.2] Lemmas[2.4] [2.5|show that in this case, Steps[6]
to[IT)of LINKAGE++ produce a tree that has cost close to optimal. Ultimately, the algorithm simply



outputs a tree that has the least cost among all the ones produced (and one of them is guaranteed to
have cost (1+¢)OPT) with high probability.

The second reason why the McSherry’s algorithm may fail is that the generated random graph G' might
“deviate” too much from its expectation. This is controlled by the parameter § (which we set to 1/|V|?).
Deviations from expected behaviour will cause our algorithm to fail as well. We bound this failure
probability in terms of two events. The first bad event is that McSherry’s algorithm fails for either of the
aforementioned reasons. We denote the complement of this event £;. The second bad event it that the
number of edges between the vertices of two nodes of the ground-truth tree deviates from it’s expectation.
Namely, that given two nodes N1, Ny of T, we expect the cut to be En, n,) = [V (N1)|- |V (N1)]-
W(LCA7+(N1,N2)). Thus, we define & to be the event that [w(V (N1),V (N2)) — E(n, vyl <
g2 E(n,,n,) for all cuts of the k bottom leaves. Note that the number of cuts is bounded by 2% and we
will show that, due to size of n,,;, and Py, this even holds w.h.p.. The assumptions on the ground-truth
tree will ensure that the latter holds w.h.p. allowing us to argue that both events hold w.p. atleast (1/k)
Thus, from now on we assume that both “good” events £; and £, occur. We bound the probability of
event £; in Lemma|C.1} We now prove a structural properties of the tree output by the algorithm, we
introduce the following definition. We say thatatree T' = (N ,€) is ay-approximate ground-truth tree for
G and T™* if there exists a weight function W’ : A/ — R such that for any two vertices a,b, we have that

1. v 'W/'(LCA7(a,b)) < W (LCA7«(a,b)) <yW'(LCAr(a,b)) and
2. for any node N of T and any node N’ descendant of N in T, W (N) < W (N').

Lemma 2.4. Assume that the separation of bottom clusters given by (1)) holds, pmin =w(+/logn/n),

and Nopin = +/1- 10g1/4n. Let G be generated according to an HSBM and let T* be a ground-truth
tree for G. Assume that events &1 and E; occur, and that furthermore, the clusters obtained after Step[]
correspond to the assignment 1, i.e., there exists a permutation 7 : [k] — [k] such that for eachve C},
Y(v) =7(4). Then, the output by the algorithm is a (1+¢)-approximate ground-truth tree.

The following lemma allows us to bound the cost of an approximate ground-truth tree.

Lemma 2.5. Let G be a graph generated according to an HSBM and let T* be a ground-truth tree
for G. Let G be the expected graph associated to T* and G. Let T be a y-approximate ground-truth
tree. Then, costy <~*>OPT.

This allows us to bound the outcome of the second phase using the following lemma and prove the
main theorem of this section.

Proof of Theorem[2.3] Conditioning on & and € which occur w.h.p. and combining Lemmas|C.1]2.5]
andtogether with Theoremyields the result. As argued before, £; holds at least w.p. 1/k and it
is possible to boost part of this probability by running Algorithmmultiple times. Running it Q(klogn)
times and taking the tree with the smallest cost yields the result. Moreover, & also holds w.h.p.:
Note that due to our assumption the expected number of edges on each of these cuts is 72 ; Pmin =
w(y/nlogn) and hence, Chernoff bounds, give us a probability of at least 1 —27*1°8"  Taking union
bound over all 2% cuts yields the result, where we used that k < 1/n due to the bound on 7y, - O

2.1 Algorithm for Semi-Random Model using SDP Relaxations

We show that in random and semi-random graph models generated according to an HSBM and
SDP-based algorithm can be used to guarantee an O(1)-approximation with high-probability in
a regime beyond that proved in Theorem [2.3] The proof of the following result follows using the
technique of Makarychev et al. [6] to obtain O(1)-approximations to problems such as sparsest cut and
small-set expansion (SSE) in random and semi-random settings combined with a resultin Cohen-Addad
et al.. [4] that shows that approximations to (roughly) balanced min-cut problems can be used to obtain
an equivalent approximation ratio for the problem of finding a minimum cost hierarchical cluster tree.

To generate a random graph, G = (V, E), we use an HSBM (Defn. , however, we allow allow

k= |IN/;c | to be as large as n, i.e., bottom-level clusters may be individual nodes, and allow the weights
w(e) to depend on n. The semi-random model simply considers a random graph generated as above
and an adversary is allowed to remove edges from G, but not add any. Note that in either case the

comparison is to the cost of the generating tree on the graph G (cf. Defn. .



