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In earlier work, we developed a mathemati al hybrid I/O
automaton (HIOA) modeling framework, apable of des ribing both disrete and ontinuous behavior. This framework has been used to analyze
examples of automated transportation systems, intelligent vehi le highway systems, air traÆ ontrol systems, and onsumer ele troni s appliations. Here, we re onsider the basi de nitions of the HIOA framework,
in parti ular, the dual use of external variables for dis rete and ontinuous ommuni ation. We present a new HIOA model that is simpler
than the earlier model, due to a learer separation between dis rete and
ontinuous a tivity.

Abstra t.

1 Introdu tion
Re ent years have seen a rapid growth of interest in hybrid systems |systems
that ontain both dis rete and ontinuous omponents, typi ally omputers intera ting with the physi al world. Su h systems are used in many appli ation
domains, in luding automated transportation, avioni s, automotive ontrol, proess ontrol, roboti s, and onsumer ele troni s. Motivated by a desire to des ribe
and reason arefully about su h appli ations, we are ontinuing our e orts to
adapt te hniques from omputer s ien e to the setting of hybrid systems.
In our previous work in this area, we developed a mathemati al hybrid I/O
automaton modeling framework [15, 16℄. This framework supports des ription
and analysis of hybrid systems using powerful methods of parallel omposition
and levels of abstra tion. We also proved suÆ ient onditions for hybrid I/O
automata to be re eptive , whi h means that they allow time to advan e to in nity
independently of the input provided by the environment. We and others have
used this framework to analyze examples of automated transportation systems
[18, 13, 23, 22, 14, 10℄, intelligent vehi le highway systems [6, 12℄, air traÆ ontrol
systems [11, 9℄, and onsumer ele troni s systems [4℄.
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In this paper, we present a new hybrid I/O automaton model that is onsiderably simpler than the earlier model, yet supports similar des ription and
analysis methods and similar re eptivity theorems. The main simpli ation is a
learer separation between the notions of dis rete and ontinuous ommuni ation. We arrived at this separation as a result of re onsidering the relationship
between the omputer s ien e notion of shared variable ommuni ation and the
ontrol theory notion of ontinuous ow a ross omponent boundaries.
Levels of abstra tion, ompositionality, and re eptiveness for hybrid systems
have also been addressed by Alur and Henzinger [2, 3℄ in their work on rea tive
modules. However, rea tive modules ommuni ate only via shared variables, and
not via shared a tions. In [3℄, a de nition of re eptiveness similar to the one in
[15, 16℄ is proposed, and is shown to be preserved by omposition. However, in [3℄,
no ir ular dependen ies (\feedba k loops") are allowed among the ontinuous
variables of the omponents, a restri tion that greatly simpli es the analysis.
The rest of this paper is organized as follows. Se tion 2 de nes notions that
are useful for des ribing the behavior of hybrid systems: traje tories and hybrid sequen es. Se tion 3 ontains the theory for the hybrid automaton (HA)
model, whi h has all of the stru ture of the HIOA model ex ept for the division
of external a tions and variables into inputs and outputs. Se tion 4 introdu es
inputs and outputs, and presents the basi theory for HIOAs. Se tion 5 presents
the new theory of re eptiveness, in luding the main theorem, Theorem 7, stating
that re eptiveness is preserved by omposition under ertain ompatibility onditions. Se tion 6 des ribes suÆ ient onditions for these ompatibility onditions
to hold, and in parti ular, des ribes Lips hitz automata.

2 Des ribing Hybrid Behavior
In this se tion, we give basi de nitions that are useful for des ribing dis rete and
ontinuous system behavior, in luding dis rete and ontinuous state hanges,
and dis rete and ontinuous ow of information over omponent boundaries.
Throughout this paper, we x a time axis T, whi h is a ompa t subgroup of
(R; +), the real numbers with addition.

