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Abstract

Conic optimization, or cone programming, is a subfield of convex optimization that in-
cludes linear, second-order cone, and semidefinite programming as special cases. While
conic optimization problems arise in a diverse set of fields (including machine learning,
robotics, and finance), efficiently solving them remains an active area of research. De-
veloping methods that detect and exploit useful structure—such as symmetry, sparsity,
or degeneracy—is one research topic. Such methods include facial and symmetry re-
duction, which have been successful in several applications, often reducing solve time
by orders of magnitude. Nevertheless, theoretical and practical barriers preclude their
general purpose use: to our knowledge, no solver uses facial or symmetry reduction
as an automatic preprocessing step. This thesis addresses some of these barriers in
three parts: the first develops more practical facial reduction techniques, the second
proposes a more powerful and computationally efficient generalization of symmetry
reduction (which we call Jordan reduction), and the third specializes techniques to con-
vex relaxations of polynomial optimization problems. Throughout, we place emphasis
on semidefinite programs and, more generally, optimization problems over symmetric
cones. We also present computational results.
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Preface

Conic optimization, or cone programming, is a subfield of convex optimization that in-
cludes linear, second-order cone, and semidefinite programming as special cases. While
conic optimization problems arise in a diverse set of fields (including machine learning,
robotics, and finance), efficiently solving them remains an active area of research. One
research topic—the topic of this thesis—is detecting and exploiting useful structure
such as symmetry, sparsity, or degeneracy. This makes problems easier to solve, often
reducing solve time by orders of magnitude. Indeed, without structure exploitation,
some problems may be impossible to solve due to memory and time constraints.

Towards giving a concrete example of structure, consider polynomial interpolation
with nonnegativity constraints, i.e., consider the problem of finding a vector of coeffi-
cients ¢ € R4 such that the polynomial

f(x) =co+az+ oz + -+ gzt

satisfies f(x) > 0 for all x € R and f(z;) = y; for a given set of points

(xhyl)? (x2ay2)7 sy (‘TNayN)

In the context of data fitting, nonnegativity of f is desired if y; represents some nonneg-
ative physical quantity (e.g., energy or power). This interpolation problem also arises in
robot path planning [43], where nonnegativity of f(z) represents a collision avoidance
constraint and the data (z;,y;) represents a set of way points.

It turns out that finding such a polynomial f is a conic optimization problem over the
cone of polynomials that are nonnegative. For this problem, useful structure includes
the presence of symmetry or the presence of zeros in the data (Figure 1). In these cases,
one can restrict the problem to a special subset of nonnegative polynomials in advance
of solving, yielding a new problem of reduced dimension. Specifically, if the data is
symmetric about the y-axis, one can restrict to even functions, i.e., to polynomials that
satisfy f(x) = f(—=z). If the data contains a zero, i.e., a point (z;,y;) with y; = 0,

2

one can restrict to nonnegative polynomials that have (z — z;)° as a factor, i.e., to

13
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Figure 1: Useful structure in nonnegative polynomial interpolation, a conic optimiza-
tion problem over the cone of nonnegative polynomials.

polynomials that equal (x — x;)%g(z) for some g(x) > 0.

Exploiting zeros and symmetry in nonnegative polynomial interpolation are special
cases of two general methods: facial reduction [46, 20, 102] and symmetry reduction
[59, 134, 37]. These methods simplify structured conic optimization problems arising in
many areas, including graph theory [144, 39, 146, 23, 6], control of differential equations
[141, 36, 34, 9], matrix completion [81, 47|, distance geometry [2, 27|, coding theory
[82], and polynomial optimization [139, 106, 59]. For instance, they are fruitfully ap-
plied for problems involving graphs with nontrivial automorphisms (i.e., permutations
of the node set that preserve edges and nonedges) and control of differential equations
with symmetries or multiple equilibria (Figure 2). Despite their broad success, how-
ever, facial and symmetry reduction are not automated preprocessing steps taken by
any publicly available solver, at least to our knowledge. In fact, both methods face sig-
nificant theoretical and practical barriers precluding such automated use. This thesis
attacks these barriers.

To explain in more detail, we first overview the high-level geometric picture of
symmetry and facial reduction, which is simple despite considerable mathematical so-
phistication under the hood. We then summarize the benefits of these methods (which
go beyond problem size reduction) and the challenges users of these methods face. We
highlight certain limitations of current facial and symmetry reduction algorithms. Fi-
nally, we outline how chapters of this thesis address these challenges and remove these
limitations.
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Figure 2: Useful structure for conic optimization problems arising in graph theory

and control of differential equations.

Symmetry and facial reduction

To explain the geometric picture behind symmetry and facial reduction, we must first fix
the form of our optimization problem. Therefore, consider the following cone program

in decision variable z € R"

minimize ¢’z
subject to Az = b, (1)
e,

where Az = b are linear equations, ¢ € R" is a fixed cost vector, and K C R" is a special
type of set called a convex cone. Such cones include the nonnegative orthant, the set of
positive semidefinite matrices and, as just mentioned, the set of degree d polynomials

that are nonnegative:

d
{ce R qH—Zcmi >0 Vr € R}.

=1

Given a cone program, facial and symmetry reduction perform two steps:

1. find a subspace S C R" containing solutions;
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(a) Facial reduction (b) Symmetry reduction

Figure 3: Facial reduction finds a subspace S containing A := {z € R : Az = b}
that intersects the cone K on the boundary. Symmetry reduction takes S equal to the
range of a projection matrix P € R™*" that maps each feasible point x (resp., optimal
point z*) to a feasible point Pz (resp., optimal point Pz*).

2. write NS as a linear transformation of a simpler cone C C R™
KNS ={dz:z2e(C},
where m < n and ® € R™*™. (We will make “simpler” precise in later chapters.)

Completing these steps allows one to instead solve

minimize (®7¢c)7z
subject to Ad®z = b,
z€C,

a cone program in decision variable z € R™ formulated over a lower dimensional vector
space R™. Further, from a solution z* of this cone program, one obtains a solution x*
to the original (1) simply by taking x* = ®z*.

Facial and symmetry reduction differ in how they identify S. Figure 3 illustrates the
different techniques. Here, we see that facial reduction finds S by exploiting a certain
form of geometric degeneracy. Specifically, it exploits an empty intersection between
A :={z € R": Az = b} and the interior of the cone K—a so-called failure of Slater’s
condition. Symmetry reduction, on the other hand, takes & equal to the range of a
projection matrix P € R™ " that maps feasible points to feasible points and optimal
points to optimal points. It constructs P from joint symmetries of the constraint sets
A and K and the objective function ¢’ z.

Both facial and symmetry reduction write Z NS as a linear transformation of the
cone C using special structure of § and K. In facial reduction, the intersection of S
with I is a special subset of K called a face. (Hence, the name facial reduction.) In
symmetry reduction, S is the fized-point subspace of a group action, a mathematical

object that formalizes notions of symmetry.
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Example: Non-negative interpolating polynomials

For the interested reader, we concretely illustrate the steps taken by facial and symmetry
reduction on the aforementioned nonnegative polynomial interpolation problem. This
(somewhat lengthy) example can be skipped, as no other material depends on it.

Interpolation via cone programming We first illustrate that nonnegative polynomial
interpolation is a cone program. To begin, recall that a polynomial f(z) interpolates a
set

D = {(z1,1), (x2,92); - - -, (xn,yn)} C R?

if f(x;) = y; for each (z;,v;) € D and that a polynomial is nonnegative if f(z) > 0 for
all z € R. For a fixed-degree bound d, finding a nonnegative interpolating polynomial
is a cone program over coefficient vectors. To see this, let f,(x) denote the univariate
polynomial with coefficient vector u € R4+ i.e., let

fulz) = ug + urzx + ugx?® + - - + ugz®.
Finally, let Kg C R%! and A; € R4 denote the polynomials satisfying the nonnega-
tivity and interpolation constraints, respectively:

Kg:={uecR¥M: f,(x) >0 Vo eR}, Ag:= {u e R fou(x) = yi V(xi, ) € D}.

Clearly f,(x) is a nonnegative polynomial that interpolates D if and only if u € A43NKC4.
Hence, we obtain a cone program in variable u € R4*!

minimize ¢fu
subject to u € AgN Ky,

(2)

T

where the objective ¢ u is any linear function of the coefficient vector u, e.g., the value

of fu(x) or one of its derivatives at some distinguished point (say, z = 0).

Exploiting zeros (facial reduction) Suppose the data set D contains a real zero, i.e.,
suppose (a,0) € D for some a € R. Then the subspace (indeed, hyperplane)

S= {u e R™L: fu(a) = 0}

contains the set of interpolating polynomials A;. Further, any nonnegative polynomial
in S necessarily factors as (z — a)?h(z) since the real roots of nonnegative polynomials
are repeated. In addition, the factor h(x) must be nonnegative by continuity. It follows
that

KanNS = {u e R f(x) = (z — a)?fu(x), forve Kd_g} ,
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ie., KgNS is the cone Ky4_o transformed by multiplication with the fixed polynomial
(r — a)?. Note that this is a linear transformation of coefficients. For d = 4, we have
explicitly that

a? 0 0
—2a  a? 0
KiNS ={dv:veKs}, d=|1 —2a a®|, (3)
0 1 —2a
0 0 1

where (1, x,2?%) labels the columns of ® and (1, z, 22, 23, 2%) labels the rows.

Exploiting symmetry (symmetry reduction) Suppose that the data D is symmetric about
the y-axis, i.e., suppose that (—xz;,y;) € D whenever (z;,y;) € D. Under this assump-
tion, existence of nonnegative interpolating polynomials implies existence of such poly-
nomials that are also even functions. In other words, if Ay N Ky is nonempty, so is
AgNKyNS, where

S={ueRM™: f,(z) = fu(-2)}.

To see this, note that f,(x) interpolates D if and only if its reflection f,,(—x) interpolates
D. Further, any convex combination of these polynomials interpolates D, including the
even polynomial

£ @) 1= 5 (ful-2) + fu(a).

Since f5'“"(z) > 0 when f,(x) > 0, the claim follows. As an aside, note the linear map
from f, to fSU°" is idempotent, i.e., (fEV¢")Ve" = fCU°™: hence, it is a projection map.

Under an additional assumption on the cost vector ¢, the subspace S will intersect
the set of optimal solutions. Specifically, let e, denote the coefficients of fV¢" and

suppose that ¢ uepen = ¢’ u for all u. Then clearly
inf{cTu:uec AgNKy} =inf{c"u:uec AgNKyNS}

since for all u € Ay N Ky, the point ueyen € Ag N Ky N S has equal cost.

Finally, ;N S is a linear transformation of I@d/g = {u € RY?*1: f,(z) >0 Vo>
0}—the cone of degree d/2 polynomials nonnegative on the nonnegative real line. Pre-
cisely,

KqnS ={ueR¥*: f,(z) = f,(2?), for some v € l@d/g},

a linear transformation of l@d/2 induced by (1, 2,22, ..., xd/Q) = (1,22, 2%, ..., 2%). For



19

d = 4, we have explicitly that

IC4OS:{Q>U:U€/€2}, b =

o O O O
O O = O O
= o O O O

where (1, z,22) labels the columns of ® and (1, z,z2, 23, 2*) labels the rows.

Benefits of reduction

Problem size reduction The obvious benefit of facial and symmetry reduction is the
transformation of a given problem into a smaller one. This can reduce total solve
time and memory requirements of solution algorithms. Problem size reduction is also
theoretically useful. For instance, it may provide analytic solutions, illuminate the
asymptotic behavior of a problem family (e.g., [117]), or clarify the relationship between
different formulations (e.g., [123]).

Improved conditioning Facial and symmetry reduction also improve accuracy. One
reason for this is simple: smaller problems can lead to more accurate floating point
computation. Another reason is less obvious: both facial and symmetry reduction can
improve the intrinsic conditioning of a cone program. Specifically, they can lower its
singularity degree [130], a quantity that bounds the difference between forward error
(distance to solutions) and backward error (constraint violation). Note this latter er-
ror is what a solver can easily compute, whereas the former—which may be hard or
impossible to compute—is the actual measure of solution quality.

Pathology removal (facial reduction) In general, cone programs can suffer a pathology:
certain sufficient conditions for optimality, unboundedness, and infeasibility can be si-
multaneously unsatisfiable. Almost all solvers directly attempt to satisfy one of these
conditions and will fail in this case. Facial reduction can remove this pathology and
hence this source of failure. Interestingly, symmetry reduction doesn’t remove patholo-
gies for reasons explained in Chapter 1.5.5.

Challenges of reduction

Cost Finding a subspace & C R” that intersects the set of solutions may carry some
computational cost, as may finding a linear transformation ® € R™*™ and cone C C R™
satisfying

KNS ={®z:zeC}.
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Hence, one must trade off these computational costs with the aforementioned bene-
fits they afford. If this trade-off is not managed appropriately, facial and symmetry
reduction can actually increase total solve time.

Sparsity Reformulating a cone program using facial or symmetry reduction can destroy
problem sparsity. Indeed, if L NS = {Pz : z € C}, the reformulation takes the form

minimize (®7¢)Tz
subject to APz =0,
z€C,

where (A,b,c) is the original problem data. Note that if the matrix A and vector ¢
are sparse, the compositions A® and (®%¢c) can be dense depending on ®, increasing
the total number of nonzeros in the problem data. In practice, this becomes an issue
when facial and symmetry reduction achieve only a moderate decrease in dimension
(i.e., the matrix ® is nearly square). Consider, for instance, the matrix ® from (3) in
the polynomial interpolation example:

a2 0 0

20 a? 0

b = 1 —2a  a?
0 1 —2a

0 0 1

Composing the following sparse matrix A with ® yields a dense matrix A®

_ 2 _ 2
A 01 1 00 ’ AD — 1—2a a 2a 2a
0 01 10 1 1—2a a“—2a

While this example is too small to be compelling, it illustrates the issue, which can be
significant in practice.

Sensitivity Due to floating-point error, the identified subspace S may only approzi-
mately contain solutions. As a consequence, solving a reformulation over this subspace
may not solve the given cone program. This issue is particularly salient when the given
problem is i/l posed, meaning its optimal value is infinitely sensitive to perturbations
of its problem data. Unfortunately, facial reduction finds reformulations only if the
problem is ill posed.

Dual recovery (facial reduction) A solution x of the given cone program is easily ob-
tained from a solution z of the reformulation: we simply take x = ®z. If one uses
facial reduction to construct the reformulation, the same is not true for the dual prob-
lem. Unfortunately, one cannot ignore this issue and incorporate facial reduction into a
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primal-dual solver. Such solvers must return solutions to a given cone program and its
dual; indeed, the dual may be the problem that is of actual interest to a user. Interest-
ingly, this is not an issue for symmetry reduction for reasons discussed in Chapter 1.5.5.

Algorithmic limitations

In additional to the aforementioned challenges (which are mostly practical), symmetry
reduction and facial reduction also have certain algorithmic limitations.

Symmetry reduction

There actually is no known algorithm for finding a subspace & of minimum dimen-
sion within the symmetry reduction framework. Existing algorithms may find larger
subspaces or are completely tailored to specific problem families. For semidefinite pro-
grams, the same is true for the related *-algebra reduction framework (e.g., [37]).

Facial reduction

Unlike symmetry reduction, there are algorithms [20, 102, 138] for finding a subspace of
minimum dimension within the facial reduction framework. (This subspace is the linear
span of the so-called minimal face.) Nevertheless, facial reduction has an algorithmic
limitation of a different flavor. To explain, note that facial reduction serves two main
and distinct purposes: to reduce the dimension of a problem and to remove pathologies
if they exist. There is no algorithm, however, that does facial reduction only if a
given program is pathological. Such an algorithm would avoid the challenges of facial
reduction unless the given problem is otherwise unsolvable.

QOutline

This thesis addresses the aforementioned challenges and limitations of symmetry and
facial reduction. In addition to the following outline, we also include tables summarizing
key results. Table 1 indicates the challenges addressed by each chapter. Tables 2-3
summarize the features of a new facial reduction algorithm (developed in Chapter 4) and
a new reduction methodology (called Jordan reduction) that address the aforementioned
algorithmic limitations.

A detailed outline now follows. The opening chapter provides technical background,
and the remaining chapters present original research in three parts. Part I concerns
facial reduction, Part II concerns Jordan reduction, and Part III specializes techniques
to polynomial optimization.
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method | cost sparsity accuracy dual soln.
recovery
Facial red. | Ch. 2, 4 Ch. 2 Ch. 2 Ch. 3,4
Jordanred. | Ch.7 Ch. 6,7 Ch. 7 N/A

Table 1: Challenges of reduction considered by indicated chapter.

Facial red. termination output if dual solution
algorithm criterion no reduction recovery
Slater’s condition . sometimes
[20, 102, 138] holds nothing possible
via self-dual . optimal always possible
. instance not . . .
embedding athological primal-dual if duality gap
(Ch. 4) P & solutions is zero

Table 2: Comparison of facial reduction algorithms when applied to feasible problems.

type of alg. for removes dual
method . .
subspace § | minimal § | pathologies | recovery
Facial hyperplane sometimes
. : yes yes .
reduction | exposing face possible
f
Symmetry ranse o always
. projection no no .
reduction possible
from groups
Jordan red. range of o o always
(Ch. 5) projection Y possible

Table 3: Type of subspace found by method; existence of an algorithm for finding a
minimal subspace within framework of method; whether or not pathological instances
remain pathological if method is used; if recovery of solutions to original dual program

is possible.
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Chapter 1: Background

This chapter provides background material for the ensuing chapters. It overviews cone
programming, facial reduction, and symmetry reduction in full detail. It also reviews
Euclidean Jordan algebra theory, which provides the machinery needed for Part II.

Part |I: Facial reduction approaches

Part I addresses the challenges encountered in facial reduction which, as mentioned,
relate to cost, sparsity, sensitivity, and dual solution recovery. We also give a new facial
reduction algorithm tailored only to pathological instances, correcting the mentioned
limitation of current facial reduction algorithms.

Chapter 2: Partial facial reduction

We show that introducing a user-specified approximation of the cone K overcomes the
cost, accuracy, and sparsity issues of facial reduction. This allows one to trade-off the
cost of facial reduction with its benefits. For polyhedral approximations, it allows one
to find faces in exact arithmetic. For a particular type of approximation, it allows one
to find provably sparse reformulations. While the use of approximations can decrease
the power of facial reduction, several examples illustrate practical effectiveness of the
technique. Results of this chapter appear in [105].

Chapter 3: Dual solution recovery

Suppose one solves a cone program with a primal-dual solver after facial reduction. In
this chapter, we give a simple algorithm for recovering solutions to the original dual.
Note that simple recovery is sometimes impossible, e.g., when facial reduction changes
the dual optimal value. Hence, this algorithm necessarily fails in some cases. We give
sufficient conditions for successful recovery. Results of this chapter appear in [105].

Chapter 4: Self-dual embeddings and facial reduction

In this chapter, we develop a procedure that does facial reduction only if a given in-
stance is pathological. This represents an extreme of the cost-benefit trade-off: the
costs of facial reduction are only paid when removing pathologies is actually needed to
solve the given problem. We build this procedure upon the self-dual embedding, the ba-
sis of widely-used solvers. As shown, extremely minor changes to solvers like SeDuMi
[128] or MOSEK [94] implement the procedure and only modify solver execution on
pathological instances. Nevertheless, provable correctness of such implementations re-
lies on an assumption rarely met in practice due to floating-point error and asymptotic
convergence of numerical algorithms. (Specifically, we assume that the solver tracks the
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central path precisely to its limit point.) Numerical experiments illustrate that failure
of this assumption can severely degrade performance. Results from this chapter appear
in [109] and are partially duplicated in the thesis of co-author Henrik Friberg [57].

Part Il: Jordan reduction

The next part of this thesis develops Jordan reduction, a generalization of symmetry
reduction that is applicable to any optimization problem formulated over a symmetric
cone. Problems of this type include linear programs, second-order cone programs and
semidefinite programs.

Chapter 5: Minimal subspaces in Jordan reduction

This chapter contains methods for finding subspaces within the Jordan reduction frame-
work. Specifically, we show if an orthogonal projection satisfies key invariance proper-
ties, one can reformulate a given cone program over its range without changing primal or
dual optimal values. We also show the range intersected with the cone is isomorphic to a
lower-dimensional symmetric cone—namely, the cone-of-squares of a Kuclidean Jordan
algebra. We then give a simple algorithm for minimizing the rank of this projection
(in polynomial time) and hence the dimension of the identified subspace S. Finally,
we prove minimizing the dimension of S also optimizes a decomposition of KX NS into
irreducible symmetric cones. Some results of this chapter appear in [108].

Chapter 6: Constructing isomorphisms between Euclidean Jordan algebras

This chapter provides an algorithm for writing £ N S as a linear transformation of
a “simpler” cone C within the Jordan reduction framework, i.e., when § is a subspace
found using techniques from Chapter 5 (and also Chapter 7). Indeed, this chapter solves
a more general problem: constructing isomorphisms between two Euclidean Jordan
algebras given a basis for each algebra. Under natural conditions, the constructed
isomorphism leads to sparse reformulations over C.

Chapter 7: Combinatorial variations and computational results

This chapter gives combinatorial versions of Chapter 5 techniques that only find sub-
spaces with appealing sparsity properties. Specifically, we restrict to subspaces that
have bases with efficient representations based on transitive relations and partitions.
This leads to algorithms based on partition refinement and transitive closures. As we
show, the structure of these bases also allows the Chapter 6 algorithm to find a sparse
transformation ® between NS and the cone C. Results of this chapter appear in [108].
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Part 1l1l: Applications to polynomial optimization

Chapter 8: Reduction of sum-of-squares programs

An important class of semidefinite programs (SDPs) solve so-called sum-of-squares re-
laxations of polynomial optimization problems [15]. In this final chapter, we show
methods from Part I and Part II generalize and improve existing algorithms for simpli-
fying these SDPs. Some results of this chapter appear in [107, 106].
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Chapter 1

Background

We provide background material shared by multiple chapters, splitting it into six major
sections. The first section gives preliminaries results. The second overviews cone pro-
gramming. The third reviews facial reduction. The fourth reviews symmetry reduction
and the fifth related *-algebra techniques. Finally, the sixth overviews Euclidean Jor-
dan algebra theory. Some chapters only depend on a subset of this background material
as indicated in Table 1.1.

Chapters 2-4 | Sections 1.1-1.3
Chapters 5-7 | Sections 1.1-1.2, 1.4-1.6

Table 1.1: Background material for indicated chapters

H 1.1 Preliminaries

B 1.1.1 Inner product spaces

We let V denote a finite-dimensional vector space over R equipped with an inner product
(,-) : V¥ xV — R. For instance, V could denote R" equipped with the dot product
xzTy. Tt could also denote S™, the vector space of n x n symmetric matrices equipped
with the trace inner product Tr XY . Note that every linear functional £ : V — R equals
x +— (sg,x) for some fixed sy € V. Hence, the vector space of all linear functionals, i.e.,
the dual space V*, can be identified with V.

Ml 1.1.2 Affine sets

A set A CV is affine if it contains each line that passes between two points in A, i.e.,
if for all x,y € A,

AD {te+ (1 —t)y:t € R}.

Any affine set equals the solution set of linear equations. Further, any nonempty affine
set equals a linear subspace shifted by a point, i.e., if A is nonempty and affine, then

27
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A={x9g+z:2z € L} for some g € V and linear subspace £ C V. Conversely, solution
sets of linear equations and shifted linear subspaces zg 4+ £ are always affine.

H 1.1.3 Convex cones

A set C CV is conver if it contains each line segment that connects two points in C,
i.e., if for all =,y € C,

Co{te+(1—ty: telo1]}.

A set I C Vis a convex cone if it is convex and closed under positive scaling, i.e., if for
all z € IC,

K2{A\x:A>0}.

Examples of convex cones include the nonnegative orthant R"}, the Lorentz cone gt
and the cone of n x n positive semidefinite (psd) matrices S’} :

o R} :={z cR":2; >0},
o Ol = {(z9,7) ER X R": 29 > ||z]]2},
o S :={Xe8:2TXz>0 vz e R},

The dual cone K* of a convex cone K is the set {s € V : (s,z) > 0, Vzr € K}. As
the name suggests, * is a convex cone. If K is closed, then (K*)* = K. Any linear
subspace L is also a convex cone with dual cone equal to its orthogonal complement
Lt :={s€V:(s,x) =0, Vz € L}. Finally, a cone is self dual if X = K*. The cones
R, Q"1 and S are all self dual.

B 1.1.4 Symmetric cones

A convex cone K is homogeneous if for all pairs (z,y) in the interior of I x K there
exists an invertible linear map 7' : V — V, depending on (z,y), with the following two
properties:

Tz =y, {Tz:2eK} =K.

A cone is symmetric if it is self dual and homogeneous. Note that the Cartesian product
K1 x Ko of two symmetric cones K1 and Ko is symmetric. If a symmetric cone doesn’t
equal a Cartesian product of two symmetric cones (up-to invertible linear transforma-
tion), it is irreducible.

Though the class of symmetric cones may seem esoteric, it includes the nonnegative
orthant R, the Lorentz cone Q"t1 and the psd cone S. Both the Lorentz cone
Q"*! and the psd cone S’ are irreducible. For n > 2, the nonnegative orthant R’} is
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not irreducible since it equals the Cartesian product Ri X oo X R}r. Symmetric cones
have appealing computational properties. For instance, one can check membership
in any symmetric cone using linear algebra. One can also solve optimization problems
formulated over symmetric cones efficiently. Indeed, there is a unified theory for solving
these optimization problems that is expressed in the language of Fuclidean Jordan
algebras [122; 54, 3]. We review these algebras in Section 1.6.

B 1.2 Cone programs

A cone program is the problem of minimizing a linear function over the intersection
of an affine set with a convex cone X C V. If we let 2y + £ denote the affine set
{zo+ 2z : z € L}, where £ C V is a linear subspace and zp € V, a cone program takes
the form

minimize (¢, x)

P:
subject to x € (zo + L) NK,

(1.1)
where ¢ € V is a fixed cost vector and x € V is the decision variable. A point x € V is
feasible if x € (xog+ L)NK. A feasible point x is optimal if it attains the optimal value
0, i.e., if (c,x) = 0, where § € R" U {£o0} denotes the infimum

0 :=inf{(c,x):x € (xg+L)NK}.

If the feasible set (xo+ L) NK is empty (0 = +00), then one calls P infeasible. Similarly,
if 8 = —oo, then one calls P unbounded. Note that for some cone programs, no point
attains the optimal value 6 even when it is finite.

B 1.2.1 Sufficient conditions for optimality, infeasibility, and unboundedness

How does one show that a feasible point is optimal? Similarly, how does one show that
a cone program is infeasible or unbounded? For cone programs, succinct sufficient con-
ditions for optimality, infeasibility, and unboundedness exist. They are also necessary
if K is polyhedral, or if certain regularity conditions hold (see, e.g., Section 1.3.3). We
state them next in terms of the orthogonal complement £+ C V and the dual cone
K*C.

Optimality

A point z € V is optimal if for some dual variable s € V

z € (zo+L)NK, s€(c+ LY NK, (s,z) = 0. (1.2)
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One calls the first condition primal feasibility, the second condition dual feasibility and
the third condition complementary slackness.
Infeasibility

The cone program P is infeasible if there is a hyperplane {z € V : (s,z) = 0} strictly
separating IC from xg + L, or, equivalently, if there is s € V satisfying

(xo,s) <0, se Lt seK”. (1.3)
By the first two conditions, (s,z) < 0 for all x € 2y + £ and by the third (s,z) > 0 for
all x € IC, proving (xg + £) N K is empty.
Unboundedness

The cone program P is unbounded if it is feasible and has an improving ray x, € V,
i.e., a point z, satisfying

(c,zr) <0, €L, z, € K. (1.4)
Indeed, for any feasible & and « > 0, the point Z+au, is feasible and has cost (¢, z+ax,.)
that tends to —co as a tends to oc.
B 1.2.2 The dual problem

By symmetry, the optimality conditions (1.2) for the cone program P are also optimality
conditions for the cone program

minimize  (xg, s)

1.5
subject to s € (c+ L) NK*. (15)

Together, one calls P and D a primal-dual pair and refers to P as the primal problem
and D as the dual problem of P. From (1.3)-(1.4), we see that strictly separating
hyperplanes for P are improving rays for D and vice versa.

B 1.2.3 Alternative forms
Representations of the primal

The affine set xg + L of the cone program P is usually given using one of two represen-
tations. The first is an implicit representation

o+ L={xeV:Axr =b},
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where A : V — R™ is a linear map with kernel equal to £ and b € R™ satisfies b = Axy.
The other is a parametric representation in parameter z € R", given by

xo+ L={x0+ Bz:ze€R"},

where B : R" — V is a linear map with range equal to £. Replacing x¢ + £ with each
of these representations gives implicit and parametric forms of P:

minimize {c,x) minimize (¢, x)
subject to Az = b (implicit), subject to x = xg + Bz (parametric),
x ek, (x,z) € K xR™

Induced representation of dual

The kernel of any linear map T and the range of its adjoint 7™ are complementary
orthogonal subspaces, i.e., range T* = (nullT)*. For this reason, a parametric (resp.
implicit) representation of z¢ + £ induces an implicit (resp. parametric) representation
of ¢4 £1—the affine set of the dual problem D. Two forms of D corresponding to these
induced representations are

minimize  (x, s) minimize  (xz, s)
subject to s =c+ A*u, (parametric) subject to B*s = B*c (implicit),
(s,u) € K* x R™, seK*,

where B*: V — R and A* : V — R are the adjoint maps of A and B.

Min-max representation and weak duality

One can also express P and D as a pair of minimization and maximization problems,
where the dual optimal value lower bounds the primal optimal value—an inequality
called weak duality. One obtains such a primal-dual pair from the implicit form of P
and the parametric form of D by modifying the latter’s objective function. Indeed, for
any feasible point s € V, the objective (xg, s) of D satisfies

(o, s) = (xg,c+ A™u) = (9, ¢) + (Axg, u) = (xg, c) + (b, u).

Removing the constant term (xg,c) makes the objective linear without changing the
feasible or optimal set. Further, substituting v with —y converts D into a maximization
problem. Together, these changes yield a primal-dual pair with the aforementioned
properties:

minimize (¢, x) maximize (b, y)
subject to Az = b, subject to s=c— A*y
rek (s,y) € K* x R™.
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Indeed, for this pair, the weak duality inequality (b,y) < (c,x) holds for feasible points,
i.e.,

0< (s,2) = (c— A"y, z) = (c,z) — (y, Az) = (¢, z) — (y,]),
and it is tight, i.e., (b,y) = (¢, ), if and only if (s, z) = 0.

B 1.2.4 Pathological instances

We say a cone program is pathological if none of the following three objects exist: a
solution to the optimality conditions, a feasible point paired with an improving ray, or
a strictly separating hyperplane, i.e., a dual improving ray. As we saw in Section 1.2.1,
these three objects demonstrate optimality of a point, or unboundedness/infeasibility of
the cone program. Linear programs are never pathological: exactly one of these objects
always exists. The same is not true for general cone programs.

Failure of the optimality conditions: duality gaps and unattainment

Suppose the optimal value of a cone program is finite. Then the cone program is
pathological if and only if the optimality conditions fail to have a solution. This failure
occurs for three (nonexclusive) reasons. The first is that the cone program itself has an
unattained optimal value. The next is that the dual has an unattained optimal value.
The third is that the primal and dual optimal values are different, i.e., there is positive
duality gap. The next examples illustrate both unattainment and duality gaps using
semidefinite programs.

Example 1.2.1 (Unattained optimal values). Consider the semidefinite program in
decision variable x = (x1,z2):

minimize x1
(1.6)

. zp 1 2
bject t €S,
subject to [ 1 xQ] T

A point x is feasible if and only if the one-by-one principal minors x1 and x2 and the
determinant x1xo — 1 are all nonnegative. Hence, the optimal value of this SDP is

0 :inf{xl 1T > 0,.@2 > 0,3}1.%2 > 1},
which is finite (0 = 0) and unattained.

Example 1.2.2 (Positive dual gap). Consider the primal-dual pair of semidefinite
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programs
minimize TrCX maximize b’y
subject to Tr A, X = b; Vi € {1,2} subject to S =C — Z?Zl yi Ag,
X es4, (S,y) € S} x R?,
where
1 0 0 1 0 0 0 0 0 1
C:=10 0 0f, Ap:=10 0 1], Ay:=10 1 0f, b—lol.
0 00 010 0 00

The duality gap of this primal-dual pair equals one. Indeed, X is primal feasible only if
TrCX =1, and (y, S) is dual feasible only if by = 0. Further, X = C and y = (0,0)7
are primal-dual feasible points.

Failure of the infeasibility condition: weak infeasibility

Suppose a cone program has feasible set A N K, where A C V is affine and X C V is a
convex cone. When AN K is empty, the cone program is pathological if and only if no
hyperplane strictly separates A from K. In this situation, we say the cone program is
weakly infeasible. The next example illustrates weak infeasibility of an SDP.

Example 1.2.3. Suppose a cone program has feasible set AN K, where K is the psd
cone S%r and A is the affine set

aef[t 1 een)

The intersection ANIK is empty but no hyperplane strictly separates A from K, i.e., no
S € S™ satisfies

TrSX <0 VXed,  TrSX >0 VX eSi.
To see this, note that these separation conditions are equivalent to
S11=0, S12<0, Ses%,
which are unsatisfiable since S11 =0 and S € Si imply that S12 = 0.

Failure of the unboundedness condition: weak infeasibility of the dual

Suppose now that a cone program is unbounded. In this case it is pathological if
and only if it has no improving ray since a feasible point exists by the unboundedness
assumption. Equivalently, it is pathological if and only if its dual is weakly infeasible.
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B 1.2.5 Projected reformulations

Consider a primal-dual pair formulated over a linear transformation of a closed, convex
cone C CW:

minimize (¢, x) ~ minimize  (xo, s)
subject to x € zg + L, ®' subject to s€c+ Lt
zred-C, se(®-0)".

Here, ® : W — V is an injective linear map and ® - C := {®z : z € C} denotes the
image of C under ®. Reformulating this primal-dual pair using only variables from W
is a goal of later chapters. We call reformulations over W projected reformulations.

We can always find a projected reformulation of the primal Pg. Finding one for the
dual Dg requires an additional assumption.

Assumption 1.2.1. The range of ® contains xg € V, i.e., xg = Pty for some tg € W.

Replacing zp by any point in (xg + £) N range ® does not change the primal-dual
solution sets. Hence, with this replacement, this assumption is satisfiable whenever
(zo + £) Nrange ® is nonempty.

Projected primal Substituting x = ®z for z € C and replacing the affine set x¢o + £
with its inverse image under ® yields the desired reformulation of Pg:

minimize  (®*c, z)
subject to  z € @~ (z¢ + L),
z€C,

where ®~1(zg + L) := {2z : ®z € 29 + L}. If 2 solves this problem, then ®z solves Pg,
i.e., one recovers a solution to P simply by evaluating ® at z. We also have formulas
for ®~1(xg + L) under Assumption 1.2.1.

Lemma 1.2.1. Suppose that xo = Pty for to € W (Assumption 1.2.1). Then,
q)_l(l'o + ﬁ) =1o + (I)_l(ﬁ),
where, in addition, (L) = & - (L Nrange ®).

Proof. The inclusion D is obvious. Suppose that z is in the inverse image, i.e., suppose
that ®z = &ty + r for r € L. Then, r € range . Further,

2=0T®z =T (Ptg+7) =1ty + 77

Since r € range ®, it holds that ®®*r = r. Since r € L, we conclude ®Tr € ®~1(L),
showing that z € tg + ®~1(L). O
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Under Assumption 1.2.1, the projected primal simplifies to

minimize (®*c, z)
subject to z € tg + ®71(L),
zeC.

Partially projected dual To reformulate the dual, we let ®T : V — W denote the
pseudo-inverse of @, given by

Pt = (O*D)1o*,

where ®*® is invertible since ® is injective. Note that the orthogonal projection map
onto the range of ® equals PP+ and the range of ® equals that of (®1)*. Consider now
the direct-sum decomposition of the dual variable s € V induced by

V = (range ®) @ (range ®)*.

Using the equalities range(®*)* = range ® and (range ®)* = null ®*, one can write this
as

s=(®1) "y +w, *w =0, (w,y) €V x W. (1.7)
Since (®-C)* ={s €V : ®*s € C*} and ®*(®T)*y = (P ®)*y = (PTP)y = y, it follows
that
sE(P-C)f & d'seC < yelC.
This gives a partially projected dual reformulation that still includes a variable w € V:

minimize  (xg, (®T)*y + w)
subject to  (®1)*y +w € ¢+ L,
y € C*, d*w = 0.
Note that if (y,w) solves this reformulation, then s = (®*)*y + w solves Dg by (1.7).