Theorem 2.6. Let G = (V,,,E,,,w) be a graph generated from an ultrametric where with |V,,| = n and
w: FEy, —(0,1) satisfying pmin := min, 5 wle)= Q(logn/n?/?). Let T be a generating tree for G.

u,v
Suppose G = (V,E) is a random graph with V = V,, generated as follows: an edge e = (u,) is added
to E with probability w(e). Then, there exists a randomized polynomial time algorithm that with proba-
bility 1 —o(1) outputs a tree T such that, costt = O(OPT(Q)), where OPT(G) denotes the value of the
optimal tree for G. Furthermore, the above holds even in the semi-random case, i.e., when an adversary
is allowed to remove any subset of the edges from E (though the adversary cannot add any edges).

3 Empirical Evaluation

In this section, we evaluate the effectiveness of LINKAGE++ on real-world and synthetic datasets.
We compare our results to the classic agglomerative heuristics for hierarchical clustering both in
terms of the cost function and the classification error. Our goal is answering the question: How good
is LINKAGE++ compared to the classic agglomerative approaches on real-world and synthetic data
that exhibit a ground-truth clustering ?

Datasets. The datasets we use are part of the standard Scikit-learn library [25]] (and most of them are
available at the UCI machine learning repository [26]). Most of these datasets exhibit a “flat” clustering
structure, with the exception of the newsgroup datasets which is truly hierarchical. The goal of the
algorithm is to perform a clustering of the data by finding the underlying classes. The datasets are: iris,
digits, newsgroupﬂ diabetes, cancer, boston. For a given dataset, we define similarity between
data elements using the cosine similarity, this is a standard approach for defining similarity between data
elements (see, e.g., [3l]) This induces a weighted similarity graph that is given as input to LINKAGE++.

Synthethic Data. We generate random graphs of sizes n € {256,512,1024} according to the model
described in Section More precisely, we define a binary tree on £€ {4,8} bottom clusters/leaves.
Each leaf represents a “class”. We create n// vertices for each class. The probability of having an
edge between two vertices of class a and b is given by the probability induced by lowest common
ancestor between the leaves corresponding to a and b respectively. We first define pyi, = 2logn-¢/n.
The probability induced by the vertices of the binary tree are the following: the probability at the root
i8S P = Pmin + (1 — Pmin)/10g(¥¢), and the probability induced by a node at distance d from the root is
(d+1)p. In particular, the probability induced by the leaves is pmin +10g(£) (1 — pmin)/log(£) = 1.
We also investigate a less structured setting using a ground truth tree on three nodes.

Method. We run LINKAGE++ with 9 different breakpoints at which we switch between phase 1
and phase 2 (which corresponds to “guesses” of k). We output the clustering with the smallest cost.
To evaluate our algorithm, we compare its performances to classic agglomerative heuristics (for the
similarity setting): single linkage, complete linkage, (see also [13,[14] for a complete description)
and to the approach of performing only phase 1 of LINKAGE++ until only one cluster remains; we
will denote the approach as PCA+. Additionally, we compare ourselves to applying only phase 2 of
LINKAGE++, we call this approach density-based linkage. We observe that the running times of the
algorithms are of order 5(712) stemming already from the agglomerative parts This is close to the
6(712)) running time achieved by the classic agglomerative heuristics.

We compare the results by using both the cost of the output tree w.r.t. the hierarchical clustering cost
function and the classification error. The classification error is a classic tool to compare different
(usually flat) clusterings (see, e.g., [3]). For a k-clustering C': V' {1,...,k}, the classification error w.r.t.
a ground-truth flat clustering C* : V' {1,...,k} is defined as minges, (3, cy 1o (x) 2o (c*(2))) /IV
where S}, is the set of all permutations o over k elements.

We note that the cost function is more relevant for the newsgroup dataset since it exhibits a truly
hierarchical structure and so the cost function is presumably capturing the quality of the classification
at different levels. On the other hand, the classification error is more relevant for the others data sets as
they are intrinsically flat. All experiments are repeated at least 10 times and standard deviation is shown.