2.1 Stati and Dynami Types
We assume a universal set V of variables. A variable represents either a lo ation

within the state of a system omponent, or a lo ation where information ows
from one system omponent to another. For ea h variable, we assume both a
(stati ) type, whi h gives the set of values it may assume, and a dynami type,
whi h gives the set of traje tories it may follow. Our motivation for introdu ing
dynami types is that this allows us to de ne input enabling for hybrid I/O
automata: if v is an input variable of HIOA A then, roughly speaking, we require
that A a epts ea h input signal on v , as long as it respe ts the dynami type
of v . Sin e we are in a hybrid setting where dis rete transitions may hange the
state at any time, elements of a dynami type may ontain ( ountably many)
\dis ontinuities". Formally, we assume for ea h variable v :

{ type (v ), the (stati ) type of v. This is a set of values.
{ dtype (v ), the dynami type of v. This is a set of fun tions from left- losed
intervals of T to type (v ) that is losed under the following operations:
1. (Time shift) For ea h f 2 dtype (v ) and t 2 T, f + t 2 dtype (v ). Here
f + t is the fun tion given by (f + t) (t0 ) = f (t0 t).
2. (Subinterval) For ea h f 2 dtype (v ) and ea h left- losed interval J 
dom (f ), f d J 2 dtype (v ). Here f d J is the fun tion obtained by

restri ting the domain of f to J .
3. (Pasting) For ea h sequen e f0 ; f1 ; f2 ; : : : of fun tions in dtype (v ) su h
that (a) the domain of ea h fi , ex ept possibly for the last one, is rightlosed, (b) for ea h non nal index i, max(dom (fi )) = min(dom (fi+1 )),
 f (t), where i is the smallest index with
the fun tion f given by f (t) =
i
t 2 dom (fi ), is in dtype (v ).

Example 1. For any variable v, the set C of onstant fun tions from a left- losed
interval to type (v ) is losed under time shift and subintervals. If the dynami

type of v is obtained by losing C under the pasting operation, then v is alled
a dis rete variable, as in [19℄. If we take T = R and type (v ) = R, then other
examples of dynami types an be obtained by taking the pasting losure of the
set of ontinuous or smooth fun tions, the set of integrable fun tions, or the set
of measurable lo ally essentially bounded fun tions. The set of all fun tions from
left- losed intervals of R to R is also a dynami type.
In pra ti e, dynami types are often de ned via pasting losure of a lass of
ontinuous fun tions. In these ases the elements of dynami types are ontinuous
from the left. Elsewhere in the literature on hybrid systems one often en ounters
fun tions that are ontinuous from the right (see, e.g., [8℄). To some extent,
the hoi e of how to de ne fun tion values at dis ontinuities is arbitrary. An
advantage of our hoi e is a ni e orresponden e between on atenation and
pre x ordering of traje tories (see Lemma 2). In the rest of this paper, when we
say that the dynami type of a variable v equals S , we a tually mean that the
dynami type of v is obtained by applying the above losure operations to S .

2.2 Traje tories
In this subse tion, we de ne the notion of a traje tory, de ne operations on
traje tories, and prove simple properties of traje tories and their operations. A
traje tory is used to model the evolution of a olle tion of variables over an
interval of time.

Basi De nitions Let V be a set of variables, that is, a subset of V. A valuation
v for V is a fun tion that asso iates to ea h variable v 2 V a value in type (v ).
We write val (V ) for the set of valuations for V . Let J be a left- losed interval
of T with left endpoint equal to 0. Then a J -traje tory for V is a fun tion
 : J ! val (V ), su h that for ea h v 2 V ,  # v 2 dtype (v ). Here  # v is the
fun tion with domain J de ned by (

# v)(t) =  (t)(v).

We say that a J -traje tory is nite if J is a nite interval, losed if J is a
( nite) losed interval, and full if J = T0 . A traje tory for V is a J -traje tory
for V , for any J . We write trajs (V ) for the set of all traje tories for V . For
T a set of traje tories, nite (T ), losed (T ) and full (T ) denote the subsets of
nite, losed and full traje tories in T , respe tively. A traje tory with domain
[0; 0℄ is alled a point traje tory. If v is a valuation then }(v) denotes the point
traje tory that maps 0 to v.
If  is a traje tory then :ltime , the limit time of  , is the supremum of
dom ( ). Similarly, we de ne :fval , the rst valuation of  , to be  (0), and if
 is losed, we de ne :lval , the last valuation of  , to be  (:ltime ). For  a
  d [0; t℄,   t =
  d [0; t), and
traje tory and t 2 T0 , we de ne   t =
  t = ( d [t; 1)) t. Note that the result of applying the above operations is
always a traje tory, ex ept when the result is a fun tion with an empty domain.
  and   1 =
 .
By onvention,   1 =

 ,
if  an be obtained by restri ting  to a non-empty, downward losed subset
of its domain. Formally,    i  =  d dom ( ). For T a set of traje tories
for V , pref (T ) denotes the pre x losure of T . We say that T is pre x losed if
T = pref (T ).
The following lemma gives a simple domain theoreti hara terization of the
set of traje tories over a given set V . (See [7℄ for basi de nitions and results on
omplete partially ordered sets, ( po's)).