Fully projected dual Under the assumption z¢g = ®ty (Assumption 1.2.1), we can remove
the variable w from the partially projected dual. Indeed, if this assumption holds, the
objective function satisfies

(2o, (2T)"y +w) = (Pto, (27)"y + w) = (to, @*(27)"y + ©"w) = (to,y)

since ®*w = 0 and ®*(®T)*y = y. We can eliminate w € (range ®)* from the affine
constraint by replacing ¢ + £ with its orthogonal projection onto the range of ®.
Indeed, y satisfies the affine constraint for some w if and only if

(@F)'y € DT - (c+ L.
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We now claim this projected affine constraint holds if and only if y € ®*c + &* - L+
Sufficiency follows given that (®1)*®* = ®®*. For necessity, suppose that (&+)*y €
®DT(c+ L1). Multiplying both sides by ®* and using the identities

P (@N)y=9y  OPOT = O*P(d*D)1P* = D%,
shows that y € ®*(c+ L) as desired. This gives a fully projected reformulation of Dg:

minimize  (tg,y)
subject to y € ®*c+ &* - Lt
y € C*.

For any feasible y € V, one can solve linear equations to find w satisfying ®*w = 0 and
(®1)*y + w € (c+ L£*). This in turn gives a feasible point s = (®)*y + w of Deg.

Primal-dual pair interpretation Under the assumption z¢ = ®ty (Assumption 1.2.1), we
have just individually reformulated the primal and dual as

minimize (®*c, 2) minimize  (tg,y)
subject to z € to + ®~H(L), subject to y € ®*c+ &* - L1,
z€C, y € C.

These reformulations are a primal-dual pair in the sense of Section 1.2.2. Specifically,
the orthogonal complement of ®~1(L£) equals ®* - L.

B 1.3 Facial reduction

This section provides background on facial reduction [46, 20, 102]. The high level idea
behind this technique is fairly simple (Figure 1.1). Given the cone program

minimize (¢, )
subject to x € ANK,

where A C V is affine and K C V is a convex cone, one finds a hyperplane s+ := {z €
V: (s,z) = 0} that contains A and hence the feasible set AN K. One also imposes the
condition that s € IC*, which implies that IC N st is a face of K exposed by s.

The set of s € K* satisfying s D A is the feasible set of an auziliary problem. This
problem has nontrivial solutions only if the intersection of A with the relative interior
of I is empty. Hence, finding hyperplanes requires a failure of Slater’s condition. To
give more details, we first review some basic concepts from convex analysis.
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K
Find s € K*\ (span )+
subject to st D A
A L -
- : 5.
(a) Geometry (b) Auxiliary problem

Figure 1.1: Facial reduction finds a hyperplane s containing the affine set 4 that
exposes a face of IC. This hyperplane is the solution of an auxiliary problem.

B 1.3.1 Relative interior, faces, and exposed faces

Important sets related to a convex cone I are its relative interior, its faces, and its
exposed faces, which we define next. Note that compatible (and more complicated)
definitions can be given for general convex sets.

Relative interior
The relative interior of a convex cone K is its interior relative to the smallest linear
subspace containing it. Specifically,
relint € := {x € K : B(z,r) Nspan K C K for some r > 0},
where B(z,7) ={y € V: ||z —y| < r} is a ball of radius = (in any norm) and
span K := {tijx + toy: =,y € K, t1,t2 € R}.

Note that if span IC equals V then the relative interior is simply called the interior. The
interior of the nonnegative orthant R’} is the subset of vectors with strictly positive
entries. The interior of the Lorentz cone Q"1 C R x R” is the subset of (¢,z) € R x R"
satisfying ¢ > ||z||2. Finally, the interior of the psd cone S} is the subset of symmetric
matrices X satisfying v7 Xv > 0 for all nonzero v € R" or, equivalently, the subset of
symmetric matrices with strictly positive eigenvalues (Table 1.2(a)).

The following proposition lists important properties of the relative interior.

Proposition 1.3.1. Let I CV be a nonempty, convex cone. The following statements
hold for all x € relint IC.

o There exists an a > 0 for which x + ay € K for ally € K.
o Ifse€ K* and (s,x) =0, then (s,z) =0 for all z € K.

Proof. By definition, there exists r > 0 for which z+rz € K for all z € K with ||z|| = 1.
Taking a = II%H shows = 4+ ay € K, as desired. For the second statement, pick any
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z € K. Then, z + az € K for some a > 0. Hence, (s,x + az) > 0 since s € K*. If
(s,x) =0, it follows that +(s,z) > 0, showing 1 (s, z) = 0. O

The first statement is a convenient restatement of the definition of relative interior.
The second statement, among other things, allows us to conveniently describe the subset
of K* not contained in (span K)*. Specifically, for any z € relint K,

K*\ (span K)* = {s € K* : (s,z) > 0}.
As we will see, this description of C*\ (span k) is critical for facial reduction algorithms.

Faces

A face of a convex cone K is a convex cone F C K for which a,b € K and a +b € F
imply a,b € F. A face is proper if it is nonempty and not equal to K. When K is
closed, so are its faces. The arbitrary intersection of faces is a face, and faces of faces
are faces. This and other properties follow.

Proposition 1.3.2 (Properties of faces). For any face F C K of a convex cone K C 'V,
the following statements hold.

o If Fnrelint C # 0, then F = K.

o Any face of F is a face of K.

e F=KnNspanF.

o [fG is a face of IC, then F NG is a face of K.

Further, if T is an arbitrary set of faces, then the intersection (\ger G is a face.

Proof. Suppose x € F Nrelint K. Then for arbitrary y € K, there exists o > 0 for
which z — ay € K. Since z = ay + x — ay, the face F must contain both ay € I and
x — ay € K and therefore equal .

Suppose G is a face of F and that a,b € K satisfy a +b € G. Since G C F, we
conclude a,b € F since F is a face of K. Hence, a,b € G since G is a face of F

The inclusion F C K N span F is obvious. For the reverse, we can write any z €
KNspan F as z =x —y for x,y € F. Since z = z + y, we conclude z € F.

Suppose G is another face of . If a,b € K satisfy a +b € FNG. Then, a,b € F
and a,b € G since these sets are both faces. Hence, a,b € FNG.

Since the intersection of two faces is a face, the intersection of finitely-many faces
is face. For an arbitrary set of faces T,

ﬂ g= ﬂ KnNspanG = KN (ﬂ spang) =Kn (ﬂ spang)

GeT GeT GeT ges
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for some finite subset S C T given that V has finite dimension. Hence, an arbitrary
intersection ﬂgeT G equals a finite intersection ﬂge ¢ G and is hence a face.
O

By this proposition, the intersection of all faces containing a subset C C K is a face.
One calls this intersection the minimal face of C.

Example 1.3.1. The nonzero, proper faces of the nonnegative orthant R’!, Lorentz
cone Q"1 and psd cone ST are easy to describe. Subsets of [n] := {1,...,n} parametrize
faces of R} ; the face Fr corresponding to I C [n] is

Fr={z e R} : zr = 0}.

Vectors in R" parametrize faces of the Lorentz cone Q"' C R; the face F, correspond-
ing to u € R™ is the one-dimensional cone generated by (||ul|2, u):

Fu = {A(|ull2,u) : A > 0}.

Note that F, = F, if (|lull2,u) and (||v||2,v) are collinear. Finally, subspaces of R"”
parametrize faces of the psd cone; the face F, corresponding to the subspace £ C R"™
is the set

Fr={X €S} :range X C L},

a result originally due to [10]. Note that if U € R™*? has full column rank and range
equal to £, then

Fr={UXUT: X est}.

Hence, we can also parametrize faces of S} by full rank n x d matrices. Table 1.2(b)
summarizes these parametrization; see also [101]. Note that the faces Fr, F,, and F.
are injective linear transformations of Ri_m, R, and Si, respectively; in other words,
each of these faces is isomorphic to a nonnegative orthant or a psd cone.

Exposed faces

For s € V, let s denote the hyperplane normal to s passing through the origin, i.e.,
sti={secV:(sz)=0}.

If s € K*, then K N st is a face. To see this, note that if z +y € KN s+ and z,y € K,
then

0= {(s,z+y)=(s,z)+ (s,9),
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K ‘ 1% interior ‘ faces
R% x € R” x; >0 Vi€ [n] ;=0 Viel
ol | (zg,7) e R x R® zo > ||z||2 zo = ||z|l2
STt S TXz2>0V2eR? | 2TX2=0VeeW
(a) Ambient space V and extra constraints satisfied by interior and proper
faces of cone K, where I C {1,...,n} and W is a subspace of R".
K F F*
RY | {zeR" 2 =0,y €RE} | {s€R:5>0 Vie o]\ ]}
Q-+l O(full2,u) : X € Ry} {(s0,9) : sollulla + sTu > 0}
sn {uxuT: x est} {sesm:uTsUest}

(b) Representations of faces as linear transformations of R?, R, and S and
the induced representation of their dual cones, where I C {1,...,n}, u € R"
is nonzero, and U € R™*¢ has full column rank.

K,s Parameters of N st Knst
R%, s I'={ien]:s >0} {xER”:szo,x[n]\IE]Ri}
Q" (|Isll2, 5) u=—s {Alull2,w) = X € Ry}
g UeR™ TS =0. {UXUT:Xesi}
Ustv?,s | BeR™, BT(UTSU)=0| {(UB)X(UB)":X €S}

(c) Relationship between exposing vector s € K* and parameters I, u, U, B of
face LN st.

Table 1.2: Properties of nonnegative orthant R, Lorentz cone Q™! and psd cone
S and their faces.

which shows that both (s,z) and (s,y) equal zero since they are both nonnegative.
Hence, K N st contains both z € K and y € K if it contains their sum z + y. Faces
of the form K N st are called exposed faces and s the exposing vector. A cone is called
facially exposed if all of its proper faces are exposed faces.

Example 1.3.1 (Continued). The nonnegative orthant R”, Lorentz cone Q"*!, and
psd cone S} are all facially exposed. Further, for these cones, simple parameterizations
of KN st are obtained from s; see Table 1.2(c).
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B 1.3.2 Separating hyperplanes

Two subsets C; and Cy of an inner product space V are disjoint (i.e., their intersection
is empty) if there exists a hyperplane that strictly separates them, i.e., if there exists
s € V and a € R for which

CiC{zxeV: (sz)<a}l, Co C{z eV:(s,x)>a}l.

If C; and Cy are both convex, then partial converses hold that vary based on the specific
form of C; and Cy. The following provides such a converse assuming one set is the
relative interior of a convex cone and the other set is affine. As indicated, under this
assumption, there exists a separating hyperplane that actually contains the affine set.

Proposition 1.3.3. Let A = zo+ L denote the affine set defined by xog € V and a linear
subspace L C V. Let K CV be a nonempty, convex cone. The following are equivalent.

1. ANrelint K is empty.
2. There exists s € K* N L and o < 0 with the following properties.

o The hyperplane {x € V : (s,x) = a} contains A.
e 5 ¢ (spanxzg)® N (span k)= .

Proof. Suppose the hyperplane exists. If o < 0, then AN K = () by definition of X*.
Suppose a = 0. Then s € (spanzg)’ and is therefore not contained in (spanC)*t. If
x € ANrelint K exists, then (s,2) = 0, which implies s € (span K)*, a contradiction.

For the other direction (1 = 2), the main separation theorem [121, Theorem 11.3]
states that a hyperplane exists properly separating these sets. Using Theorem 11.7 of
[121], we can additionally assume this hyperplane passes through the origin since K is
a cone. In other words, there exists s € K* and z € A U K satisfying

(s,z) <0, VxeA,
(s,2) #0

Let o = (s, z0). The result follows by showing s € £+. Suppose then that w € £ satisfies
(s,w) # 0. Then (s,x9+ pw) > 0 for some S with || large enough, a contradiction.
O

Farkas lemma

Note Proposition 1.3.3 does not apply to the affine set {x € V : Ax = b} unless the
linear equations Ax = b have a solution. In other words, it does not apply to affine
sets that are empty. Nevertheless, we can easily extend Proposition 1.3.3 to handle this
case. This extension is the following conic version of Farkas Lemma.
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Corollary 1.3.1 (Farkas Lemma). Let & be any point in the relative interior of a convex
cone I C V. For a linear map A :V — R™ and b € R™, the following statements are

equivalent.

1. There is no x € relint IC satisfying Ax = b.
2. There exists y € R™ for which

o A*y e K* and (b,y) <0
o (2, A*y) >0 or (b,y) <0,

where A* : R™ — V denotes the adjoint map.

Proof. Suppose first that Az = b has a solution xy. Then, directly applying Proposi-
tion 1.3.3, we conclude existence of A*y € K* where (xg, A*y) = (b,y) <0. If (b,y) =0,
then A*y ¢ (spanC)*, implying (&, A*y) > 0 for all # € relint . Suppose next that
there is no solution to Az = b. Then, we can separate the range of A (a cone) from the
affine set {b}. In this case, the dual cone is (range A)*, which equals the null space of
the adjoint A* : R™ — V. Hence, we can find y € R™ for which A*y =0 and (b,y) <0

by Proposition 1.3.3. O

Weak intersection and containment in faces

Suppose that an affine set A intersects a convex cone K but not its relative interior.
(When AN K is the feasible set of a cone program, this situation is sometimes called
weak feasibility [87].) The next corollary of Proposition 1.3.3 asserts existence of a
hyperplane st that both contains A and exposes a face of K.

Corollary 1.3.2 (Weak intersection). Let A CV be an affine set and K C 'V a convex
cone for which ANK is non-empty. The following are equivalent.

1. Anrelint K is empty.
2. There exists s € K* \ (span )+ for which the hyperplane s* contains A.

Proof. We will show the second statement is equivalent to the statement statement of
Proposition 1.3.3, which, in turn, is equivalent to emptiness of A Nrelint K. Clearly
the second statement implies that of Proposition 1.3.3. Now suppose s € £* and «
of Proposition 1.3.3 exists. Then, a = 0 given that A N K is non-empty. It follows
s € (AL, implying s € K*\ L. O

This corollary is the theoretical unpinning of facial reduction algorithms; see, e.g., [102,
Lemma 1], [20, Theorem 7.1], [31, Lemma 12.6], and [138, Lemma 3.2] for related
statements.
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M 1.3.3 Slater’s condition

When the feasible set intersects the relative interior of the cone, certain pathologies
cannot occur. To explain, recall the primal-dual pair of cone programs in the min-max

form:
minimize (¢, z) ~ maximize (b, y)
subject to Az = b, " subject to s=c— A*y,
x €K, (s,y) € K* x R™.

In general, finite optimal values of the primal and/or dual can be unattained. In
addition, a duality gap can exist, i.e., the primal and dual optimal values can be different.
In these situations, the optimality conditions for the primal-dual pair have no solution.
These situations are ruled out by Slater’s condition.

Definition 1.3.1 (Slater’s condition). We say that Slater’s condition holds for P if
there exists x € relint K satisfying Ax = b. Similarly, we say that Slater’s condition
holds for D if there exists y € R™ satisfying ¢ — A*y € relint K*

Proposition 1.3.4. Let 6, € RU{£oo} and §; € RU{xoo} denote the optimal values
of the primal-dual pair P and D, i.e.,

0p :=inf{(c,z) :x € {uec K: Au=>b}}, Og=sup{(b,y) :y e R™, c— A"y K*}.
The following statements are true.

o [f Slater’s condition holds for P, then 0, = 04 and 04 is attained when 0, is finite.

o [f Slater’s condition holds for D, then 0, = 04 and 0, is attained when 04 is finite.

Proof. To ease notation, let § = 60,. Let z, € relint K satisfy Azs; = b. We only show
the first statement, since D can be converted into a problem of the form P (and vice
versa) without changing optimal values, attainment or satisfiability of Slater’s condition
(Chapter 1.2.3). First, assume no point in the relative interior of IC attains the optimal
value §. Then, (¢, xs) > 6. Further, the affine set {x € V : Az = b, (¢, z) = 0} is disjoint
from the relative interior of K. By Farkas Lemma (Corollary 1.3.1), there exists (), y)
satisfying
A*y+ch e k*
(b,y) + A0 <0 (1.8)
(b,y) + A0 < 0 or (b,y) + Ac,zs) > 0.

If A =0, these conditions imply (b, y) < 0 and A*y € K*, which contradicts

0< <$saA*y> = <Axs>y> = <ba y>'
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Hence, A # 0. Combining (zs, A*y + cA) = (b,y) + A(c, zs) > 0 with (1.8) shows
A({c,z5) —0) > 0.
Using the fact (¢, z5) — € > 0 combined with A # 0, we conclude A > 0 and

A*% +ce K,
ie., —%y is dual feasible. Weak duality —%(b,y) < 6 and (1.8) imply %(b, y) = 0.
We now assume a point in the relative interior of K is optimal, i.e., that it attains 6.
To construct a dual feasible point with objective § we first let £ denote the kernel of A.
If 2 € relint IC is optimal, then for any d € LNspan K there exists a > 0 for which £ +ad
is feasible, implying (c,d) = 0 by optimality of #. Hence, £ N (spanK) C (span{c})*.
But this shows that span{c} C (span K)* + £*. It follows that ¢+ £+ contains a point
5 € (span K)*. Letting § = ¢ + A*§ for § € R™, we have that 0 = (,8) = 0 — b'§.
O

This motivates the following question: can one transform a (feasible) cone program
such that Slater’s condition holds without changing the optimal value? Facial reduction
provides a positive answer.

B 1.3.4 The facial reduction algorithm

For any nonempty, convex cone I C V and affine set A C V), the main separation
theorem (Proposition 1.3.3) implies that at least one of the following statements holds:

(a) ANrelint £ is nonempty.
(b) A hyperplane exists that strictly separates A and K.

(c) A hyperplane s+ := {z € V: (s,z) = 0} exists that contains A and exposes a
proper face of K.

Further, under the assumption K is closed, the face N s* is nonempty. (For instance,
it contains the zero vector.) Under this assumption, one can always replace K with a
face containing ANK such that statement (a) or statement (b) holds. This replacement
is called facial reduction.

To see this, note that statement (c) is equivalent to feasibility of the following
auxiliary problem:

Find s € K*\ (span )+
subject to st D A.
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Hence, if no solution s exists, either statement (a) or (b) holds. On the other hand,
given a solution s, we can replace K with XN s' and then resolve. If we do this replace-
and-resolve process a sufficient number of times (upper bounded by the dimension
of V), the auxiliary problem must become infeasible, implying that statement (a) or
statement (b) holds as desired. These iterations are performed by the facial reduction
algorithm (Algorithm 1.1), which has the following properties.

Proposition 1.3.5. Let F be the output of the facial reduction algorithm (Algorithm 1.1)
given a closed, convex cone IC CV and nonempty, affine set A CV as input. Ezactly

one of the following statements holds.
e There exists a hyperplane strictly separating F from A.
e ANrelint F is non-empty.

Further, ANK = ANF. Finally, if ANK is nonempty, then F is the minimal face of
ANK, i.e., it is the intersection of all faces of KL containing AN K.

Proof. The listed properties follow by the paragraph preceding this proposition. That
ANK = AN F is obvious. Let G denote the minimal face. By definition, F contains
G and G contains AN F. But this means G contains A N relint 7, which is nonempty.
Hence, G must equal F by properties of faces (Proposition 1.3.2). O

Algorithm 1.1: Facial reduction

Inputs: closed, convex cone K C V and affine set A CV
Output: a face F of K containing AN K

begin

F+ K

repeat

1. Find hyperplane s containing A that exposes a face of F, i.e.,

Find s € F*\ (span F)* (%)
subject to st D A

2. Set F = FNstif (x) is feasible

until (%) is infeasible
end
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constraint on s € V set of s satisfying constraint
s€ F*\ Ft {s € F*: (s,&) > 0} for any & € relint F
st D Awhere A= {z€V:Ax =b} {A*y:yeRm, bTy:()}
st D A where A = {29+ Bz: 2z € R"} {s €V :(xp,s) =0,B*s =0}

Table 1.3: The sets satisfying individual constraints of the facial reduction algorithm
(Algorithm 1.1) auxiliary problem. Lines 2-3 correspond to two possible representations
of the affine set A.

Solving auxiliary problems

The auxiliary problem (%) is actually a cone program in disguise. That is, the feasible
set is a subspace intersected with a convex cone. Table 1.3 makes this clear by giving
the solution set of each individual constraint. As indicated, F*\ (span ) is the cone
of elements that have nonzero inner product with any fixed point in the relative interior
of F (Proposition 1.3.1). The set of s € V satisfying s* D A is the subspace (span.A)~*;
see Table 1.3 for explicit descriptions of (span.A)* for parametric and implicit rep-
resentations of A. When F is a face of the nonnegative orthant, the Lorentz cone,
or the psd cone, linear and semidefinite constraints describe F*; see Table 1.2(b) and

Example 1.3.1. There are also formulas for F N s in these cases given by Table 1.2(c).

Singularity degree and iteration bounds

The number of iterations Algorithm 1.1 executes depends on the specific hyperplanes
obtained at each iteration. The minimum number of possible iterations is called the
singularity degree of (A, ), a parameter used in error analysis [130] and convergence
analysis [48] of cone programs with feasible set A N K. Bounds on singularity degree
are given in [86]. If A = {x € V : Az = b}, then the singularity degree is at most one
if the image of IC under A : V — R™ is facially exposed [47]. This image need not be
facially exposed when K is facially exposed, e.g., when K = S§"!. Indeed, when K = S,
the singularity degree can be as large as n — 1; see, e.g., [132, Section 2.6].

H 1.3.5 Benefits

For a linear map A : V — R™, b € R™ and ¢ € V, consider the primal-dual pair
parametrized by a closed, convex cone C C V:

minimize (¢, )  maximize (b, y)
subject to Az = b, subject to s =c— A"y (1.9)
xeC (s,y) € C* x R™.

P(C):
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That is, for another convex cone K C V, the problems P(K) and D(K) denote (1.9)
with the cones C and C* replaced by K and K*. Finally, let A denote the solutions to
Ax =b.

If we execute the facial reduction algorithm using (A, K) as input, it returns a face
F of K containing A N KC; hence, P(K) and P(F) have equal optimal values, i.e.,

inf{(c,z) :x € ANK} =inf{{c,z) :x € ANF}.

Further, any solution = of P(F) also solves P(K). We now overview the benefits of
solving P(F) as a means of solving P(K), which include dimension reduction, pathology
removal, and improved conditioning.

Dimension reduction

The obvious benefit of facial reduction is the ability to solve the lower dimensional
problem P(F) instead of P(K). Indeed, if F # K, then a proper subspace of span(K)
contains F (Proposition 1.3.2). Further, when /C is the psd cone S7, the Lorentz
cone Q"1 or the nonnegative orthant R?, any proper face F C K is isomorphic to
S¢ (with d < n), the nonnegative real line Ry, or the nonnegative orthant RY (with
d < n), respectively. This in turn allows us to solve P(F) by solving a projected
reformulation over the isomorphic cone (Section 1.2.5). The next example illustrates
the facial reduction procedure and this reformulation.

Example 1.3.2 (Dimension reduction). Consider the semidefinite program P(S%):

minimize TrCX
P(S3):
(5%) subject to Tr A1 X = by,

Tr Ao X = by,
X eS?,
where
1 0 0 1 00 0 00 4
c:=|0 0 -1, Ay:=10 1 0f, Ay =0 1 1}, b::[(]}.
0 -1 0 0 01 01 1

This problem is feasible, but Slater’s condition fails. Indeed, the equation Tr As X =0
is equivalent to v/’ Xv = 0 for v = (0,1, l)T. Hence, we can reformulate this problem
over a lower dimensional face using facial reduction.

By Corollary 1.3.2, a hyperplane S+ exists that contains all solutions of Tr 4; X; =
b;; further, S is a nonzero point in S3 , implying the hyperplane St exposes a proper
face of 7. Indeed, taking S=A, yields a hyperplane with these properties. The face
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F = Si N S+ exposed by St satisfies

1 0
F=US*U" for U = |0 ‘/Lf :
0 =

where U € R3*2 was picked to satisfy SU=0. A projected reformulation of P(F) is

p (F) : minimize Tr C:’X
" subject to Tr A1 X = 4,
Tr Ao X =0,
Xe$t,

where C = UTCU and A; = UT AU, ie.,

_ (10 _ 1 0] - 0 0
C= A, = Ay = .
lo 1]’ ! [o 1]’ 2 lo 0]

An optimal solution of this reformulation is

_ [20 Nl - Jo o
S AR R

The point UXUT solves P(F).

Pathology removal

Facial reduction can also remove pathologies (Section 1.2.4) if they exist. To see this,
recall that either the cone program P(F) satisfies Slater’s condition or a hyperplane
exists that strictly separates the affine set A from F (Proposition 1.3.5). This rules out
three sources of pathologies: duality gaps, unattained dual optimal values, and weak
infeasibility of P(F). Indeed, if these pathologies occur for P(K), replacing K with F
removes them.

Example 1.3.3 (Removing weak infeasibility). Consider the primal-dual pair of semidef-

inite programs

minimize TrCX

subject to Tr A1 X = by,
Tr AQX = bg,
X esz,

P(S%):

maximize b’y
subject to S = C — 212:1 YiAi,
(S7y) € S?i- X R2’

D(S%) :



Sec. 1.3. Facial reduction 49

- anbl webd -l

As demonstrated earlier in Example 1.2.3, the primal problem P(S%) is weakly infeasi-

where

ble, i.e., it is infeasible but D(Si) has no improving ray. We will remove this pathology
using facial reduction.

Taking S =4 yields a hyperplane S1 that contains the solutions to Tr A; X = b;,
where in addition S € Si. The face F = Si NSt exposed by SL satisfies

F={UxuT: X esl} for U= H

This yields the primal-dual pair

minimize TrCX maximize b’y
P(F): i 7 D : . 2
subject to Tr A7 UXU* = by, subject to S = C — > yi A,
Tr AsUXUT = by, (UTSU,y) € St x R?,
Xest,

where P(F) and P(K) have equal optimal values. Further, S = —A; and y = (1,0)
form an improving ray for D(F), proving infeasibility of P(F) and hence of P(K).

Example 1.3.4 (Removing duality gaps). Consider the primal-dual pair of semidefinite
programs

minimize TrCX maximize b’y

P(S3): subject to Tr A; X = b; Vi € {1,2}, DE: subject to S = C' — X7, yi s,
Xest (S,y) € S x R?,
where
100 100 000 )
C:=10 0 0/, A:=|00 1}, Az:=10 1 0], bz:lo]'
000 010 000

As shown by Example 1.2.2, the duality gap of this primal-dual pair is one. Both
problems are feasible. Further, X is primal feasible only if TrCX = 1, and (y, S) is
dual feasible only if b7y = 0.

For § = A, the hyperplane S+ contains {X e S Tr XA; =by, TrAp X = ba}.
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The face F = S‘}r N S+ exposed by S+ satisfies

F=US2U" for U =

S O =
= o o

The primal-dual pair reformulated over F and F* is

minimize TrCX maximize b’y
P : D :
(%) subject to Tr A\UXUT = by, (%) subject to S = C — Z?Zl yi As,
Tr AsUXUT = by, (UTSU,y) € $2 x R?,
X es?,

where a primal-dual feasible point (X, S, ys) satisfying Tr C X, = bTy* is

100 0 0 0 .
X,=|0 00/, S=|0 0 -1}, y*:M.
000 0 -1 0

Improved conditioning

Facial reduction can also improve accuracy. One reason for this is simple: smaller
problems can lead to more accurate floating point computation. Another reason is less
obvious: an iteration of facial reduction improves the intrinsic conditioning of a cone
program. Specifically, it lowers the singularity degree—improving bounds on forward
error (distance to solutions) obtained from backward error (constraint violation) [130].
Note the latter error is what a solver can easily compute, whereas the former—which
may be hard or impossible to compute—is the actual measure of solution quality. We
illustrate these concepts with an example.

Example 1.3.5 ([130, Example 2]). The following SDP has singularity degree equal
to (n — 1)—the worst case for SDP. It has decision variable X € S} and constraints

[Xkt1 41 = [Xhie  VE€{2,3,....,n—1}
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For n = 4, these constraints are equivalent to Tr A4; X = b; for b = (1, 0,0, O)T and

1000 0 -1 0 0
A |00 0 0) =10 00
0000 0 0 20
000 0 0 0 00
(0 0 0 0] [0 0 —1 0]
dpm |01 OO) 00 00
000 0 10 0 0
0 0 0 0 00 0 2

Note that the feasible set contains a single point: the rank one matrix eje] .
Letting || - || fro denote the Frobenius norm yields expressions for the forward and
backward error:

eforwa’/‘d(X) = ||X - ele{Hfroa ebackward(X) := min (07 )\mzn(X)) + HT(X)HQa

where r(X) := ||[(by — Tr A1 X,...,by — Tr A4 X)|| and A\pin(X) denotes the minimum
eigenvalue of X. For ¢ = 10™%, the approximate solution X ()

1 —€ —¢ O
X(e) = - 0 0 O
—€ 0 e O
0 0 0 e

has forward error (v/6 - 10~%) that is roughly four orders of magnitude larger than its
backward error (=~ 10~®). On the other hand, using n — 1 iterations of facial reduction
yields a reformulation

Find A > 0 subject to Aeje] = ejel
whose backward error equals its forward error for A > 0:
efm"ward<)\) = |1 - )\‘7 ebackward(A) = ‘1 - )\’ + min(O, A)

Hence, after facial reduction, backward error becomes a better indicator of forward
error.

B 1.3.6 Challenges

Cost

The costs of solving auxiliary problems (Section 1.3.4) may overwhelm the benefit of
dimension reduction. Indeed, if the given cone program is an SDP, the first auxiliary
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problem is also an SDP of the same order.

Fortunately, the auxiliary problem can be extremely well structured in practice. For
instance, it may have solutions in a subset of the dual cone that is easy to describe (e.g.,
the subset of diagonal matrices when the cone is 7). Exploiting this structure will be
the topic of Chapter 2.

Dual solution recovery

Facial reduction replaces the cone I with a proper subset F C K and the dual cone
K* with a superset F* D K*—i.e., it relaxzes the dual. For this reason, solutions of
the reformulated dual D(F) are not necessarily even feasible points of the original dual
D(K), as the next example illustrates.

Example 1.3.6 (Relaxation of the dual). Recall the primal-dual pair of Example 1.3.2

minimize TrCX maximize b’y

P(S}): subject to Tr A; X = by, D(s2): subject to § = C — Y7 yids,
Tr Ay X = by, (S,y) € S} x R?,
X eS?,
with problem data
1 0 0 1 00 0 00 A
c:=10 0 -1/, A:=10 1 0], A= |0 1 1f, b:zlo‘|'
0 -1 0 0 0 1 011

Reformulating over F = {UXUT : X € S2} and F* = {S € S* : UTSU € S%} yields

P(F min.imize TrCX . D(F) : ma).(imize by ,
subject to Tr AJUXU" = by, subject to S = C — > i yi A,
Tr Ay UXUT = by, (UTSU,y) € $2 x R?,
Xes?,
where
1 0
U=10 %
-1
0 Nt

If X = 21, then UXUT solves P(F) and P(K). For all « € R, the point y = (1, a)
solves D(F). However, this y solves D(S3) only for a < —1; indeed, it is infeasible
otherwise.

Unfortunately, one cannot ignore this issue and incorporate facial reduction into a
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primal-dual solver. Such solvers must return solutions to a given cone program and its
dual; indeed, the dual may be the problem that is of actual interest to a user. Hence,
these solvers need post-processing methods for dual solution recovery. For this previous
example, recovery means taking a solution (y,«) of D(F) and decreasing « until it is
feasible for D(S). In other words, recovery amounts to a line search on o. We will
formalize this line search idea in Chapter 3 and study when it succeeds and when it
fails. Note recovery will necessarily fail when facial reduction removes the following
pathologies: duality gaps, weak infeasibility, and unattainment of the dual optimal
value.

Sparsity

Constructing maximally-sparse projected reformulations is another challenge. Indeed,
for semidefinite programs, we always have a degree-of-freedom in how we parametrize
the face. For instance, the faces 7 C S"f and G C S7, given by

F={UXUT:Xxest}, g={vxvl.:Xesi},

are equal if U € R"*% and V € R™ ¢ have the same range. To give an example, we
reproduce U of Example 1.3.2 and give a dense matrix V' with the same range below:

1 0 1 1
U=10 5|, Vv=|2 1
0 ;—% -2 -1

If we use V instead of U to construct the projected reformulation of Example 1.3.2, we
obtain data matrices VT A;V and VT'CV with twice as many nonzeros as UT A;U and
UTCU. Picking a parameterization of F to minimize nonzeros is a challenge addressed
in Chapter 2.

Sensitivity

€1

If the auxiliary problem is solved numerically, the obtained hyperplane s— may only

contain the affine set A after an epsilon perturbation, i.e., the inclusion
(s+e)F DA

may only hold for some nonzero ¢ whose magnitude depends on the accuracy to which
s satisfies the constraints of the auxiliary problem. As a consequence, replacing K
with I N st can change the optimal value of the given cone program. Given that
A has empty intersection with the relative interior of K, the change in optimal value
can also be infinite—meaning replacing K with K N s can make a feasible problem
infeasible. Example 4.4.2 of Chapter 4 illustrates this unfortunate phenomenon on
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concrete example.

Bl 1.3.7 Limitations

As we have seen, one benefit of facial reduction is pathology removal. Nevertheless,
facial reduction iterations will occur (i.e, the auxiliary problem will have a solution)
even if no pathology is present (e.g., Example 1.3.2). The basic reason for this is the
following: the facial reduction algorithm terminates when a necessary condition for
pathologies (failure of Slater’s condition) no longer holds, as opposed to a necessary
and sufficient condition.

From the dimension reduction point of view, this is a good thing: facial reduction
applies to a wider family of problems. Nevertheless, it still raises the question: can
one do facial reduction only if the given instance is pathological? This would be useful
if one only wanted to confront the challenges of facial reduction (e.g., the costs of
solving auxiliary problems) for pathological instances, which, without facial reduction,
are perhaps unsolvable. In Chapter 4, we show the answer to this question is yes and
provide an algorithm.

Note also that during its last iteration, the facial reduction algorithm obtains no
information from the auxiliary problem other than an indicator to terminate. Further,
if only one iteration is performed, facial reduction pays the cost of solving an auxiliary
problem but makes no changes to the given instance. The Chapter 4 algorithm does
not have this defect. Indeed, during its last iteration, it not only terminates, but
automatically provides solutions to the reformulation.

B 1.4 Symmetry reduction

Symmetry reduction, like facial reduction, also identifies a subset of the cone K that
contains solutions. This subset is the intersection of K with the range of a special
projection map P :V — V. We state the key properties of this projection in terms of
the following primal-dual pair in decision variables z € V and s € V:

minimize  (c,x) minimize  (xo,s)
subject to x € xg+ L, subject to s € c+ LT,
e, s € K,

where, as in previous sections, g € V and ¢ € V are fixed and £L C V is a linear
subspace with orthogonal complement £ C V. Given this primal-dual pair, symmetry
reduction finds a projection that satisfies the Constraint Set Invariance Conditions.

Definition 1.4.1. A projection P : V — V satisfies the Constraint Set Invariance
Conditions for (IC,xg + L, ¢) if
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(a) P-K CK (or, equivalently, P* - K* C K*),
(b) P-(xo+ L) Cxo+ L,
(¢c) P*-(c+ L) Ce+ Lt
where P* :V — V is the adjoint of P and P -C := {Px : x € C} for any set C C V.

The next proposition shows the range of P contains primal solutions (if they exist)
under the Constraint Set Invariance Conditions. By symmetry of these conditions, the
range of P* also contains dual solutions.

Proposition 1.4.1. Suppose a projection P : V — V satisfies the Constraint Set
Invariance Conditions for (KC,xg + L,¢). The following statements hold

o Ifx e (xo+ L)NK, then Pz € (xo+ L) NK. Further, (c,z) = (¢, Px).
o Ifsc (c+ LY)NK*, then P*s € (c+ L) NK*. Further, (xg,s) = (xg, P*s).

Proof. The statements have identical proofs. Further, the only part of the first state-
ment not immediate is that (c,z) = (¢, Px). To see this holds, consider z € (z¢ + £).
The conditions (b) and (c) state both x and Pz are in g + £ and both ¢ and P*c are
in ¢+ £ hence, (b) and (c) imply

x— Pr e L, c—Pce Lt (1.10)

showing x — Px and ¢ — P*c are contained in orthogonal subspaces. It follows that

(c,x) = (¢ — P*c+ P*c,x — Px + Px)
= (¢ — P*¢, Px) + (P*c,x) Equation (1.10)
= (P*c— P*P*c,z) + (¢, Px)
= (P*c— P*c,z) + (c, Px) P*P* =P
= (¢, Pz).

O]

We now explain how symmetry reduction obtains a projection P that satisfies the
Constraint Set Invariance Conditions. The main idea is to find a special group of
automorphisms of the primal and dual feasible sets. Note that groups are mathematical
objects used to formalize notions of symmetry in engineering and physics—hence, the
name symmetry reduction.
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& O |£, (a) P-KCK
) SR oo damge L L EY—
Pr* =2 () '("L‘O"i' )_l‘O‘{’ )
ANK (c) P-(c+LY)Ce+ Lt

Figure 1.2: In symmetry reduction, the image of feasible x (resp., optimal z*) is
feasible (resp., optimal) under a special projection map P : V — V. This projection
satisfies the conditions (a)-(c), where A := 2y + L.