)

Results. The results are summarized in Figure [T} 2] and 3] (App. [A). Almost in all experiments
LINKAGE++ performs extremlely well w.r.t. the cost and classification error. Moreover, we observe

3Due to the enormous size of the dataset, we consider a subset consisting of ’comp.graphics’, >comp.os.ms-
windows.misc’, ’comp.sys.ibm.pc.hardware’, ’comp.sys.mac.hardware’, rec.sport.baseball’, 'rec.sport.hockey’

“Top k singular vectors of an n x n matrix can be approximately computed in time 6(kn2)
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Figure 1: A comparison of the algorithms on real-world data. (a) The figure shows the cost cost(-) of the
algorithm normalized by the the cost of LINKAGE++. (b) The figure shows the percentage of misclassified nodes.
By looking more closely at the output of the algorithm, one can see that a large fraction of the misclassifications
happen in subgroups of the same group.
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Figure 2: A comparison of the algorithms on synthetic data for highly structured ground-truth for different n, k.
PCA+ performs well on these inputs and we conjecture that this due to the highly structured nature of the ground-
truth. (a) The cost of LINKAGE++ and PC A+ are well-below the costs’ of the standard linkage algorithms. (b) We
see a threshold phenomena for k =8 from n =512 to n = 1024. Here the classification error drops from 0.5 to O,
which is explained by concentration of the eigenvalues allowing the PCA to separated the bottom clusters correctly.

that a low cost function correlates with a good classification error. For synthetic data, in both
LINKAGE++ and PCA+, we observe in Figure 2b| that classification error drops drastically from
k=4to k=S8, from 0.5 to 0 as the size is number of nodes is increased from n =512 to n =1024. We
observe this threshold phenomena for all fixed k£ we considered. We can observe that the normalized
cost in Figure2a|for the other linkage algorithms increases in the aforementioned setting.

Moreover, the only dataset where LINKAGE++ and PCA+ differ significantly is the hierarchical
dataset newsgroup. Here the cost function of PCA+ is much higher. While the classification error
of all algorithm is large, it turns out by inspecting the final clustering of LINKAGE++ and PC A+ that
the categories which were being misclassified are mostly sub categories of the same category. On
the dataset of Figure[3|(App.[A) only LINKAGE++ performs well.

Conclusion. Overall both algorithms LINKAGE++ and Single-linkage perform considerably better
when it comes to real-world data and LINKAGE++ and PCA+ dominate on our synthetic datasets.
However, in general there is no reason to believe that PC A+ would perform well in clustering truly
hierarchical data: there are regimes of the HSBM for which applying only phase 1 of the algorithm
might lead to a high missclassification error and high cost and for which we can prove that LINKAGE++
is an (1+¢)-approximation.

This is exemplified in Figure[3|(App.[A). Moreover, our experiments suggest that one should use in addi-
tion to LINKAGE++ other linkage algorithm and pick the algorithm with the lowest cost function, which
appears to correlate with the classification error. Nevertheless, a high classification error of hierarchical
datais notabad sign per se: A misclassification of subcategories of the same categories (as we observe in
our experiments) is arguably tolerable, but ignored by the classification error. On the other hand, the cost
function captures such errors nicely by its inherently hierarchical nature and we thus strongly advocate it.
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A Additional Experimental Evaluation
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Figure 3: The clustering obtained by PCA+ on a ground truth tree on three nodes induced by the adjacency matrix
[[1.,0.49,0.39][0.49,0.49,0.39]{0.39,0.39,0.62]] and n = 999 nodes split equally. Here only LINKAGE++ and
PCA+ classify the bottom clusters of the subtrees correctly. However, the projection to the euclidian space (PCA)
does not preserve the underlying ultramtric causing PC A+ to merge incorrectly. (a) LINKAGE++ recovers the
ground truth. All other algorithm merge incorrectly. (b) LINKAGE++ and PCA+ classify the bottom clusters
correctly causing the classification to be perfect even though PCA+ failed to correctly reconstruct the ground-truth.
This suggests that the classification error is less suitable measure for hierarchical data. (¢) PCA+ in contrast
to LINKAGE++ merges incorrectly two bottom clusters of different branches in the ground-truth tree (green and
blue as opposed to green and red).

B Algorithm in Semi-Random Model using SDP Relaxations

This section is dedicated to the proof of the following theorem.

Theorem @ LetG= (‘N/R,E'n,w) be a graph generated from an ultrametric where with |‘~/n\ =nand
w: By, — (0,1) satisfying pmin := min(u’v)eﬁnw(e) =Q(logn/n*3). Let T be a generating tree for
G. Suppose G = (V,E) is a random graph with V =V, generated as follows: an edge e = (u,v) is
added to E with probability w(e). Then, there exists a randomized polynomial time algorithm that
with probability 1 —o(1) outputs a tree T' such that,

costy =0O(OPT(Q)), 2

where OPT(QG) denotes the value of the optimal tree for G. Furthermore, the above holds even in
the semi-random case, i.e., when an adversary is allowed to remove any subset of the edges from
(though the adversary cannot add any edges).