Pre x Ordering Traje tory  is a pre x of traje tory , denoted by 

Lemma 1. Let V be a set of variables. Then the set trajs (V ) of traje tories
for V , together with the pre x ordering , is an algebrai po whose ompa t
elements are the losed traje tories.
Con atenation The on atenation of two traje tories is obtained by taking the
union of the rst traje tory and the fun tion obtained by shifting the domain
of the se ond traje tory until the start time agrees with the limit time of the
rst traje tory; the last valuation of the rst traje tory, whi h may not be the
same as the rst valuation of the se ond traje tory, is the one that appears in
the on atenation. Formally, let ;  be traje tories, with  losed. Then the
  [ ( d (0; 1) + :ltime ). Using
on atenation is the fun tion given by  _  =
the losure of dynami types under time shift and pasting, it follows that  _ 
is a traje tory. Observe that  _  is nite (resp. losed, full) i  is nite (resp.
losed, full). Observe also that on atenation is asso iative.
The following lemma, whi h is easy to prove, shows the lose onne tion
between on atenation and the pre x ordering.
Lemma 2. Let ;  be traje tories with  losed. Then    i there exists a
traje tory  0 su h that   0 .
Note that if    , then the traje tory  0 su h that  =   0 is unique ex ept
that it has an arbitrary value for  0 :fval . Note also that the \(" impli ation
_

_

would not hold if the rst valuation of the se ond argument, rather than the last
valuation of the rst argument, were used in the on atenation.
Using a limit onstru tion, we an generalize the de nition of on atenation
for any ( nite or ountably in nite) number of arguments. Let 0 ; 1 ; 2 ; : : : be a
( nite or in nite) sequen e of traje tories, su h that i is losed for ea h non nal
  _  _    _  . We de ne
index i. De ne traje tories 00 ; 10 ; 20 ; : : : by i0 =
i
1
0
the on atenation 0 _ 1 _ 2 : : : to be limi!1 i0 . It is easy to prove that
0 _ 1 _ 2 : : : is a traje tory.

2.3 Hybrid Sequen es
In this subse tion, we introdu e the notion of a hybrid sequen e, whi h is used
to model a ombination of hanges that o ur instantaneously and hanges that
o ur over intervals of time. Our de nition is parameterized by a set A of a tions,
whi h are used to model instantaneous hanges and instantaneous syn hronization with the environment, and a set V of variables, whi h are used to model
hanges over intervals and ontinuous intera tion. We also de ne some spe ial
kinds of hybrid sequen es and operations on hybrid sequen es.

Basi De nitions An (A; V )-sequen e is a nite or in nite alternating sequen e
= 0 a1 1 a2 2   , where (1) ea h  is a traje tory in trajs (V ), (2) ea h a is
i

i

an a tion in A, (3) if is a nite sequen e then it ends with a traje tory, and
(4) if i is not the last traje tory in then dom (i ) is losed. We de ne a hybrid
sequen e to be an (A; V )-sequen e for some A and V .
Sin e the traje tories in a hybrid sequen e an be point traje tories, our
notion of hybrid sequen e allows a sequen e of dis rete a tions to o ur at the
same real time, with orresponding hanges of state.
If is a hybrid sequen e, with notation as above, then we de ne the rst
valuation
P of , :fval , to be 0 :fval , and we de ne the limit time of , :ltime ,
to be i i :ltime . A hybrid sequen e is de ned to be:

{ time-bounded if :ltime is nite.
{ admissible if :ltime = 1.
{ losed if is a nite sequen e and the domain of its nal traje tory is a
losed interval. In this ase we de ne the last valuation of , :lval , to be
last ( ):lval .
{ Zeno if is neither losed nor admissible, that is, if is time-bounded and is

either an in nite sequen e, or else a nite sequen e ending with a traje tory
whose domain is right-open.

Pre x Ordering We say that (A; V )-sequen e = 0 a1 1 : : : is a pre x of
(A; V )-sequen e 0 = 00 a01 10 : : :, denoted by  0 , if either = 0 , or is a
nite sequen e ending in some  ;  =  0 , and a +1 = a0 +1 for every i, 0  i < k ;
and    0 . Like the set of traje tories over V , the set of (A; V )-sequen es is a
k

po.

k

k

i

i

i

i

Lemma 3. The set of (A; V )-sequen es together with the pre x ordering  is
an algebrai po with as ompa t elements the set of losed (A; V )-sequen es.
Restri tion Let A; A0 be sets of a tions and V; V 0 sets of variables. The (A0 ; V 0 )-

restri tion of an (A; V )-sequen e is obtained by proje ting the traje tories on the
variables in V 0 , removing the a tions not in A0 , and on atenating the adja ent
traje tories.