B 1.4.1 Groups of linear maps

A group G is a set equipped with a binary operation a - b satisfying the following
properties.

e The set G contains a - b for all a,b € G.
e The associative law holds, i.e., (a-b)-c=a- (b-¢) for all a,b,c € G.

e There is an identity, i.e., there exists e € G for whiche-a =a-e =a forall a € G.

e Each a € G has an inverse, i.e., there exists ™' € Gsuch thata™'-a =a-a™' =e.

A subgroup H C G is a subset that is also a group with the same operation a - b. In
other words, H is closed under the group operation, contains an identity, and contains
inverses for all of its elements.

For an inner product space V, the general linear group GL(V) is the set of all invert-
ible linear maps T : V — V equipped with composition as a group operation. Important
subgroups of GL(V) include the orthogonal group O(V) and the automorphism groups
induced by subsets of V.

Automorphism groups

Let X C V be a subset of V. The automorphism group of X, denoted aut(X), is the
subgroup

aut(X) ={T'e GLV): T -X =X},

where T - X’ denotes the image of X under T, i.e., T - X := {Tx : x € X'}. It is easy to
verify aut(X') is a subgroup: it contains the identity map and it is closed under both
composition and taking inverses.
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The orthogonal group

The orthogonal group O(V) C GL(V) is the subgroup of maps whose adjoints equal
their inverses, i.e.,

OW)={TeGLY): T =1"}.

It is also easy to verify O(V) is a subgroup of GL(V). If T € O(V), then so is the adjoint
map given that (T*)~! = (T1)* = (T*)*. Hence all elements of O()) have inverses in
O(V). Further, if T1,T5 € O(V), then so is their composition 717> given that

(M\To) ™' =T, 17 = T3 Ty = (T T)*.

Finally, the identity map is contained in O(V) since it equals its own inverse and adjoint.
Note that the set of orthogonal matrices, i.e., the set of matrices U satisfying UTU = I,
is the orthogonal group O(R") of R” under the dot product z7y.

H 1.4.2 Reynolds operators and fixed-point subspaces

Let G be a finite subgroup of GL(V). Associated with G is a linear map called the
Reynolds operator Rg : V — V and a set called the fixed-point subspace Vg:

1
Rg::@ZT, Vg:={xeV:Te=xforall T € G}.

Teg
One expects Rg and Vg to have special structure given their construction. It turns out
that Rg is a projection map onto Vg, i.e., Rg is idempotent and has range equal to Vg:
RgRg = Rg (idempotent), range Rg = Vg.

Further, if the orthogonal subgroup O(V) contains G, then Rg is self-adjoint (Rg = Rg)
and hence equals the orthogonal projection map onto Vg. The next lemma restates these
properties with proof. As the proof indicates, they are straightforward consequences of
the group-theoretic identity

G={UT:Te€G} VUE€G,
which states that the left coset of G with respect to any U € G equals G.

Lemma 1.4.1. Let Rg be the Reynolds operator of a finite subgroup G of GL(V).
Then, Rg is idempotent (RgRg = Rg) and has range equal to the fized-point subspace
Vg. Further, if G C O(V), then Rg is self-adjoint.
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Proof. The map Rg is linear. Hence, it is a projection map if RgRg = Rg. Indeed,

1 a
RgRg = W Z Z T ’g|2 Z Z ur | = |g|2 4 Z T | = Rg,
UeG Teg UeGTeg TeG
where the equality = follows from the coset identity G = {UT : T € G}. To show that
the range of Rg equals Vg, consider x € Vg. Then,

Tx = g
figr = rg% "= \ngZEg iildle -

showing that the range contains Vg. Now consider an arbitrary point Rgz in the range.
For each U € G and z € V,

URgz= > UTz2% Y Tz = Rgz,
Teg Teg

where £ uses the coset identity G = {UT : T € G}. This shows that Rgz € Vg.
Now suppose that G € O(V). Clearly Rf = ﬁ > regT*. Since G is closed under

1

inverses, inverses are unique, and 7% =T, we must have R; = Rg.

O]

Consider a nonempty set X C V, a subgroup G C aut(X) of automorphisms, and
the image Rg - X = {Rgx : * € X} of X under Rg. When does Rg - X C X hold,
i.e., when does Rg map X into X7 It turns out convexity of X implies this inclusion.
Consider the following.

Proposition 1.4.2 (Invariance Lemma). Let X CV be nonempty, convex set and let
G be a finite subgroup of aut(X). Then, the Reynolds operator Rg leaves X invariant,
i.e.,

Rg - X CAX.
Further, X N Vg is nonempty.

Proof. For all x € X, it holds that Rgx = ﬁ > .1eg Tz is a convex combination of points
in X since T' € aut(X). But X is convex and hence contains any convex combination of
its points. Hence, Rgx € X. In addition, Vg must intersect X since it equals the range
of Rg by Lemma 1.4.1. O

The next example shows the proposition fails without the convexity assumption.

Example 1.4.1 (Counterexample for nonconvex sets). Let X denote the unit sphere
and let G denote the subgroup of aut(X) consisting of the identity map and the reflection
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operator x — —zx, t.e., let
X={zxe€V:(z,z) =1}, G={z— z,0— —x}.

Then Rgx = 3(x —2) =0 for allz € X (and all z € V). Hence, Vg = {0} and doesn't
intersect X. Note, however, that Vg does intersect the convex hull of X (the unit ball).

B 1.4.3 Finding groups

As the next proposition shows, a suitable group of automorphisms G C GL(V) induces
a projection Rg : V — V that satisfies the Constraint Set Invariance Conditions.

Proposition 1.4.3. Let G be a finite subgroup of GL(V) with the following properties:
e G Caut(K)
e G Caut(zg+ L)
o §Caut{z € V:{(cx) <a}) foralla € R.

Then, the Reynolds operator Rg : V — V satisfies the Constraint Set Invariance Con-
ditions (Definition 1.4.1).

Proof. That Rg-K C K and Rg - (zo+ L) C zo+ L is immediate from Proposition 1.4.2.
We prove the remaining inclusion R - (c + L+) C c+ L+ at the end of this section; see
Lemmas 1.4.2 and 1.4.3. O

Methods that construct groups satisfying these conditions exist for different families
of semidefinite programs; see, e.g., [82, Lemma 2], [23, Theorem 2.1], or [39, Theorem
4]. In the next example, we illustrate construction of a group for the MAXCUT SDP
relaxation of Goemans and Williamson.

Example 1.4.2 (MAXCUT SDP relaxation). Consider an undirected graph G =
([n], E) with node set [n] := {1,...,n} and edge set E C ([g}). A cut is a parti-
tion of nodes into two disjoint subsets S; and S3. Finding a cut that maximizes the
number of edges connecting S; and Ss is the MAXCUT problem. Formally, we want
to find S7 C [n] and So C [n] that maximizes the number of edges {i,j} € F satisfying
1 € 51 and j € S9. This problem is NP-hard. Nevertheless, the size of a maximum cut
is famously upper bounded by the optimal value of the SDP

maximize % Tr LX

1.11
subject to X € ANST, (1.11)

where A := {X € S" : X;; = 1foralli € [n]} and L € S" is the Laplacian matrix
[62, Section 5]. (Recall the Laplacian matrix equals D — A, where D is the diagonal
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matrix with [D];; equal to the number of edges incident to node ¢ and A is the adjacency
matrix.) Further, if this SDP has a rank one solution X, then X = vv” forv € {~1,1}",
where the sign pattern of v induces a partition of [n] equal to a maximum cut.

Finding automorphisms We can construct a group of automorphisms directly from sym-
metries of the graph G, i.e., the permutation matrices P that satisfy PLPT = L. Indeed,
if we let U denote this set

U= {P a permutation matrix : PLPT = L} ,
and define the following subgroup of O(S™)
g:{XHPXPT:PeU},
then the following inclusions hold:
G Caut(S}), G Caut(A), GgCaut({X eV:TrLX <a}) for all « € R. (1.12)

Hence, by Proposition 1.4.3, the Reynolds operator Rg satisfies the Constraint Set In-
variance Conditions, implying the fixed-point subspace Vg intersects the set of solutions
to the SDP.

For completeness, we verify the inclusions (1.12). That G C aut(S'} ) follows because
PXPT € S? when X € S". To see that G C aut(A), first note that A is the set
of symmetric matrices whose diagonal entries all equal one. Hence, A is invariant
under simultaneous permutation of rows and columns; in other words, if X € A then
PXPT € A for any permutation matrix P. Finally, that G C aut({X € V: TrLX < o}
follows essentially by definition of U: for all P € U,

TrLPXPT =Tr PTLPX = Tr L X,

where the first equality uses the cyclic property of trace Tr ABC = TrCAB and the
second equality uses the fact that PT € i when P € U.

Concrete instance Figure 1.3 gives a concrete example of a graph, a maximum cut, and
the group U C O(R*). For the group G C O(S*) induced by U, the following SDP

maximize i Tr LX
subject to X € ANSY NVg,



Sec. 1.4. Symmetry reduction 61
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Figure 1.3: A graph, a maximum cut {S7,S2}, the adjacency matrix A, the degree
matrix D, and the permutation matrices Y commuting with the Laplacian L = D — A.

has the same optimal value as the Goemans and Williamson SDP (1.11), where the
fixed-point subspace Vg satisfies

t1 ts tg s
ts to t4 t
V=4 0 M M e RT
te t4 t3 tr
te ty tr t3

Section 1.4.4 shows that Vg also has a canonical direct-sum decomposition. Using
this decomposition allows one to write S7 N Vg as a product of smaller cones; see
Example 1.4.3.

Proof of Proposition 1.4.3

We only need to show that the Reynolds operator satisfies R - (c + L1) C e+ L. For
this, we first show that Rgc = ¢, which is immediate from the following lemma.

Lemma 1.4.2. Let T : V — V be a linear map with adjoint T* :V — V. Forc €V
and o € R, let Qo = {x : (c,x) < a}. The following are equivalent

o THc=c
e T:-Q,CQy foralla e R
Proof. That the first statement implies the second is immediate since
(¢, Tx) = (T"c,z) = (¢, x).

Suppose the second statement holds. Then, (c,y) > (¢, T'y) and (¢, —y) > (¢, —Ty) for
all y € V. Hence, (c,y) = (¢, Ty) for all y € V. The claim follows by applying this to
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the identity
(c—T*c,c—T%c) = {c,c) + (T"c,T*c) — 2(c, T"c).
Indeed, (T%c,T*c) = (¢, TT*c) = (¢, T*c) and (c,c) = (¢, Tc) = (T*c,c). Hence,
(c=T*c,c—T"c) =0.
Hence, ¢ = T"c. O
Next we show that R - ctcrt:

Lemma 1.4.3. Let P : V — V be a projection map and xo + L an affine set. If
P-(xo+L)Cxo+ L, then P-L C L and P*- (L) C L+,

Proof. If P - (zg + L) C xo + L, then g + L = Pxo + L. Further, for all x; € L, it
holds that

Pxo+ 2z, — (pro —i—P.%'L) e L.

Since PP = P, this shows that x; — Pxy € £, implying that Pz, € £. Hence, P-L C L,
which in turn implies that P* - (£1) C £*. O

Putting everything together, we conclude that
Rg-(c+LY)=c+Rs- LM Ce+Lh,
as desired.

B 1.4.4 Structure of fixed-point subspaces

We now study the fixed-point subspace Vg C V in more detail, shifting focus specifically
to semidefinite programming. Going forward, we make the following assumption.

Assumption 1.4.1. V = S" and, for a group of orthogonal matrices Y C O(R"),
G={X—UXUT:UcU}.

This assumption implies existence of an injective linear map ® for which
SENVg=@-(Cy x---xCp), (1.13)

where C; is the cone of Hermitian psd matrices of order n; with real, complex, or quater-
nion entries, and ) ;_; n; < n. This allows one to construct a projected reformulation
over C1 X --- x C, if one can find ® and C;.
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Example 1.4.3 (Continuation of the MAXCUT example). The fized-point subspace
Vg of Example 1.4.2 satisfies

S NVg = {QleQ{ + Q2 XoQ3 : X1 €S%, Xy € SEF} ;

where

S O =

Q1= ; Q2 = )

0
0
1
1 -1

[en}
O O = O

This yields a projected reformulation of the Goemans and Williamson SDP:

maximize 3 Tr(QTLQ1)X1 + § Tr(QYLQ2) X
subject to Tr(QTE;Q1) X1 + Tr(QTE;xQ2)Xo =1 Vi€ {1,2,3,4},
X; €83, X, eS8t

One finds ® and the cones C; by first finding a canonical direct-sum decomposition
of Vg. This decomposition arises from the following observation.

Proposition 1.4.4. Suppose Assumption 1.4.1 holds. Then, Vg equals the subspace of
symmetric matrices that commute with all U € U under ordinary matriz multiplication,
i.e.,

Vg={XeS":UX=XU VYU e€lU}.
Proof. To begin, suppose X commutes with each U. Then,

LZUXUTELZXUUTEL

RgX = @ b
= = U]

Y X=X

veld

where the equality = uses the assumption UX = XU and L the fact UUT =T given
that U is an orthogonal matrix. Hence, X is in the range of Rg, which equals Vg
(Lemma 1.4.1). Next suppose that X € Vg, i.e., that

X =UXUT forallU e U.
Then multiplying both sides by U” shows
Urx =vTuxut = xuT,

showing that X commutes with U”. Since U € U implies UT € U (given that I is a
group), we conclude that X also commutes with U.
O
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An invariant subspace of T C R™ "™ is a subspace of R™ that contains its image under U
for all U € T. An invariant subspace is minimal if it is nonzero and properly contains
no nonzero invariant subspace. The next lemma shows the minimal invariant subspaces
of Vg UU induce a direct-sum decomposition of Vg, owing in part to the commuting
relationship established by Proposition 1.4.4.

Lemma 1.4.4. Let U C R™™ ™ be a finite set closed under transposition and let
U ={XeS":UX=XU VU €U}.

Then, the minimal invariant subspaces S; C R™ of UUU" form an orthogonal direct-sum
decomposition of R", i.e., R" = ®I_,S;. Further, ' = @j_, U], where

U :={X el :range X C S;}.

Proof. Let W C R" be an invariant subspace that is not minimal. Then, it contains
an invariant subspace S. We claim the orthogonal complement ST NW of S in W
is invariant. Indeed, for all x € S, y € ST NW and U € U UU’, it holds that
0 =y"Ux = 27 (U"y). Hence, UTy € S*. Further, UTy € W since W is invariant.
Hence, St N W is invariant. Taking W = R", it follows we can iteratively split R”
into orthogonal invariant subspaces, terminating when each subspace is minimal. This
yields the orthogonal decomposition @®_;S;.

We now show Si,...,S, are the only minimal invariant subspaces. For this, we
first establish that the orthogonal projection matrix £ onto an invariant subspace S
commutes with all U € U/ UU'. Since S* is also invariant (as just established), we have
that EU(I — E) =0 and (I — E)UE = 0, showing that EU = FUE and UE = EUFE;
hence, FU = UE. Note that this also shows F € U’. Now, let F' denote the projection
onto a minimal invariant subspace and let E; denote the projection matrix onto S;.
Since E; € U’', we have that FE; = E;F, showing that F'E; is the projection onto the
intersection of range F'Nrange F;. If F and F; are distinct, we have by minimality that
range ' Nrange F; = 0, showing that F'E; = 0, which implies range ' and range E; are
orthogonal subspaces. It follows that F' = E; for some j—otherwise, F' is orthogonal
to I =Y ;_; E; and hence equals the zero matrix.

We now show the desired decomposition of ¢’ holds. To begin, if X € U/, then

XLY EXY B =Y Y EXE LY EXE,
i=1 j=1 i=1

i=1j=1

where the equality = follows given that Y.7_; E; = I and the equality L follows given
that E;XE; = E;E; X, where E;E; =0 if i # j. Finally, E;XE; € U’ since X, E; e U'.
O
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Note that this lemma states we can put Vg into block-diagonal form. To be precise,
the inclusion

{X el :range X C S;} C {X € S": range X C S;} (1.14)

implies the subspace ®I_;S™ (where n; equals the dimension of S;) contains U’ up-to
congruence transformation by some (Q1,...,Q,) € R™*™. Specifically, one can pick any
Q; € R™ ™ with range equal to S;. Further, if the inclusion (1.14) holds with equality
for each S;, then

,

Vg NS = {ZQZ-XZ-Q? X, € S?;} ,
i=1

i.e., we obtain a decomposition of VgNS" as an injective transformation of S* x- - - xS%".

Example 1.4.4. We can reinterpret the decomposition of FExample 1.4.3 in terms of
invariant subspaces of U. The two minimal invariant subspaces S1 and Sy of U equal
the range of Q1 and Q2, respectively:

1000 1000 100 0
0100 0100 010 0
Z/[: = =
0010 looo1 o @i= g 0 @ 1
000 1 0010 00 1 1

FEach direct-summand of Vg satisfies Vg; = {X € S™ : range X C S;}.

In general, the inclusion
-
VgNSh C {Z QiX,Ql : X; € SS‘;}
i=1

won’t hold with equality unless we impose additional constraints on the cones S'.
Nevertheless, these constraints are well understood: {Q7 XQ; : X € Vg NS} must be
isomorphic to a cone of psd matrices with real, complex, or quaternion entries. Unfor-
tunately, finding the isomorphism and specific cone is quite technical. We forgo further
explanation here, but devote Chapter 6 to this topic; indeed, this chapter concerns a
more general class of isomorphisms and cones. Authors [89, 42] have also addressed this
topic using the theory of matrix *-algebras, which we review next.

B 1.5 Reductions via *-algebras and completely positive projections

This section continues Section 1.4, giving an alternative way of satisfying the Constraint
Set Invariance Conditions without using group theory. Recall under Assumption 1.4.1
the group G was of the form {X — UXUT : U € U} for some finite group U C O(R") of
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orthogonal matrices. Under this assumption, the Reynolds operator was, by definition, a
sum of congruence transformations Rg(X) = ﬁ S ueu UXUT. For an arbitrary finite
subset U C R™ ", one calls the map 3 ;¢ UX UT completely positive. This section
reviews techniques that find completely positive projections satisfying the Constraint
Set Invariance Conditions. To do this, we first establish the correspondence between
completely positive projections and associative *-algebras.

Going forward, it is convenient to view X — > 1o, UXU T not as a map on S™ but
a map on R™*". We also equip R™ " with the trace inner product (X,Y) := Tr X7Y
and view it as an associative *-algebra with product given by matrix multiplication and
*_involution given by transposition. Finally, since we have restricted to a vector space
R™ ™ of square matrices, we will use ¥ to denote linear maps instead of capital letters
to avoid confusion with matrices.

W 1.5.1 Completely positive projections, commutants, and *-subalgebras

This section proves the following characterization of completely positive projections,
establishing their connection to *-algebras.

Proposition 1.5.1. Let ¥ : R™*" — R"*™ be an orthogonal projection map. Consider
the following statements.

1. The map V¥ is completely positive, i.e., there exists a finite setUd C R™™ for which
U(X) =Sy, UL XU for all X € R™™,

2. The range of ¥ is a commutant, i.e., there exists a finite set U C R™ ™ for which

range U — {X cERY™. XU =UX, XUT =UTX YU ¢ u}.

3. The range of ¥ is a *-subalgebra of R™*™, i.e., it is closed under matriz multipli-

cation and transposition.
Then, (2= 3) and (3 =1). If ®(I) = I, these statements are equivalent.

The equivalence of statements (2) and (3) (under the assumption W(I) = I) is called the
bicommutant theorem; see, e.g., [7, Theorem 1.2.1 ] for a direct proof. The implication

*_subalgebra is completely positive is a well

(3 = 1), i.e., that the projection onto a
known result for complex *-algebras; see, e.g., [126, Theorems 2.2.6 and 2.2.2] and [143,
Section 6.

To prove this proposition, we first state needed results on completely positive maps.
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Completely-positive maps and Choi matrices

Completely positivity of a map ¥ : R*"*" — R"*" relates to its Choi matriz Cy €
2

R xn , the block matrix defined via
n
Cy =Y Eij;®VU(Ey),
ij=1

where ® denotes the Kronecker product and E;; € R"*" is the 0/1 matrix nonzero only
at the (4, 7)™ entry. Note that the (i, 7)™ block of Ciy is just the evaluation of ¥ at E;;.
The next theorem of Choi states ¥ is completely positive if and only if Cy is symmetric
and positive semidefinite.

Proposition 1.5.2 (Choi’s Theorem, [33]). Let ¥ : R™*™ — R" "™ be a linear map.
The following statements are equivalent.

1. The Choi matriz Cy := szzl Eij @ W(E;j) is symmetric and psd.

2. The map V¥ is completely positive, i.e., there exists a finite set U C R™ ™ for which
U(X)=>peu UXUT for all X € R™ ™,

Note that Choi proves this proposition with R™”*"™ replaced by the set of n X n. complex
matrices and the transpose operator replaced by conjugate transposition. A simple
modification of Choi’s argument proves it as stated here; see also [68, p. 415]. Choi’s
proof is also constructive: the matrices U are eigenvectors of Cy reshaped into n x n
matrices.

To use Choi’s theorem, we need a few facts about the Choi matrices of orthogonal
projections.

Lemma 1.5.1. Let ¥ : R™*™ — R"*™ be an orthogonal projection whose range is a
*_subalgebra, i.e., whose range is closed under matriz multiplication and transposition.
The following statements hold.

o The Choi matriz Cy := E%zl Eij @ W(E;j) is symmetric.

o IfF = er'fj:1 E;; ® Fjj is the orthogonal projection matriz onto an eigenspace of
Cy not equal to the kernel, then V(Fy;) = Fj;.

Proof. The matrix Cy is symmetric if V(E;;) = W(Ej;). To see this holds, let B be an
orthonormal basis for the range. Then, for all X € R"*",

T
(w(x)HT = (Z (TrBTX)B> = > (v B"X)B" = > (v XB")B" = ¥(X7),
BeB BeB BeB
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where the last equality follows since {BT : B € B} is also an orthonormal basis since
the range is closed under transposition. Hence, WU(E;;) = ¥(Ej;) as desired.
For the next statement, we’ll show the following subspace is closed under X — X2

n
{ Z Eij ® \I/(XU) : Xij S Rnxn} ns".

ij=1

The statement then follows by Lemma 5.2.1. Suppose that Z = >
Then

Eij & \I’(XZ])

n
ij=1

Z?

(Xn: Lij ® ‘I’(Xij)) ( Xn: Epe ® ‘IJ(XM))

ij=1 k=1

— Z Z EijEr @ V(Xi5)¥(Xke)
ij=1k, =1

n
= > E; @ U(Zy),
ij=1
for some Z;; € R"*™ given that E;jEy, € span Ey,, and ¥(X;;)¥(Xy,) € rangeV.

Further, if Z is symmetric, then so is Z2. ]

We are now ready to prove Proposition 1.5.1.

Proof of Proposition 1.5.1

The implication (2 = 3) is obvious. To show that (3 = 1), it suffices to show that
the Choi matrix Cy of ¥ is psd. Towards this, suppose that F' = 223:1 E;; ® Fjis a
symmetric projection matrix with range equal to an eigenspace of Cy. Suppose also that
the associated eigenvalue Ap is nonzero. By Lemma 1.5.1, it holds that W (Fj;) = Fj;.

Hence,
n n n
Ap(F,F) = (F,Cy) = Y (U(Fy), Eij) = Y (Fyj, Eij) = (F, > Eij x Eyj).
ij=1 ij=1 ij=1

But (F,>0,—; Eij X Eij) > 0 since it is the trace inner product between two psd
matrices. Hence, A\p(F, F') > 0, which implies Ap > 0.

We now show (1 = 2) under the assumption ¥(I) = I. That the range contains
the commutant is easy to check. For the reverse, we use the argument sketched in [143,
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Section 6]. To begin, for X € R™*"  define the psd matrix T € S™ as follows:

ro1 <Z (UX — XU)'(UX — XU) + (UTX - XU (UTX — XUT)>

2 veud
= XTo()Xx - XxTo(X) - (X)X + v(xTX)
= XTX - XTy(X)-v(X)T'Xx + v(xTX).
The second line uses the fact that ¥ = 3o, UL XU = Y1, UXUT since ¥ is self-

adjoint. The third line uses the fact that W(X”) = U(X)7T, as is easily checked. For all
X €rangeV, it in addition holds that

T=vXxTx)-XxTX.

We will show T' = 0 for all X € range ¥, which in turn implies that UX — XU = 0 and
UTX — XUT =o.

To see that T' = 0, note that ¥, being completely positive, satisfies the Schwartz
inequality:

T(XTX) - v(X)TU(X) e St

Hence, if U(X) = X, then U(XTX) — XTX € S7, ie., T is psd. On the other hand,
since V¥ is idempotent,

W(T) = 0 ($(XTX) - XTX) = (XTX) - 9(XTX) = 0.
This shows that the trace of T vanishes:
TcT =(I,T)=(¥(I),T) = (I,¥(T)) = 0.
Since T is psd, we conclude T = 0.

B 1.5.2 Constraint set invariance via *-algebras

The characterization of completely positive projections in terms of *-subalgebras yields
approaches for satisfying the Constraint Set Invariance Conditions. Such approaches
were pioneered by Schrijver [123]; see also the survey [37]. We overview two approaches.
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Algebras generated by constraint sets

For fixed Xy, C € R™*"™ and a linear subspace £ C R™*™, consider the following semidef-
inite program

minimize TrCX
subject to X € Xo+ L, (1.15)
X €87,

where the psd cone S} C R™" is viewed as a subset of R"*". Our goal is to find
an orthogonal projection ¥ : R™*™ — R™*™ gatisfying the Constraint Set Invariance
Conditions which, for this SDP, are

U-STCSY, U (Xo+L)CXo+L V- (CHLYHCC+L

The condition ¥ - S C S holds automatically if the range is a *-subalgebra since,
in this case, ¥ is completely positive. The remaining conditions hold if the range also
contains Xo+ £ or C + £+.

Proposition 1.5.3. The orthogonal projections onto the following subspaces satisfy the
Constraint Set Invariance Conditions for the SDP (1.15):

e Any *-subalgebra containing Xo and L
o Any *-subalgebra containing C' and L+

Proof. The statements have identical proofs. We only show the first. To begin, the
range contains Xy and £. Hence ¥ - (Xo + £) = Xy + £. Indeed, since ¥(Xy) = Xo,
we must have that ¥ - £ = £. This implies that ¥ . £+ C £+. Further, since

C+LH=Cp+ Lt
where C, denotes the orthogonal projection of C' onto L, it follows that
V. (C+LhH=Cp+V.Ltco+ct

The claim therefore follows since the projection onto any *-subalgebra is completely
positive (Proposition 1.5.1). O

Note if Xg+ £ denotes the solutions to a set of linear equations Tr A; X; = b;, then a *-
subalgebra (indeed, any subspace) contains C' and £ if and only if it contains the data
matrices {C, A1, Aa,..., Ay} This shows generating an algebra from the SDP data
matrices yields a projection that satisfies the Constraint Set Invariance Conditions; see
[37] for more information on this approach.
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Application specific approaches via coherent algebras

One can also identify *-subalgebras using application specific techniques. We illustrate
this for the MAXCUT relaxation by finding a *-subalgebra that is coherent. By defini-
tion coherent *-subalgebras contain the identity matrix, the all-ones-matrix, and have
an orthogonal basis of 0/1 matrices [70]. The following *-subalgebra is coherent:

t te to to
7 ta 14 14
g 15 13 tio
g 15 tio 13

e RS, (1.16)

To find a coherent *-subalgebra for the MAXCUT relaxation, we need the following
property:

Lemma 1.5.2. Let ¥ : R™*™ — R"™*"™ be an orthogonal projection onto a coherent
*_subalgebra. Then, the set of diagonal matrices and its orthogonal complement are
invariant subspaces of V.

Example 1.5.1 (*-algebra reductions of MAXCUT). For an undirected graph G with
Laplacian matrix L € S", recall the MAXCUT relaxation

1
maximize 1 Tr LX

subject to Tr E; X =1 ie{l,...,n},
X e Sh,

where E;; € R is the 0/1 matrix with support equal to (7,7). Let ¥ : R"*™ — R"*"
be the orthogonal projection onto any coherent *-subalgebra containing L. Then, ¥
satisfies the Constraint Set Invariance Conditions. To see this, it suffices to show that
U leaves the solution set of Tr E;; X = 1 invariant. Suppose Tr F; X = 1. Then,
X =I+4+Y forY; =0and V(X) =TI+ ¥(Y) where [U(Y)];; = 0 by Lemma 1.5.2.
Hence, Tr E;¥(X) = 1.

B 1.5.3 Aside: more on coherent algebras

As illustrated, the 0/1 basis of a coherent algebra induces a partition of [n] x [n], where
[n] ;== {1,...,n}. One calls this partition a coherent configuration. The commutant of
a group U C R™™ of permutation matrices is always coherent. In this case, one calls
the underlying coherent configuration Schurian. For Schurian coherent configurations,
the partition class of (i,j) € [n] x [n] equals its orbit {(c(i),0(j)) : o € P}, where P
is the set of permutations o : [n] — [n] realized by the matrices U. Note that (1.16) is
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the commutant of the following set U:

A={XeRY:UX=XU YU ecl}, U=

o O O
S O = O
o = O O
o O O
o O O =
S O = O
— o O O
O = O O

Not all coherent algebras are the commutants of permutation groups [70]. As a con-
sequence, coherent *-subalgebra reduction methods can be more powerful than group
theoretic ones. For instance, in the MAXCUT example, the coherent *-subalgebra
generated by the Laplacian can be properly contained in the commutant of its auto-
morphism group. (The Shrikhande graph has this property [125].) Hence, reformulating
over the former *-subalgebra can yield a smaller SDP than reformulating over the latter.
The gap between these *-subalgebras and the implications for symmetry reduction are
discussed in [135, Section 7.2].

B 1.5.4 Wedderburn decomposition

Any *-subalgebra A of R™*™ also has a canonical direct-sum decomposition

into simple algebras A;. This decomposition is called the Wedderburn decomposition.
By the bicommutant theorem (Proposition 1.5.1), any *-subalgebra containing the iden-
tity matrix I has the form

A={XeRY . XU=UX, Uecld}

for some finite set U C R™*™ closed under transposition. Each direct-summand of A;
corresponds to a minimal invariant subspace S; of Y U A. (Invariant subspaces of f U A
are called hyper-invariant subspaces of U.) Specifically, A; is the subset of matrices in
A whose ranges are contained in §;. For this reason, the Wedderburn decomposition
is compatible with the decomposition of fixed-point subspaces ®;_;Vg; reviewed in
Section 1.4.4. The next example illustrates this.

Example 1.5.2. For Example 1.4.4, an algebra A satisfying A NS™ = Vg is

t1 te tg tg
t7 ta t4 4
g 15 13 tio
tg 15 tio 13

.t eRY
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It has Wedderburn decomposition A1 ® Ay, where

t1 te tg tg 00 0 O
tr to tq4 t
A= |7 2 M M eRIY D Ay = 0000 teR (1.17)
ts ts t3 t3 00 t -t
ts ts t3 13 00 —t ¢t

Each direct-summand Vg ; given by Example 1.4.4 equals A; NS™.

Numerical algorithms can find the Wedderburn decomposition of any *-subalgebra; see
[89, 49]. Versions also exist for decomposing algebras over the complex numbers [42].

B 1.5.5 Benefits, challenges, and facial reduction comparisons

There are common challenges and benefits of symmetry reduction, *-algebra methods,
and facial reduction. Each method enables one to solve smaller problems. Each also has
a common challenge of sparsity preservation; for instance, in symmetry reduction and *-
algebra methods, one preserves sparsity by finding sparse bases for invariant subspaces
(Example 1.4.3). Nevertheless, there are important differences related to pathology
removal, dual solution recovery, and algorithms. To explain, we call any reduction
technique based on the Constraint Set Invariance Conditions a projection-based method.
Projection-based methods include symmetry reduction, *-algebra techniques, and a
generalization of symmetry reduction proposed in later chapters.

Pathology removal and dual solution recovery

Dual solution recovery Like facial reduction, projection-based methods restrict the pri-
mal to a subspace and hence relax the dual. In facial reduction, recovering solutions to
the original dual from an analogous relaxation was nontrivial and, indeed, impossible in
some cases (Section 1.3.6). Remarkably, dual solution recovery is always possible after
using a projection-based method. The fundamental reason is the primal-dual symmetry
of the Constraint Set Invariance Conditions (Proposition 1.4.1). Chapter 5 elaborates
on this more.

No pathology removal The flip side to guaranteed recovery is the inability to remove
pathologies. Specifically, a projection-based method never changes the primal or dual
optimal values nor their attainment. It also doesn’t change existence of improving rays.
As a consequence, these methods cannot remove pathologies.

Example 1.5.3 (Failure to remove duality gaps). Consider the primal-dual pair
minimize TrC'X maximize b’y

] D(Si) : . 3
subject to Tr A; X = b;, subject to S =C — > 7, yiA4;
XeSt (S,y) € S3 x R?,

P(S%):
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100 100 0 00 0 1 -1
C:=10 00 5 Al =10 0 1 5 A2 =10 1 0 A3 = 1 0 0
0 00 0 10 0 00 -1 0 0

(The primal SDP is from Example 1.3.4 with the additional constraint that Tr Az X =
0.) The projection onto the following coordinate subspace S

0 0
* %
* %

O O ¥

satisfies the Constraint Set Invariance Conditions. The cone C = Si N S satisfies
C={XeS: Xn=X13=0}, C={X+W:Xec$},Wes}
and contains both primal and dual solutions. Nevertheless, restricting the primal to C

and relaxing the dual to C* does not remove the duality gap:

3
inf{TrCX:A;- X =b,XeCt=1, sup{b’y:C—-> 54 €C}=0.

i=1
The duality gap also persists if one relaxes the primal to C* and restricts the dual to C:
3
inf{TrCX :A4;- X =b;, X €C} =1, sup{b’y:C - yA€C}=0.
i=1
Slater’s condition and singularity degree

While a projection-based method will not remove pathologies, it can, surprisingly, re-
duce the singularity degree (Section 1.3.4) and hence improve accuracy in the same
way as facial reduction (Section 1.3.5). In fact, it can even restore Slater’s condition!
(Note however that restoring Slater’s condition implies the original instance had no
pathology—in other words, Slater’s condition failed in a benign way.)

Example 1.5.4. Recall the SDP of Example 1.5.5, which had decision variable X € S'}

and constraints

[(Xk+1p41=[Xl1e  VEE{2,3,...,n—1}

This SDP fails Slater’s condition and has singularity degree equal to n—1. The orthogo-
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nal projection onto the subspace spanned by erel satisfies the Constraint Set Invariance
Conditions. Reformulating over this subspace yields an SDP that satisfies Slater’s con-
dition

Find A > 0 subject to )\elelT = elelT.
Note that n—1 iterations of facial reduction are needed to obtain the same reformulation.

Algorithms

Finding minimal reductions In facial reduction, there is a well defined minimal face of
the cone program

minimize (¢, x)
subject to x € ANK,

and an algorithm (Algorithm 1.1) for finding it; indeed, for feasible problems, the
minimal face is the unique face of the convex cone K whose relative interior intersects
the affine set A.

In symmetry reduction, there is a subgroup analogous to the minimal face, namely,
the largest subgroup G C O(V) that satisfies

G Caut(K), G Caut(zg + L), G Caut(c+ L),

where A = zqg + £. To our knowledge, no algorithm exists for finding G. Nevertheless,
if IC is polyhedral, then aut(K) is well understood and algorithms exists for finding
canonical subgroups [26].

For *-algebra methods there is also an analogous object: the range of the minimum
rank completely positive projection satisfying the Constraint Set Invariance Conditions.
Unfortunately, no algorithm exists for finding this group or this projection, at least
to our knowledge. Further, general techniques for approximating these objects—such
as generating *-subalgebras from data (Section 1.5.2)—can fail badly in cases where
application specific methods succeed. The following example illustrates failure of a
general technique on the MAXCUT SDP relaxation. (See Examples 1.4.2 and 1.5.1
for successful application specific methods.) Specifically, it shows the *-subalgebra
generated by the data equals the whole space R™*" when the graph is connected and
hence provides no reductions, even if the graph is highly symmetric.

Lemma 1.5.3. Let L be the Laplacian of a graph G and consider the MAXCUT relax-
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ation
.1
maximize 1 Tr LX

subject to Tr E; X =1 ie{l,...,n},
X eSy,

where E;; € R™" is the zero-one matriz with support equal to (i,7). If G is connected,
then the *-subalgebra of R™*™ generated by F11, Ea9, ..., Eny and L equals R™*™,

Proof. If G is connected, there exists T' € span{I, L, L?, ..., L™} that is nonzero in each
entry, i.e., t;; := [T];; # 0. Since E;;TE;; = t;;E;; is in the algebra and t;; # 0, the
algebra contains every standard basis matrix F;;. Hence, it contains R"*". O

Implementations for symmetric cones The facial reduction algorithm is implementable
for any symmetric cone (see, e.g., [86, Section 5]). Symmetry reduction and *-algebra
methods, in contrast, are tailored to linear and semidefinite programming (e.g.,[18, 37]),
a proper subset of symmetric cone optimization problems. We address this issue in
Chapter 5. To do this, we develop another algebraic reduction technique based on
FEuclidean Jordan Algebras, which we review next.