B.1 Background

In this section, we recall the work of Makarychev et al. [[6]. Essentially all of this section is directly
cited from this work and we only provide it in this paper for completeness.

While we don’t require to go into details, we define the crude SDP for Small-Set Expansion (SSE)
used by Makarychev et al. [6] below. 4 denotes some vector representation corresponding to vertex
u in the SDP. The reader may refer to SDP solutions ¢ occurring in the rest of this section to mean
feasible solutions to the following SDP. Note that solving the SSE problem gives a (roughly) balanced
sparse cut when p=0(1).
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1
min 3 Z |la—3|?

(u,v)eE(G)
subject to
forallueV, Z(ﬂ,17> <p|V] (Spreading Constraints)
forallu,v,weV, |a—o|*+|v—w|*=|a—v|? (¢3-triangle inequalities)

forall u,weV, (u,v)=0
forallueV, |u|?*=1
Definition B.1 (Heavy Set, Hs (M) [6]). LetV be a set of n vertices and M = N. Consider an SDP
solution ¢V — H. We say that a vertex ue M is §-heavy in M if the @-ball of radius 6 around p(u)

contains at least §*n vectors from (M), i.e., |[ve M | p(v) € Ball(p(u),d)| = §2n. We denote the set
of all vertices that are §-heavy in M by Hs ,(M).

Definition B.2 (Geometric Expansion [6]). A graph G = (V,E) satisfies the geometric expansion
property with cut value X at scale 0, if for every SDP solution ¢ : V — H satisfying Hs ,(V) = &
(recall that Hs (V') is the set of 6-heavy vertices in' V' ):

‘{(u,v)eE\ lp(w)—p(v)|* <6/2}| <26°X.

A graph G = (V,E) satisfies the geometric expansion property with cut value X up to scale 27 for
T eN ifit satisfies the geometric expansion property for every € {27t | 1<t <T}.
Theorem B.3 (Theorem 3.4 from [6]). Let G = (V,E) be a graph that satisfies the geometric expansion

property with cut value X at scale up to cA/log|V'|. Then, there exists a randomized polynomial time that
with high probability outputs a partition L,R of V such that |cut(L,R)| =O(X) and |L|,|R| = |V|/3.

B.2 Geometric Expansion of HSBM

Let én = (XN/n, En,w) be a graph generated according to an ultrametric, where for each e € En,
w(e) € (0,1). In this case, we allow w(e) to be depend on n—in particular it is possible that w(e) — 0
asn — 0. Let G = (V, E) be an unweighted random graph with |V | = |V,,| = n generated from G
as follows. An edge (u,v) is added to G with probability w((u,v)), for the corresponding vertices
u,v € V,,. Note that this is a special case of the hierarchical stochastic blockmodels (Defn. , where
the number of leaves in the generating graph is the same as that in the random graph generated, i.e.,
in principle there may be n bottom-level clusters.

For the rest of this discussion we assume that V = V,, as a natural bijection exists between the two
vertex sets. Let 7 be a generating tree for G.LetUCV and let T|U be the restriction of 7' to leaves
in U (removing unnecessary leaves and reducing internal nodes as necessary). Let N (U) be the root
of ZN“|U Consider the following procedure the nodes appearing as leaves in the left and right subtrees
of the root of T'|7. Suppose we follow the convention that the left subtree is never any smaller than

the right subtree in T'| ;. We say that the canonical node of T'|; is the first left node N, encountered in
atop-down traversal starting from N (U') such that 2|U|/3=V (NL) =|N|/3. We define U, =V (NL.),
and Ur =U\Uy. We say that (Uy,,URg) is the canonical cut of U. It is easy to see that such a cut always
exists since the tree is binary and left subtrees are never smaller than right subtrees.

Lemma B.4. Forarandom graph G generated according the model described above with probability at
least 1—o(1), for every subset U of size at least n?/3\/logn, let Uy, U be the canonical cut of U and let
Epa={(u,w) |ueUr,weURg}. Then the subgraph (U,E,,) is geometrically expanding with cut cost

X =C-max{w(L,R),|U|-D-log?D,|U|-D-logn} (3)

up to scale 1/+/ D. Furthermore, the result also applies in the semi-random setting where an adversary
may remove any subset of edges from the random graph G.