Lemma 4. Restri tion is a ontinuous operation with respe t to pre x ordering.
Con atenation Suppose and 0 are (A; V )-sequen es, with
the on atenation is the (A; V )-sequen e given by

0=
init ( ) (last ( ) head ( 0 )) tail ( 0 ):
_

losed. Then

_

 is a nonempty sequen e then head () denotes the rst element of  and
tail () denotes  with its rst element removed; if  is nite, then last () denotes
the last element of  and init ( ) denotes  with its last element removed.)
Lemma 5. Let ; 0 be (A; V )-sequen es with
losed. Then  0 i there
00 .
exists and (A; V )-sequen e 00 su h that 0 =
00 is unique
Note that if  0 , then the (A; V )-sequen e 00 su h that 0 =
00
ex ept that it has an arbitrary value in val (V ) for :fval .

(If

_

_

Based on Lemma 5 and Lemma 3, we an extend on atenation to in nitely
many (A; V )-sequen es as follows. Let 1 ; 2 ; : : : be an in nite sequen e of losed
(A; V )-sequen es. Then de ne the on atenation 1 _ 2 _    to be limi!1 0i ,
where 0i = 1 _ 2 _    _ i .

3 Hybrid Automata
As a preliminary step toward de ning hybrid I/O automata, we rst de ne a
slightly more general hybrid automaton model. Hybrid automata lassify a tions
as external and internal, but do not further subdivide the external a tions into
input and output a tions. Likewise, they lassify variables as external and internal. The input/output distin tion is added in Se tion 4. In addition to de ning
hybrid automata, we here de ne an implementation relation between hybrid
automata and a omposition operation.

3.1 De nition of Hybrid Automata
A hybrid automaton (HA) A = (W; X; ; E; H; D; T ) onsists of:
{ A set W of external variables and a set X of internal variables, disjoint from
ea h other. We all a valuation x for X a state, and we refer to val (X ) as
 W [ X . Given a valuation v for V , we
the set of states of A. We write V =
denote by state (v) the state v d X .

{ A nonempty set   val (X ) of start states .
{ A set E of external a tions and a set H of internal a tions , disjoint from

 E [ H and let a; b; : : : range over A.
ea h other. We write A =
a
{ A set D  val (X )  A  val (X ) of dis rete transitions. We use x !
A x0
0
as shorthand for (x; a; x ) 2 D. We sometimes drop the subs ript, and write
a
x!
x0 , when A should be lear from the ontext.
{ A set T of traje tories for V . Given a traje tory  2 T we denote :fval d X
by :fstate , and, if  is losed, :lval d X by :lstate . We require that the
following axioms hold:
T1 (Pre x losure) For every  2 T and every  0   ,  0 2 T .
T2 (SuÆx losure) For every  2 T and every t 2 dom ( ),   t 2 T .
T3 (Con atenation losure) Let 0 ; 1 ; 2 ; : : : be a sequen e of traje tories
in T su h that, for ea h non nal index i, i is losed and i :lstate =
i+1 :fstate . Then 0 _ 1 _ 2 : : : 2 T .

Axioms T1-3 express some natural losure properties on the set of traje tories
that we need for our results about parallel omposition. In a omposed system,
any traje tory of any omponent may be interrupted at any moment by a disrete transition of another omponent. Axiom T1 ensures that the part of the
traje tory up to the dis rete transition is a traje tory, and axiom T2 ensures
the remainder is a traje tory. Axiom T3 is required be ause the environment of
a hybrid automaton, as a result of internal dis rete transitions, may hange its
ontinuous dynami s repeatedly, and the automaton must be able to follow this
behavior. Even without performing dis rete transitions itself, a hybrid automaton must be able to follow this type of behavior of its environment. In the earlier
de nition of hybrid automata presented in [15, 16℄, we used a spe ial stuttering
a tion e in pla e of axiom T3; this gave rise to te hni al ompli ations.
Another major di eren e between our new de nition and the earlier one is
that the external variables are no longer onsidered to be part of the state; thus,
for instan e, the dis rete transitions do not depend on the values of these variables. Analogous to the way in whi h external a tions an be used to model
syn hronization of dis rete transitions of di erent omponents, external variables allow us to model syn hronization of ontinuous a tivity (\ ow") between
omponents. Be ause the external a tions and external variables are not part of
the state, we think of them as \ephemeral".
We often denote the omponents of a HA A by WA , XA , A , EA , et , and
the omponents of a HA Ai by Wi , Xi , i , Ei , et . We sometimes omit these
subs ripts, where no onfusion seems likely.