B 1.6 Euclidean Jordan algebras

Chapters 5-7 contain a generalization of symmetry reduction. Specifically, it will show
how find a minimum rank projection satisfying the Constraint Set Invariance conditions
for any symmetric cone K. This rank minimization approach is grounded in Euclidean
Jordan algebra theory, which we now overview. We first define these algebras and then
discuss fundamental topics such as the direct-sum decomposition into simple ideals and
the classification of simple algebras. Note Euclidean Jordan algebras are precisely the
formally-real Jordan algebras [79, Chapter VI, Theorem 12]; some cited references use
this latter terminology (e.g., [67]).

M 1.6.1 Preliminaries
We begin with definitions:

Definition 1.6.1. A real Jordan algebra J is an algebra over R (with product denoted
x oy) satisfying the following axioms:
e roy=youx (Commutative law)

o (roy)ox?=uxzo0(yox?), where x* denotes x o x. (Jordan identity)
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The algebra J is called Euclidean if, in addition, it is equipped with an inner product
(-,-)3 satisfying

(roy,2)s=(ywoz); Vayzel.

A Euclidean Jordan algebra J always has an identity element, which we denote e. (See,
e.g., [79, Chapter III, Theorem 9 and Chapter VI, Corollary 5].) While J is not in
general associative, it is always power-associative, meaning xoxo---ox is independent
of the order of multiplication—hence, x? is well-defined for all integers ¢ > 0. Algebras
are isomorphic if there is an isomorphism between them:

Definition 1.6.2. An isomorphism ® : J4 — JB between two Euclidean Jordan alge-
bras J4 and JP is an invertible linear map satisfying

Oz oy) = (Px) o (Py),
where the multiplication x oy is carried out in J4 and (®x) o (®y) in IB.

Since Jordan algebras are commutative, the identity 2a o b = (a + b)? — a® — b? holds.
It follows isomorphisms are precisely the linear maps satisfying ®(x2) = (®x)2.

B 1.6.2 Decomposition into simple ideals

An ideal T C J is a subspace closed under multiplication by arbitrary elements of J,
i.e., Iis an ideal if I contains {x oy : z € J,y € I}. An algebra J is called simple if
the only ideals are J and {0}—the so-called trivial ideals. The simple algebras are fully
classified up to isomorphism [77]. Further, any algebra has an orthogonal direct-sum
decomposition into simple ideals—ideals that, when viewed as algebras, are simple [79,
Chapter 3, Theorem 11]. Formally:

Proposition 1.6.1 (Jordan, von Neumann, Wigner). Any Euclidean Jordan Algebra
J equals an orthogonal direct-sum J = @jL; Ji of ideals Ji, where each ideal (viewed
as an algebra) is simple and isomorphic to one of the following:

1. The spin-factor algebra R @ R™ with product (xo,z) o (vo,y) = (zoyo + 2Ty, xoy +
Yo).
2. The Hermitian matrices of order m with real, complex, or quaternion entries,

denoted H,(R), H,(C), H,(H), respectively, with product XoY = 1(XY +Y X).

3. The Hermitian matrices of order 3 with octonion entries, denoted H3(Q), with
product X oY = (XY + Y X).

Further, the decomposition J = @}, i is unique up-to permutation of the direct
summands.
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The third algebra on this list is called the exceptional algebra. Note that H,,(R) is just
the vector space S™ of real symmetric matrices.

B 1.6.3 Cones-of-squares

For any Euclidean Jordan algebra J, the set {xox : x € J} is called the cone-of-squares
of J. The cone-of-squares is a closed, convex cone; indeed, it is a symmetric cone, i.e.,
it is self-dual and homogeneous (Section 1.1). The cone-of-squares is an irreducible
symmetric cone if and only if J is simple. Conversely, any (irreducible) symmetric cone
is the cone-of-squares of some (simple) algebra J. It follows there are only three types
of irreducible symmetric cones up to invertible linear transformation:

1. The cone-of-squares of the spin-factor algebra, i.e., the Lorentz cone.

2. The cones-of-squares of Hermitian matrices H,(R), H,(C), H, (H) of order n,
i.e., the psd matrices of order n with real, complex, or quaternion entries.

3. The cone-of-squares of the exceptional algebra.

Note also that any subalgebra S of J can be viewed as a Jordan algebra with cone-
of-squares JNS. In other words, J NS is a symmetric cone (viewing S as the ambient
space) when S is a subalgebra.

B 1.6.4 Idempotents, rank, and spectral decomposition

An element of z € J is called idempotent if xox = z. An idempotent is called primitive
if it cannot be written as the sum of two idempotents. A Jordan frame is a set of
primitive idempotents that are pairwise orthogonal and sum to the identity. All Jordan
frames have the same cardinality equal to the rank of the algebra, where

rank J = max {n {e,x, 22 --- 2™} is linearly independent, z € J} )

Jordan frames arise from the spectral decomposition of x € J which, for symmetric
matrices, is the usual eigenvalue decomposition.

Proposition 1.6.2 (Spectral decomposition, [51, Theorem II1.1.2]). Let J be a Eu-
clidean Jordan algebra. For every element x € J there exists a Jordan frame ey, ... ey
and real numbers Ai,..., N\, (not-necessarily distinct) for which

k
i=1

The numbers \; (with their multiplicities) are uniquely determined by x.
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The spectral decomposition also provides a formula for metric projection onto the
cone-of-squares:

Proposition 1.6.3 (Projection onto the cone-of-squares). Let J be a Euclidean Jordan
algebra with cone-of-squares KC. If x € J has spectral decomposition x = Zle Aie;, then

k

pI‘Oj (SU) = Z ma‘X()‘i’ 0)6i7
K i=1

where proj(z) := argmin, - (z — w, z — w).
Proof. Let y = proji(z) and z = Y°¥_ min()\;,0)e;. Then, = = z + y where (z,y) =0

and (y,—z) € K x K* given that £* = K. By the Moreau’s Theorem [71, Theorem
3.2.5], the result follows. ]

Note that when K = R}, this projection operation simply sets negative components of
x € R"™ to zero. When K = §'!, this projection operation sets negative eigenvalues to
Zero.

B 1.6.5 Special Jordan algebras and representability

Given a real associative algebra A, one obtains a real Jordan algebra (not necessarily
Euclidean) by equipping A with product zoy = %(:{:y—i—ym). This algebra is denoted A ™.
A Jordan algebra is called special if it is isomorphic to a subalgebra of AT for some
A, otherwise it is called ezceptional. The only simple exceptional algebra is Hz(Q).
Further, any subalgebra of S™ is special; indeed, a converse of this statement also holds.

Proposition 1.6.4 (Characterization of special algebras). Let J be a Euclidean Jordan
algebra. The following statements are equivalent.

1. The algebra J is special.

2. No ideal of J is isomorphic to H3(Q).

3. The algebra J is isomorphic to a subalgebra of S™ for some m.

The only nonobvious property is that the first statement implies the third. It is
easy to construct these S™-subalgebras for H,,(C) and H,,(H). For instance, H,,(C) is
isomorphic to the subalgebra S of S given by

X S
= : Xes",SeR™™, ST=-5%. 1.1
S HST ] esS", S e , S S} (1.18)

Further, each spin-factor algebra is isomorphic to a subalgebra of H,,(C) for some n [67,
Section 6.2]; in light of (1.18), it follows each is also isomorphic to a subalgebra of S™
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for some m. (We also note that any spin-factor algebra is isomorphic to a subalgebra
of At where A is a real Clifford algebra.)

As a consequence of this proposition, we can study any special algebra using the
familiar properties of real symmetric matrices. We use this fact to prove theorems in
Chapter 5. However, finding an isomorphic subalgebra of S™ is not always useful for
computation: for spin-factors, the order n of the isomorphic H, (C)-subalgebra given
by [67, Section 6.2] (and the order m of the S™-subalgebra induced by (1.18)) grows
exponentially in the dimension of the spin-factor.
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Chapter 2

Partial facial reduction

H 2.1 Introduction

As explained in Chapter 1.3, facial reduction finds a face containing the feasible set by
solving a series of conic feasibility problems. Unfortunately, solving these problems can
be expensive and reformulating over the identified face can destroy problem sparsity.
Further, reformulating may not leave the optimal value truly unchanged if there is
floating-point round-off error. These issues preclude its use in general purpose solvers.
It is also inconsistent with a pre-processing philosophy of Andersen and Andersen, who
argue the best strategy for pre-processing LPs is to find simple simplifications quickly.
In this chapter, we develop a new facial reduction procedure that avoids these issues
and is consistent with this philosophy.

How, then, does one find only ‘simple’ simplification in the context of facial reduc-
tion? One way is to look only for faces exposed by hyperplanes of a particular type.
Consider the SDP

Find Y1, Y2,y3 € R
subject to
y1i O 0
Aly)=| 0 -y = 0.

0 vy w2ty

Here, the matrix A(y) is psd if and only if it is contained in the face S3 N S+, where

1
S3 NSt =

o O O
o O O
8 O O

1
x>0y, S=10
0

o = O
o O O

Further, the hyperplane S* exposing Si N St is structured: the matrix S is contained
in the set of matrices that are nonnegative and diagonal—a simple inner approxima-
tion of the psd cone. This leads to the main idea of this chapter: a facial reduction
methodology—which we call partial facial reduction—that restricts the search for hy-

83
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perplanes to a user-specified approximation of the psd cone.

It may seem that ad-hoc specification of the approximation will not lead to a pro-
cedure that is particularly useful—if the approximation is not matched to a problem
instance, the procedure will fail to find a proper face containing the feasible set, even if
one exists. Nevertheless, we show natural approximations are effective for a wide class
of examples. We also prove these approximations yield faces that always have sparse
representations, allowing one to construct projected reformulations (Chapter 1.2.5) over
the face without destroying sparsity. Finally, we demonstrate even polyhedral approx-
imations (e.g., nonnegative diagonal matrices) are effective, allowing one to perform
facial reduction in exact arithmetic.

This chapter is organized as follows. In Section 2.2, we modify the basic facial re-
duction algorithm to yield our technique and describe example approximations of the
psd cone in Section 2.3. Section 2.4 finds maximum rank solutions to conic optimization
problems formulated over these approximations (which helps us find faces of minimal
dimension). Section 2.5 shows approximations can be chosen to preserve sparsity. Sec-
tion 2.6 gives simple, illustrative examples. Section 2.7 describes a freely-available
implementation and Section 2.8 shows effectiveness of the method on examples arising
in practice.

H 2.1.1 Contributions

Partial facial reduction Our main contribution is a facial reduction procedure incorpo-
rating a user-specified approximation (Algorithm 2.1). When a polyhedral approxima-
tion is specified, this procedure solves only linear programs and computes nullspaces
of matrices, which can be done in exact arithmetic, if desired. We demonstrate simple
approximations are effective in practice.

Maximum rank solutions Related to finding a face of minimal dimension is finding
a maximum rank matrix in a subspace intersected with a specified approximation.
We show maximum rank matrices can be found by solving a single convex problem
(Theorem 2.4.1). When approximations are polyhedral, this convex problem is a linear
program.

Sparse reformulations We show approximations can also be chosen to preserve sparsity.
Specifically, we prove if approximations are contained in the cone of scaled-diagonally-
dominant [19] matrices, the identified face can always be written as USZU7T, where the
columns of U € R™*? have disjoint support (Theorem 2.5.1). This guarantees an SDP
can be reformulated over the identified face without increasing the number of nonzero
entries of its data matrices.
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Software implementation We provide a MATLAB implementation frlib, available at
www.mit.edu/~fperment. If interfaced directly, the code takes as input SDPs in Se-
DuMi format [129]. It can also be interfaced via the parser YALMIP [84] or SOSTOOLS
[112].

B 2.2 Partial facial reduction

We recall the basic idea behind facial reduction (Chapter 1.3.4). Given an inner product
space V, an affine set A C V and convex cone K C V), facial reduction finds a chain of
faces K = Fy D F1 D --- D Fyn containing AN K via the recursion

Fo=K,  Fip1=Finsi,
where each s; solves the following feasibility problem:

Find si € Ff \_7-“2.1—

2.1
subject to i D A, 21)

i.e., each s; defines a hyperplane sil containing the affine set A that exposes a proper
face of F; (and hence of K).

This leads to a trade-off between the cost of finding s; (solving the feasibility prob-
lem) and the benefit of finding F;;+1 (obtaining a lower-dimensional face containing
AN K). To manage this trade-off, we propose a simple idea: inner approximate the
dual cone F; at each step of the recursion, or, equivalently, outer approximate F;.

Specifically, we propose selecting JF; outer that satisfies:

1. Fiouter 2 Fi (which implies F

= i,outer

C F)

2. Spanfi,outer = span JF; (i.e., fz{_oute'r = fJ-)

)

3. Ff

+outer Nas low search complexity.

Using the approximation F; guter, one can then compute a recursion Fiy1 = F; N Sﬁ',
where each s; solves

Find Sie‘F:outer\‘Fil gfz*\f.zj_

outer
' 2.2
subject to s D A. (2:2)

a conic optimization problem that by construction is easy to solve, and, by construction,
yields a face F;;1 containing the feasible set A N K. In other words, this approach

correctly identifies a face at a user-specified cost—the search complexity of 7.,
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Geometric interpretation

Because we have introduced the approximation Fj syzer, the feasibility problem (2.2)
may not have a solution even if (2.1) does—that is, we may fail to find a proper
face containing A N KC even if one exists. We can use Corollary 1.3.2 to interpret this
geometrically. Under the assumption that A N K is nonempty, this corollary implies
feasibility of (2.2) is equivalent to emptiness of A Nrelint F; oyser, whereas feasibility of
(2.1) is equivalent to a weaker condition: emptiness of ANrelint 7. Figure 2.1 illustrates
success and failure of these conditions.

M 2.2.1 Partial facial reduction of SDPs

Approximating faces of S’j_

To apply this idea to SDP, we need a way of approximating faces of S}. To see how
this can be done, let F denote the face U SiU T of S" defined by fixed U € R™4 An

approximation Fyyter of F is obtained from an approximation S‘j’r of S‘j’r. Moreover,

%

outer depends on the search complexity of Sﬁlr Consider the

the search complexity of
following (whose proof is straightforward and omitted):

Lemma 2.2.1. Let gi C S? be a convex cone containing SSIF. For U € R™ 4 let Fouter
and F denote the sets UgiUT and USiUT, respectively. The following statements are
true.

1. F g fouter'
2. span F = span Foyyter

3. f:uter \fj&ter = {X € S UTXU € (Si)* \ {0}}

This lemma leads to an SDP partial-facial-reduction procedure, which we state explicitly
in Algorithm 2.1. Each iteration of this procedure relies on an approximation S‘i of the
psd cone Si. Example approximations are explored in the next section.

W 2.3 Approximations of S¢

In this section, we explore an outer approximation C(W) of Si parametrized by a set
W of d x k rectangular matrices. The parametrization is chosen such that the dual cone
C(W)* equals the Minkowski sum of faces W;SE W[ of S% for W; € W. It is defined
below:

Lemma 2.3.1. For a set W := {Wl, Wa, ..., VV‘W‘} of d x k matrices, let C(W) denote
the following convexr cone:

C(W):={X es”: wIXw,esh i=1,.. |w}.
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Figure 2.1: Illustrates when the feasibility problems (2.1) and (2.2) have solutions.
For the affine set A shown, solutions exist for both. However, if we replace A with B,
solutions do not exist for (2.2) since B Nrelint F; oyter is non-empty. In other words, in
this latter case, facial reduction finds a face whereas partial facial reduction fails.

Algorithm 2.1: Partial facial reduction algorithm. Given affine set A C S™, finds
face USLUT containing A N ST.

begin

Initialize: U < I, d < n

repeat

1. Pick outer-approximation Si D) Si and solve

Find Ses"
subject to S+ contains A (%)
UTSU e (S1)*\ {0}.

2. Find matrix B € R%*" whose columns are a basis for null U7 SU.

3. Intersect USYUT with St i.e., set U+~ UB and d + d — .
until (*) is infeasible;

end
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The dual cone C(W)* satisfies

W]
C(W)* = {ZWiXiWZ-T X, € S’i} : (2.3)

i=1
and the following inclusions hold:
C(W)* C SL C c(W).

Proof. The inclusions are obvious from the definitions of C(W)* and C(W) (as is the
fact that C(W) is a convex cone). It remains to show correctness of (2.3). To show this,
let 7" denote the set on the right-hand side of (2.3). It is easy to check that 7* = C(W),
which implies 7** = C(W)*. Since 7 is a convex cone (as is easily checked), 7**
equals the closure of 7. The result therefore follows by showing 7T is closed. To see
this, note that 7 equals the Minkowski sum of closed cones VVZ-SIj_WZ»T. For matrices
Z; € WiS’iWiT, we have that qu Z; = 0 only if Z; = 0 for each i. This shows that
Z‘X‘l Z; = 0 only if Z; is in the lineality space of WiSiWiT. Direct application of the
closedness criteria Corollary 9.1.3 of Rockafellar [121] shows T is closed. O]

Since the modification to the SDP facial reduction algorithm (Algorithm 2.1) will
involve searching over C(W)* (as indicated by Lemma 2.2.1), we will investigate C(W)
by studying the dual cone C(W)*. We first make a few comments regarding the search
complexity of C(W)* for different choices of W. Note when k = 1, each W; in W is
a vector and C(W)* is the conic hull of a finite set of rank one matrices. In other
words, C(W)* is polyhedral and can be described by linear programming. When k = 2,
the set C(W)* is defined by 2 x 2 semidefinite constraints and can hence be described
by second-order cone programming (SOCP). This follows since each X; € Si can be
expressed using scalars a, b, ¢ constrained as follows:

Xi:<a+b ¢ )t() &  a>0 anda®>0b+ A2 (2.4)
c a—>b

Example choices for C(W)* are now given. As we will see, well studied approximations
of S¢ can be expressed as sets of the form C(W)*.

Examples Example choices for C(W)* are given in Table 2.1 along with the cardinality
of the set W that yields each entry. Included are d x d nonnegative diagonal matrices
D?, diagonally-dominant matrices DD?, scaled diagonally-dominant matrices SDD? as
well as matrices FW¢ with factor-width [19] bounded by k. These sets satisfy

D= FW{ C DD C SDDY = FWE C FWiC ... C FW4 =82,
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C(W) C(W)* Search |W|

Xii >0 Non-negative diagonal (D?) LP O(d)
Xii >0, X5+ X £2X;; >0 Diagonally-dominant (DD?) LP O(d?)
2 x 2 principal sub-matrices psd | Scaled diagonally-dominant (SDD?) | SOCP | O(d?)
k x k principal sub-matrices psd Factor width-k (FWY) SDP O((g))

Table 2.1: Example outer approximations of Si and their dual cones, the search
algorithm for C(W)*, and the cardinality of the set W.

and the sets D% and DD? are polyhedral. We now describe the approximations in more
detail.
B 2.3.1 Non-negative diagonal matrices (D?)

A simple choice for C(W)* C S is the set of nonnegative diagonal matrices:
Dd::{XGSd:Xiizo, X =0 Vi;éj}.

The set D? contains nonnegative combinations of matrices w;w!, where w; is a permu-
tation of (1,0,...,0,0)T. In other words, the set D? corresponds to the set C(W)* if we
take

W 2.3.2 Diagonally-dominant matrices (DD?)

Another well studied choice for C(W)* is the cone of symmetric diagonally-dominant
matrices with nonnegative diagonal entries [10]:

pp4.={ X GSdIXZ‘Z‘ ZZ‘XZ]|
J#i

This set is polyhedral. The extreme rays of DD are matrices of the form winT, where
w; is any permutation of

(1,0,0,...,0)T,(1,1,0,...,0)T, or (1,-1,0,...,0)T.

Taking W equal to the set of all such permutations gives C(W)* = DD?. This rep-
resentation makes the inclusion DD¢ C S‘fr obvious. We also see that DD contains
D4,
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B 2.3.3 Scaled diagonally-dominant matrices (SDD?)

A non-polyhedral generalization of DD? is the set of scaled diagonally-dominant ma-
trices SDD?.  This set equals all matrices obtained by pre- and post-multiplying
diagonally-dominant matrices by diagonal matrices with strictly positive diagonal en-
tries:

SDD = {DTD :DeD Dy >0,T¢ DDd} :

The set SDD? can be equivalently defined as the set of matrices that equal the sum of
psd matrices nonzero only on a 2 x 2 principal sub-matrix (Theorem 9 of [19]). As an
explicit example, we have that SDD? are all matrices X of the form

all a2 0 b1 1 0 b13 0 0 0
X = ajo2 ag 0 + 0 0 0 + 0 Coo (23 5
0 0 0 513 0 b33 0 C23 (33
X1 X2 X3

where a;;, b;j, and ¢;; are scalars chosen such that X, Xo and X3 are psd. In general,
SDD? equals C(W)* when W equals the set of d x 2 matrices W for which WTXW
returns a 2 x 2 principal sub-matrix of X. For SDD?, we have

3
SDD3 = C({Wl,WQ,Wg})* = {Z VVzXszT 1 X; € Si} ’
=1

where
1 0 10 0 0
Wi=1| 0 1 Wo=1 0 0 Ws=1]11 0
00 0 1 0 1

Also note from (2.4) that SDD? can be represented using second-order cone constraints.
This latter fact is used in recent work of Ahmadi and Majumdar [1] to define an SOCP-
based method for testing polynomial nonnegativity. (A similar LP-based method is also
presented in [1] that incorporates DD?.)

The kernels of SDD matrices The kernel of a scaled diagonally-dominant matrix has a
structured basis of vectors with disjoint support, where the support of a vector u € R™
is the set of indices i for which u; # 0. This follows because, up-to permutation, a
scaled diagonally-dominant is block-diagonal, where each block is either positive def-
inite, equals the zero matrix, or has co-rank one (i.e., has a one dimensional kernel),
as shown in [30]. In Section 2.5, we use this result to show SDPs can be reformulated
over faces found via SDD approximations without damaging sparsity (which, since
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D¢ C DD C SDD?, also holds for diagonally-dominant or diagonal approximations).
The following proposition summarizes relevant results of Chen and Toledo [30]. We
include an elementary—and different—proof for completeness.

Proposition 2.3.1. Suppose X € Si s scaled-diagonally dominant. Then, there is a
permutation matriz P € R for which

X, 0 --- 0
pxpPT = 9 )?2 at (2.5)
0 0 0 Xu
where, for allm € {1,..., M}, the matriz X,, € Sim is either positive definite, a matrix

of all zeros, or has co-rank one. Moreover, when X has co-rank r, there is a matriz
U € R whose columns have disjoint support and span the nullspace of X.

Proof. For X € S% let Gx := ([d], E) denote the graph with node set [d] := {1,...,d},
where {7,7} is in the edge set E if and only if X;; # 0. Clearly there is a permutation
matrix P that block-diagonalizes X as in (2.5), defined in the obvious way by the
connected-components of Gx.

Now suppose P in (2.5) equals this permutation. That X, has the claimed proper-
ties is immediate when d,, < 2. Now suppose d,, > 2 and that X,, is nonzero and not
positive definite. Also, define the graph Gx, = ([dn], Ewm), where {i,j} is in the edge
set B, if and only if [X,,];; # 0 and observe Gx,, is connected (and, indeed, isomorphic
to a connected component of Gx defined above.)

We first claim all entries of v € null X,,, \ {0} are nonzero. To begin, pick i € [dy,]
such that v; is nonzero. For arbitrary ¢ € [d,,] \ 4, there is a path T' C E,,, from i to ¢
for which

X = X + Z (era es)er(era es)Ta
{r,s}eT

where all entries of X,; € Sa_ are nonzero and X is positive semidefinite. Picking the
first edge {i,j} € T, we conclude that X;;(e;, e;)Tv = X;j(v;,v;)T = 0. For the sake
of contradiction, suppose v; = e;fpv = 0. Then, (v;,0)7 is in the kernel of X;;, showing
a diagonal entry of Xj; is zero (since v; # 0), contradicting the fact all entries of Xj;
are nonzero. Hence, v; # 0. Repeating this argument using the next edge {j,k} in T
shows v # 0. Repeating for all edges in T shows v; # 0. Since t was arbitrary, all
components of v are nonzero.

Now pick another nonzero w € null X,,, and consider the consecutive edges {i,j}
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and {j,k} in the path T. Then, for scalars A and 7,
(eie5) w = Aei, )" v, (ej,er) w =~(ej, er)"v,

otherwise the nonzero matrices X;; € S%_ and X € Si have two-dimensional kernels,

and are therefore the zero matrix, a contradiction. But since v; and w; are nonzero, we

also have \ = ~. Since any s,t € [d,,] are connected by a path, we conclude w = Av.
Existence of U is immediate, given that the kernel of X,, has a basis of the form

{e1,...,¢€aq,}, {0}, or {v}.
O

B 2.3.4 Factor-width-k matrices

A generalization of SDD? (and diagonal matrices D?) arises from notion of factor-width
[19]. The factor-width of a matrix X is the smallest integer &k for which X can be written
as the sum of psd matrices that are nonzero only on a single k x k principal sub-matrix.

Letting ]-"Wg denote the set of d x d matrices of factor-width no greater than k,
we have that SDD? = FW3$ and D¢ = FW¢. To represent FW¢ as a cone of the
form C(W)*, we set W to be the set of d x k matrices W; for which WjTX W; returns a
k x k principal sub-matrix of X. Note that there are (g) such matrices, so a complete
parametrization of ]-"Wg is not always practical using this representation. Also note
FWi equals S when k = d.

B 2.4 Faces of minimal dimension via rank maximization

Each iteration of the partial facial reduction algorithm (Algorithm 2.1) computes a face
FNSt, where F is the current face at the start of the iteration and S is the solution of a
conic feasibility problem. If F = USi UT, the dimension of F NS+ is determined by the
co-rank of UTSU. Precisely, if UTSU has co-rank r, then F N S+ equals VSV T for
an appropriate V. Hence, one can minimize d — r by replacing the feasibility problem
with

maximize rankUTSU

subject to UTSU € (Si)* (2.6)

S+ contains A

where (S%)* is the chosen approximation of S¢. In this section, we show (2.6) can
be solved by a single convex problem when $% is an approximation of the form C (W)
studied in Section 2.3. Precisely, we show:

Theorem 2.4.1. Suppose Si = C(W). A solution to the rank maximization problem
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(2.6) is given by any S that for some T}, Sy solves

maximize Z',jzll‘ Tr Ty,
subject to  UTSU = S WS W, e, UTSU € C(W,)*

Sy, = Ty, Vi e {1,..., W}
I>T, =0 Vk e {1,...,|W,}
StOA

which will be an immediate corollary of Lemmas 2.4.1-2.4.2, to be stated and proven
next.

To ease notation, we note (2.6) falls into a simple problem class: it is a rank max-
imization problem over the intersection of two convex cones—the dual cone of the
approximation Si and the linear subspace {UTSU € S : S+ O A}. This observation
motivates the following two lemmas, where we take SSIF to be of form C(W) and replace
the subspace with an arbitrary convex cone M.

Lemma 2.4.1. Let M C S¢ be a convex cone. If X* := leivll W X:WT mazimizes

(2

Z'}ﬁ rank X; over M NC(W)*, then X* maximizes rank X over M NC(W)*.

Proof. We will argue the kernel of X* is contained in the kernel of any X € MNC(W)*,
which immediately implies rank X* > rank X.

To begin, we first argue for any X = Zpﬂ W, X, Wl e MNC(W)* that null X} C
null X; for all ¢ € {1,...,|W|}. To see this, first note that for any X € M NC(W)* the
matrix

| W]

X+ X =) WX+ X)W

i=1
is also in M N C(W)* and satisfies rank(X} + X;) > rank X;. Now suppose for some
de{l,...,|W|} that null X} € null X4. This implies that null(X} + X;) = null X} N
null Xy C null X} which in turn implies rank (X} + X4) > rank X ;. But this contradicts
our assumption that X* maximizes ), rank X;. Hence, null X} C null X; for all i €
{1,...,|W]}.

Now suppose an X € MNC(W)* exists for which X*w = 0 but Xw # 0 for some w.
Since Xw = 0 if and only if X;Ww = 0 for all 4, we must have for some d that WdT w
is in the kernel of X7 but not in the kernel of X3. But we have already established that
null X7 C null X3. Hence, w cannot exist. We therefore have that null X* C null X for
any X € M NC(W)*, which completes the proof. O

We can use this condition to formulate an SDP whose optimal solutions yield max-
imum rank matrices of M NC(W)*. To maximize Zlﬁll rank X;, we introduce matrices
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T; constrained such that their traces TrT; lower bound rank X;. We then optimize the
sum of their traces.

Lemma 2.4.2. Let M C S be a convex cone. A matriz X mazimizing ZD/:VJ rank X;
over MNC(W)* is given by any optimal solution (X, X;,T;) to the following SDP:

maximize Z‘X‘l TrT;
subject to X € M,

X ="MW xwr  ie X eC(W) 2.7)
X =T, Vi {L,..., W]}
I=T =0 Vi {1,...,[W]}.

Proof. Let rpax equal the maximum of Z'}ﬁ rank X; over the set of feasible X;. We
will show at optimality Zlﬁlll rank X; = Tmax-

To begin, the constraint I > T; > 0 implies the eigenvalues of T; are less than one.
Hence, rankT; > TrT;. Since X; > T; , we also have rank X; > rankT;. Thus, any
feasible (X, T;) pair satisfies

W] |W] |W|
Tmax = Zrank X; > ZrankTi > ZTrTi. (2.8)
i=1 i=1 i=1

Now note for any feasible (X, X;) we can pick o > 0 and construct a feasible point
(aX, aXZ-,Ti) that satisfies Z‘Zzwl T, = Zpﬂ rank X;; if X; has eigen-decomposition
> )\juju;f for A\; > 0, simply take T, = 2 ujujT and « equal to

1
max U {/\ : A is a positive eigenvalue of X; } .
i

Hence, some feasible point (X . X, TZ) satisfies Z‘X‘l Tr7; = rmax. Therefore, the opti-
mal (X, X;,T;) satisfies

|W]

Z TrT; > rmax.
=1

Combining this inequality with (2.8) yields that at optimality

|W| |W|
ZTrTZ- = ZrankXi = Tmax,
i=1 i=1

which completes the proof. O

Combining the previous two lemmas shows solving (2.7) also maximizes rank over M N
C(W)*; hence, Theorem 2.4.1 is proven by taking M equal to the linear subspace
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(UTSU e s¢: S+ D Al

B 2.5 Sparse reformulations

In this section, we show that sparse reformulations can be obtained by using scaled-
diagonally-dominant approximations. To fix ideas, suppose our original SDP is of the
form

minimize TrCX
subject to Tr A; X = b; ie{l,...,m},
X eSh,

and consider the face F = {UXUT X € Si} defined by a fixed U € R™*¢ with d < n.

We can reformulate this SDP over F by replacing X with U XUT. Applying the cyclic
property of trace to the equations and objective function

TrAUXUT = TrUTAUX, TrcUXUT =TrUTCUX,
then yields a projected reformulation (Chapter 1.2.5) over Si:
minimize Tr(UTCU)X
subject to Tr(UTA;U)X =b; i e {1,...,m},
% d
X eSSy,
Depending on U, the matrices UTCU and U A;U, though of order d < n, may be
dense even if C' and A; are sparse. In this section, we show how to guarantee these

matrices are sparse when A; and C' are sparse. We do this by guaranteeing the matrix
U is structured—specifically, that its columns have disjoint support:

Lemma 2.5.1. Suppose the columns of U have disjoint support, i.e., U;; # 0 and
Ui # 0 implies j = k. Then,

nnz(U?T XU) < nnz(X) VX e §",
where nnz(X) denotes the number of nonzero entries of X.

Proof. Under the disjoint support assumption, each column of XU is a combination of
distinct columns of X; hence, nnz(XU) < nnz(X). Further, each row of UT XU is a
combination of distinct rows of XU. Hence, nnz(U? XU) < nnz(XU). O

We now show it is possible to always obtain a face F = U SiUT for which the
columns of U have disjoint support using Algorithm 2.1. The key is to use scaled
diagonally-dominant approximations (SDD?) at each iteration. Formally:
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Theorem 2.5.1. Let F = USiUT for U in R™ 4 where the columns of U have disjoint
support. Suppose S € {X € S": UTXU € SDD?} C F*. Then, there exists r < d and
V e R™" for which

Fnst=vs vt
where the columns of V' have disjoint support.

Proof. We can take V equal to V = UB where B is any matrix whose columns B form
a basis for the kernel of U7 SU. By Proposition 2.3.1, we can find a B whose columns
have disjoint support. Since the columns of U B have disjoint support when the columns
of U and B do, the claim follows. ]

Note this statement also applies to diagonal (D%) and diagonally-dominant (DD?) ap-
proximations, since both D? and DD? are subsets of SDD?. Indeed, if we replace
SDD? with D, we can even pick the columns of U to be standard basis vectors, im-
plying UT XU is a principal submatrix of X for all X —that is, we construct U7 XU
simply by deleting rows and columns from X.

M 2.6 lllustrative Examples

We now consider simple examples that illustrate when approximations are effective. We
also illustrate how they lead to sparse reformulations (Theorem 2.5.1).

M 2.6.1 Example with diagonal approximations (D?)

Find y € R4
subject to
nn 0 0 0 O
0 —wn Y2 0 O
Ay)=| 0 yo w—y3 0 0 [eSh.
0 O 0 ys O
0 O 0 0 yq

where A : R* — S" is a linear map and A = {A(y) : y € R*}. Taking Uy equal to
the identity matrix and the initial face equal to Fy = UoSiUO, we seek a matrix Sy
orthogonal to A for which U SyUp is nonnegative and diagonal. An Sy satisfying this
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constraint and a basis B for null Uf SoUy is given by:

1 00 00 0 00
01000 0 00
So=10 0 0 0 O B=]11100
00 00O 010
00 00O 0 01

Taking Uy = UgB = B, yields the face F; = UlSiUlT, i.e., the set of psd matrices in
S’ with vanishing first and second rows/cols.

Continuing to the next iteration, we seek a matrix S; orthogonal to A for which
U{ S1U; is nonnegative and diagonal. An S; satisfying this constraint and a basis B
for null U{' S, Uy is given by:

00 0 00
00 -1 00 0

S;=[0 -3 1 00 B=|0
00 0 10 1
00 0 00

Setting Us = Uy B gives the face Fo = UsSL UZ, where Us = (0,0,0,0,1)7.
Terminating the algorithm, we now formulate a reduced SDP over F». Letting V'
denote a basis for null U yields:

Find yeR?
subject to  UJ A(y)Us € S}
Uy A(y)V =0
VT A(y)V =0,
which simplifies to
Find y € R4

subject to  y4 >0
y1=y2=y3=0.

Geometric interpretation Corollary 1.3.2 states that existence of S; € F/ e \ F; L

i,outer
implies A Nrelint F; puzer is empty. We now verify this fact. Clearly, A is contained in

relint Fo outer only if the inequalities
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are strictly satisfied, which cannot hold. Similarly, A is contained in relint Fi oyser only
if y1 = y2 = 0 and the inequalities

y3 >0 y2 —y3 =0

are strictly satisfied, which again cannot hold.

M 2.6.2 Example with diagonally-dominant approximations (DD?)

In this next example, we equip Algorithm 2.1 with diagonally-dominant approxima-
tions; i.e. at iteration 4, the face F; := U,Sii UZ-T is approximated by the set F; outer =
U:.C(W,) UL, where C(W;)* equals DD% | the set of d; x d; matrices that are diagonally-
dominant. An exposing vector S; is found in F7,;.,, the set of matrices X for which

UI'XU; is in DD%. We apply the algorithm to the SDP

Find y € R3
subject to
1 —Y1 0 —Y3
Aly) = -y 2y2—1 Y3 0 est,
0 Y3 21 — 1 —yeo
—Y3 0 —Y2 1

where A : R?® — S" is an affine map and A = {A(y) : y € R3}. Taking Uy equal to the
identity, a matrix Sy orthogonal to A for which Ul SyUy is diagonally-dominant and a
basis B for null U SyUy is given by

1100 1 0
11 1] -1
g — 00| ,_ 1 0
0011 V2 o 1
0011 0 -1

Taking U; = UypB = B yields the face F; = U1S3U1T. (Note the columns of U have
disjoint support, a reflection of Theorem 2.5.1.)

Terminating the algorithm, we can describe A N F; using Sp. Specifically, A N
F1 equals the psd matrices of the form A(y) that satisfy A(y)Sp = 0. These latter
constraints hold if and only if y1 = y2 = 1 and y3 = 0, showing A N F; consists of a
single point A ((1, 1, O)T).