Proof. The proof is essentially identical to that of Theorem 5.1 in [6]. However, as there are some
minor modifications, we are unable to cite their result directly and hence provide the entire proof here
for completeness.
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Fix some subset U and let U, ,UR be the canonical cut of U given by the generating tree T of G. Let
Ea = {(u,w) |ueUr,veUg} and let Eyg = Ey n E, where E is the set of edges in the realized
random graph G = (V,E). As the adversary in the semi-random graph can only remove edges it suffice
to show that (U, Eq) is geometrically expanding with high probability. We fix the parameter § =27¢
(where 1 <t < T), and prove that the graph (U, E;q) is geometrically expanding with cut value X
at scale 4. The probability that this fails to happen will be low enough for us to take a simple union
bound over all the posible values of §.

The condition Hs ,(U) = & implies that,
{(u,0) €U U | p(u) - p(v)[?} < 6*n*

We need to bound the probability of the bad event, the existence of an SDP solution ¢ : U — H such that
[{(u0)eUxU | [pu)—p(v)|* <5} <6%n? 4)

)
{(wo)e Em ot - ot <3 || 5202 ®

Makarychev ez al. [6] show that if ¢ satisfying Eqn. (@) and (3)) exists, then provided | Enqg| < 2X, there
exists ¢’ : U — Nj satisfying:

{woevxvll¢@-golP <o)< 2o ©
{woreEm I -p o)< 50} > 3 )

where N5 < H is a set of size exp(O(log?d—1)).

The remainder of the proof is showing that the existence of ¢’ is a very low-probability event. First,
as | Emg| =w(Ur,Ur) < X, P[| Ema| = 2X] <e~X. Note that if we fix a ' : U — N, the probability
(over the random choice of Fn4) that Eqns. (6) and is at most e—19°X , by using the Chernoff
bound. Finally, we note that there are at most | N5s|!V! such ¢/, thus we can safely take a union bound
provided X /D > ¢3 - |U|log? D. Finally, there are n!U! subsets of size |U/| and again we can safely
apply a union bound provided X /d = c4|U [logn. The choice of X ensures that this happens. O

We can now complete the proof of Theorem2.6]

Proof of Theorem[2.6] We aim at applying Theorem 4.1 of Cohen-Addad er al. [4], where they
essentially show that if one obtains a ¢ approximation to the 1/3-balanced min-cut problem (i.e.,
minimise cut subject to the constraint that both sides have at least 1/3 of the vertices being cut), then
the recursive algorithm gives a O(¢) approximation for minimizing Dasgupta’s cost function.

We observe that cost(T:;G) = Q(n3 - pmin) = Q(n"/3logn). Thus, we notice that once we obtain sets
U of size ng = n?/ 3«/10gn, since there are at most n/ng, even if we use an arbitrary tree on any such
U, together this can only add O(£ -nj) = O(n"/®-logn). Thus, we only need to be able to obtain

suitable approximations during the recursive procedure as long as |U| = n?/3logn. This is precisely
given by using Lemma[B.4] Observe that in Eq. @), w(L,R) = Q(|U]?-pnin) = Q(n*3log*n) and
|U|Dlog® D = o(|U|Dlogn) and D|U|logn) = O(n*?3log*n). Thus, the algorithm of [6] given by
Theoremreturns a cut that is a constant factor approximation to the 1/3-balanced min-cut problem

on the induced subgraph of G on the vertex set U. This observation together with a slight modification
of the charging argument in the proof of Theorem 4.1 of Cohen-Addad et al. [4]] to account for the
case where subgraphs have size less than n?/3logn finishes the proof. O

C LINKAGE++ (Continuation of Section 2)

The full algorithm is the following.
We show the proof of Lemmas[2.4] [2.5]and[C.1]
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Algorithm 1 LINKAGE++

1: Input: Graph G = (V,E) generated from an HSBM.

2: Parameter: An integer k.

3: Apply (SVD) projection algorithm of [5, Thm. 12] with parameters G, k, § = |V|~2, to get
¢(1),....¢(|V])eRIVI for vertices in V, where dim(span(¢(1),....C(|V]))) = k.

4: Run the single-linkage algorithm on the points {{(1),...,((]V])} until there are exactly k clusters.
LetC={C¢ ,...,C,g } be the clusters (of points (7)) obtained. Let C; €V denote the set of vertices

corresponding to the cluster C’f .

Define dist:C x C— R dist(Cf,CS) =w(C5,CS)/(ICF[|CS ).

while there are at least two clusters in C do
Take the pair of clusters C;,C’ of C that maximizes dist(C},C?%).
Define a new cluster C' = {C;u C’}.

9: Update dist: dist(C”,C}) = max(dist(C},C7) dist(C7,C))

10: e C\ G\ (Cy) U {C7)

11: end while

12: The sequence of merges in the while-loop (Steps|[6|to[TT) induces a hierarchical clustering tree
on {C4,...,C}, say T}, with k leaves (represented by C1,...,Cy). Replace each leaf of T}, by an
arbitrary binary tree on |C}| leaves labelled according to the vertices C, to obtain T'.