3.2 Exe utions and Tra es
We now de ne exe ution fragments, exe utions, tra e fragments, and tra es,
whi h are used to des ribe automaton behavior.
An exe ution fragment of a HA A is an (A; V )-sequen e = 0 a1 1 a2 2   ,
where (1) ea h i is a traje tory in T , and (2) if i is not the last traje tory in

ai+1
i+1 :fstate . An exe ution fragment re ords all the instantathen i :lstate !
neous, dis rete state hanges that o ur during a spe i evolution of a system,
as well as the state hanges and external variable hanges that o ur while time
advan es. We write frags A for the set of all exe ution fragments of A.
If is an exe ution fragment, with notation as above, then we de ne the rst
state of , :fstate , to be state ( :fval ), or equivalently, 0 :fstate . An exe ution
fragment is de ned to be an exe ution if :fstate is a start state, that is, is in
. We write exe s A for the set of all exe utions of A.
If is a losed exe ution fragment then we de ne the last state of , :lstate ,
to be state ( :lval ), or equivalently, last ( ):lstate . A state of A is rea hable if it
is the last state of some losed exe ution of A.

Lemma 6. Let and 0 be exe ution fragments of A with losed, and su h
0 is an exe ution fragment of A.
that :lstate = 0 :fstate. Then
Lemma 7. Let and 0 be exe ution fragments of A with losed. Then  0
00 .
i there is an exe ution fragment 00 su h that 0 =
_

_

The tra e of an exe ution fragment re ords the external a tions and the
evolution of external variables. Formally, if is an exe ution fragment, then the
tra e of , denoted by tra e ( ), is the (E; W )-restri tion of . A tra e fragment
of a hybrid automaton A from a state x of A is a tra e that arises from an
exe ution fragment of A whose rst state is x. We write tra efrags A (x) for the
set of tra e fragments of A from x. Also, we de ne a tra e of A to be a tra e
fragment from an initial state, that is, a tra e that arises from an exe ution of
A, and write tra es A for the set of tra es of A.
Hybrid automata A1 and A2 are omparable if they have the same external
a tions and variables, that is, if W1 = W2 and E1 = E2 . If A1 and A2 are
omparable then we say that A1 implements A2 , denoted by A1  A2 , if the
tra es of A1 are in luded among those of A2 , that is, if tra es A1  tra es A2 .

3.3 Simulation Relations

Let A and B be omparable HAs. A simulation from A to B is a relation R 
val (XA )  val (XB ) satisfying the following onditions, for all states x and x
A

of A and B , respe tively:

B

1. If xA 2 A then there exists a state xB 2 B su h that xA R xB .
2. If xA R xB , xA !aA x0A and  = tra e (}(xA ) a }(x0A )), then B has a
losed exe ution fragment with :fstate = xB , tra e ( ) = tra e ( ), and
x0A R :lstate .
3. If xA R xB and  is a losed traje tory of A with xA = :fstate and x0A =
:lstate , then B has a losed exe ution fragment with :fstate = xB ,
tra e ( ) = tra e ( ), and x0A R :lstate .

Lemma 8. Let A and B be omparable HAs, and let R be a simulation from
A to B. Let x and x be states of A and B, respe tively, su h that x R x .
Then tra efrags A (x )  tra efrags B (x ).
A

B

A

A

B

B

Theorem 1. Let A and B be omparable HAs, and let R be a simulation from
A to B. Then tra es A  tra es B .
3.4 Composition
We now introdu e the operation of omposition for hybrid automata, whi h
allows an automaton representing a omplex system to be onstru ted by omposing automata representing individual system omponents. We prove that the
omposition operation respe ts our implementation relationship (in lusion of sets
of tra es). Our omposition operation identi es a tions and variables with the
same name in di erent omponent automata. When any omponent automaton
performs a step involving an a tion a, so do all omponent automata that have
a in their signatures. Common variables are shared among the omponents.
We de ne omposition as a partial, binary operation on hybrid automata.
Sin e internal a tions of an automaton A1 are intended to be unobservable by
any other automaton A2 , we do not allow A1 to be omposed with A2 unless
the internal a tions of A1 are disjoint from the a tions of A2 . Also, we require
disjointness of the internal variables of A1 and the variables of A2 . Formally,
we say that hybrid automata A1 and A2 are ompatible if for i 6= j , Xi \ Vj =
Hi \ Aj = ;. If A1 and A2 are ompatible then their omposition A1 kA2 is
de ned to be the stru ture A = (W; X; ; E; H; D; T ) where