Geometric interpretation As was the case in the previous example, we can interpret
this example geometrically. That is, we can verify emptiness of A N relint F; guer. At
the first (and only) iteration, if A(y) € A is also in Fo puter, then wi A(y)wy > 0, where
wrw} is any extreme ray of DD*. Taking w; = (1,1,0,0)” and wy = (0,0,1,1)7, we
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Inputs: primal-dual pair,
approximation type

Pre-processing Y

(1) Identify sequence of faces
containing primal (dual) feasible
set using approximations

Y

(2) Construct reduced
primal (dual) problem

L
N
 J

(3) Solve reduced
primal-dual pair.

(4) Recover solution to
primal (dual). Attempt recovery of
dual (primal) solution.

Post-processing

Outputs: recovered solutions
to input primal-dual pair

Figure 2.2: Flow of MATLAB implementation

have that A is contained in relint Fq oyuer only if the inequalities

wl A(y)wy = 2ys — 2y1 > 0
wQTA(y)wg =21 —2y2 >0

are strictly satisfied for some y, which cannot hold.

B 2.7 Implementation

The discussed techniques have been implemented as a suite of MATLAB scripts we dub
frlib, available at at www.mit.edu/~fperment. The basic work flow is depicted in
Figure 2.2. The implemented code takes as input a primal-dual SDP pair and applies
Algorithm 2.1 to either the primal problem or the dual problem. This is an important
feature since either the primal or the dual may model the problem of interest.

B 2.7.1 Input formats

The implementation takes in SeDuMi-formatted inputs A,b,c,K, where A,b,c, define
the subspace constraint and objective function and K specifies the sizes of the semidefi-
nite constraints [129]. Conventionally, the primal problem described by A,b,c,X refers
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to an SDP defined by equations A; - X = b;. Similarly, the dual problem described by
A,b,c,K refers to an SDP defined by generators C' — ", y; A;.

B 2.7.2 Reduction of the primal problem

Given A,b,c,K; the following syntax is used to reduce the primal problem, solve the
reduced primal-dual pair, and recover solutions to the original primal-dual pair via our

implementation:

prg = frlibPrg(A,b,c,K);

prgR = prg.ReducePrimal(‘d’);

[x_reduced,y_reduced] = sedumi(prgR.A, prgR.b, prgR.c, prgR.K);
[x,y,dual_recov_success] = prgR.Recover(x_reduced,y_reduced);

The call to prg.ReducePrimal reduces the primal problem using diagonal ( ‘d’ )
approximations by executing a variant of Algorithm 1.1. To execute Algorithm 2.1, it
solves a series of LPs (defined by the diagonal approximation) that can be solved using
a handful of supported solvers. The returned object prgR has member variables

prgR.A, prgR.b, prgR.c, prgR.K,

which describe the reduced primal-dual pair. For a single semidefinite constraint, this
reduced primal-dual pair is given by:

min. c-UuXuT max. by
subj. to A; - UXUT =b; Vie{l,...,m} subj. to UT(C -7,y A)U € S%,
Xesd

where USSlrUT is a face identified by prg.ReducePrimal. The reduced primal and its
dual are solved by calling SeDuMi.

The primal solution x_reduced returned by SeDuMi represents an optimal X. The
function prgR.Recover computes from X a solution UXUT to the original primal prob-
lem. It then attempts to find a solution to the original dual using a variant of the recov-
ery procedure described in Chapter 3 (Algorithm 3.1). The flag dual_recov_success
indicates success of this recovery procedure.

B 2.7.3 Reduction of the dual problem

The above syntax can be modified to reduce the dual problem described by A,b,c,XK.
This is done replacing the relevant line above with:

prgR = prg.ReduceDual(‘d’);

As above, the object prgR contains a description of the primal-dual pair.
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With prgR created in this manner, a call to prgR.Recover (though syntactically
identical) now returns a solution to the original dual and attempts to recover a solution
to the original primal using techniques discussed in Chapter 3 (which don’t always
succeed). In other words, a call of the form

[x,y,prim_recov_success] = prgR.Recover(x_reduced,y_reduced) ;

returns a solution y to the original dual problem and attempts to recover a solution
x to the original primal problem. The flag prim_recov_success indicates successful
recovery of x.

H 2.7.4 Solution recovery

As suggested by the flags prim_recov_success and dual_recov_success in the pre-
ceding examples, solution recovery is only guaranteed for the problem that is reduced,
i.e. if the primal (resp. dual) is reduced, recovery of the original dual (resp. primal).
Thus, it is important to reduce the primal only if it is the problem of interest, and
similarly for the dual.

B 2.8 Examples

This section gives larger examples that illustrate effectiveness of our method. For each
example, the same type of approximation (e.g. diagonal or diagonally-dominant) is used
at each facial reduction iteration. Many examples are also over products of cones, e.g.
K =8" x 8" x --- x S, In these cases, we use the same type of approximation for
each cone S™. For each example, we report one or more of the following items (1 — 4):

1) Complexity parameters and sparsity For each example, we report a list of numbers
describing the size and sparsity of the problem, denoted

n;T;NNz.

Here, n gives the size(s) of the psd cone(s) and r the dimension of the affine subspace
that together define the feasible set. The number nnz is the total number of nonzero
entries of the matrix A and cost vector ¢ used to describe the problem in SeDuMi format.
These results show problem size is often significantly reduced and sparsity enhanced by
our method.

2) DIMACS errors and distance to face We report a tuple (e, ..., eg) of DIMACS errors
[93] for the original problem and reduced problem. We also report the distance dfqce
(in norm induced by the trace inner product) of the solution to the subspace spanned
by the identified face. Specifically, if X € S™ is an optimal solution to the original
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SDP (obtained by direct solution or recovered from a solution to the reduced SDP), we
report

dface = || (X) = X|F,

where ® : S” — S" is the orthogonal projection map onto the mentioned subspace
and || - ||r denotes the Frobenius norm. Note if the face equals U SiUT for U with
orthonormal columns, then

d(X)=UvUTXxXUUT.

Note d f4ce should always be zero if X is an exact solution and the face has been identified
in exact arithmetic.

The reported errors show the reduced SDP can be solved just as accurately as the
original in terms of DIMACS error. They also show that by the measure d e, solutions
recovered from the reduced SDP are significantly more accurate. That dy,e. is larger
for the original SDP reflects the fact DIMACS error (a measure of backwards-error)
can be a poor measure of forwards-error when strict feasibility fails. (A phenomena
observed in [130].)

3) Reduction error When one iteration of facial reduction is performed, we report

the minimum eigenvalue of the exposing vector S and a measure of the containment
S+ D A, where A is the affine set of the SDP.

4) Solve times For larger instances, we give solve times before and after reductions
and report the total time t;ps spent solving LPs. These solve times are reported for
an Intel(R) Core(TM) i7-2600K CPU @ 3.40GHz machine with 16 gigabytes of RAM
using the LP solver of MOSEK and the SDP solver SeDuMi called from MATLAB
2014a running Ubuntu. For these instances, solve time is significantly reduced and the
cost of solving LPs is negligible.

H 2.8.1 Lower bounds for optimal multi-period investment

Our first example arises from SDP-based lower bounds of optimal multi-period invest-
ment strategies. The strategies and specific SDP formulations are given in [24]. For
each strategy, an SDP produces a quadratic lower bound on the value function arising
in the dynamic programming solution to the underlying optimization problem. These
bounds are produced using the S-procedure, an SDP-based method for showing empti-
ness of sets defined by quadratic polynomials (see, e.g., [22]). We report reductions
using diagonal (Dd) approximations, DIMACs error, reduction error, and solve time in
Tables 2.2-2.5. Scripts that generate the SDPs are found here (and require the package
CVX [64]):
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www.stanford.edu/~boyd/papers/matlab/port_opt_bound/port_opt_code.tgz

H 2.8.2 Copositivity of quadratic forms

Our next example pertains to SDPs that demonstrate copositivity of certain quadratic
forms. A quadratic form z”Jx is copositive if and only if 27 Jx > 0 for all z in the
nonnegative orthant. Deciding copositivity is NP-hard, but a sufficient condition can
be checked using sum-of-squares techniques and semidefinite programming, as we now
illustrate.

The Horn form  An example of a copositive polynomial is the Horn form f(z) := 27 Jz,
where

T
J = 1 -1 1 -1 1|, x:(fvl Ty T3 T4 .’E5).

-1 1 1 -1 1

This polynomial, originally introduced by A. Horn, appeared previously in [44] [113].
To see how copositivity can be demonstrated using SDP, first note copositivity of f(x) is
equivalent to global nonnegativity of f(2%, 22, zg, 23, zg), where we have substituted each
variable z; with the square of a new indeterminate z2. Next, note global nonnegativity

of the latter polynomial can be demonstrated by showing

5
o(2) = (z ) P23 8,22, 22) 29)
=1

is a sum-of-squares, which is equivalent to feasibility of a particular SDP over S"} where
n = (5§2), the number of degree-three monomials in 5 variables (see Chapter 3 of [15]

for details on constructing this SDP).

Generalized Horn forms The Horn form f(z) generalizes to a family of copositive forms
in n = 3m + 2 variables (m > 1):

3m+2 2 3m+2 m

Blwsm) = (Z —2 ) @) @i,
i=1 =0

i=1
where we let the subscript for the indeterminate x wrap cyclically, i.e. x,+, = x,. This
family was studied in [11], and the Horn form corresponds to the case m = 1. As with
the Horn form, we can show copositivity of B(z;m) by showing a polynomial analogous
to (2.9) is a sum-of-squares. We formulate SDPs that demonstrate copositivity of
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Example n r nnz

long_only (91 x 100,30 x 100) | 59095 | 853011
unconstrained | (121 x 100,30 x 100) | 62095 | 874011
sector_neutral | (121 x 100,30 x 100) | 62392 | 1373000
leverage_limit | (151 x 100,30 x 100) | 68195 | 915993

(a) Original

Example n r nnz

long_only (61 x 100,30 x 100) | 56095 | 832011
unconstrained | (61 x 100,30 x 100) | 56095 | 840891
sector_neutral | (61 x 100,30 x 100) | 56392 | 1342880
leverage_limit | (61 x 100,30 x 100) | 59195 | 873873

(b) Reduced

Table 2.2: Dimension r of subspace and order (ni,...,n20) of cone S} x - - x §72°°
describing feasible set. The column ‘nnz’ shows number of nonzero entries of SDP data

matrices.

Example e1 ez | es €4 es €6 dface
long_only 4.3e-08 | 0 0 | 4.4e-11 | -4.0e-05 | -3.9e-05 | 2.3e-06
unconstrained | 7.1e-08 | 0 0 | 1.1e-11 | -2.5e-06 | -1.6e-06 | 2.1e-05
sector_neutral | 4.2e-07 | 0 0 | 1.1e-10 | -1.4e-08 | 3.1e-05 | 1.6e-04
leverage_limit | 7.3e-08 | 0 0 | 1.0e-11 | -1.6e-06 | -6.4e-07 | 1.2e-05

(a) Original

Example el ex | e3 e4 €5 €6 dface
long_only 3.7e-08 | 0 0 | 1.5e-11 | -6.8e-06 | -5.8e-06 | 2.9e-17
unconstrained | 4.9e-08 | 0 0 | 1.2e-11 | -4.9e-07 | 3.9e-07 | 3.1le-17
sector_neutral | 3.5e-07 | 0 0 1.0e-10 | -3.5e-08 | 3.0e-05 3.5e-17
leverage_limit | 4.8e-08 | 0 | 0 | 9.7e-12 | -1.1e-06 | -2.9e-07 | 4.3e-14

(b) Reduced

Table 2.3: DIMACS errors e; and distance dfqce to linear span of identified face.

Example |C -S| | max;|A; -S| | Amin(S)

long_only 0 0 0
unconstrained 0 0 0
sector_neutral 0 0 0
leverage_limit 0 0 0

Table 2.4: Reduction error. The first two columns measure containment of the SDP’s
affine subspace in the hyperplane S*. The last denotes the minimum eigenvalue of the
exposing vector S.

Example Original | Reduced | tLps
long_only 651 613 0.33
unconstrained 800 574 0.71
sector_neutral 760 496 0.70
leverage_limit 976 617 1.2

Table 2.5: Solve times (sec) for original and reduced SDPs. The reduced SDP was
formulated by solving LPs over diagonal approximations, i.e., by taking C(W) = D<.
These LPs took trp,s seconds to solve.
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B(xz;m) in this way for each m € {1,...,5}. We report reductions using diagonally-
dominant (DDd) approximations, DIMACs error, reduction error, and solve time in
Tables 2.6-2.9. (Errors and solve time are omitted for m > 3 since the SDPs are too
large to solve.)

M 2.8.3 Lower bounds on completely positive rank

A matrix A € S" is completely positive (CP) if there exist r nonnegative vectors v; € R”
for which

A= v (2.10)
=1

The completely positive rank of A, denoted ranke, A, is the smallest r for which A
admits the decomposition (2.10). It follows trivially that

rank A < rank, A.

In [53], Fawzi and the second author give an SDP formulation that improves this lower
bound for a fixed matrix A. This bound, denoted 7.7°(A4) in [53], equals the optimal
value of the following semidefinite program:

minimize ¢
subject to
( t vect AT -0
vect A X -
Xz‘jJ‘j < A?] Vi, j € {1, . ,n}
X<XA®A

Xijw = Xage V(1,1) < (4,7) < (k1) < (n,n),

where A® A denotes the Kronecker product and vect A denotes the n? x 1 vector obtained
by stacking the columns of A. Here, the double subscript 45 indexes the n? rows (or
columns) of X and the inequalities on (7, j) hold iff they hold element-wise (see [53] for
further clarification on this notation).

In this example, we formulate SDPs as above for computing 7.7°(2), 759°(Z ® Z),
and 79°(Z ® Z ® Z), where Z is the completely positive matrix:

4 01
Z=10 4 1
11 3

Notice that since Z is CP, the Kronecker products Z ® Z and Z ® Z ® Z are CP (using
the fact that A® B is CP when A and B are CP [12]). Also notice that since Z contains
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Example | n r nnz Example | n T nnz
m=1 35 420 1225 m=1 25 165 1200
m=2 120 | 5544 14400 m =2 96 3132 14312
m=3 | 286 | 33033 | 81796 m=3 | 242 | 21879 | 81554
m=4 | 560 | 129948 | 313600 m=4 | 490 | 494143 | 313040
m=2>5 | 969 | 395352 | 938961 m=1>5 | 867 | 303399 | 937822

(a) Original (b) Reduced

Table 2.6: Dimension r of subspace and order n of cone S™ describing feasible set.
The column ‘nnz’ shows number of nonzero entries of SDP data matrices.

Example el es | es e4 es eg dface
m=1 ]863e10| 0 | 0 | 9.99e-11 | 1.99¢-10 | 3.14e-08 | 8.47e-06
m=2 1934e-09 | 0 | O | 3.68e-10 | 8.12e-10 | 6.05e-07 | 3.96e-05
m=23 1.87e-09 | 0 | 0 | 1.01e-10 | 1.97e-10 | 4.16e-07 | 3.83e-05

(a) Original

Example e1 es | e eq es eg dface
m = 7.82¢-10 | 0 | O | 2.42e-11 | 7.64e-11 | 2.04e-08 | 9.27e-16
m=2 1.23e-09 | 0 | 0 | 1.59e-10 | 3.82e-10 | 5.84e-08 | 3.26e-16
m = 4.00e-10 | O | O | 7.08e-11 | 2.25e-10 | 7.93e-08 | 7.48e-16

(b) Reduced

Table 2.7: DIMAC: errors e; and distance dfqc. to linear span of identified face.

Example | [bTy] [ [|S — X %idillF | Amin(S)
m=1 0 3.33e-16 0
m=2 0 1.67e-16 0
m=3 0 -1.28e-15 0

Table 2.8: Reduction error. The first two columns measure containment of the SDP’s
affine subspace in the hyperplane S+. The last denotes the minimum eigenvalue of

exposing vector S.

Example | Original | Reduced | tzps
m=1 .81 .23 .047
m=2 11 9.2 .58
m=3 3900 3200 4.3

Table 2.9: Solve times (sec) for original and reduced SDPs. The reduced SDP was
formulated by solving LPs over diagonal approximations, i.e., by taking C(W) = DDA,
These LPs took trp,s seconds to solve.
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zeros, the constraint Xj;;; < ij implies that X has rows and columns identically zero;
in other words, because Z has elements equal to zero, the SDP for computing Ti;S(Z )
cannot have a strictly feasible solution.

To reduce the formulated SDPs, we first observe that each is actually a cone program
over R' x S'? x S§'}%, i.e., each SDP has a mix of linear inequalities and semidefinite
constraints. To find reductions, we first treat the linear equalities as a semidefinite
constraint on a diagonal matrix. We report reductions using diagonal (D?) approxima-
tions, DIMACs error, reduction error, and solve time in Tables 2.10-2.13. (Solve times

and errors are omitted for Z ® Z ® Z since the SDP is too large to solve.)

B 2.8.4 Lyapunov Analysis of a Hybrid Dynamical System

The next example arises from SDP-based stability analysis of a rimless wheel, a hy-
brid dynamical system and simple model for walking robots studied in [110] by Posa,
Tobenkin, and Tedrake. The SDP includes several coupled semidefinite constraints
that impose Lyapunov-like stability conditions accounting for Coulomb friction and
the contact dynamics of the rimless wheel. We report reductions using diagonally-
dominant (DD?) and diagonal (D?) approximations, DIMACs error, and solve time in
Tables 2.14-2.16. (Reduction error is omitted since multiple facial reduction iterations
were performed.)

B 2.8.5 Multi-affine polynomials, matroids, and the half-plane property

A multivariate polynomial f(z) : C® — C has the half-plane property if it is nonzero
when each variable z; has positive real part. A polynomial is multi-affine if each in-
determinate is raised to at most the first power. As proven in [32], if a multi-affine,
homogeneous polynomial with unit coefficients has the half-plane property, it is the
basis generating polynomial of a matroid. In this section, we reduce SDPs that arise
in the study of the converse question: given a matroid, does its basis generating poly-
nomial have the half-plane property? Or more precisely, given a rank-r matroid M
(over the ground-set {1,...,n}) with set of bases B(M), does the multi-affine, degree-r
polynomial

fM(Zh N ,Zn) = Z i1 Rig """ Ry (2.11)
{1,820 0,00}
eB(M)
have the half-plane property?

The role of polynomial nonnegativity This converse question is related to global non-
negativity of so-called Rayleigh differences of far(z), which are polynomials over R
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Example n r nnz
Z (9,10,9) 37 260
AN (81,82, 81) 2026 18344
Z@Z®Z | (729,730,729) | 142885 | 1428692

(a) Complexity parameters - original

Example n r nnz

A (7,8,9) 20 187

A (49,50, 81) 464 8336
ZQZ®Z | (343,344,729) | 13262 | 408403

(b) Complexity parameters - reduced

Table 2.10: Dimension r of subspace and order n of cone R}' x S"' x S'}? describing
feasible set. The column ‘nnz’ shows number of nonzero entries of SDP data matrices.

Example e1 es | e3 eq es €6 dface
Z 2.08¢-11 | 0 | 0 | 1.09e-10 | -1.36e-09 | -1.44¢-09 | 1.02e¢-05
VA 6.58¢-09 | 0 | 0 | 1.72e-10 | 2.82e-06 | 2.68e-06 | 2.42¢-03

(a) Original

Example e1 ey | es €4 es e dface
Z 1.27e-11 | 0 | O | 7.87e-11 | -1.54e-09 | -1.59¢-09 0
Z®7Z |391e-08| 0| 0 0 8.50e-06 | 7.56e-06 0

(b) Reduced

Table 2.11: DIMACs errors e; and distance dyqce to linear span of identified face.

Example | |C' -S| | max;|A4; -S| | Amin(S)
Z 0 0 0
YASIA 0 0 0

Table 2.12: Reduction error. The first two columns measure containment of the SDP’s
affine subspace in the hyperplane S+. The last denotes the minimum eigenvalue of the
exposing vector S.

Example | Original | Reduced | trps
Z 4 7 .0084
YAA 131 10.5 .016

Table 2.13: Solve times (sec) for original and reduced SDPs. The reduced SDP was
formulated by solving LPs over diagonal approximations, i.e., by taking C(W) = D<.
These LPs took ¢1ps seconds to solve.
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Problem n T nnz

Original (6,108,11,11,11,11,11,11,11,11,11,11) | 4334 | 16864
Reduced, C(W) = D (6,56,11,1,1,0,11,1,1,0,11,11) 1138 | 6661
Reduced, C(W) = DDA (6,34,8,1,1,0,8,1,1,0,9,7) 452 | 4007

Table 2.14: The feasible set is an r-dimensional subspace intersected with the cone

ni n2 n12
St x 87 .- x Si2.

Problem e1 ey | e eq es € dface

Original 2.56e-07 | 0 | 0 | 2.48e-10 | 9.78e-08 | 1.70e-05 | 8.99e-02
Red., C(W) = DY [ 277e-08 [ 0 | 0 0 1.76e-08 | 8.29¢-06 0
Red., C(W) = DD? | 6.65¢-08 | 0 | 0 0 4.29e-08 | 1.20e-05 | 3.82e-15

Table 2.15: DIMACS error bounds e; and distance dfqce to the linear span of identified

face.

Problem Solve time | t7,ps

Original 111 —
Reduced, C(W) = D? 5 .05
Reduced, C(W) = DD? 1.8 0.82

Table 2.16: Solve times (sec) for original and reduced SDPs. The reduced SDP was
formulated by solving LPs over the indicated approximation (C(W) = D or C(W) =
DDd) which took ¢7,ps seconds to solve.
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defined for each {7,j} C {1,...,n} as follows:

_Ofm, \Ofum

0% f
Aijfu (@) = 0z; 0z; -
i J

B 8z28z]

()5 () (@) - [ ().

A theorem of Brandén [25] states fys(z) has the half-plane property if and only if all
of () Rayleigh differences are globally nonnegative, i.e., Aj; far(x) > 0 for all z € R™.
An equivalent criterion, stated in terms of global nonnegativity of a single Rayleigh
difference (and so-called contractions and deletions of M), appears in [136].

The role of semidefinite programming Since semidefinite programming can demonstrate
a given polynomial is a sum-of-squares, it is a natural tool for proving a given Rayleigh
difference A;; far(x) is globally nonnegative. In this section, we formulate and then
apply our reduction technique to SDPs that test the sum-of-squares condition for various
Ajjfv(x) and various matroids M. As is standard, the SDPs are formulated using the
set of monomial exponents in N (Ay; far) NN", where N'(Ay; far) denotes the Newton
polytope of A;;fur (see Chapter 3 of [15] for details on this formulation).

We report reductions using diagonally-dominant DD? approximations, DIMACs
error, and reduction error in Tables 2.17-2.19. (Solve time is omitted since the original
SDPs are small.) We now elaborate on each matroid in these tables.

Various matroids with the half-plane property

The first set of matroids were studied by Wagner and Wei [136]. Specifically, Wagner
and Wei [136] demonstrate that A;; fas (for specific {7,5}) is a sum-of-squares for ma-
troids M they denote }'7_4, W3t W3 te, 73;, nP\1, nP\9, and Vs. (We refer the reader
to [136] for definitions of these matroids and the explicit polynomials A;;fas.) Note
Wagner and Wei demonstrate each sum-of-squares condition via ad-hoc construction,
instead of by solving an SDP.

Notice from Table 2.17 that for matroids W3+, W3 + e, 73;, nP\1and nP\ 9, the
reduced SDP is described by a zero-dimensional affine subspace. In other words, the
SDP demonstrating the sum-of-squares condition has a feasible set containing a single
point.

Extended Vmos matroid

The other matroid considered was studied by Burton, Vinzant, and Youm in [28].
There, the authors use semidefinite programming to show A;; fy,, is a sum-of-squares
for a specific {7, j}, where Vo denotes the extended Vamos matroid defined over the
ground set {1,...,10}. The bases of Vg are all cardinality-four subsets of {1,...,10}
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Matroid | {¢,5} | n | r | nnz
Frol{,2}| 8] 5 64
Wit 1 {1,2} [ 8 | 5 64

Wete [{1,2) | 9| 7 81

P, (1,20 8 | 4 | 64
nP\1 [ {2,4} [ 12 ] 14 | 144
nP\9 | {1,2} [ 12 ] 14 | 144

Vs {1,2} [ 16 | 33 | 256

Vio 3,4} | 52 | 657 | 2704

Table 2.17: Dimension r of subspace and order n of cone S} describing feasible set.

(a) Original

Matroid | {¢,5} | n | r | nnz
Frol{2r] 5] 1 25
W3t {12} [ 3] 0 9

Wete [{1,2} | 5] 0 27

P, {1,204 o | 16
nP\1 [{2,4} ] 6 | 0 | 40
nP\9 [{1,2} [ 5| 0 | 27

Vs {1,2y [13] 17 | 185

Vio {3,4} | 41 | 327 | 2087

(b) Reduced

The column ‘nnz’ shows number of nonzero entries of SDP data matrices.

Matroid | {i,7} e1 ey | e3 e4 es es dface
FT [ {1,2} [210e12 | 0 | 0 | 9.32e-13 | 7.50e-12 | 2.06e-11 | 3.25¢-12
W3+ {1,2} | 7.57e-11 | O 0 | 3.52e-11 | 6.47e-11 | 7.29e-10 | 4.41e-06

W3 +e | {1,2} | 814¢09 | 0 | 0 | 1.05e-11 | 2.21e-11 | 4.04e-10 | 1.74e-06

P {1,2} | 2.31e-10 | O 0 | 8.55e-10 | 1.39e-09 | 2.19e-09 | 6.54e-06
nP\1 {2,4} | 9.04e-10 | 0 0 | 1.29¢-10 | 2.40e-10 | 9.31e-09 | 4.51e-06
nP\ 9 {1,2} | 2.45e-09 | 0 0 | 3.54e-10 | 7.07e-10 | 1.87e-08 | 4.15e-08

Vs {1,2} | 5.29-11 | 0 0 | 8.32e-11 | 1.78e-10 | 6.49e-10 | 4.19e-06

V1o {3,4} | 3.64e-11 | 0 0 | 1.40e-09 | 2.73e-09 | 9.78e-09 | 5.37e-06

(a) Original

Matroid | {4,5} e1 es | e3 e4 es €6 dace
FoT [ {1,2} | 465¢-10 | 0 | 0 | 2.16e-08 | 6.61c-08 | 6.86¢-08 0
Ws+ {1,2} | 1.35e-15 | 0 0 | 2.91e-12 | 5.55e-12 | 5.55e-12 | 4.57e-16

W3 +e {1,2} | 8.86e-15 | 0 0 | 1.27e-11 | 2.03e-11 | 2.03e-11 | 4.62e-16

P {1,2} | 6.91e-16 | O 0 | 1.13e-11 | 1.62e-11 | 1.62e-11 | 4.73e-16
nP\1 {2,4} | 5.27e-11 | 0 0 | 1.89e-08 | 3.67e-08 | 3.75e-08 | 3.46e-16
nP\ 9 {1,2} | 1.18e-10 | O 0 | 3.18e-08 | 4.29e-08 | 4.35e-08 | 3.44e-16

Vs {1,2} | 1.43e-11 | 0 0 | 4.35e-11 | 7.77e-11 | 1.97e-10 0

V1o {3,4} | 2.90e-11 | 0 0 | 1.11e-09 | 2.09e-09 | 3.15e-09 | 5.15e-17

Table 2.18: DIMACGs errors e; and distance d¢qc. to linear span of identified face.

(b) Reduced

Matroid | {i,;} BTyl [ 1S =35 wiAillr | Amin(S)
F 1o {1,2} 0 0 0
W3 1,2} | 2.22¢-16 0 0

W3 +e | {1,2} 0 0 0

P, {1,2} 0 0 0
nP\1 | {2,4} | 6.66e-16 0 0
nP\9 | {1,2} 0 0 0

Vs {1,2} 0 0 0

Vio {3,4} | 1.78¢-15 0 0

Table 2.19: Reduction error. The first two columns measure containment of the SDP’s
affine subspace in the hyperplane S*. The last denotes the minimum eigenvalue of the
exposing vector S.
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Original | Reduced | Original | Reduced
Primal Primal Dual Dual
Example n;rT n;r n;T n;T
Examplel 3;4 2;2 3;2 1;1
Example?2 3;4 2;2 3;2 2;1
Example3 3;2 2;2 3;4 2;2
Example4 3;3 1;0 3;3 1;1
Exampleb 10; 50 10; 50 10;5 10;5
Example6 8; 28 5;11 8; 8 4;4
Example7 5;12 4;8 5;3 151
Example9a | 100;4950 1;0 100; 100 1;1
Example9b 20;190 1;0 20520 1:1

Table 2.20: Complexity parameters for the primal-dual SDP pairs given in [31]. The
feasible set of each SDP is an r-dimensional subspace intersected with the cone S'.
To formulate each reduced SDP, a face was identified by solving LPs over diagonally-
dominant approximations (DDd). These LPs took (in total) t;ps seconds to solve.

excluding
{1,2,6,7},{1,3,6,8},{1,4,6,9},{1,5,6,10},{2,3,7,8},{3,4,8,9}, and {4,5,9,10}.

From these bases, we construct fy,, via (2.11) and formulate an SDP demonstrating
A3y fy,, is a sum-of-squares (as was done in [28]).

M 2.8.6 Facial Reduction Benchmark Problems

In [31], Cheung, Schurr, and Wolkowicz developed a facial reduction procedure for
identifying faces in a numerically stable manner. They also created a set of benchmark
problems for testing their method. These problem instances are available at the URL
below:

http://www.math.uwaterloo.ca/~hwolkowi/henry/reports/SDPinstances.tar.

Each problem is a primal-dual pair hand-crafted so that both the primal and dual have
no strictly feasible solution. We apply our technique to each primal problem and each
dual problem individually, using diagonally-dominant (DDd) approximations. Results
are shown in Table 2.20. Since some of the examples have duality gaps, we do not show
DIMAC:S errors nor we do show solve time given the small sizes. We also omit reduction
error since multiple facial reduction iterations were performed.
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n;r n;r
Example Original Reduced

CompactDim2R1 34 1:1
CompactDim2R2 (6,3,3,3); 25 (1,0,1,1); 1
CompactDim2R3 |  (10,6,6,6); 91 | (L0,1,1); 1
CompactDim2R4 | (15,10,10,10); 241 | (1,0,1,1); 1
CompactDim2R5 | (21,15,15,15); 526 | (1,0,1,1); 1
CompactDim2R6 | (28,21,21,21); 1009 | (1,0,1,1); 1
CompactDim2R7 | (36,28,28,28); 1765 | (1,0,1,1); 1
CompactDim2R8 | (45,36,36,36); 2881 | (1,0,1,1); 1
CompactDim2R9 | (55,45,45,45); 4456 | (1,0,1,1); 1
CompactDim2R10 | (66,55,55,55); 6601 | (1L,0,1,1); 1

Table 2.21: Complexity parameters for weakly-infeasible SDPs studied in [137]. The
feasible set of each SDP is an r-dimensional subspace intersected with the cone S . To
formulate each reduced SDP, a face was identified by solving LPs defined by diagonal
approximations (D?). These LPs took (in total) ¢z p, seconds to solve.

B 2.8.7 Difficult SDPs arising in polynomial nonnegativity

n [137] and [140], Waki et al. study two sets of SDPs that are difficult to solve. For
one set of SDPs, SeDuMi fails to find certificates of infeasibility [137]. For the other
set, SeDuMi reports an incorrect optimal value [140]. The sets of SDPs are available

at:
https://sites.google.com/site/hayatowaki/Home/difficult-sdp-problems.

It turns out for each primal-dual pair in these sets, the problem defined by equations
A; - X = b; is not strictly feasible. We apply our technique to both sets of SDPs
using diagonal approximations D¢ and arrive at SDPs that are more easily solved.
In particular, certificates of infeasibility are found for the SDPs in [137] and correct
optimal values are found for the SDPs in [140] by solving the reduced SDPs with
SeDuMi. Problem size reductions are shown in Table 2.21 and Table 2.22. We omit
solve time comparisons and DIMACs errors since the reduced problem is a trivial SDP
in each case. We omit reduction error since multiple facial reduction iterations were

performed.

H 2.8.8 DIMACS Controller Design Problems

Our final examples are the controller design problems hinf12 and hinf13 of the DI-
MACS library [104]—which evidently are SDPs in the library with no strictly feasible
solution. Results are shown in Tables 2.23-2.25, where we apply facial reduction to
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n;r n;r Optimal Value
Example Original Reduced Reduced

unboundDim1R2 (3,2,2); 8 (1,1,0); 1 | 1.080478e-13
unboundDim1R3 (4,3,3); 1 (1,1,0); 1 | 1.080478e-13
unboundDim1R4 (5,4,4); 2 (1,1,0); 1 | 1.080478e-13
unboundDimiRs |  (6,5,5); 41 (1,1,0); 1 | 1.080478¢-13
unboundDimiR6 |  (7,6,6); 58 | (1,1,0); 1 | 1.080478¢-13
unboundDim1R7 (8,7,7); 78 (1,1,0); 1 | 1.080478e-13
unboundDim1R8 (9,8,8); 101 (1,1,0); 1 | 1.080478e-13
unboundDim1R9 (10,9,9); 127 | (1,1,0); 1 | 1.080478e-13
unboundDim1R10 | (11,11,10); 156 | (1,1,0); 1 | 1.080478¢-13

Table 2.22: Complexity parameters for the SDPs in [140]. The feasible set of each
SDP is an r-dimensional subspace intersected with the cone S7. To formulate each
reduced SDP, a face was identified by solving LPs defined by diagonal approximations
(D?). These LPs took (in total) t;ps seconds to solve. For these examples, SeDuMi
incorrectly returns an optimal value of one for the original problem. The optimal value
returned for the reduced problem is very near the correct optimal value of zero.

the primal problem of both SDPs (using DD? for hinf12 and SDD? for hinf 13). As
observed in [93], these problem instances are extremely difficult for SDP solvers. For
purposes of comparison, we therefore report DIMACS errors for both SeDuMi and
SDPT3 [131]. Solution times are omitted given the small sizes of these SDPs.

H 2.9 Conclusion

We presented a general technique for facial reduction that utilizes approximations of the
positive semidefinite cone. The technique is effective on examples arising in practice
and for simple approximation is a practical pre-processing routine for SDP solvers.
An implementation has been made available. Through the chosen approximation, one
controls the cost of facial reduction and the sparsity of the obtained reformulations.
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(a) Original

Matroid n T nnz Problem n r nnz
hinf12 | (6,6, 12) | 77 990 hinf12 | (6,2,6) | 23 | 583
hinf13 | (7,9, 14) | 121 | 2559 hinf13 | (1,9, 7) | 45 | 1465

(b) Reduced

Table 2.23: Dimension r of subspace and order n of cone S} describing feasible set.
The column ‘nnz’ shows number of nonzero entries of SDP data matrices. For hinf12,
we used DD?. For hinf13, we used SDD*.

Problem e1 es e3 ey es €6 dface
hinf12/sedumi | 5.04e-09 | 0 0 0 -1.55e-02 | 2.23e-01 1.17e-08
hinf13/sedumi | 6.21e-05 | 0 0 2.63¢-06 | -3.68e-03 | 2.30e-02 | 1.00e+00T
hinf12/sdpt3 | 1.67e-11 | 0 | 1.72e-05 0 -1.72e-06 | 2.36e-05 | 3.81e-12
hinf13/sdpt3 | 9.97e-06 | 0 | 5.73e-07 0 -2.35e-04 | 1.94e-04 1.43e-02

(a) Original
Problem e1 es es ey es €6 dface
hinf12/sedumi | 4.99¢-09 | 0 0 0 -5.62e-02 | 2.82¢-01 0
hinf13/sedumi | 6.39e-05 | 0 0 1.51e-06 | -2.76e-04 | 1.93e-03 0
hinf12/sdpt3 | 1.58e-11 | 0 | 3.18e-06 0 -2.06e-06 | 3.33e-05 0
hinf13/sdpt3 | 3.84e-05 | 0 | 7.09e-08 0 -6.61e-04 | 1.07e-05 0

(b) Reduced

Table 2.24: DIMACs errors e; and distance dfqc. to linear span of identified face.
Normalized by solution norm, the outlier, marked T, equals 2.53e — 04.

Example [ [b7y] [ [[S =, viAillr | Amin(5)
hinf12 0 0 0
hinf13 0 8.31e-10 0

Table 2.25: Reduction error. The first two columns measure containment of the SDP’s
affine subspace in the hyperplane S+. The last denotes the minimum eigenvalue of the
exposing vector S.
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Chapter 3

Dual solution recovery

In this chapter we give and study a simple post-processing algorithm for dual solution
recovery. Dual solution recovery is critical for primal-dual solvers since they are often
agnostic to which problem—primal or dual—is of actual interest. It is necessary because
facial reduction relazes the dual problem (Section 1.3.6). Note that simple recovery is
not always possible. Indeed, dual solutions may not even exist for the original problem.
Hence, we give conditions characterizing success of our procedure.