13: Repeat the algorithm k' = 2klogn times. Let T, ... T* be the corresponding hierarchical
clustering trees.

14: Output: Tree T (out of the k&’ candidates) that minimises I'(T}).

Proof of Lemma[2.3] By Theorem 3.4 of Cohen-Addad et al. [4], the cost of T* is optimal for G.
Furthermore, by Theorem|C.3] we have that the cost of 7* on G and the cost of 7* are within a factor
of (1+0(1)). We thus aim at showing that costz <y2costyx.

We now define a new graph G/(T') which has the same set of vertices V' than G For each pair of vertices
u,veV we create an edge in G(7') with weight wg ) (u,v) = W/ (LCAr (u,v)). By definition of W'
follows that T is generating for G(T'), and so applying Theorem 3.4 of Cohen-Addad et al. [4], we
obtain that the cost of T' for G(T'), say costg (T)_is less than the cost of T* for G (T), say cost

G(T)
T%

Now recall that the cost of a tree for any given graph G’ can be rewritten as follows:

costg(T) =2 uoWar (u,) [V (LCAT (u,v))], where wer (u,v) is the weight of the edge u,v in G

Thus, since by definition of 7', we have v ~'W'(LCA~r (a,b)) < W (LCA7x (a,b)) <yW'(LCAr(a,b)).
Hence,
G _ _
cost§ < 3w () IV (LCAT (1)) < 9+ (1,0)- |V (LCAL (1,0))|

(T) (T)

=*y-costg <7-cost§* .

A similar observation implies that cost?g) <7v- costg* . Combining yields the lemma.

O

Recall that ¢ : V' — [k] is the (hidden) labelling assigning each vertex of G to one of the k bottom-level
clusters. Let Cf = {veV | ¢(v) =i}. Recall that n;, = [V (CF)|.

Lemma C.1. Let G be generated by an HSBM. Assume that the separation of bottom clusters given
by (I) holds. Let Cf,...,C}t be the hidden bottom-level clusters, i.e., C* = {v | (v) = i}. With
probability at least Q(1/k), the clusters obtained after Step H|correspond to the assignment 1, i.e.,
there exists a permutation 7 : [ k]| — [k], such that C; = CT":(].).

Proof. The proof relies on Theorem Let u,v be two nodes such that i = ¢ (u) # ¢ (v) = j. Let
u and v denote the random variables corresponding to the columns of » and v in the adjacency matrix

of G. Letg= W(N) where N is the LCAz (771(i),571(5)) in Ty, the generating tree for G, used
in defining the HSBM.

14



By assumption, if have that @) holds. for § = L. This satisfies the condition of Theorem Thus,

n2"*

with probability at least 1/k—& = Q(1/k) the conclusions of Theorem[2.2]hold. In the rest of the proof
we assume that the following holds: There exists 1 > 0 such that for any pair of nodes u,v we have

L. if4(u) = (v) then | (w) ~C(v)|3 <n:
2. i () #(v) then ¢ (u)—C(v) |3 > 211

Therefore, any linkage algorithm, e.g., single linkage, performing merges starting from the set
{¢(1),...,¢(n)} until there are k clusters will merge clusters at a distance of at most 1) and hence, the
clusters obtained after Step[d]correspond to the assignment 1. This yields the claim. O

We now condition on Event &. Thus, by the above lemma, there exists a 1-to-1 mapping
m:{Ch,....,Cr} = {CF,...,C{} such that C; = er‘(l.). We define C? the set of clusters in the variable

C of Alg.[T]at the tth iteration of the while-loop. Finally, observe that since Event £; holds, we have
that at any iteration ¢, any cluster C € C* consists of a union of clusters of C* = {CF,...,C{}. Let
L(CY) denote the set of clusters of C* in C?.

Proof of Lemma[2.4) Given a set of hidden bottom clusters .S, denote by LCA7+ (S) the lowest
common ancestor of all the clusters in S.

‘We show by induction on the number of iterations of the while-loop (Step@ that, with high probability,
if Cf,CteC’ are merged at iteration ¢, then for any Cf € L(C}),C¥ e L(C?),

W (LCATx (L(Cf) uL(C]t-))) SW(LCAr«(C},C¥)) < (1+e)W (LCAT= (L(Cf) uL(C]t-))),
and

W (LCA7+ (L(C}) U L(CY))) <dist(C{,C) < (1+&)W (LCA7x (L(C{) UL(CS))).