{ W = W 1 [ W 2 , X = X 1 [ X2 , E = E 1 [ E2 , H = H 1 [ H2 .
{  = fx 2 val (X ) j x d X1 2 1 ^ x d X2 2 2 g.
{ For ea h x; x0 2 val (X ) and ea h a 2 A, x !A x0 i for i = 1; 2, either (1)
a 2 A and x d X ! x0 d X , or (2) a 62 A and x d X = x0 d X .
{ T  trajs (V ) is given by  2 T ,  # V1 2 T1 ^  # V2 2 T2 .
Proposition 1. A1 kA2 is a hybrid automaton.
a

a

i

i

i

i

i

i

i

Theorem 2. Suppose A1 ; A2 and B are HAs with A1  A2 , and suppose that
ea h of A1 and A2 is ompatible with B. Then A1 kB  A2 kB.
In the full version of this paper, we de ne two natural hiding operations on
HAs, whi h hide external a tions and external variables, respe tively, and prove
that these operations also respe t the implementation preorder.

4 Hybrid I/O Automata
In this se tion we spe ialize the hybrid automaton model of Se tion 3 by adding
a distin tion between input and output.

4.1 De nition of Hybrid I/O Automata
A hybrid I/O automaton (HIOA)

{

A is a tuple (H; U; Y; I; O) where

H = (W; X; ; E; H; D; T ) is a hybrid automaton.

{ U and Y partition W into input and output variables, respe tively. Variables
 X [ Y are alled lo ally ontrolled ; as before we write V =
 W [ X.
in Z =
{ I and O partition E into input and output a tions , respe tively. A tions in
L = H [ O are alled lo ally ontrolled ; as before we write A = E [ H .
{ The following additional axioms are satis ed:
E1 (Input a tion enabling)
For all x 2 val (X ) and all a 2 I there exists x0 su h that x ! x0 .
E2 (Input ow enabling)
For all x 2 val (X ) and  2 trajs (U ), there exists  2 T su h that
:fstate = x;  # U  , and either
a

1.  # U =  , or
2. there exist t 2 dom ( ) and l 2 L su h that l is enabled from  (t).

Input a tion enabling is the input enabling ondition of ordinary I/O automata.
Input ow enabling is a new orresponding ondition for ontinuous intera tion.
It says that an HIOA should be able to a ept any ontinuous input ow, either
by letting time advan e for the entire duration of the input ow, or by rea ting
with a lo ally ontrolled a tion after some part of the input ow has o urred.
An exe ution of an HIOA A is an exe ution of HA . Similarly, a tra e of A
is a tra e of HA . Two HIOAs A1 and A2 are omparable if their inputs and
outputs oin ide, that is, if I1 = I2 , O1 = O2 , U1 = U2 , and Y1 = Y2 . If A1 and
A2 are omparable, then A1  A2 is de ned to mean that the tra es of A1 are
in luded among those of A2 : A1  A2 = tra es A1  tra es A2 . If A1 and A2 are
omparable HIOAs then H1 and H2 are omparable and A1  A2 i H1  H2 .
The de nition of simulation for HIOAs is the same as for HAs, and the
soundness result arries over immediately to the enri hed setting.