H 3.1 Approach

To begin, consider the following primal-dual pair

maximize (b, y) minimize (¢, )
P(K): D(K):
(K) subject to s =c— Ay, (K) subject to A*z = b, (3.1)
(s,y) € K xR™, x € K",

where V is an inner product space, K C V is a closed, convex cone, K* is the dual cone,
A:V — R™is a linear map and ¢ € V. Here, we use a convention opposite to that
of Chapter 4 by designating the primal problem as the maximization problem. We use
this convention to enable easier comparison with results in the literature.

Applying the facial reduction algorithm to P(K) yields a face F of K that con-
tains the image of R™ under the affine map A(y) := ¢ — Ay. This in turns yields a
reformulation over F and its dual cone F* :

maximize (b, y) minimize (¢, x)
P : D :
(%) subject to s = ¢ — Ay, (%) subject to A*z = b,
(s,y) € F x R™, x € F*.

Since the feasible sets of P(K) and P(F) are equal, any solution of P(F) solves P(K).
On the other hand, a solution to D(F) is not necessarily even a feasible point of D(K)
since K* C F*. While recovering a solution to D(K) from a solution to D(F) may seem

117
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hopeless, the facial reduction algorithm (Algorithm 1.1) finds faces
K=Fo2>F D DFn=7F

and s; € F; \ (span F); orthogonal to A(y) for all y, where F; 1 = F; N s;-, that may
be useful. This leads to the following problem statement:

Problem 3.1.1 (Recovery of dual solutions). Given a solution x to D(F) and s; sat-
isfying

(¢,s;) = 0
A*Sz‘ = 0
si € F;\ (span .7-")ZL
Fix1 = FiN siL (which implies — F} | = F; + spans;)
Fo = K, F:=Fn,

find a solution to D(K).

To solve this problem, we generalize a recovery procedure described in [103] for
well-behaved SDPs. (See the discussion following [103, Theorem 5].) First, we observe
that each s; is a feasible direction for D(F) that does not increase the dual objective
(c,z). We also observe that F;,, = F; +spans; (since K, and hence F;, is closed).
This implies if F; + span s; is closed, then one can, for any z € F ;, find an « such
that x + as; € F;'. We conclude if F;* + span s; is closed for each i, then a sequence of
line searches, given explicitly by Algorithm 3.1, constructs a solution to D(K).

Algorithm 3.1: Recovery of dual solutions
Input: A solution z € F* to D(F) and sg,...,Sny—1
Output: A solution z to D(K) or flag indicating failure.
for i < N —1 down to 0 do

1. Using a line search, find a s.t. = + as; € F;.

2. If no « exists, return FAIL. Else, set x < x + as;.

end

The following properties of this algorithm are immediate:
Lemma 3.1.1. Algorithm 3.1 has the following properties:

1. Sufficient condition for recovery. Algorithm 3.1 succeeds if F; + spans; is closed
for all 7.
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2. Necessary condition for recovery. Suppose P(F) and D(F) have equal optimal
values. Then, Algorithm 3.1 succeeds only if P(KC) and D(K) have equal optimal
values.

When K is polyhedral, the above sufficient condition always holds. On the other hand,
it rarely holds for SDP: for S € S7, the set S} + span.S is closed only if S is zero or
positive definite. (To show this, one can use essentially the same argument that proves
Lemma 2.2 of [115]. This lemma shows that for a face F of S}, the set S} + lin F is
closed only if F = {0} or 7 = S7.) Hence, better sufficient conditions for SDP are
needed.

In the next section, we give a necessary and sufficient condition (Condition 3.2.1)
for SDP assuming N = 1, i.e., assuming one iteration of facial reduction was performed.
This condition is on the specific solution of D(F) used to initialize Algorithm 3.1. We
also give a sufficient condition valid for arbitrary initialization points (Condition 3.4.1).

Remark 3.1.1. Closedness of K*+span s for s € K* appears in other contexts. Borwein
and Wolkowicz use this condition to simplify their generalized optimality conditions for
convex programs (see Remark 6.2 of [20]). Tungel and Wolkowicz use failure of a related
condition, namely closedness of IC* +1lin F for a face F of K*, to construct primal-dual
pairs with infinite duality gaps.

B 3.2 A necessary and sufficient condition for dual solution recovery

In this section, we give a necessary and sufficient condition (Condition 3.2.1) for solution
recovery assuming K = S'} and one iteration of facial reduction. In this case, the primal-
dual pair is

maximize b’y
P ST -
spp(S1) subject to C' — 371", y; A; € ST,
minimize TrCX
subject to Tr A; X =b; Vie{l,...,m},
Xes”,

DSDP(STJQ :
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and its reformulation over F := S N S+ and F* = S + span S is

maximize b’y

P :
spp(F) subject to  A(y) = C — >7i%, yi A,
UTA(y)U € 8¢,
UTA(Z/)V = 07
VIA@y)V =0
minimize TrCX
D :
spp(F) subject to Tr A; X =b; vie{l,...,m},
W Z
X=(UV U, v)*
( ) ) ZT R ( ’ ) ’

West, Res 4 7 eRIX(n=d),

where (U, V) is an invertible matrix satisfying S = VV7 and rangeU = null S. Note
to reformulate the primal-dual pair, we have used the facts

S1NSt={Xesl:X§=0}={Xes}: XV =0}={XeS}: (U, V)XV =0}

Algorithm 3.1 constructs a solution to Dgpp(S’) from a solution X to Dgpp(F) if
and only if X is in 8" +span S. The following shows this is equivalent to the condition
that null W C null Z7. We give a direct proof of this fact, but note it also follows
(essentially) by combining [103, Lemma 3| with [101, Lemma 3.2.1].

Lemma 3.2.1. Given a face F = S? NS+, let (U, V) € R™™ be an invertible matriz
satisfying range V. = range S. A matriz X in F* = S} +spanS, i.e., a matriv X of
the form

w Z

X=(UV) ( JA > (U, V)T for some W € S, R e §" 4, Z ¢ R4 (3.2)

is in S} +span S if and only if null W C null ZT.

Proof. For the “only if” direction, suppose X is in S' + span S, i.e. for an a € R
suppose

w VA

X +aVVT = (U, VvV
e @ )<ZT R+al

) (U, V)T est.

Here, membership in S holds only if Z7(I — WWT) = 0, where (I — WWT) is the
orthogonal projector onto null W (see, e.g. A.5 of [21]). But this implies that null W C
null ZT, as desired.

To see the converse direction, suppose X is such that Z and W satisfy null W C
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null ZT. The result follows by finding o for which X + aS = 0. To do this, we show
existence of ; and a9 for which

X-VRVT+a1S€S?  and VRVT +apSeSh.

Adding these two matrices then shows that X + (o + a2)S € S7}.
Existence of as is obvious given that

VRV 4+ 038 = V(R + )V,

To show existence of a1, we note that

W Z
X - VRVT S =(UV U T,
+ o (, )(ZT ()élI)(’ )

By a Schur complement, the above is psd if and only if

1
W —zz7 est.
a1
But since null W C null Z7, the matrix ZZ7 is contained in the face

g= {T € Si :range T’ C rangeW} .

Since W is in the relative interior of G, there exists a; > 0 for which W — O%ZZT S
G C S? (Proposition 1.3.1).
O

The above characterization of S} + span.S yields a necessary and sufficient condition
for success of Algorithm 3.1 assuming one iteration of facial reduction (N = 1):

Condition 3.2.1. The solution X to Dgpp(F) satisfies null W C null Z7.
The following example illustrates success and failure of Condition 3.2.1.

Example 3.2.1. Consider the following primal-dual pair:

max. Y3 + 2y min. 0
subj. to subj. to 33 — X922 = *1,
yi y2 O T12 + 21 + Ta3 + XT3z = —2,
Ay) = y2 —ys y2 | €S2 11 =0,
0 vy s Xest

and let S = VVT, with V.= (es,e3). Clearly S is orthogonal to A(y) for all y and
exposes a face F := S N S+ equal to US}FUT for U = e; = (1,0,0)T. Rewriting the



122 CHAPTER 3. DUAL SOLUTION RECOVERY

primal-dual pair over F and F* gives:

max. Y3 + 290 min. 0
subj. to subj. to 33 — x99 = —1,
VT A(y)V =0, T12 + To1 + T3 + T32 = —2,
UTA(y)V =0, x11 =0,
UTA(y)U > 0, X € S3,UTXU = a1, > 0.
v y2 O
Ay)=| v2 —uys v
0 v ys3

A solution of the dual problem satisfying Condition 3.2.1 is

0 0 O
X=10 0 -1
0 -1 -1

To see that the condition holds, note Z = (x12,213) = (0,0) and W = z1; = 0.
Hence, null ZT' contains (indeed, equals) null W. We therefore see that solution recovery
succeeds, i.e. for (say) o = 2:

00 0
X+aS=[0 a -1 |esi
0 -1 a-—1

On the other hand, the following solution fails Condition 3.2.1:

0 -1 0
X=|-1 0 o |. (3.3)
0 0 -1

Here, Z = (—1,0) and W = 0. Hence, null ZT = {0} does not contain nullW =R and
recovery must fail. In other words, there is no a for which

0 -1 0
X+aS=]| -1 « 0 683,
0 0 a-—1

which is easily seen.

B 3.3 Strong duality is not sufficient for dual recovery

Recall that zero duality gap between the original primal-dual pair P(K) and D(K)
is a necessary condition for successful recovery when P(F) and D(F) have no gap



Sec. 3.4. Ensuring successful dual recovery 123

(Lemma 3.1.1). Example 3.2.1 shows this is not a sufficient condition: both primal-
dual pairs have no gap.

Corollary 3.3.1. The dual solution recovery procedure of Algorithm 8.1 can fail even
if both the original primal-dual pair P(KC) and D(K) and the primal-dual pair P(F)
and D(F) have zero duality gap.

B 3.4 Ensuring successful dual recovery

Condition 3.2.1 lets one determine if recovery is possible by a simple null space compu-
tation. Unfortunately, this check must be done after solving the dual problem Dgpp(F)
as it depends on the obtained solution. In this section, we give a simple sufficient con-
dition that is checkable prior to solving Dgpp(F). If this condition holds, one can
modify Pspp(F) and Dgpp(F) to guarantee successful recovery, independent of the
solution found for Dgpp(F).

The idea is simple: when can one assume Z = 0 and hence ensure Condition 3.2.1
holds without changing the dual optimal value? By [103, Theorem 5], this assumption
can be made if Pgpp(F) satisfies Slater’s condition and Pgpp(ST) is well-behaved—
where Pgpp(S?) is well-behaved if, for all cost vectors b, the optimal values of Pspp(ST)
and Dgspp(ST}) are equal and Dgpp(S')) attains it optimal value when it is finite. It
turns out we can assume Z = 0 under a related but purely linear-algebraic condition
inspired by a characterization of well-behaved SDPs [103, Theorem 3]. The condition
and statement follow.

Condition 3.4.1. The equations of Pgpp(F) have the following property:
{ye R VTA@V =0} = {y e R™ : VT AWV =0, VT AU = 0},

that is, VT A(y)V = 0 implies VT A(y)U = 0.

Proposition 3.4.1. Suppose Condition 3.4.1 holds. If Dspp(F) has an optimal solu-
tion, then it has an optimal solution with Z = 0.

Proof. Let X be an optimal solution to Dgpp(F), which, for some W € S?, Z ¢
R&*(=d) "and R € S"¢ satisfies

W Z

X:(U,V)<ZT R

) (U, )T, (3.4)
We will construct a new solution X by setting Z to zero and replacing R with R + R
for a particular R.

Towards this, we first show existence of X implies the set {y ER™ :VTA(y)V = O}

is non-empty. If it were empty, then, by Farkas lemma, there exists R satisfying
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Tr R(VTA;V) =0 and Tr R(VTCV) < 0, which implies

X:X+(U,V)<8 %)(U,V)T

is a feasible point of Dgpp(F) with strictly better cost, contradicting optimality of X.
Hence, there exists yg € {y eR": VT A(y)V = 0}.
Now, consider the linear maps L : R™ — §"~% and Ly : R™ — Rd4*(n—d)

m

Li(y) =Y _ ui(VTAV), La(y) = > w(UTAV),
i=1 =1

where R?*("=d) and S"~4 are equipped with trace inner-product. With these defini-
tions, L1(y) = VIOV if and only if VT A(y)V = 0 and La(y) = UTCV if and only
if VTA(y)U = 0. Further, X of form (3.4) satisfies the equations Tr A;X = b; for
Dgpp(F) if and only if

* * T T T
Li(R) +2L5(2) = b — (Te(UT U)W, ..., Te(UT A, )W)

Now suppose Condition 3.4.1 holds. Given existence of y, it follows that null L; C
null Ly—otherwise, we could construct solutions to Li(y) = VI CV that do not solve
Ly(y) = UTCV, a contradiction of Condition 3.4.1. But null L; C null Ly holds if and
only if range L] D range L5. Hence, we can find a R satisfying

sLi(R) = 2L5(Z), (3.5)

which implies the matrix

X =(U,V) (‘gf RER ) A

satisfies Tr A; X = b;. Since W € S, it follows X is feasible for Dgp p(F).

We now show TrCX = TrCX, proving X is also optimal. For this, it suffices
to show TrCVRVT = 2TrCUZVT. Since Li(yo) = VICV and, by Condition 3.4.1,
La(yo) = UTCV, we conclude

(Li(R),y0) = (R, Li(0)) = (R, V'CV) = Tt VICVR,
(L5(Z),y0) = (Z,La(yo)) = (2, UTCV) =Tr VI CU Z,

which, by (3.5), shows Tr CVRVT = 2Tr CUZVT | as desired. O

We conclude one can fix Z to zero in Dgpp(F) and omit the equations VI A(y)U = 0
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from Pgpp(F) under Condition 3.4.1. This leads to a modified primal-dual pair:

maximize b’y minimize TrCX
subject to  A(y) = C — > i A, subject to Tr A; X = b; Vie{l,...,m},
UTA(y)U € S4, W 0

X = (U,V) ( ) U, )T,

VIA(y)V =0, 0 R

WeSt ReS" 4

where any solution of the modified primal solves Pspp(S) and any solution of the
modified dual satisfies Condition 3.2.1 (by construction).

Comparison with well-behavedness We now illustrate differences between Condition 3.4.1
and well-behavedness of Pgpp(S). Suppose one constructs Pspp(F) after a single
iteration of facial reduction. From [103, Theorem 3], it follows Condition 3.4.1 and well-
behavedness of Pgpp(S'}) are equivalent if Pgpp(F) satisfies Slater’s condition. The
following examples show this equivalence can fail if Slater’s condition does not hold.

Example 3.4.1 (A well-behaved SDP and failure of Condition 3.4.1). Consider the
following SDP:

maximize bly
subject to

Aly) = 0 est.

For any b, the optimal value is zero. Further, for any b, a nonnegative diagonal matriz
X satisfying by = xo0 — 111 and by = w44 — x33 1S dual optimal. Hence, the SDP is
well-behaved.

The matriz S = eje1 + ezed is orthogonal to A(y) for all y. Hence, we can take
F =S4 NSt and formulate Pspp(F) as follows

bT

maximize Y
subject to
0 y2 0
UT AU = * est,  VIAyU = —0
0
VIAV = ¥ = Ozyc0,
0 —un

where V = (e1,e3), U = (e3,eq). Clearly UT A(y)U cannot be positive definite, hence
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Pspp(F) fails Slater’s condition. In addition, Condition 3.4.1 fails, i.e.,
{ye R VTA@V =0} £ {y e R™: VT AWV =0, VT AU =0}

Note one avoids this failure by taking S = I, which is also orthogonal to A(y) for all y.

Example 3.4.2 (An SDP not well-behaved and success of Condition 3.4.1). The fol-
lowing SDP, based on [103, Example 1], has an unattained dual optimal value when
b=(1,0,0)" and is hence not well-behaved:

maximize by
subject to

4
€ S5,

For the rank two matriz S = egeg + 646{, we have that Pspp(F) takes the form:

maximize b’y

subject to
UTAU = 1 T ) es2, vTamu =2 %) = 0s0
Y1 Y3 * 00 ’
VAV = 2 % >=0m,
Ys —Y2

where V. = (e3,e4) and U = (e1,ez). Since y3 = 0 if y is feasible, Slater’s condition
fails. Condition 3.4.1, on the other hand, holds given that VT A(y)U = 0 imposes no
constraints on y. This is despite the fact the SDP is not well-behaved.

B 3.5 Recovering solutions to an extended dual

We close by discussing recovery for an alternative dual program intimately related to
facial reduction—an extended dual [102, 114, 115]. Solutions to the extended dual
simultaneously identify a chain of faces Fi,...,Fn (where N = n — 1) and a solution
X € F3 to Dgpp(Fn). The description of faces relies on the following.

Lemma 3.5.1. The following statements are true:
1. For any face F of Sy, F* =8 + (span F)*.
2. If F=S" NSt for S €S, then

S W

1 _ T .
(span F) —{W+W '<WT ol

) € Si" for some a € R}.
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3. Let Fo:=S" and consider the chain of faces defined by matrices S;
Firn = FiN S},

where S; is in F}, i.e. S; = S;+V; for S; € St and V; € (span ]-")ll The following
relationship holds:

Fit1 = S ﬂ ZS

Proof. The first statement holds because S} is a nice cone [102]. The other
statements are shown by Proposition 1 and Theorem 3 of [102]. O

The variables and constraints of the extended dual arise directly from this lemma. It
is given below as an optimization problem over X, X, W, S;, Si, W;, ay:

minimize TrCX
subject to Tr A; X = b;
TrCS; =0, TrA;S; =0 (S;+ contains A(y) for all y)

X=X+Wn+W§ (XeFy
Si=8;+W; + Wl-T (S; € F})

( 2j=0 5 Wit ) S

Wi, a;l
SiES ,XGSQL_,WO:O

where i ranges from 0 to N — 1 and j ranges from 1 to m (indexing m linear equations

Tr A]X = b])

Recovering a solution Suppose F; = UiS’fUiT for ¢ = 0,..., N is a sequence of faces
identified by facial reduction suitably padded so that the length of the sequence is N,
ie., Fo,...,Fm =S} forsome M < N. Let S; € F; be the exposing vector of ;1 and
let X be a solution to Dgpp(F). One can construct a feasible point of the extended
dual by decomposing S; (and similarly X) into the form S; = S; +W; + W7, for S; € St
and W; + WT € (span Fi)*. Supposing U; has orthonormal columns, this is done by
taking

S, =UUrS;u,ur,  W;=3(5-5;) vie{o,...,N—1},
X = UnULXUNUYE, Wy =3(X - X).

One can then pick each «; (individually) to satisfy the corresponding semidefinite con-
straint.
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M 3.6 Conclusion

We gave a post-processing procedure for dual solution recovery that applies generally
to cone programs preprocessed using facial reduction. This recovery procedure always
succeeds when the cone is polyhedral, but may fail otherwise, illustrating an interesting
difference between linear programming and optimization over nonpolyhedral cones. We
gave sufficient conditions for successful recovery and explored the connection with well-
behaved SDPs—a subset of SDPs for which recovery is always possible.



Chapter 4

Self-dual embeddings and facial
reduction

Recall that a cone program is pathological if none of the following three objects exist: a
solution to the optimality conditions, a feasible point paired with an improving ray, or a
strictly separating hyperplane, i.e., a dual improving ray. By applying facial reduction
to a cone program and/or its dual, we can guarantee the resulting cone program is
not pathological. There is no algorithm, however, that does facial reduction only if a
given program is pathological. Such an algorithm would be useful if one only wanted
to pay the costs of facial reduction for pathological instances which, without facial
reduction, are perhaps unsolvable. This chapter provides such an algorithm. Indeed,
this algorithm actually solves arbitrary instances of cone programs, performing facial
reduction if and only if an instance is pathological before returning the optimal value
and a point attaining it if one exists.

Note that the facial reduction algorithms [20, 102, 138] are based on failure of
Slater’s condition. Failure of Slater’s condition is necessary for pathologies but not
sufficient. Hence, our algorithm is based on a different object: the self-dual embedding,
an auxiliary cone program constructed from a given instance. When the instance isn’t
pathological, solutions of the embedding provide solutions of the optimality conditions
or improving rays. When the instance is pathological, we will show solutions to the
embedding provide the needed hyperplanes for facial reduction. Note that the self-
dual embedding is the basis of widely used solvers [128, 94|. Indeed, implementing
our algorithm involves only minimal code changes to these solvers that only modify
execution for pathological instances. Nevertheless, numerical experiments will show
such implementations still face the significant numerical challenges encountered by other
facial reduction algorithms. Hence, the contributions of this chapter are, at this point,
mostly theoretical. We now overview the self-dual embedding and explain contributions
of this chapter in more detail. First we fix the form of the cone program of interest.

129
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Problem of interest In this chapter, the cone program of interest has decision variable
x € V and its dual has decision variables s € V and y € R™:

minimize (¢, x) maximize (b, y)
subject to Az =b, subject to ¢— A*y = s, (4.1)
x €K, se*, yeR™

As in previous chapters, V is a finite-dimensional inner product space identified with
its dual space V*, the map A : V — R™ is linear with adjoint A* : R™ — V), the points
b€ R™ and ¢ € V are fixed, and the cone KL C V is closed and convex with dual cone
Kf:={seV:(s,x) >0 Vo € K}.

Recall from Chapter 1.2.1 that the optimality conditions of (4.1) are

Ax =b, x € K, s=c— ATy, s e K, (c,z) = bTy,

where we’ve used the fact that (c,z) = bTy is, for feasible points, equivalent to the
complementary slackness condition (s,z) = 0. Given this equivalence, we will call
(z,8,y) €V xV x R™ a complementary solution if it solves the optimality conditions.
Similarly, a primal improving ray x € V and dual improving ray (s,y) € V x R™ are
points satisfying

Az =0, x € K, (¢,x) <0 s=—A%y, se K*, bTy > 0.

Also recall from Chapter 1.2.1 that the hyperplane {z € V : (s, ) = 0} strictly separates
K from the solutions to Az = b if (s,y) is a dual improving ray. Hence, dual improving
rays certify primal infeasibility. Similar remarks apply to primal improving rays and
dual infeasibility.

Self-dual embeddings The self-dual embedding, also called the self-dual homogeneous
model, is a cone program whose constraints simultaneously describe improving rays and
complementary solutions [63, 87, 40, 97, 111]. It includes two extra variables 7 € R
and k € R4 and takes the following form

Ax —br = 0,

—A'y—s+cr = 0,

(b,y) — (c,z)y — Kk = 0,
(x,s8,y,T,k) € KX K" xR™ x Ry x Ry.

(4.2)

Any solution (z,s,y,7,k) of the embedding satisfies the complementarity condition

7k = 0; hence, any solution falls into one of three categories. If 7 > 0, then %(x, $,Y)

solves the optimality conditions of (4.1), i.e., %(w, s,y) is a complementary solution. If
k > 0, then = and/or (s,y) are improving rays for the primal and/or dual. If, on the

other hand, 7 = k = 0, then the solution (z, s,y, T, k) reveals nothing about the primal



131

or dual optimal value—either could be finite or unbounded from above or below.!
Further, 7 = & = 0 holds for all solutions if and only if complementary solutions
and improving rays do not exist, i.e., if and only if the cone program of interest is
pathological.

Theoretical contributions In this chapter, we reexamine the solution set of the embed-
ding in the pathological case. To summarize our results, we first note that the solution
set of the embedding (4.2) is a convex cone. For pathological instances, we show points
in the relative interior of this cone identify faces of K and/or £* containing the primal
and/or dual feasible set, which is precisely the information needed for facial reduction.
This allows one to reformulate the embedding (4.2) over a face and resolve, repeating
until a complementary solution or an improving ray is obtained. This ultimately leads
to an algorithm that finds the optimal value and a point attaining it (if one exists) for
any cone programming instance.

This algorithm, of course, needs to find relative interior solutions of the embed-
ding (4.2). As we show, such solutions are obtained from relative interior solutions of
the extended-embedding [145], a strictly feasible cone program with a strictly feasible
dual. Note that if I is a symmetric cone, the central path of the extended embedding
converges to the relative interior of its solution set [66, 116]. Further, reformulating
(4.2) over a face of K or K* requires only basic linear algebra (see, e.g., Chapter 1.3.1).
Hence, implementations of our algorithms are conceptually simple for symmetric cones,
involving only linear algebra and repeated calls to an interior point method.

Numerical experiments Though the aforementioned implementations are conceptually
simple, they nevertheless face significant practical barriers. Numerical experiments will
be given to illustrate the following three issues. First, interior-point methods only ap-
proximate the limit point of the central path; hence, in practice, only approximate
solutions of the embedding are obtained. Second, facial reduction with these approxi-
mate solutions can change the optimal value by an arbitrary amount, e.g., by changing
a feasible problem to an infeasible problem. Note that this second issue is rooted in
the fact at least one problem—primal or dual—is ill-posed in the sense of Renegar
[118] when 7 = k = 0 for all solutions;? that is, at least one problem has optimal
value infinitely sensitive to perturbations of A, b and ¢. Third, strict complementarity
can fail badly, which can cause poor convergence of interior-point algorithms. Indeed,
the extended-embedding never has a strictly complementary solution when 7 = x = 0

'Though the solution reveals nothing, the asymptotic behavior of central-path-following techniques
gives information in certain cases. See Luo et al. [87] and de Klerk et al. [41].

2In this case, no complementary solution or improving ray exists. At least one problem—primal or
dual—is thus feasible and fails Slater’s condition or infeasible and fails to have a dual improving ray.
In other words, at least one problem is weakly feasible or weakly infeasible in the sense of [88] and hence
ill-posed in the sense of Renegar [118].
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Case Interpretation
7>0,k=0 Complementary solution
7=0,k>0 Improving ray(s)

7 =0,k =0 | Hyperplane(s) for facial reduction

Table 4.1: Interpretation of a relative interior solution to the self-dual embedding (4.2)
in terms of the conic optimization problem (4.1). A main observation of this paper,
given by Corollary 4.2.1, is summarized by the last row.

holds for all solutions, since, by definition, strict complementarity requires 7= = 0 and
74+ k > 0. We emphasize that these issues currently preclude a practical implementa-
tion of the mentioned algorithms. Nevertheless, experiments indicate “good” solutions
to the embedding can be obtained for many pathological instances, which may have
practical value; indeed, in Section 4.4.4, we use approximate solutions to explain the
poor performance [93] of primal-dual solvers on a DIMACS library instance [104] by
offering numerical evidence the dual optimal value is unattained.

Outline This chapter is organized as follows. Section 4.1 establishes additional notation
and definitions. Section 4.2 studies the solution set of the embedding and the extended-
embedding. Section 4.3 gives a theoretical algorithm for solving arbitrary instances of
a given cone program. Section 4.4 gives numerical experiments, highlighting barriers to
practical implementation.

H 4.1 Notation and definitions

To enable succinct and precise statements, we need additional definitions. First, we let
P(C) and D(C) denote the following primal-dual pair parametrized by a closed, convex
cone C C V.

minimize (c, ) ~ maximize (b,y)
subject to Ax = b, subject to s =c¢— A*y, (4.3)
xz €C, (s,y) € C* x R™.

P(C):

Here, (A, b, c) is the problem data of (4.1); indeed, with this notation, P(X) and D(K)
denote (4.1). We also parametrized the solution set of the self-dual embedding by C.

Definition 4.1.1. For a nonempty, closed, convex cone C C V, and the problem data
AV —=>R"™ beR™ and c €V of (4.1), define H(C) as the convex cone of solutions
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(z,s,y,7,k) to the system

Ar —br = 0,

—A'y—s+cr = 0,

<b7 y> - (Cv .%'> -k = 0,
(z,8,y,7,k) ECXC" xR™ xRy x Ry.

(4.4)

Note that if C = K, then H(C) equals the solution set of the self-dual embedding (4.2).
Finally, we name the hyperplanes of facial reduction facial reduction certificates.

Definition 4.1.2. For a nonempty, closed, convexr cone C C V, and the problem data
A: V=S R™ beR™ and c €V of (4.1), define facial reduction certificates as follows:

e Call s € C* a facial reduction certificate for P(C) if the hyperplane s contains
the affine set {x € V: Az = b} and C N st C C holds strictly.

e Call x € C a facial reduction certificate for D(C) if the hyperplane x+ contains
the affine set {c — A*y :y € R™} and C* Nat C C* holds strictly.

We also define a notion of optimality for certificates.

Definition 4.1.3. Let C C V be a nonempty, closed, convex cone. Let Z, C 'V denote
the set of facial reduction certificates for P(C) and Zg C V the set of facial reduction
certificates for D(C).

e s € Z, is an optimal facial reduction certificate for P(C) if C N st satisfies

CnstCccnst forallse Z,

e = € Z; is an optimal facial reduction certificate for D(C) if C* Nat satisfies

C*naztccrnit foralld e Z,

Note that the sum of two facial reduction certificates is a certificate. Further, the sum
of a maximal set of linearly independent certificates is optimal given the identities

CN(si+s2)t=CNsinsy,  C'N(xy+x2)t =C"Nai Nay,

which hold for any s1,s2 € C* and z1,z9 € C.

H 4.2 Solutions to self-dual embeddings

In this section, we study the solution set of the self-dual embedding H(C). Not every
point in H(C) provides information about the primal-dual pair P(C) and D(C); indeed,
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H(C) contains the zero vector. We therefore focus on two subsets of H(C) whose points
all provide information. We classify the points in these subsets based on 7 and x,
leveraging the fact that 7x = 0; that is, for (z,s,y, 7, k) € H(C),

0<(z,s) = (r,cr — A%y) = 7({c,x) — (b,y)) = =7k < 0. (4.5)

In other words, for each subset, we consider the three cases 7 > 0, k > 0and 7 =k = 0,
providing novel insight into this latter case.

The first subset of interest is the relative interior of H(C). Our main result (Theo-
rem 4.2.1) implies the results of Table 4.1; specifically, it shows that points in the relative
interior yield complementary solutions when 7 > 0, improving rays when x > 0, and
optimal facial reduction certificates when 7 = k = 0. Specialized to SDP, this expands
the analysis of [41, 40].

We next consider the subset M NH(C) where M is a distinguished type of hyperplane
introduced in Ye et al. [145] and studied in Freund [56]. As with the relative interior,
points in this subset yield complementary solutions when 7 > 0 and improving rays
when £ > 0. When 7 = k = (0, we obtain either an improving ray or a facial reduction
certificate; in other words, we obtain a certificate that Slater’s condition has failed.

Finally, we show how to find points in both subsets by solving the extended-
embedding of Ye et al. [145]—a strictly feasible conic problem with strictly feasible
dual.

Ml 4.2.1 The relative interior

The following theorem classifies (z,s,y, 7, k) € relint H(C) by the values of 7 and .
A corollary follows restating key statements in terms of complementary solutions, im-
proving rays, and facial reduction certificates for the primal-dual pair given by P(C)
and D(C). The key observation for the case of 7 = k = 0 is the following: if
(x,s,9,0,0) € H(C), then, by inspection, so is at least one of the points (0, s,y, 0, (b, y))
or (2,0,0,0,—(c,x)). This will imply (¢,z) = (b,y) = 0 when 7 = k = 0 holds for
points in the relative interior.

Theorem 4.2.1. Let C C V be a nonempty, closed, convex cone with (z,s,y,T, k) €
relint H(C). Then, the complementarity condition Tk = 0 holds. The following state-
ments also hold.

1. If 7> 0, then (Az) = b, L(A*y +s) = ¢, and (b,y) = (c,z).
2. If k>0, then Az =0, A*y+s=0, and (b,y) > (¢, z).

Further, letting F, == C N st, Fq:=C*nat, A, = {z € V: Az = b} and
Ag:={c— A%y :y e R},
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(a) the hyperplane s contains Ap;

(b) the hyperplane x contains Ag;

(c) the face Fy, is proper if and only if Ay, Nrelint C is empty;

(d) the face Fy is proper if and only if AgNrelintC* is empty;

(e) at least one of the faces F, or Fy is proper;

(f) the inclusion F, C C N &+ holds for all § € C* satisfying A, C §+;
(g) the inclusion Fq C C* N &+ holds for all & € C satisfying Aq C 2.

Proof. We only prove the third statement, noting that the first two are well known and
follow easily from the complementarity condition 7« = 0 implied by (4.5). To begin,
let w:= (z,s,y,7,k) € relint H(C) and assume 7 = k = 0. Now pick arbitrary @ :=

for every a > 0, contradicting the fact w € relint H(C). Since & = 0, it follows that
(¢, &) —(b,9) = 0, i.e., that (¢, Z) = (b, y). We will now tighten this to (¢, ) = (b,3) = 0.
To begin, let § := (c,) = (b,9). By inspection, at least one point—(0, $, 7,0, é) or
(2,0,0,0, —é)—is in H(C). But as just argued, the s-coordinate of any point in H(C)
must be zero. We conclude 0 = 0; hence (¢, 2) = (b,§) = 0, as desired. We now use this
to show statements (3a)-(3b).

To see (3a)-(3b), first note that (z,s) = —(&, A*y) = —(b,y) = 0 for all solutions &
of Ax = b. Hence, the solution set {x € V : Ax = b} is contained in the hyperplane
st. Likewise, (x,3) = (c,x) = 0 for all 3 € {c — A*y : y € R™}; hence, 7+ contains
{c—A*y:y e R"}.

We now show (3d). One direction is trivial; if A4, is contained in a proper face
of C*, then Ay N relint C* must be empty. For the converse direction, suppose that
AgNrelint C* is empty. The separating hyperplane theorem [121, Theorem 11.3] states
that a hyperplane exists properly separating these sets. Using [121, Theorem 11.7], we
can additionally assume this hyperplane passes through the origin since C* is a cone.
In other words, there exists & € C** = C satisfying

(#,c— A%y) <0 for all y € R™,
(%,2) # 0 for some z € {c— A"y :y € R"}UC".

It follows that (¢, ) < (A*y, &) for arbitrary y € R™, which implies A% = 0 and (¢, Z) <
0. But (c¢,&) = 0, otherwise & is an improving ray for P(C), and (£,0,0,0, —(c,2)) €
H(C) with x > 0. Hence, the hyperplane 2+ contains {¢ — A*y : y € R™} implying
(Z,z) # 0 for some z € C* given proper separation of the sets. That is, Z exposes a
proper face of C*. We now use & to show that = exposes a proper face of C* as claimed.
Clearly, @ := (%,0,0,0,0) € H(C). Since w is in the relative interior of H(C), it holds
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that w + aw € H(C) and = + a& € C for some a > 0. Hence, for any u € C*, the
inequality (u,z = aZ) > 0 holds, which in turn implies (u,Z) = 0 when (u,z) = 0. In
other words, C* Nz~ is contained in a proper face, i.e.,

C*nztccrnit, (4.6)

and is hence proper.

Applying the argument of the previous paragraph to the set A, Nrelint C shows (3c).

Statement (3e) follows if at least one of the sets—{z € V : Az = b} NrelintC or
{c = A*y : y € R™} Nrelint C*—is empty. Suppose this is not the case. Then, Slater’s
condition is satisfied for both P(C) and D(C) showing the existence of an optimal
primal-dual solution with zero duality gap [13, Section 7.2.2]. Hence, there exists a
point in H(C) with 7 > 0, contradicting the assumption that (x,s,y,7,x) is in the
relative interior of H(C).

The same argument that shows the containment (4.6) shows (3f) and (3g). O

The following corollary arises simply from definitions. Variants of the first two state-
ments (and their converses) are well known for semidefinite optimization [41, Theorem
5.3.2]. Note that taking C = K yields Table 4.1.

Corollary 4.2.1. Let C C V be a nonempty, closed, convex cone with (x,s,y,T,Kk) €
relint H(C). The following statements hold for the primal-dual pair P(C) and D(C).

1. If 7> 0, then 1(z,s,y) is a complementary solution for P(C) and D(C).

2. If K > 0, then x is an improving ray for P(C) and/or (s,y) is an improving ray
for D(C).

3. If T =k =0, then = and/or s are facial reduction certificates.

Moreover, converses of the first two statements hold: if P(C) and D(C) have a com-
plementary solution, then T > 0; if P(C) and/or D(C) have an improving ray, then
k> 0.

We now strengthen the third statement of Corollary 4.2.1, showing that facial reduction
certificates are obtained for both problems if they both fail Slater’s condition. We
then illustrate the second statement does not have an analogous strengthening; that is,
improving rays are not necessarily obtained for both problems even if they exist.

Facial reduction certificates for the primal and dual. The third statement of Corol-
lary 4.2.1 does not guarantee that s and x are both facial reduction certificates when
such certificates exist for both primal and dual problems. Statements (3c)-(3d) of The-
orem 4.2.1 provide this guarantee. Moreover, statements (3f)-(3g) imply that these
certificates are optimal. Formally:
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Corollary 4.2.2. Let C C V be a nonempty, closed, convex cone with (z,s,y,T,Kk) €
relint H(C). If 7 = k = 0, the following statements hold.

o The set {x € V: Ax = b} Nrelint C is empty if and only if s is a facial reduction
certificate for P(C).

o The set {c—A*y :y € R™}Nrelint C* is empty if and only if x is a facial reduction
certificate for D(C).