We note that since the distances “dist” between merged clusters are non-increasing as ¢ is increasing,
the above claim implies that 7" is a (1 +¢)-approximate ground-truth tree and so the lemma.

Observe that since Event £, occurs, we have that foran Cf € L(C}),C¥ e L(CY),
(1=&*)W(LCA7+ (CF,C)) <w(CF.CH/(ICF || CE]) < (1+e*)W (LCA7+ (CF ,CY))

Equipped with this observation, we turn to the proof of the claim. We proceed by induction on the
number of merges. At ¢ =0, the claim is true as no merge has been done yet. We now consider the
tth merge done by the algorithm. Let R; be the lowest common ancestor of the nodes in L(C}) in T*
and let R; be the lowest common ancestor of the nodes in L(C;) in T*. Let R* be the lowest common
ancestor of 7 and ;.

We differentiate two cases: (1) either R* € {R;, R;} and R; # R; or (2) either R* ¢ {R;, R;}
or R; = R* = R;. First, Assume (2) i.e., R* is notin {R;,R;} or that R, = R; = R*. Thus by
definition of the T}, we have that for any Cf € L(C}),C¥ € L(CY), LCAp« (Cf,C¥) = R* and so
W (LCAr«(C},C¥)) =W (R*). Since Event & holds, the claim is true in that case.

We thus turn to case (1): R* iseither R, or R; and R; # R;, and w.l.o.g., we assume that R* = R, # R);.
From this we can provide a lower bound on the edge density between the clusters of C;‘: and C?. Indeed,

since Event & occurs, we have that the edge density is at least (1 —&2)W (R;). We now provide an
upper bound. Consider C}f € L(C}) and C € L(C5) such that W (LCAp« (C},C¥)) is maximized.
By definition of the algorithm we have that

(1—&*)W (LCA7+(C}r,CF)) <dist(C},C}) < (1+&*) W (LCA7x (Cff ,.CF)).
Now, by definition of 7* and since R; = R*, we have that W (R;) = W (R*) < W (LCA7= (C},C¥)).
Furthermore, since clusters with lowest common ancestor R; were merged before C; and Cf and since

distances between merged clusters are non-increasing as the number of iterations is increasing, we
can conclude:

(1—e*)W (LCA7« (CF,CF)) <dist(C},C) < (1+*) W (R;).
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Assuming ¢ to be a small enough constant, and recalling that R; is the lowest common ancestor of
all the clusters in Cf U C'}, we conclude that for any C e Cf, C¥ € Cf,

W(R;) W (LCAr«(C7,CY)) < (1+e)W(Ry),
and
W(R;) <dist(C},C}) < (14+¢)W (Ry),
and the lemma follows. O

C.1 Objective Functions and Ground-Truth Tree

The proof of these sections are not technically involved and follows the proofs proposed by
Cohen-Addad et al. [4] for their less general model. They are included here for completeness. We start
with a few observations. Note that G itself is generated from an ultrametric and the generating trees
for G are obtained as follows: Let Tk be any generating tree for G w let Ty ,Tg,...,Tk be any binary trees
with nq,...,ny leaves respectively. Let the weight of every internal node of T; be p; and replace each
leaf [ in Tk by Tg.(l). In particular, this last point allows us to derive Proposition We will use k(n)
to denote the cost of a clique which is the same for all trees for the clique, as argued in [4, Thm. 3.4].

Proposition C.2 (Slight generalization of [4]]). Let G be a graph generated according to an HSBM
(See Defn. . Let 1) be the (hidden) function mapping the nodes of G to [k] (the bottom-level
clusters). Let'I" be a ground-truth tree for G Then,

E[cost(T)] < min E[cost(T")].
Moreover, for any tree T', E[cost(T)| =E[cost(T")] if and only if T' is a ground-truth tree.

Proof. Recall that we have n; > 0 for all . Let G be a the expected graph, i.e., G is complete
and an edge (7, j) has weight p,;, the probability that the edge (¢, j) is present in the random
graph G generated according to the hierarchical model. Thus, by definition of admissibility
cost(T;G) =minycost(T";G) if an only if T' is generating (see [4, Defn. 3.1]). As ground-truth trees
for G are precisely the generating trees for G; the result follows by observing that for any tree 7" (not
necessarily ground-truth) E[cost(7;G)] = cost(T;G), where the expectation is taken only over the

random choice of the edges, by linearity of expectation and the definition of the cost function. [

The following is a generalisation of [4].