4.2 Composition
The de nition of omposition for HIOAs builds on the orresponding de nition
for HAs, but also takes the input/output stru ture into a ount. Just as in the
de nition of ompatibility for HAs, we do not allow an HIOA A1 to be omposed
with an HIOA A2 unless the internal a tions and variables of A1 are disjoint
from the a tions and variables, respe tively, of A2 . In addition, in order that
the omposition operation might satisfy ni e properties (su h as Theorem 7), we
require that at most one omponent automaton \ ontrols" any given a tion or
variable; that is, we do not allow A1 and A2 to be omposed unless the sets of
output a tions of A1 and A2 are disjoint and the sets of output variables of A1
and A2 are disjoint.
If A1 and A2 are ompatible then their omposition A1 kA2 is de ned to be
the tuple A = (H; U; Y; I; O) where H = H1 kH2 , U = (U1 [ U2 ) (Y1 [ Y2 ),
Y = Y1 [ Y2 , I = (I1 [ I2 ) (O1 [ O2 ), and O = O1 [ O2 .
The de nition of ompatibility given above is not quite strong enough to
imply that the omposition of two HIOAs is a tually an HIOA. Thus, we dene a stronger notion and say that ompatible HIOAs A1 and A2 are strongly
ompatible if A1 kA2 satis es axiom E2. Strong ompatibility implies that the

rea tion of the omposed automaton to any input ow  must be the result of a
deliberate rea tion by either A1 or A2 . That is, either both A1 and A2 a ept 
in its entirety, or one of the two rea ts with a lo ally ontrolled a tion. No \time
deadlo k" is allowed due to in ompatible rea tions of A1 and A2 .

Proposition 2. The omposition of two strongly ompatible HIOAs is an HIOA.
Theorem 3. Suppose A1 ; A2 and B are HIOAs with A1  A2 , and ea h of A1
and A2 is strongly ompatible with B. Then A1 kB  A2 kB.

5 Re eptive Hybrid I/O Automata
In this se tion we adapt the notion of re eptiveness [20℄ to our new framework.
Informally speaking, a system is re eptive provided that it admits a strategy for
resolving its nondeterministi hoi es that never generates in nitely many lo ally
ontrolled a tions in nite time. An important onsequen e of this de nition is
that a re eptive HIOA has some response de ned for any sequen e of dis rete
and ontinuous input. We show that re eptiveness is losed under omposition.
Be ause of the improvements in our new model, the treatment of re eptiveness
in this paper is simpler than that in [20℄; however, we only address admissibility
here, and not general liveness properties as in [20℄.
An exe ution fragment of an HIOA is lo ally-Zeno if it is Zeno and ontains
in nitely many lo ally ontrolled a tions. An HIOA A is lo ally-Zeno if it has
at least one lo ally-Zeno exe ution fragment. In the rest of the paper we will be
interested mainly in non-lo ally-Zeno HIOAs, that is, HIOAs that are not lo allyZeno. We use non-lo ally-Zeno HIOAs as the basis for de ning re eptiveness.

Theorem 4. Let A1 , A2 be strongly ompatible non-lo ally-Zeno HIOAs. Then
A1 kA2 is also non-lo ally-Zeno.
Theorem 5. Let A be a non-lo ally-Zeno HIOA. Then, for ea h (I; U )-sequen e
and ea h state x, there is an exe ution fragment of A su h that (1) :fstate =
x, (2) d (I; U ) = .
The property stated in Theorem 5 is known in the literature as I/O feasibility [17℄; it implies that any nite exe ution an be extended to an admissible

exe ution, no matter what the environment does.
A strategy for an HIOA A is an HIOA A0 that di ers from A only in that D0 
D and T 0  T . A strategy A0 for an HIOA A an be viewed as a nondeterministi
memoryless strategy in the sense of [5, 20℄ that hooses some of the evolutions
that are possible from ea h of the states of A. The fa t that the states of A and
A0 are the same ensures that A0 hooses evolutions for every state x of A.
We say that an HIOA is re eptive if it has a non-lo ally-Zeno strategy.

Theorem 6. A re eptive HIOA is I/O feasible.
Theorem 7. Let A1 and A2 be two ompatible re eptive HIOAs with two strongly
ompatible non-lo ally-Zeno strategies A01 and A02 , respe tively. Then A1 kA2 is
a re eptive HIOA with non-lo ally-Zeno strategy A01 kA02 .

6 SuÆ ient Conditions for Strong Compatibility
In order to apply Theorem 7, one has to establish that two strategies are strongly
ompatible. This is diÆ ult in general sin e it requires he king ompatibility
between the ontinuous dynami s of two systems. However, for ertain restri ted
lasses of HIOAs, strong ompatibility follows dire tly from ompatibility.