Moreover, if x (resp., s) is a facial reduction certificate, then x (resp. s) is optimal in
the sense of Definition 4.1.5.

This can be compared to Corollary 1.3.2 (the basis of the facial reduction algorithm
[102]), which asserted that, for feasible problems, existence of facial reduction certifi-
cates is equivalent to failure of Slater’s condition. Also note that the optimality of
certificates is ensured by the restriction to relint H(C); note that [130, Procedure 1] and
[138, Algorithm 4.1] find optimal certificates using similar restrictions.

The next example illustrates the first two statements of Corollary 4.2.2. Here, the
primal-dual pair has finite but non-zero duality gap. This implies 7 = kK = 0 for all
points in relint H(C) and that Slater’s condition fails for both the primal and dual.

Example 4.2.1 (Example with positive duality gap [4].). Let Q" := {xl >/, xf}

denote the Lorentz cone. The following primal-dual pair has a duality gap of one:

minimize 3 maximize Y
0 Y1
subject to z1 +z9+ x4+ 25 =0 . 0 Y1
! IR subject to 1)—[ —v | =s
—x3+ x4 =1 8 yl:lj;yQ
J?EQ?)XQQ S€Q3XQ2.

Indeed, if v € Q3 x Q2, then x1 + x2 > 0 and x4 + x5 > 0; if, in addition, x1 + xo +
x4+ x5 =0, then x1 + 2 = 0, implying x3 = 0 if (x1,22,73) € Q3. On the other hand,
dual feasible points satisfy s1 = so, which in turn implies s3 = 0, i.e., yo = —1. Since
both problems are feasible, the duality gap is 0 — (—1) = 1.

Since there is a duality gap of one, any point in relint H(Q3x Q2) satisfies T = k = 0,
e.g.,

&=(1,-1,0,0,007, 5=(1,1,0,1,1)T, g=(-1,007, 7 =r=0.

We see that § and & are facial reduction certificates for the primal and dual, as predicted
by Corollary 4.2.2.

Improving rays for the primal and dual. Statement 2 of Corollary 4.2.1 does not guar-
antee s and x are both improving rays when such rays exists for both primal and dual
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problems. Unfortunately, this statement cannot be strengthened—in the x > 0 case,
there are instances for which relative interior points do not yield improving rays for
both problems, even if these rays exist. This is a known shortcoming of the self-dual
embedding that occurs even in the linear programming case (see, e.g., [145]). The
following example illustrates this shortcoming.

Example 4.2.2. Consider the following primal-dual pair of linear programs

minimize —x maximize yo

subject to (Bl) - (—3(/;;};2)) =5
s € ]R2 9

subject to 1 —x2 =0,
—(331 — xg) = 1,
xz € RZ,

AAAAA

relint H(Ri) yields an improving ray & for the primal and an improving ray § for the
dual, where

t=1,07, 5=0,07, g=1,1f, 7=0, &=2.
Nevertheless, the entire family of points

z = (r, r)T, 5= (O,O)T, J= (t,t)T, =0, &

r+t, forr>—-t>0

are also in the relative interior of solutions to the self-dual embedding, and only give
improving rays for the primal problem.

Note that this example illustrates one cannot in general decide infeasibility of the primal
and dual from a single point in relint H(C) with x > 0. We will revisit this issue in
Section 4.3.3, as it complicates a presented solution algorithm for finding optimal values.

B 4.2.2 The intersection with distinguished hyperplanes

The next subset of H(C) of interest is its intersection with a distinguished type of
hyperplane. Such a hyperplane M is defined by p > 0 and a fixed point (%, 8,7,k) €
relint(C x C* x Ry x Ry) via

M := {(JU,S,y,T,K,) : <§,ﬂ'5>+<§3,8>+7ﬁl€—|—l/{7’:/},}

For a particular g, membership in M is an implicit constraint of the extended-embedding
of [145]. Also, as shown in [56], it can be interpreted as a norm constraint on (z, s, 7, k) €
C xC* xRy xRy when C is a proper cone, i.e., a cone that is full-dimensional, pointed,
convex, and closed.

As we now show, from (z,s,y,7,k) € H(C) N M, one always obtains one of the
following objects: a complementary solution or a certificate that the primal or dual has
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failed Slater’s condition. As with relint H(C), complementary solutions are obtained
when 7 > 0 and improving rays are obtained when x > 0. The case of 7 = k = 0,
however, is now more delicate: we either obtain a facial reduction certificate or an
improving ray. Facial reduction certificates are also not necessarily optimal nor are
they necessarily obtained for both primal and dual if both fail Slater’s condition.

Theorem 4.2.2. Let C C V be a nonempty closed, convex cone. For a scalar p > 0
and point (Z,8,7,k) in the relative interior of C x C* x Ry x Ry consider the hyperplane

M = {('r?s?y?T’ K‘) : <§ax> + (i’,s) +7A'/{—|—,‘%7’ = M}

For (z,s,y,7,k) € MNH(C), the complementarity condition Tk = 0 holds. The follow-
ing statements also hold.

1. If 7> 0, then (z,s,y) is a complementary solution of P(C) and D(C).

2. If kK > 0, then x is an improving ray for P(C) and/or (s,y) is an improving ray
for D(C).

3. If =k =0, at least one of the following statements is true:

(a) z is an improving ray for P(C);
(b) (s,y) is an improving ray for D(C);

(c) z is a facial reduction certificate for D(C), i.e., C* Nat C C* holds strictly
and the hyperplane x+ contains Ay := {c — A*y :y € R™};

(d) s is a facial reduction certificate for P(C), i.e., CN s+ C C holds strictly and
the hyperplane s+ contains A, = {x € V : Az = b}.

Proof. The first two statements are trivial from the complementarity condition 7« = 0.
For the third statement, we note from x = 0 that (b,y) = (¢, z) and consider the three
cases (b,y) = (c,z) >0, (b,y) = (¢,x) < 0 and (c,z) = (b,y) = 0. In the first case, it is
trivial to check that (s,y) is an improving ray and in the second that x is an improving
ray. In the third case, where (c,z) = (b,y) = 0, it follows z* and st contain .44 and
A, respectively; see the proof for statements (3a)-(3b) of Theorem 4.2.1. In addition,
at least one exposes a proper face since 7 = k = 0 implies (3, x) + (Z,s) = u > 0; that
is, the face exposed by 2t doesn’t contain 5 if (3,z) > 0 and the face exposed by st
does not contain # if (Z,s) > 0. O

We conclude with descriptions of relint(M NH(C)). We will use this description in
the next section to find points in relint H(C).
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Theorem 4.2.3. Let C C V be a nonempty closed, convex cone. For a scalar u > 0
and point (Z,8,7,R) in the relative interior of C x C* x Ry x Ry consider the hyperplane

M :={(z,s,y,7,k): (§,x) + (&,8) + Tk + AT = u}.
The following statements hold.
1. relint (M NH(C)) = M Nrelint H(C)
2. The conic hull of (M Nrelint H(C)) equals relint H(C).

Proof. We first show the second statement. The inclusion C is trivial: since M N
relint (H(C)) is a subset of relint H(C), its conic hull is contained in relint H(C) since
relint H(C) is a cone. For the reverse, let (x, s,y, 7, k) € relint H(C). By Corollary 4.2.1,
7>0,k>0,5¢C oraz¢ (C*)-. Hence, the sum (&, ) + (z,3) + 7x + T4 equals
some positive number, say, a. It follows that A(z,s,y, 7, k) € M Nrelint H(C) for the
strictly positive number A = £ by the fact relint H(C) is a cone.

The second statement implies that M N relint H(C) is nonempty; hence, the first

statement follows from Corollary 6.5.1 of [121].
O

Remark 4.2.1. Note the special structure of M is crucial to statements (3c) and
(3d) of Theorem 4.2.2. If, for instance, we replaced M with an arbitrary hyperplane,
the inclusions C N st C C and C* Nzt C C* wouldn’t necessarily hold strictly. It is
also crucial to Theorem 4.2.3: an arbitrary hyperplane doesn’t necessarily intersect the

relative interior of H(C).

B 4.2.3 Finding solutions via extended-embeddings

We now discuss how to find points in the two analyzed subsets, relint H(C) and M N
H(C), considered in Section 4.2.1 and 4.2.2. Recall that M is a hyperplane of the
distinguished type defined by a fixed point (Z,8,7,#) € relint(C x C* x Ry x Ry)
and fixed g > 0. Our analysis is based on the following hyperplane M’ for which
w=(Z,8) + 7k:

M= {(z,5,y,7,5) : (8,2) + (&,5) + T + AT = (2, 8) + 74}, (4.7)

As shown in Ye et al. [145], points in M’ N H(C) are obtained from solutions to an
extended-embedding. Hence, points in M N H(C) for arbitrary pu > 0 are obtained by
rescaling these solutions. We will review this result and then build on it, showing points
in relint H(C) are obtained from relative interior solutions to the extended-embedding
(which is not obvious).
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Picking § € R™ and letting o = (8, %) + 7k, the extended-embedding takes the
following form

minimize «f
subject to Az — bt =1p0,
—A*y — s+ cr =ryb, (4.8)
(b,y) — (c,z) — K =140,
(rp,y) + (ra, ) + 147 = —q,

where (z,s,y,7,K,0) € C x C* x R™ x Ry x Ry x R is the decision variable and 7, 74,

AAAAA

A A

rp = AT — b7, rqg=—A") — 8§+ cT, rg = (b,9) — (c, &) — A.

is zero and it is attained, implying 6 = 0 at optimality. Note this latter property is
easy to see from duality. To be precise, the dual problem is to maximize —a# over dual

which exists by strict feasibility of (4.8), can be viewed as a dual optimal solution. In
conclusion, o = —af for an optimal solution since there is no duality gap (again by
strict feasibility). This shows that § = 0 at optimality since a > 0.

Note that if # = 0, then the first three constraints of (4.8) reduce to the defining
equations of H(C); i.e., a point (z,s,y, T, k,0) with 6§ = 0 satisfies these constraints
if and only if (z,s,y,7,k) € H(C). For points in H(C), the remaining constraint is
equivalent to membership in M':

— = <Tp7y> + <7’d, x> + T.QT
= (A% —bF,y) + (—A*g— s+ cF,2) + ((b,9) — (c
(=&, —A%y+ecr) — (8,2) — (9, Ax — bT) — 7({(b,

—(Z,8) — (8, ) — Tk — RT.

&Y — R)T
y) —

(c,x)) — RT

It follows a feasible point (z, s, y, T, K, 6) is optimal if and only if § = 0 and (z, s,y, T, k) €
M'NH(C)—a result originally due to [145]. We restate this as the first statement of the
following theorem. The second statement—which to our knowledge is new—describes
the relative interior of the optimal solution set of (4.8) in terms of relint H(C).

Theorem 4.2.4. Let Q x {0} CC xC* xR™ xRy x Ry X R denote the set of optimal
solutions of (4.8) and M’ the hyperplane (4.7). The following statements hold:

1. Q=M nNnH(C).

2. relint Q = M’ Nrelint H(C); further, the conic hull of relint Q equals relint H(C).
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Proof. The first statement is from [145]. The second is from statement 1 and 2 of
Theorem 4.2.3. O

In conclusion, we obtain points in M'NH(C) and relint H(C) from points in 2 x {0} and
relint Q x {0}, respectively. We also note when C is a symmetric cone (and the range
of A equals R™), the central path of the extended-embedding exists and converges to a
point in relint 2 x {0} by strict feasibility and results of [66, 116]. Hence, for the cases
of semidefinite, linear, and second-order cone optimization, we can approximate points
in relint Q x {0}—and therefore points in relint H(C)—using interior-point methods.
We will investigate convergence behavior, focusing on cases where 7 = k = 0 for all
(x,s,y,7,k) € H(C) in Section 4.4. We next develop a solution algorithm assuming
oracle access to H(C).

B 4.3 An algorithm based on self-dual embeddings and facial reduction

As we have shown, we always obtain complementary solutions, improving rays, or facial
reduction certificates from two subsets of H(C): the relative interior of H(C) and, for a
distinguished type of hyperplane M, the set M NH(C). We’ve also seen facial reduction
certificates are obtained from relint H(C) precisely when they are needed, i.e., when
complementary solutions or improving rays do not exist (Corollary 4.2.1). These facts
suggest an iterative procedure that finds a point in relint H(C), regularizes the primal
or dual if necessary (i.e., performs a facial reduction iteration), and repeats until an
improving ray or complementary solution is obtained. In this section we develop such
a procedure.

To design a useful procedure, one must make an upfront decision: should regulariza-
tion leave the primal or the dual optimal value unchanged? (Recall from Section 1.3.6
we cannot guarantee that both are unchanged.) In this section, we choose the former,
stating an algorithm that finds a cone C such that P(C) and P(K) have equal optimal
values and a point (z,s,y, 7, k) € relint H(C) satisfying 7 > 0 or x > 0. This procedure
appears in Algorithm 4.1. We then interpret (x,s,y, 7, k) in terms of P(K), showing
that an optimal solution is obtained when 7 > 0 and that a certificate of infeasibility is
obtained when x > 0 and (b,y) > 0. In the remaining case where, k > 0 and (b, y) <0,
the primal problem P(K) is either unbounded or infeasible. A trivial extension (given
in Section 4.3.3) resolves this ambiguity.

B 4.3.1 Basic properties

Asindicated, Algorithm 4.1 solves a sequence of self-dual embeddings, terminating when
7>0o0r k>0. If T =k = 0, primal regularization is performed if s ¢ C* and dual
regularization is performed otherwise. Note that when 7 = x = 0, the condition s ¢ C*-
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Algorithm 4.1: Given K, returns (z, s,y, 7, ) € relint H(C) satisfying 7 > 0 or
k > 0 where P(C) and P(K) have equal optimal values.
C+K
repeat
Find (z,s,y, 7, k) in the relative interior of H(C)
if 7> 0o0r x>0 then
| return (z,s,y,T, k)
else
if s ¢ C* then
| Regularize primal: C < C N st
else
| Regularize dual: C < (C* Nat)*
end

end

until algorithm returns;

holds if and only if P(C) fails Slater’s condition—a consequence of Theorem 4.2.1 (3c).
Hence, if necessary, this algorithm performs primal regularization until P(C) satisfies
Slater’s condition, then switches to dual regularization, never switching back. Precise
statements of this property and others follow.

Theorem 4.3.1. Let A, := {x € V : Az = b} and let 6, € RU {£oo} denote the
optimal value of P(K), i.e.,

0y :=1inf {(c,z) : z € A,NK}.
Algorithm 4.1 has the following basic properties.

1. Algorithm 4.1 terminates in finitely-many iterations. Further, it terminates af-
ter one iteration, with C = IC, if and only if a complementary solution, primal
improving ray or dual improving exists for the primal-dual pair P(K) and D(K).

2. At each iteration, the optimal values of the primal problem P(K) and the reqular-
ized problem P(C) are equal, i.e.,

0, = inf {(c,z) :x € A,NC}.
3. Suppose the dual regularization step C < (C* Nat)* executes, and let C' and C"

denote C just before and after execution. The following statements hold.

(a) The primal problems P(C') and P(C") satisfy Slater’s condition, that is,
A, Nrelint C" and Ay, Nrelint C” are both nonempty. Further, A, NrelintC’ C
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Ap Nrelint C”.

(b) The primal reqularization step C < C N s~ is not executed at any following
iteration.

4. The dual regularization step C + (C* N x)* executes if and only if one of the
following statements hold.

(a) The optimal value of P(K) is finite and unattained;

(b) The optimal value of P(K) is unbounded below (0, = —o0) and the set of
improving rays {x € K : Ax =0, {(c,z) < 0} is empty.

5. At termination, A, N K C A,NC, with strict inclusion only if (4a) or (4b) holds.

Proof. In the arguments below, we call C +— C N st the primal regularization step and
C+ (C*n xL)* the dual regularization step. When one of these steps executes, we let
C" and C” denote the cone C before and after execution, respectively.

Statement 4. We will show that P(C’) satisfies (4a) or (4b) when a dual regulariza-
tion step executes. Using this, we then show that P(K) also satisfies (4a) or (4b). We
use the following facts from Theorem 4.2.1: when the dual regularization step executes,
all points in H(C') satisfy 7 = x = 0; and, when the dual regularization step executes,
no facial reduction certificate exists for P(C’) (since s € C'*).

To begin, we first show that P(C’) is feasible, and hence has finite optimal value or
is unbounded below. Suppose that P(C’) is infeasible. If {z € V : Az = b} is empty,
then there exists ¢ for which (b,9) = 1 and A*§ = 0. Hence (0,0, 3,0, (b,3)) is a point
in H(C') with £ > 0, which is a contradiction. On the other hand, if {z € V : Az = b}
is nonempty, there exists a hyperplane properly seperating A, := {x € V : Az = b}
from the relative interior of C’. That is, there exists § € C"* for which

(8,2) <0 Vzxe€xo+nulA,
(8,2) # 0 for some z € (zg +null A) UL,

where 29 € A, and A, = 79 + null A. This implies that § € (null A)* = range A*.
Hence, § = —A*j for some ¢, where, evidently, (5,z) = —(b,9) < 0 for all z € A,. If
(b,9) = 0, then (8, z) # 0 for some z € C’ by proper separation of the sets. Hence, §
is a facial reduction certificate which, as mentioned above, cannot exist. On the other
hand, if (b,9) > 0, then (0, —A*§, 7,0, (b,9)) is a point in H(C') with x > 0, which is
a contradiction. Hence, P(C’) must be feasible and either has a finite optimal value or
an optimal value that is unbounded below.

We have established that P(C’) is feasible and that no facial reduction certificate
for P(C') exists. Hence, by Corollary 1.3.2, P(C’) is strictly feasible. Now suppose that



Sec. 4.3. An algorithm based on self-dual embeddings and facial reduction 145

P(C’) has a finite optimal value. Then, by Slater’s condition, the dual D(C") of P(C’)
has an equal optimal value that is attained. Hence, if P(C’) attains its optimal value,
P(C’) has a complementary solution (z,s,y) where (x,s,y,1,0) is a point in H(C')
with 7 > 0; a contradiction. Suppose next that the optimal value equals —oo. If an
improving ray Z,qy exists, then (Z,qy,0,0,0, —(c, Z)rqy) is a point in H(C') with x > 0,
a contradiction. Hence, P(C’) satisfies (4a) or (4b).

We now show P(K) also satisfies (4a) or (4b). Consider the first time the dual
regularization step executes. Since the feasible sets of P(C') and P(K) are equal, it
trivially follows that P(K) satisfies (4a) if P(C’) does. If P(C’) satisfies (4b), then P(K)
is clearly unbounded. Suppose then that P(K) has an improving ray ,q,. Then, for
any feasible point x¢ and facial reduction certificate s used by the primal regularization
step,

0= (s,20 + ZTray) = (5, %) ray-

Hence, 2,4y € C’ and is therefore an improving ray for P(C’), a contradiction.

For the converse direction, we will argue 7 = k = 0 holds at each iteration unless
the dual regularization step executes. Since the primal regularization step can execute
only finitely many times (since K is finite-dimensional), the converse direction therefore
follows. To begin, suppose the optimal value of P(K) is finite and unattained, i.e.,
suppose (4a) holds. Then 7 = k = 0 for all (z, s,y, T, k) € relint H(K); otherwise, either
an improving ray would exist, contradicting finiteness, or a complementary solution
would exist, contradicting unattainment. Since the feasible sets of P(C’) and P(K) are
equal unless the dual regularization step executes, repeating this argument shows that
7 = k = 0 unless the dual regularization step executes. A similar argument shows the
claim assuming (4b).

Statement 3a. Strict feasibility of P(C’) was established in the proof of statement
4. This implies that P(C") is strictly feasible as shown by

A, Nrelint ' € A, Nrelint(C’ + spanz) = A, Nrelint(C™* Nat)* = A, Nrelint C”.

Statement 3b. By (3a), if dual regularization is performed, then P(C’) satisfies
Slater’s condition, and continues to satisfy Slater’s condition at each ensuing itera-
tion. Hence, a facial reduction certificate s cannot exist at any ensuing iteration by
Corollary 1.3.2.

Statement 1. Since K is finite dimensional, it trivially follows, using (3b), that both
regularization steps can execute only finitely many times. Hence, the algorithm must
terminate. Corollary 4.2.1 implies termination in one iteration when complementary
solutions or improving rays exist for P(K) and D(K).

Statement 2. The optimal values of P(C’) and P(C") are equal when the primal
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regularization step executes. Similarly, the optimal values of D(C’) and D(C") are
equal when the dual regularization step executes. Moreover, (3a) and Slater’s condition
imply the optimal values of P(C’) and D(C’) are equal when the dual regularization
step executes. Combining these facts with (3b) shows that the optimal value of P(K)
equals the optimal value of P(C) at every iteration.

Statement 5. When the primal regularization step executes, P(C’) and P(C”) have
equal feasible sets since s is a facial reduction certificate for P(C’). When the dual
regularization step executes, the feasible set A, NC’ of P(C’) and the feasible set .A,NC”
of P(C") satisfy

A,NC' C A,NC Fspanz = A, N (C*Nat)* = A,NC".

Combining these facts with (3b) shows that A, NK C A,NC. Since dual regularization
is performed if and only if (4a) or (4b) hold, the claim follows. O

An illustration of the basic steps is given next on an infeasible problem with no
improving ray.

Example 4.3.1 (Weak infeasibility). Consider the following primal-dual pair, where
Q*F = {(r,z) € RZ x R : 2ryry > 2Tz} denotes a rotated Lorentz cone:
minimize 0

subject to x1 =0, maximize —ya + Y3

0 n
zr3 =1, subject to (8> - <y02) =s (4.9)
0 Y3

ra =1, s€ Q¥ xR,
3
xEQTXR+

Let K = Q3 x Ry. The primal problem is infeasible, but the dual problem has no

1mproving ray.
The first iteration. At the first iteration, Algorithm 4.1 finds a point in relint H(K)

AAAAA

#=(0,1,0,0), §=(1,0,0,0), §=(-1,0,0), F=4#r=0.

Since § ¢ KL, Algorithm 4.1 reqularizes the primal problem, reformulating it over
Knst = {0} x Ry x {0} x Ry. This yields a new primal-dual pair P(K N 5%) and
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D(KNnst):
minimize 0 maximize Y2 +y3
bject to a1 =0 0 0
subject to 1 =1, subject to (8) — <y02) =s,
xr3 = 1 0 Y3
Y
2y =1, sERXRy xR xR;.

x € {0} x Ry x {0} x Ry,

The second iteration. At the next iteration, Algorithm 4.1 finds a point in relint H(IC N

z=1(0,0,0,0), s§=(0,0,—-1,0), y=(0,1,0), 7=0, k=1

Since k > 0, the algorithm terminates. Note that (3,7) is an improving ray for D(KN5L)
showing infeasibility of P(KC N 3+) and hence of P(K) by Theorem 4.3.1, statement 5.

Theorem 4.3.1 states an iteration of dual regularization will be performed by Algo-
rithm 4.1 if and only if the primal optimal value is finite but unattained or the primal
problem is unbounded but has no improving ray. The next example illustrates this
latter scenario.

Example 4.3.2 (An unbounded problem with no improving ray). Consider the follow-
ing primal-dual pair also over a rotated Lorentz cone:

minimize 3 maximize ¥y
. 0 Y
subject to x1 =1 subject to (0) — (0) =35 (4.10)
3 1 0
VS Qr S € Q?

The primal is unbounded but has no improving ray: if x and x + d are feasible, then
dy = 0; further, if d € Q3, then d3 = 0.
The first iteration. Algorithm 4.1 finds a point in relint H(Q3) satisfying 7 = k = 0,

AAAAA

#=1(0,1,0), §=(0,0,0), §=0, #=#=0.

Since § € (Q3)+ = {0}3, the dual problem is regularized by replacing Q2 with Q3 N &+:

minimize 3 maximize y
0 y
subject to x1 =1 subject to ((1)) — (8) =s (4.11)
z € Ry x R? s € Ry x {0)2.

The second iteration. A point in H(R, x R?) with k > 0 is obtained, yielding a
primal improving ray. Since P(Ry x R?) is also feasible, we conclude it and P(Q3) are

unbounded.
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B 4.3.2 Interpretation of outputs

Algorithm 4.1 returns a point (z,s,y, 7, k) € relint H(C) satisfying 7 > 0 or K > 0,
where the optimal value of the primal problem P(C) equals the optimal value of P(K),
the problem of interest. By Corollary 4.2.1, we obtain a complementary solution or an
improving ray for P(C) and D(C) from the output. How, then, does one interpret this
output in terms of P(K)? We answer this with the following corollary of Theorem 4.3.1.

Corollary 4.3.1. The following statements hold about the output (x,s,y,T,k) of Al-
gorithm 4.1, where A, := {x € V : Az = b} and §, € RU {£oo} denotes the optimal
value of P(K), i.e.,

0, = inf{(c,z) : z € A,NK}.

1. 7> 0 holds if and only if 0, is finite. Further, 0, is finite and attained if and only
if T > 0 and Algorithm 4.1 does not execute dual regularization steps.

2. k>0 holds if and only if P(K) is infeasible (0, = o) or unbounded (0, = —0).

3. If T > 0, then 0, = 2(c,x) = 2(b,y). If 6, is attained, then 1z is a solution of
P(K).

4. If Kk >0 and (b,y) > 0, then P(K) is infeasible (6, = c0).

Note that from this corollary, we can only conclude the optimal value of P(K) is not
finite when x > 0 and (b, y) < 0; that is, in this situation, P(K) could be infeasible or it
could be unbounded. Though it is tempting to assume that (b, y) > 0 whenever P(K)
is infeasible, i.e., that (s,y) is a dual improving ray, Example 4.2.2 of Section 4.2.1
illustrated this is not necessarily the case. Hence, more must be done to distinguish
unboundedness from infeasibility.

M 4.3.3 A complete algorithm

As just indicated, one cannot determine the optimal value of P(K) from the output
(x,s,y,7,k) of Algorithm 4.1 if kK > 0 and the dual objective satisfies (b,y) < 0; that
is, P(K) could be unbounded or it could be infeasible. Fortunately, there is a simple
remedy: reexecuting Algorithm 4.1 after setting the cost vector of P(K) to zero. That
is, one can set ¢ = 0 to obtain the following primal-dual pair:

minimize 0 maximize (b,y)
subject to Az =b, subject to 0— A*y = s, (4.12)
x €K, s e ¥, yeR™,
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AAAAA

and only if the primal problem of (4.12) is infeasible or unbounded (Corollary 4.3.1).
However, as this problem cannot be unbounded (since ¢ = 0), it follows # > 0 if and
only if I contains no solution to Az = b—i.e., if and only if the original problem P(K)
is infeasible. On the other hand, if # = 0, then P(K) must have been unbounded.
Putting everything together, we get a complete algorithm for solving P (K):

Algorithm 4.2: Find optimal value of P(K) and a point attaining it if one exists.

Execute Algorithm 4.1 and let (z, s,y, 7, k) denote the output

if 7>0o0r (k>0 and (b,y) > 0) then

return optimal value 6, and point attaining 6, (if one exists) using
Corollary 4.3.1.

else

AAAAA

oo if £ >0and 7 =0; P(K) is infeasible.
—oo if R =0 and 7 > 0; P(K) is unbounded.

return {

end

To conclude, we illustrate the execution of Algorithm 4.2 with a simple example.

Example 4.3.3. Consider the following primal-dual pair, where Q>T% = {(r,z) €
Ri x R¥ | 2ryro > 272} denotes a rotated Lorentz cone:

minimize —xo maximize Y2 + Y3
bject t =0 0 °
subject 1o o1 ’ subject to <01> — (Z?z) =s,
r3 =1, 0 Y3 (4.13)
CC4:1, SGQ%XR+.
x € Q?« X R+7

Here, the primal and dual problems are both infeasible, but no dual improving ray exists.
Indeed, all dual rays satisfy ss = 0 and y3 < 0; since, in addition, so = 0 implies yo = 0,
we conclude that y2 +ys > 0 cannot hold. On the other hand, x = (0,1,0,0) is a primal
improving ray.

We now illustrate the execution of Algorithm 4.2. Since a primal improving ray
exists and no dual improving ray exists, Algorithm 4.1 executes one iteration and returns
(x,s,y,7, k) satisfying k > 0 and (b,y) = 0. Since (b,y) = 0, the feasibility problem is
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constructed:

minimize 0 o
subject to x1 =0, maximize — ya + Y3

0 v
3 =1, subject to (8)—(;;) =s,
0 Y3

:E4:13, SEQ?XR_F,

x e QT X R+,
which matches the primal-dual pair of Example 4.3.1. Algorithm 4.1 reexecutes on this
primal-dual pair (performing the steps illustrated in Example 4.3.1) and returns a point
satisfying k > 0. Since k > 0, Algorithm 4.2 reports the primal of (4.13) is infeasible.

B 4.4 Numerical experiments

We conclude with numerical experiments. To be precise, we evaluate tracking of the
central path (of the extended-embedding) to its limit point, which yields an element of
relint H(K) by Theorem 4.2.4 and results of [66, 116]. We then verify the classification of
(z,s,y,7, k) € relint H(K) given by Corollary 4.2.2: if 7 = k = 0 and the primal (resp.,
dual) fails Slater’s condition, then s (resp. x) is a facial reduction certificate; we’ll also
confirm there certificates are optimal on a subset of examples. On the negative side,
we show regularizing without significantly changing optimal values (a key step of an
Algorithm 4.1 implementation) can be difficult. We also illustrate tracking the central
path of the extended-embedding is hard for SDPs described in Waki et al. [140]; we
attribute this to high singularity degree and significant failure of strict complementarity.
Finally, an approximate certificate is used to (informally) argue an instance of the
DIMACS library [104] has an unattained optimal value. This illustrates approximate
facial reduction certificates can provide useful insight, even if they cannot be used
reliably for regularization.

To perform experiments, we have made trivial modifications to the interface of
SeDuMi [129], which already tracks the central path of the extended-embedding (though
without maintaining the slack variable s). We modify the interface to return a tuple
(z,y,T,k); the point (z,cr — A*y,y, 7, k) then lies in relint H(K) to within tolerances
achieved by SeDuMi. Each test case considered is an SDP, i.e., K equals S7, the cone
of psd matrices of order n. Finally, in the reported results, || - || denotes the Frobenius
norm when the argument is a matrix and the 2-norm otherwise; Apin(-) denotes the

smallest eigenvalue of its argument.

B 4.4.1 Approximate facial reduction certificates

Weak infeasibility library The first test cases are SDPs taken from the URL documented
in [83]. For each instance, c is strictly feasible for the dual and the primal is weakly
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infeasible (i.e., infeasible but with no dual improving ray). It follows 7 = k = 0 for
(x,s,y,7,k) € relint H(K). Further, Corollary 4.2.2 implies that s is a facial reduction
certificate and that o = 0. The tables below confirm that these implications hold.

set of instances T K| Amin(s) [B,v)| sl | =]l
weak_clean_10_10 |4.8¢-9 2.0e-8 | 7.3e-11 3.0e-7 5.6 | 1.9¢-7
weak_messy_10_10 | 7.5e-8 6.7e-8 | 7.2¢-10 1.le-6 7.6 | 8.6e-7
weak_clean_20_10 |1.3e-9 1.6e-8 | 1.9e-11 2.6e-7 5.3 | 1.7e-7
weak_messy_20_10 | 7.0e-8 4.0e-7| 7.9e-10 4.5e-6 8.8 | 3.6e-6

(a) means
set of instances T K | Amin(s) [B,v)| sl | =l
weak_clean_10_10 |4.4e-9 2.0e-8 | 9.1e-11 2.5e-7 3.7 | 1.6e-7
weak_messy_10_10 |8.0e-8 7.0e-8 | 7.6e-10 1.3e-6 4.6 | 1.1e-6
weak_clean_20_10 |1.8e-9 1.8e-8 | 3.1e-11 2.8e-7 4.9 | 1.9e-7
weak_messy_20_10 | 8.4e-8 4.5e-7 | 8.8e-10 3.7e-6 4.8 | 3.0e-6

(b) standard deviations

Note that in these tables, we report the mean and standard deviation taken over each
set of instances, which each contain 100 SDPs.

Finite but non-zero duality gaps Using Algorithm 12.3 of [31], we generated instances
with duality gap equal to 100. The other inputs to this algorithm are the number of
equations m, the order of the matrices n, the rank r; of an optimal facial reduction
certificate for the dual problem, and an additional parameter p specifying structure of
the constraint matrices. If (x, s, y, 7, k) € relint H(K), then 7 = k = 0 necessarily holds
given the duality gap. Further, by Corollary 4.2.2, both = and s are optimal facial
reduction certificates, since both primal and dual problems fail Slater’s condition. The
results below show that (approximate) facial reduction certificates are indeed found:

(n,m.pr) | T £ | Amin(s) [0 sl | Amin(z)  [e,)| [lAz] |l
(10,10,5,5) | 1.2¢-6 2.3e-6 | —8.le-14 4.4e-6 5.8¢2 | —8.6e-14 2.2e-6 3.de-d 1.7e3
(20,20,10,5) | 1.2e-6 1.3e-6 | —2.6e-14 2.0e-6 7.8¢2 | —2.2¢-13 6.9e-7 4.6e-4 1.3e3
(40,40,10,5) | 5.9e-7 5.2¢-8 | —4.0e-15 1.0e-7 6.3el | —1.1e-13 4.9e-8 3.5e-4 8.0e2
(40,40,10,10) | 8.9e-7 3.1e-7 | —T.4e-15 5.0e-7 3.0e2 | —9.0e-14 1.9e-7 6.5e-4 1.0e3

Estimating rank as the number of eigenvalues larger than le-4 yields the following table,
indicating s and z are (approximate) optimal certificates, i.e., ranks =n —r; — 1 and
rank x = rq:

Also note that strict complementarity fails modestly for these instances: ranks +
rankz = n — 1. Section 4.4.3 will illustrate large numerical error on instances fail-
ing this condition more severely.
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(n,m,p,r1) ‘ranks rank x

(10,10,5,5) 1 5
(20,20,10,5) | 14 5
(40,40,10,5) | 34 5

(40,40,10,10) | 29 10

B 4.4.2 Regularization using approximate certificates

Given an approximate point (z,s,y, 7, k) € relint H(K), an implementation of Algo-
rithm 4.1 must decide if 7 > 0, Kk > 0 or 7 = k¥ = 0 for an actual point in relint H(K).
For the case of SDP (I = S7), it also must estimate the kernel of an actual facial
reduction certificate; indeed, for s € K, the face I N s equals the set of psd matrices
with range contained in the kernel of s by [10].

Example 4.4.1 below shows that the computed optimal value can be sensitive to
errors in these estimates. In this example, we estimate that 7 and x are actually zero if
they are less than a threshold 7%, and estimate that eigenvalues of s are actually zero
if they are less than a threshold 7. Results for different thresholds 7%, and T} follow:

thresholds computed optimal value
T: . = 5e-5 3.148e-1
Tr =59, T\ =be-4 | 1.0000 (agrees with actual value)
T . = 5e-9, Ty = 5e-6 00 (i.e., regularized problem is infeasible)

The mentioned example used to generate this table is now given.

Example 4.4.1. We consider an SDP with optimal value 1 and a finite nonzero duality
gap, given by

minimize (c,x)

subject to (a1, z) =1,
(ag,x) =0,
xzeS3,

(4.14)

where the data matrices ¢, a1 and as are defined in terms of an orthogonal matrix
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q € R3*3 wia:
7/11  6/11  6/11 100
qg:=|6/11 —9/11 2/11|c:=q|0 0 04",
—6/11 —2/11 9/11 000
100 000
ar:=q |0 0 1|q¢7, ag:=q|0 1 0|47
010 00 0

The solver SeDuMi finds an approzimate point in relint H(Si) given by T = 7.945e-5,
k = 1.028e-5,

1.995 —2.993 —6.652¢-1 1.518  5.060e-1  2.277
s= 1 —2.993 4.490 9.977e-1 |, = = |5.060e-1 1.687e-1 7.590e-1
—6.652e-1 9.977e-1  2.217e-1 2277 7.590e-1  3.416

Picking a threshold T, = 5e-5, we estimate T > 0 and k = 0 and the optimal value
1
—{c,x) = 3.148e-1,
-

which significantly differs from the actual optimal value of (4.14).
On the other hand, taking T ,, = 5e-9, we estimate T = k = 0 and interpret s and x
as facial reduction certificates. To regularize, we compute an eigenvalue decomposition

Ef’zl )\wiviT of s:

4.416e-5 6.364e-1 5.455e-1 —5.455e-1
A= |—1.857e-10|, vy = | 5.455e-1 | ,v2 = [1.818e-1| ,v3 = | 8.182e-1
6.707 —5.455e-1 8.182e-1 1.818e-1

We then estimate a basis for the kernel of s by interpreting eigenvalues below a threshold
T\ as zero. For Ty = 5e-4, an estimated basis is u = (v1,v2), leading to the reqularized
SDP
minimize (¢, uru®)
subject to {ay,urul) =
{ag, uzu®)
2
r €Sy,

Solving with SeDuMi, we compute an optimal value of 1.0000, which agrees with the
actual optimal value of (4.14). On the other hand, taking T = 5e-6 yields u = (v2)
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and the SDP
minimize (¢, uzu?)
subject to {(ay,uzu’) =1,
{ag, uruT) =0,
1
T €Sy,

Solving with SeDuMi, we obtain a dual improving ray; hence, we incorrectly conclude
that (4.14) is infeasible.