Theorem C.3. Let n be a positive integer and pmin = w(+/logn/n). Let k be a fixed constant and

G be a graph generated from an HSBM (as per Defn. where the underlying graph G, has k nodes
and minimum probability is pmin. For any binary tree T with n leaves labelled by the vertices of G,
the following holds with high probability:

|cost(T') —E[cost(T)]| <o(E[cost(T)]).
The expectation is taken only over the random choice of edges. In particular if T* is a ground-truth

tree for G, then, with high probability,
cost(T*) < (1 +0(1))n}i,ncost(T') =(140(1))OPT.

Proof. Our goal is to show that for any fixed cluster tree T” the cost is sharply concentrated around
its expectation with an extremely high probability. We then apply the union bound over all possible
cluster trees and obtain that in particular the cost of OPT is sharply concentrated around its expectation.
Note that there are at most 2¢™1°8™ possible cluster trees (including labellings of the leaves to vertices
of ), where c is a suitably large constant. Thus, it suffices to show that for any cluster tree 7" we have

P[|cost(T") —E[cost(T")]| = o(E[cost(T")]) ]| < exp(—c*nlogn),
where c* > c.

Recall that for a given node N of T’ with children N, No, we have cost(N) =
w(V(N1), V(N2)) - (I[V(N1)| + [V(N2)]) and cost(T") = > yeq cost(N). Let Yi; = 1 j)ep
for all 1 <4,j < n and observe that {Y; ;|i < j} are independent and Y; ; = Y; ;. Furthermore, let
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Z; = (|V(childy (N*7))|+|V (childa(N*7))])-Y; j, where N is the node in 7" separating nodes
i and j and child; (N*7) and childy(N%7) are the two children of N/, We can thus write

cost(T")= > ([V(childy(N))[+|V (childy(N))]) > Vi, (8)
NeT” i€V (child; (N))
j€V (childa (N))

= Z Z Zi )

NEeT" iV (child; (N))
jeV (childy (N))

=>\Zi;. (10)

1<j
where we used that every potential edge 7,5, i # j appears in exactly one cut and that Z; ; = Z; ;. Observe
that ), _ ;Zi,j is a sum of independent random variables. Assume that the following claim holds.

Claim C.4 (Slight generalization of [4]). Let pyin be the minimum weight in Tk, the tree generating
tree for Gy, (see Defn. H) i.e., Wmin = minNEﬁC W(N)). We have

1. E[cost(T")] = k(n) - Pmin

2. %[V (childy (N57))|+|V (childy(N*7))])? <n-r(n)
We defer the proof to later and first finish the proof of Theorem|[C.3] We will make use of the slightly

generalized version of Hoeffding bounds (see [27]]). For X1,Xs,...,X,, independent random variables
satisfying a; < X; <b; forie[n]. Let X =) " | X;, then for any ¢ >0

2 2
1=1\"% ?

By assumption, there exists a function y,, :N— R such that pyi, =w <yn . log") with y, =w(1).

n

Ve o(E[cost(T”)]) and derive

Pmin

We apply (TT)) with t =E[cost(T")]-

.. /logn
P| |cost(T") —E[cost(T") ]| <E[cost(T")]- N >

Pmin

Pmin

2 (E[Cost(T/)] . m) )

=1—expf — 77 T2
2i<i9((VINT)LIV (N
2. 221
>1—exp (—W) >1—exp(—c*-nlogn),
n
where the last inequality follows by assumption of the lemma and since y, = w(1l) and
k(n)=0(n3). O

We now turn to the proof of Claim[C.4]

Proof of Claim|[C.4] Note that for any two vertices 7,j of G, the edge (7,) exists in G with probability
at least py,i,. Thus, we have

E[cost(T")| = Y. (|V(childy (N))|+[V (childo(N))]) > w(i,j)
NeT’ i€V (child; (N))
FEV (childy (N))

> pumin- Y, ([V(childy (N)|+|V (childa (N))])|V (child; (N))|-[V(childa (V)]
NeT”

= Pmin K(n)
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Furthermore, we have
3 (V/(childs (V)] + [V (childa (V) )2 =
= 3% (IV(childs (V)| [V (childs (N))] [V (childs (N))] |V (childs (N)))|
NeT”

<n Y (IV(child; (N))|+|V (child; (N))])-|V (child; (N))]- |V (child2(N)))|
NeT
=n-k(n).

18



	Introduction
	A General Hierarchical Stochastic Block Model
	Algorithm for Semi-Random Model using SDP Relaxations

	Empirical Evaluation
	Additional Experimental Evaluation
	Algorithm in Semi-Random Model using SDP Relaxations
	Background
	Geometric Expansion of HSBM

	Linkage++ (Continuation of Section 2)
	Objective Functions and Ground-Truth Tree