6.1 HIOAs with Restri tions on Input Variables
Our rst example is the lass of HIOAs without input variables. It is routine to
verify that two HIOAs without input variables are strongly ompatible i they
are ompatible. From the perspe tive of lassi al ontrol theory a system without
input variables is uninteresting be ause it annot be ontrolled; in a hybrid
setting, however, a system without input variables an still intera t with its
environment via dis rete input a tions. Linear hybrid automata [1℄, for instan e,
have no input variables.
Another example is the lass of autisti HIOAs|those for whi h the values
of output variables do not depend on the values of input variables. Formally,
an HIOA A is alled autisti if for all  2 T and all  2 trajs (U ) su h that
dom ( ) = dom () there exists  0 2 T su h that  0 # U =  and  0 # Y =  # Y .

6.2 Lips hitz HIOAs
In this se tion, we de ne Lips hitz HIOAs , based on systems of di erential equations using Lips hitz fun tions. We give examples of onditions on lasses of
Lips hitz HIOAs that imply strong ompatibility. The ideas are derived from
methods in the literature on ontrol theory [21℄. In ontrol theory, ontinuous
system behavior is typi ally de ned using di erential equations of the form:

D =



x = f (x; u)
y = g(x)
:

where u; y , and x are the ve tors of input, output, and state variables, respe tively, together with a starting ondition of the form x(0) = x0 .
To ensure that the system's behavior is de ned, the di erential equations
must admit a solution for ea h possible starting ondition. The following theorem
from al ulus gives suÆ ient onditions for a solution to exist.

Theorem 8 (Lo al existen e). If f is globally Lips hitz and u is C 1 , then for
ea h starting ondition x(0) = x0 there is a unique solution to the equations of
D, de ned on a maximal neighborhood of 0, su h that x(0) = x0 .

Observe that, sin e the set of globally Lips hitz fun tions is losed under omposition, the lo al existen e theorem is valid also when the variables u are the
result of a globally Lips hitz fun tion applied to a C 1 fun tion.
Suppose two intera ting systems are des ribed by sets of equations D1 and
D2 of the form given above. Then their ombined behavior an be des ribed by

the union of the sets of equations D1 and D2 . It is easy to show that, if the
fun tions o urring in D1 and D2 are globally Lips hitz, and D1 and D2 do
not have any ommon output and state variables, then the union of these two
sets of equations is expressible in the same form with fun tions that are globally
Lips hitz. Thus, in this ase no additional ma hinery is needed to prove that
the behavior of the intera ting systems is well de ned. We de ne a set D of
equations to be Lips hitz if fun tions f and g are globally Lips hitz.
To extend the above ideas to the hybrid ase we de ne the notion of a Lipshitz HIOA. An HIOA A is Lips hitz if there is a subset M of its state variables
(we all these the mode variables ) su h that:

L1 The dynami type of ea h variable in M is pie ewise onstant.
L2 The dynami type of ea h variable not in M is a subset of the set of real-

valued fun tions de ned on left- losed intervals of the reals that an be
expressed in the form h( ()) where h is a globally Lips hitz fun tion and
is a C 1 fun tion, losed under pasting.
L3 The values of the M variables are onstant in ea h traje tory of T .
L4 For ea h valuation m of M there is a Lips hitz system of equations Dm
with input variables U , output variables Y , and state variables X M su h
that the following holds: If traje tory  of T starts from a state x with
x d M = m, then  d V M is expressible as the on atenation of ountably
many traje tories 0 ; 1 ; : : :, where ea h i is a solution to Dm .
De ne a Lips hitz HIOA to be input bounded if for ea h input variable u
there exists a positive real value B su h that every fun tion in the dynami type
of u has range in [ B; B ℄.

Lemma 9. Compatible input-bounded Lips hitz HIOAs are strongly ompatible.
Theorem 9. The omposition of two ompatible input-bounded Lips hitz HIOAs
is a Lips hitz HIOA.
Theorem 10. Let A1 and A2 be ompatible re eptive HIOAs with non-lo allyZeno, input-bounded, Lips hitz strategies. Then A1 kA2 is a re eptive HIOA with
a non-lo ally-Zeno input-bounded Lips hitz strategy.
Theorem 11. The omposition of two ompatible re eptive input-bounded Lips hitz HIOAs is a re eptive input-bounded Lips hitz HIOA.
The on lusion that we derive from Theorem 11 is that ompatibility implies
strong ompatibility if we des ribe the ontinuous behaviors of HIOAs by means
of di erential equations of the form of D with fun tions f and g globally Lips hitz. In general, any hoi e of onditions on f; g; and u that guarantees lo al
existen e of unique solutions, ontinuity of solutions, and that is preserved by
intera tion between systems, an be used to de ne a lass of automata for whi h
strong ompatibility follows from ompatibility.
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