B 4.4.3 Error, singularity degree and strict complementarity

For the instances of Section 4.4.1, we were able to obtain ‘good’ approximations of
facial reduction certificates. The next set of instances, taken from [140], illustrate this
is not always the case. For the reported instances, the dual optimal value is finite but
unattained. Hence, 7 = x = 0 holds for all points in H(S" ). As reported in Table 4.4,
significant error in 7 is observed on several instances:

Instance T K kp | m |rankx | rank s
unboundDim1R2 | 1.2e-5 | 6.0e-9 | 3 | 7 0 2
unboundDiml1R3 | 4.5e-7 | 3.4e-9 | 5 | 10 0 2
unboundDiml1R4 | 4.3e-7 | 4.5¢-9 | 7 | 13 0 2
unboundDim1R5 1.1% 1.8e-9 | 9 |16 0 2
unboundDim1R6 | 9.8e-17 | 2.5e-9 | 11 |19 0 2
unboundDim1R7 | 7.9e-17 | 5.2e-9 |13 | 22 0 2
unboundDim1R8 | 7.2e-11 | 3.6e-9 | 15| 25 0 2
unboundDim1R9 | 6.9e-11 | 3.6e-9 | 17 | 28 0 2

unboundDim1R10 | 6.6e-17 | 9.2e-10 | 19 | 31 0 2

Table 4.4: £k, denotes the singularity degree of the primal, n the order of the
semidefinite constraint, and rank z and rank s are actual values for any (x,s,y,7,x) €
relint H(S"} ). Large error is marked f.

We offer two explanations for this error based on this table. The first is the singularity
degree kj, (see Section 1.3.4) of the primal problem (reported in [138]) is high. Note
when singularity degree is high, distance to feasibility (forward error) can be large even
when residuals (backwards errors) are small [130]. The other (related) explanation is the
extent to which strict complementarity fails, that is, the extent to which rank x + rank s
is less than n. For (z,s,y,7, k) € relint H(S?} ), we see rank z + rank s = 2 < n for each
instance. Indeed, x is the zero matrix by Corollary 4.2.2 and strict feasibility of the
dual problem [140, Section 2] and the matrix s has rank two by [138, Section 5.2].

We remark that singularity degree can be high and strict complementarity can fail



Sec. 4.5. Conclusion 155

even if P(S"}) and D(S") have complementary solutions or improving rays. In other
words, the suspected causes of error can also occur when 7 > 0 or £ > 0 holds in the
relative interior of H(S'}).

B 4.4.4 Difficult instances from the DIMACS library

Mittelmann [93] makes the following remark about two instances of the DIMACS SDP
library [104]:
In the case of the hinf12 and hinf13 instances the results obtained by the various
codes are so different, that we cannot be sure whether these problems have in fact
ever been solved.

We will compile evidence the dual optimal value of hinf12 is finite and unattained, ex-
plaining the difficulty of solving this instance. To make a more convincing argument, we
obtain approximate points in relint H(K) using both the self-dual solver of SDPT3v4.0
[131] and SeDuMi. Properties of these points are summarized below:

Instance (solver) ‘ T K ‘ Amin(s) (b, )] IIsll ‘ Izl
hinf12 (SeDuMi) | 1.5e-6 2.9e-8 | 4.1e-9 —1.5e-7 5.5e¢2 | 1.2e-6
hinf12 (SDPT3) | 4.4e-11 1.4e-15| 2.0e-15 —2.0e-15 2.5el | 3.6e-11

These approximate points suggest the following: by Corollary 4.2.1, no complementary
solution or improving ray exists (since 7 ~ 0 and k = 0); by Corollary 4.2.2, the primal
fails Slater’s condition (since ||s|| # 0); by Corollary 4.2.2, the dual satisfies Slater’s
condition (since ||z|| =~ 0). Hence, these approximate points suggest either the primal is
weakly infeasible or the dual optimal value is finite and unattained. But one can verify
that egel € S2* is primal feasible (where e; is a standard basis vector of R?%). Hence,
we suspect that the dual optimal value is finite and unattained.

M 4.5 Conclusion

We have unified the facial reduction algorithm of Borwein and Wolkowicz with the
self-dual embedding of Goldman and Tucker, bringing together both techniques to, in
principle, solve arbitrary conic optimization problems. Implementing a suggested algo-
rithm involves only conceptually simple modifications to solvers that track the central
path of extended-embeddings (such as SeDuMi [129]), and these modifications only af-
fect solver execution when both complementary solutions and improving rays do not
exist. Nevertheless, numerical experiments illustrate significant practical barriers: in
practice, one obtains only approximate facial reduction certificates; optimal values can
be infinitely sensitive to inexact regularization; and tracking the central path can be
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difficult due to loss of strict complementarity. Further work is needed to better under-
stand these barriers. We also used approximate facial reduction certificates to make an
informed conjecture about an SDP instance from [104]. Clarifying the usefulness of such
certificates is another topic for future research; we note that approximate certificates
are used in [31] with backwards stability guarantees.
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Chapter 5

Minimal subspaces in Jordan
reduction

We propose a new reduction method for cone programs formulated over the cone-of-
squares of a Euclidean Jordan algebra that generalizes symmetry reduction and *-
algebra techniques (Section 1.4). Recall in symmetry reduction, one uses group theory
to construct an orthogonal projection map that satisfies the Constraint Set Invariance
Conditions (Definition 1.4.1). These conditions imply the range of the projection con-
tains solutions (if they exist). Further, in the case of semidefinite programming (SDP),
the range of the projection intersected with the psd cone S’} is isomorphic to a symmet-
ric cone. For SDP, *-algebra techniques also find projections with the same properties
(Section 1.5).

Both symmetry reduction and *-algebra techniques lack algorithms for finding op-
timal projections (Section 1.5.5). This chapter resolves this issue. Specifically, we show
how to find the minimum rank projection satisfying the Constraint Set Invariance Con-
ditions. We also consider a variant that restricts to projections whose ranges contain
units for Jordan multiplication. Under this unitality condition, we show the range of the
minimum rank projection satisfying the Constraint Set Invariance Conditions is always
a subalgebra. This in turn implies its intersection with the cone-of-squares is isomorphic
to a symmetric cone of lower complexity. (Chapter 6 gives techniques for finding the
isomorphism.) Finally, we show that minimizing rank optimizes the decomposition of
the range into simple algebras.

Symmetry reduction (Chapter 1.4), applied to semidefinite programs, imposes the
Constraint Set Invariance Conditions and, if the underlying group is a subgroup of
the orthogonal group, the unitality condition (Chapter 1.4.4). The same is true of
*_algebra techniques (Chapter 1.5). In addition, the former requires the projection
equal the Reynolds operator of some group and the latter requires complete positivity
of the projection. Neither of these additional conditions are implied by Constraint Set
Invariance or unitality; hence, our framework is strictly more general. We, therefore,
give this framework a name—dJordan reduction—which reflects the connection with

159
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Euclidean Jordan Algebras.

We organize this chapter as follows. Section 5.1 reviews preliminaries. Section 5.2
characterizes projections satisfying the Constraint Set Invariance Conditions and the
unitality condition. Section 5.3 shows how to minimize rank subject to these conditions.
Finally, under the unitality condition, Section 5.4 shows minimizing rank optimizes
the direct-sum decomposition of the range into simple algebras. (Chapter 7 presents
computational results comparing techniques of this chapter to techniques developed
there.)

M 5.1 Preliminaries

H 5.1.1 Constraint Set Invariance

We consider a primal-dual pair of optimization problems formulated over a symmetric
cone, or, equivalently, the cone-of-squares K C J of a Euclidean Jordan algebra J. We
let x o y denote the product of this algebra and let (-,-) denote an associative inner
product, i.e., an inner product satisfying (z oy, z) = (y,x o z) for all x,y,z € J. The
specific primal-dual pair of interest has the following form:

minimize (¢, z) minimize  (zo, s)
subject to = € x¢ + L, subject to s € ¢+ LT, (5.1)
S IC, s € IC)

where z € J and s € J are the primal and dual decision variables, points ¢ € J and
xg € J are fixed, £ C J is a linear subspace with orthogonal complement £+ C J, and
zo + £ and ¢ + L1 are affine sets.

Our goal is to find a subspace & C J that contains solutions to both problems (if
they exist). For this, we search over orthogonal projections that satisfy the Constraint
Set Invariance Conditions (Definition 1.4.1) which we reproduce below:

Definition 5.1.1 (Constraint Set Invariance Conditions). Let Ps : J — J be an orthog-
onal projection with range equal to S. Then, Ps satisfies the Constraint Set Invariance
Conditions for the primal-dual pair (5.1) if

(a) Ps-K C K, i.e., Ps is a positive map,
(b) Ps-(zo+ L) Cxo+ L,
(¢c) Ps-(c+LY) Ce+ L,
where Ps - C := {Psx : x € C} for any subset C C J.

Under these conditions, intersecting the primal and the dual feasible sets with S does
not change the primal and dual optimal values (Proposition 1.4.1). Hence, one can
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replace the cone K with NS and the affine sets zg + £ and ¢ + £ with
(xo+L)NS =Pszo+LNS and  (c+LY)NS=Psc+LtNS,  (52)

where (b)-(c) imply the equations (5.2). It turns out this replacement yields a primal-
dual pair viewing S as the ambient space. The next proposition—which is elementary
to prove—states this formally.

Proposition 5.1.1. Suppose Ps : J — J satisfies the Constraint Set Invariance Con-
ditions (Definition 5.1.1). Then, treating the subspace S C J as the ambient space, the
pair of optimization problems

minimize  (Psc, x) minimize  (Psxo, s)
subject to x € Psxzog+ LNS, subject to s € Psc+LNS, (5.3)
reKNS, seKNS,

is a primal-dual pair, i.e.,

(KNS)*NS=KNS,
LnS)tns=ctns.

Moreover,

1. Primal (resp. dual) feasible points, improving rays, and optimal solutions are
primal (resp. dual) feasible points, improving rays, and optimal solutions of (5.1);

2. The primal (resp. dual) is feasible if and only the primal (resp. dual) of (5.1) is
feasible;

3. The primal (resp. dual) optimal value equals the primal (resp. dual) optimal value

of (5.1).

Note variants of this proposition have appeared (e.g., [45, Proposition 2] or [37, Theo-
rem 2|). We point out the most significant difference: the assumptions made elsewhere
lack the primal-dual symmetry of the Constraint Set Invariance Conditions (Defini-
tion 5.1.1). For instance, [45] breaks this symmetry by assuming S contains c¢. The
next example illustrates the primal-dual pair (5.1) and its restriction (5.3).
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Example 5.1.1. Consider the following primal-dual pair of semidefinite programs:

min. z1 + X9 max. —(s5 + 251)
subj. to subj. to
il 1 T3 Tyq 1 S1 59 S3
1 T Tr4 —XI3 S1 1 —S83 S2
X3 T4 1 xIs < Si S2  —S83 S5 0 < Si
Try4 —I3 Iy 0 S3 S92 0 S6

If S is the subspace spanned by the set { Ey1+F12}U{Ey;}3_,, then Ps : S* — S* satisfies
the Constraint Set Invariance Conditions (Definition 5.1.1). Hence, one obtains primal
and dual optimal solutions by solving the following restrictions to S:

minimize 1 + T9 maximize —(s5 + 2$1)
subject to subject to
7 1 0 0 1 s1 0 O
1 €To 0 0 c S4 ’ S1 1 0 0 c 84 :
0 0 10 0 0 s5 0
0O 0 0 O 0O 0 0 O

which are primal-dual pairs viewing S as the ambient space.

B 5.1.2 Projected reformulations

When § is admissible and unital, we will see that X NS is isomorphic to a symmetric
cone C. In other words, there will exist an injective linear map ® and a symmetric cone
C satisfying

KNS=a-C,

where @ - C := {®z : z € C}. We can therefore construct a projected reformulation
(Section 1.2.5) of the restricted primal-dual pair (5.3) over C. This projected refor-
mulation has additional structure given that Ps : J — J satisfies the Constraint Set
Invariance Conditions (Definition 5.1.1). Specifically, one does not need to solve linear
equations to reconstruct solutions to the original dual; one only needs to evaluate the
map ®(0*P)~ L.

Proposition 5.1.2 (Projected reformulations). Suppose Ps : J — J satisfies the Con-
straint Set Invariance Conditions (Definition 5.1.1). Let W be an inner product space
and ® : W — J an injective linear map with adjoint ®* : J — W. Finally, suppose the
range of ® equals S and that ®-C =K NS for a self-dual cone C CW. Then, if & and
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§ solve the primal-dual pair

minimize  (®*c, Z) minimize  ((®*®) 1 d*xg, 8)
subject to £ € (®*®)71®* - (29 + L), subject to 5 € ®* - (c+ L), (5.4)
T eC, secC,

@3 and ®(®*®)~15 solve the pair (5.3)—and hence the pair (5.1).

Proof. Under the assumption ® - C = KNS, a projected reformulation (Section 1.2.5)
of (5.3) is

minimize (®*c, ) minimize  (tg, §)
subject to & € tg + P71 (L), subject to § € ®*c+ &* - LT,
T eC, secC,

where t is any point in the preimage ®~!(xo + £). As discussed in Section 1.2.5, the
primal and dual optimal values of this projected reformulation are the same as those
of (5.3). Further, ® and ®(®*®)~! map the primal and dual feasible sets onto those of
(5.3) without changing the objective value. The claim follows by showing this projected
reformulation is the same as (5.4).

To begin, (®*®)~1®*x( is in the preimage, since ®(®*®)~1®* equals Ps and Psxg €
(w0+L) by the Constraint Set Invariance Conditions. We are done if (®*®)~1®*. L is the
preimage ®~!(L£). Under the Constraint Set Invariance Conditions, ®(®*®)~1d*.£ C L
by Lemma 1.4.3; hence, (®*®)~1®*-L is in the preimage. On the other hand, if ®z € L,
then

O(P*D)LP* Dz = P2,

But @ is injective. Hence, (®*®) 1®*®2 = 2, showing that z € (®*®)~1d* . L.

B 5.2 Admissible subspaces

If an orthogonal projection satisfies the Constraint Set Invariance Conditions (Defini-
tion 5.1.1), we say it is admissible.

Definition 5.2.1. A subspace S is admissible if its orthogonal projection Ps : J — J
satisfies the Constraint Set Invariance Conditions (Definition 5.1.1).

Note that finding an admissible subspace of minimum dimension is equivalent to min-
imizing rank subject to the Constraint Set Invariance Conditions. We also consider
subspaces that are unital.
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Definition 5.2.2. A subspace S is unital if it contains a unit under Jordan multipli-
cation, i.e., if there exists € € S for which

roé=ux
forallx € S.

Note that é is not necessarily the unit of the algebra J. It is, however, always idem-
potent, i.e., € o &€ = é. The next lemma shows admissible subspaces are not necessarily
unital.

Example 5.2.1 (A nonunital admissible subspace). Let xg be any point in the cone-
of-squares K with two distinct nonzero eigenvalues. Let ¢ = 0 and £ = {0}. Then the
subspace spanned by xg is admissible but not unital.

Proof. The orthogonal projection onto the span of xg is

z #@:0 2)xo.
(o, o) "

Since xg € K, it holds that (xzg,z) > 0 for all z € K since K is self-dual. Hence,

the projection is a positive map. The affine sets {zo} and ¢ + £+ (which equals J)

are obviously invariant under this projection. Hence, the subspace spanned by xg is

admissible. Tt is not unital since it contains no idempotent. ]

We now characterize admissible subspaces and the subsets that are unital. Notably,
the unital subset consists only of subalgebras. The stated results immediately lead
to algorithms for finding subspaces of minimum dimension. We give these algorithms
in the next section. The following theorem gives our characterizations. (We prove it
quoting results which we state and prove later.)

Theorem 5.2.1 (Main Result). Let £, xo and ¢ be the problem data of the primal-dual
pair P and D. Let Py : J — J denote the orthogonal projection map onto the subspace
L, and let ¢, = Prc and Ty 1 = x0 — Prao. Finally, let proji(x) denote the metric
projection of x onto the cone-of-squares IC, i.e.,

proj(z) := argmin{x — w,z — w).
K wek

The following statements hold.
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1. A subspace S C J is admissible if and only if

SBCL,$07£L,
SO {Prx:x €S},

§2 {pfcoj(a:) tx € S}.

2. A unital subspace S C J is admissible if

890£,$0’£L7
SQ{PﬁiBiZL’GS},
SD{2?:z €S8}

The converse holds if J is special.

Proof. The first statement is an immediate consequence of Theorem 5.2.2 and The-
orem 5.2.4. The second is an immediate consequence of Theorem 5.2.3 and Theo-
rem 5.2.4. We prove these theorems at the end of this section. ]

For the interested reader, the remainder of this section states and proves the quoted
theorems used to characterize admissible subspaces (Theorem 5.2.1).

B 5.2.1 Positive projections
General subspaces

For any closed, convex cone, the condition P-K C K has a characterization in terms of
metric projection onto onto K. Consider the following, which appears as [96, Corollary
1]; see also [95]). We offer an elementary proof based on the Moreau decomposition.

Theorem 5.2.2. Let P : V — V be an orthogonal projection and K C V a closed,
convex cone. The following are equivalent.

e P.KLCK.

o The range of P is closed under metric projection onto IKC, i.e., it is invariant under
the map

x — argmin(z — w,x — w),
welkl

Proof. We first show the range is closed under metric projection if P-X C K. To begin,
let z = argmin, cx(z — w,z — w) for € range P. By the Moreau decomposition,
x =z +t, where —t € K* and (¢, z) = 0. Hence,

(x,z) = (z,2) + (t, 1)
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Since Px = x, we also have that (z, Pz) = (z,x), which implies

(z,2) + (t,t) = ((z + 1), P(z + 1)) = (2, P2) + (2, Pt) + (t, Pz) + (t, Pt)
= (z, Pz) + 2(t, Pz) + (t, Pt)
= (Pz, Pz) + 2(t, Pz) + (Pt, Pt)

This shows that 2(t, Pz) = (z,z) + (t,t) — (Pz, Pz) — (Pt, Pt) > 0, where the inequality
follows because P is a contraction. But since Pz € K and t € —K*, we also have that
2(t, Pz) < 0. We conclude (t, Pz) =0

Evidently x = Pz+ Pt for Pz € K and P(—t) € K* where Pz and Pt are orthogonal.
By uniqueness of the Moreau decomposition, it follows Pz = z and Pt = t. Hence, the
range of P is closed under metric projection.

Now suppose the range is closed under metric projection. For z € K, let Px have
Moreau decomposition Pz = z + ¢, i.e.,, z € K, —t € K* and (t,z) = 0. The point z is
the metric projection of Px onto K. Hence, Pz = z, which implies Pt = t. Since z € K,

0 < (-t,z) = (—Pt,x) = (—t, Px) = (—t,z + t) = —(t,1),
showing that t = 0. Hence, Px = z and, therefore, Px € K. O

Recall for cones-of-squares, metric projection operation is easily computed from the
spectral decomposition (Proposition 1.6.3).

Unital subspaces

The projection onto a unital subspace is always positive if the range is invariant under
squaring, or, equivalently, if the range is a subalgebra. The converse holds if J is special.
This section proves these facts. Analogous results for complex Jordan algebras are in
[126] [127]; indeed, we will use an identical argument to show the converse direction.
See also [96].

We first need the following two lemmas. The first characterizes subalgebras in terms
of the spectral decomposition.

Lemma 5.2.1. Let J be a Euclidean Jordan algebra, and write the spectral decomposi-
tion of nonzero x € J as

T = Z A f,
feF:
where F, C J is a set of pairwise orthogonal idempotents and each Ay € R denotes a

distinct nonzero eigenvalue. For a subspace S C J, the following are equivalent.

1. S contains the set F, for all nonzero x € S.
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2. S is a subalgebra, i.e., S D {x?: 2z € S}.

Proof. That statement one implies two is immediate given that 22 = 3 feF, Afc f. Con-
versely, let A denote an eigenvalue of z of maximum magnitude. Then, if statement
two holds, the idempotent f = lim,, o0 (JA|~'#)?" is contained in S. Replacing  with
T—A f and iterating yields a set of idempotents whose span contains F,; moreover, this
set is contained in S. O

Remark 5.2.1. Note that if we had assumed S contained the identity e of J, the
nontrivial direction of this lemma reduces to the fact the subspace spanned by

{e,x,2? ... 29}

for sufficiently large q contains each idempotent in F, and an additional idempotent
e — (X fer, f), where e is the identity of J; see, e.g., [3, Section 11.4.1] for a proof.

The next lemma concerns the special case of J = S™. It shows if the projection onto
a unital subspace is positive, then the subspace is a subalgebra. The proof uses the
aforementioned argument from [126, Theorem 2.2.2].

Lemma 5.2.2. Let Ps : S™ — S™ be the orthogonal projection onto a unital subspace
S C S". If Ps is positive, i.e., Ps-ST C S, then S is a subalgebra, i.e., S 2D {x2:
X € S}

Proof. Since S is unital, there exists a matrix @ € R™*" (where r < n) with orthonormal
columns and a subspace S C'S" for which QQ" is the unit of S and

S:{QXQT:XES‘}.
Note that if S contains X and X2, then S contains QXQT and (QXQT)? given that
(QXQ")* =QXQ"eXQ" = Qx*Q".
Further, if the projection Ps is positive, so is Pg : 8" — S" given that for all X € S,
Ps(QXQ") = QPs(X)Q".

Hence, the result follows by showing S is invariant under squaring. We show this
applying the argument from [126, Theorem 2.2.2] and using the fact S contains the
identity matrix of order r. Dropping the subscript S from Pg, we first note since P
is positive and P(I) = I, it satisfies the Kadison inequality, which states P(X?) —
P(X)P(X) €8S forall X €S" (e.g., Theorem 2.3.4 of [14]). Hence, for X in the range
of P

P(X?) - X*e§s'.
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Letting Z = P(X?) — X? and taking the trace shows Tr Z = 0:
TvZ =(I,Z) = (P(I),Z) = (I, P(Z)) = Tr (P*(X?) — P(X?)) = Tr (P(X?) — P(X?)).

Since Z € S'_, it has zero trace only if Z = 0. Hence, P(X?) = X2, showing that X?2 is
in the range of P. O

We can now state and prove the desired result. The following (in part) generalizes the
previous lemma from S™ to any special algebra by using the fact any such algebra is
isomorphic to a subalgebra of S™ (Proposition 1.6.4).

Theorem 5.2.3. Let J be a Euclidean Jordan algebra. Let Ps : J — J be the orthogonal
projection onto a unital subspace S C J. Finally, let K denote the cone-of-squares of
J, and consider the following statements.

1. The projection Ps is positive, i.e., Ps- K C K
2. The subspace S is a subalgebra, i.e., S D {x? :x € S}.
Then, the implication (2 = 1) holds. If J is special, these statements are equivalent.

Proof. To prove (2 = 1), consider x € K and suppose Psz is nonzero. Further, write
the spectral decomposition of Psz as

Psz= > A¢f
fE€E,
where E, C J is a set of idempotents and each Ay is unique and nonzero. If (2) holds,
then Lemma 5.2.1 implies Psf = f for all f € E,. Hence, for each f € FE,,

0< <f7$>:<P5f7x>:<f7PSx>:>‘f<f7f>a

which shows the eigenvalues of Psx are nonnegative, i.e., that Psxz € K. The unitality
condition holds because S is a subalgebra; hence, since it can be viewed as a Euclidean
Jordan Algebra, it must have a unit (Chapter 1.6.1).

To prove (1 = 2), we note that since J is special, there exists a subalgebra J C S9
and a unital subspace S C J for which

»-J=S8"ng, &.8=38,

where @ : J — S7 is an injective homomorphism (Proposition 1.6.4). We claim if S is
invariant under squaring, so is S. Indeed, if

A

®(z?) = ®(z) 0o B(x) € S,
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then 22 € S by injectivity. The claim follows by Lemma 5.2.2 if we can show that Ps
is positive. First note that

Pg = P¢Py = ®Ps®" Py,

where &1 : S — J denotes the pseudo inverse of ®. Hence, P is positive since it is
the projection onto a subalgebra; specifically, it is positive by the same argument used
to show (2 = 1). Further, ® Ps®™* restricted to the range of Py is positive: ®* maps
squares to squares since ¢ is an injective homomorphism; Ps is positive by assumption;
® maps squares to squares since it is a homomorphism.

O

We cannot rule out that statements 1 and 2 are equivalent without the special
assumption. In fact, we conjecture this is true.

Conjecture 5.2.1. For any FEuclidean Jordan algebra, the orthogonal projection onto
a unital subspace is positive if and only if the subspace is a subalgebra.

We briefly mention why the proof for special algebras fails to prove this conjecture.
Specifically, Lemma 5.2.2 relies on Kadison’s inequality P(X?) — P(X)P(X) € S for
positive maps P : S” — S" satisfying P(I) = I. It is unclear if this inequality generalizes
to the exceptional algebra.

B 5.2.2 Invariant affine subspaces of projections

The Constraint Set Invariance Conditions (Definition 5.1.1) require that the affine sets
xo+L and ¢+ L1 contain their images under the orthogonal projection map Ps : J — J.
We now characterize these containments in terms of the range S. The first of two lemmas
yielding this characterization follows:

Lemma 5.2.3. For affine sets xog + £ and ¢ + L, let zorr €J and ¢ € J denote
the projections of xg € J and ¢ € J onto the subspaces L+ and L, respectively. Let
Ps : J — J denote the orthogonal projection onto a subspace S of J. Then,

1. Ps-(zo+ L) Cxo+ L if and only if Pswg p1 =1 and Ps- L C L.
2. Ps-(c+ LY) Cc+ L+ if and only if Pscy = ¢, and Ps - (L) C L+,

Proof. We show only the first statement, noting the second has identical proof. To
begin, first note Ps—being an orthogonal projection—is a contraction with respect the
norm +/(z, ); further, 2 ». is the unique minimizer of this norm over 2 + £. Hence,
if Ps - (w0 + L) C 20+ L, then Psxj p1 = 2 15 in addition, since 29 + £ = xg p1 + L

Tocr +Ps- (L) =Fs- (xo ot + L) Sxo e + L,
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which implies Ps - (£) C L. The converse direction follows from the fact that o + £ =
‘TO,EL + £
U

We now characterize invariance of £ and £+ under Ps. It turns out for an orthogonal
projection Ps (or more generally, a self-adjoint linear map), the conditions Ps - £ C L
and Ps - (L*) C £t are equivalent. Indeed, for projections, even more is true: £ is an
invariant subspace of Ps if and only if S is an invariant subspace of P;. We capture
these remarks in the following lemma, which follows from, e.g., Proposition 3.8 of [52].

Lemma 5.2.4. Let Py :J — J and Ps : J — J denote the orthogonal projections onto
subspaces L and S of J. The following four' statements are equivalent.

e L is an invariant subspace of Ps e S is an invariant subspace of Pr

o Lt is an invariant subspace of Ps o St is an invariant subspace of Pp

Combining this with the previous lemma gives the desired conditions on S:

Theorem 5.2.4. For affine sets o + L and ¢+ L+, let zo o €J and cc € J denote
the projections of zg € J and ¢ € J onto the subspaces L and L, respectively. The
following are equivalent.

e 20+ L and ¢+ L are invariant under the orthogonal projection Ps : J — J.

e The subspace S contains cc and x( 1 and is invariant under the orthogonal pro-
jection Pp :J — J, d.e., S contains xy p1,cc and Pr - S.

In summary, zo+ £ and ¢+ £ are invariant under Ps precisely when S is an invariant
subspace of Py that contains the distinguished points ¢z and z 1. Note these points
minimize the norm /(z,z) over the affine sets z¢ + £ and ¢ + £*+. If, for instance,
zo + L is the solution set of linear equations Az = b, then z( 1 equals A*(AA*)~'b,
the minimum norm solution of Az = b.

B 5.3 Algorithms

By Theorem 5.2.1, arbitrary intersections of admissible subspaces are admissible. For
special algebras, the same is true for unital admissible subspaces. This motivates the
following definition.

!Note a fifth equivalent statement, which we will not use, is that the projections Ps and Pz commute.



Sec. 5.3. Algorithms 171

Definition 5.3.1. The minimal admissible subspace Sy, s the intersection of all
admissible subspaces:

Spin 1= ﬂ{S C J: S is admissible},

The minimal admissible-unital subspace Spinunit %5 the intersection of all admissible

subspaces that are unital:

Smin,unit 1= ﬂ{S C J: S is admissible and unital},

Algorithms for finding the minimal admissible subspace S;in and the minimal admissible-
unital subspace Syin,unit are essentially immediate from the characterization of admis-
sibility (Theorem 5.2.1). An algorithm for finding S, follows.

Theorem 5.3.1. The minimal subspace Spiy s the output of the following algorithm:
S < span{cg, g o1 }

repeat
S S+ Pr(S)

S + S + span{proji(z) : z € S}
until converged.
Proof. By induction and Theorem 5.2.1, § C S,,,;, at each iteration. If the algorithm
terminates, then S is admissible (Theorem 5.2.1). Hence, the reverse inclusion holds
S O Snin by definition of S,,;,. Finally, the algorithm must terminate because it
computes an ascending chain of subspaces and the dimension of J is finite. O

The same basic algorithm finds Syinunit when J is special.

Theorem 5.3.2. Suppose J is special. Then the minimal admissible-unital subspace
Sminunit s the output of the following algorithm:
S < span{cg, g o1 }
repeat
S S+ Pr(S)
S+ S+span{z?:x € S}
until converged.
Correctness of this algorithm follows from the same argument that proves Theorem 5.3.1.
Note that we need the special assumption to prove that & C Spinunit holds at each
iteration. A positive answer to Conjecture 5.2.1 implies this inclusion without this as-
sumption. Also note if J is not special, then the returned subspace is still provably
admissible and unital (Theorem 5.2.1); we only lack a minimality proof.

Remark 5.3.1. The Theorem 5.2.1 actually finds the minimal admissible subspace for
any cone program, i.e., its correctness does not use the fact KC is a cone-of-squares. This
fact is used to evaluate proji(z), as we review in the next section.
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B 5.3.1 Spectral interpretation

Both algorithms perform a nonlinear operation to a subspace at each iteration. It
turns out both these operations are implementable using the spectral decomposition
(Section 1.6.4). As the next lemma indicates, these operations apply either the squaring
or absolute value function to eigenvalues.

Lemma 5.3.1. For a Fuclidean Jordan algebra J, consider the following subspaces
Sproj := S + span {proj(:v) tx € S} , S,z := S +span{z? : 2 € S}.
K

Forxz € J, let 3 yep, Arf denote the spectral decomposition of x € J and define

NN ::S+span{ Z ])\f\f:xES}, Sy2 ::S+span{ Z )\f:f:a:GS}.

fEE: fEE,

Then, Sproj = S‘M and SxQ = S)\Q.

Proof. To see Sproj = S)y| , note that the subspace spanned by z and proj () is spanned
by z4 and z_ = — x4, where

= Y M o= > M

FAp>0 fAp<0

given that proji(x) = z4; see Section 1.6.4. It is therefore spanned by x and x4 —z_,
where x4 —x_ =3 rcp |Af|f-

That S,2 = S)2 also follows from properties of the spectral decomposition, specifi-
cally the identity

(D A= D0 A3f

fEE, JE€E:
This holds given that distinct g,h € FE, are pairwise orthogonal idempotents, i.e.,
goh=20. ]

The subspaces that satisfy S = S,2 are precisely the subalgebras of J. On the other
hand, the structure of subspaces that satisfy S = )| is not fully understood. We
therefore pose the following open question.

Problem 5.3.1. A subspace S C J satisfies S = S|y if S is a subalgebra® or if S equals
the span of a square x>. Are these the only cases?

2That S = S)» holds for subalgebras (S = S,2) follows from the inclusions S,2 2 Sj5 2 S, a
consequence of Lemma 5.2.1.
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B 5.3.2 Lattice interpretation

By Theorem 5.2.1, arbitrary intersections of admissible subspaces are admissible. The
whole space J is also admissible. Hence, admissible subspaces are the fixed points of a
closure operator—an idempotent, extensive, and increasing operator into the subspace
lattice of J. When J is special, similar statements apply to admissible subspaces that
are unital. Hence, one can interpret the Theorem 5.3.1 and Theorem 5.3.2 algorithms
as evaluation of a closure operator at the subspace spanned by ¢, and z( p1.

B 5.4 Optimal decompositions

Suppose J is special. The characterization of unital, admissible subspaces (Theo-
rem 5.2.1) indicates that these subspaces are subalgebras of J. As a consequence, each
subspace S has an orthogonal direct sum decomposition into simple ideals S = ©;_;S;
(Chapter 1.6.2). Further, each ideal has a complexity measure called rank (which equals
the number of distinct eigenvalues of a generic element; see Chapter 1.6.4).

In this section we prove this decomposition is optimal in a precise sense for Syin unit-
Our statement is in terms of the rank vector of an algebra W = @®;2, W;

ryy = (rank Wy, rank Wh, ..., tank W),

where W; are the simple ideals. Specifically, we show the rank vector of Sy unit and the
rank vector of any other admissible, unital subspace satisfies a family of majorization
inequalities. These inequalities, among other things, imply that Syin, unit minimizes the
maximum rank and the sum-of-ranks. The precise definition of majorization and the
statement of our result follow.

Definition 5.4.1. The vector x € Z'" weakly majorizes y € Z" if

min {I,m} min {l,n}
Z [xi]l > Z [yi]i Vie{l,...,max{m,n}},
=1 =1

where ¥ and y* denote x and y with entries sorted in descending order.

Theorem 5.4.1 (Main result). Let J be Euclidean Jordan algebra that is special. Let VW
be any admissible, unital subspace. Finally, let the minimal admissible-unital subspace
Sminunit and VW have the following decompositions into simple ideals:

Smin,unit = @lesiu W = @,ILgU:ka-
Then, ryy := (rank Wi, ..., rank W,,) weakly majorizes rs := (rank Sy, . .., rank Sy).

Proof. By definition, Syinunit is the intersection of all admissible, unital subspaces.



174 CHAPTER 5. MINIMAL SUBSPACES IN JORDAN REDUCTION

Hence, W 2O Syinunit- The result then follows from Theorem 5.4.2 (to be stated and
proven shortly)
O

Proving this theorem exploits the following fact: Spin unit is a subalgebra of all other
unital, admissible subspaces. We therefore study the rank vectors of subalgebras. We
first give examples that illustrate the majorization inequalities.

B 5.4.1 Majorization examples

The following subalgebras—each parametrized by a set of variables {t;}{_,—satisfy
U; 2 U;11 and the vector of ranks 17, weakly majorizes 1y, ,:

t1 to 0O 0 O t1 to 0 O 0
to t3 0 0 O to t3 0 0 O
Z/{l = 0 0 (7 t5 t6 Z/[Q = 0 0 ty t5 0
0 0 t5 t7 ts 0 0 t; ty O
0 0 tg ts tg 0 0 0 0 ¢t
ru, = (2,3) T, = (2,2,1)
ti, 2 0 0 O t7 0 0 0 O
ta t3 0 0 O 0 ¢t7 0 0 O
Z/{g = 0 0 t1 to 0 Z/l4 = 0 0 t1 0 0
0 0 t2 tg3 O 0 0 0 ¢t O
0 0 0 0 t4 0 0 0 0 ¢t

Tus = (2, 1) Tu, = (1, 1)

Also of note are the subalgebras Us and U,; despite having three nonzero blocks, Us is
isomorphic to a product of two simple algebras since its second two-by-two block is a
copy of the first; similar remarks apply to Uy.

B 5.4.2 Rank vectors of subalgebras

We now establish basic properties about the rank vectors of subalgebras. For this, we
need the following technical results.

Lemma 5.4.1. Let J be a Fuclidean Jordan algebra and letV C J be a subalgebra that is
simple (viewed as an algebra). Let J = @}’_,Jj, denote the orthogonal direct-sum decom-
position of J into simple ideals. Finally, let @ : J — J denote the orthogonal projection
onto Jy. The following statements hold for all k € [w], where w := {1,...,w}:
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1. If e € J is idempotent, then ®re is idempotent.
2. If e, f € J are idempotent and (e, f) =0, then (Pre, Prf) = 0.

3. Suppose e, f € V are idempotent and nonzero. If ®re # 0, then ®pf # 0.

Proof. Since Ji is a simple ideal, the projection map ®; from J onto Jj is a Jordan
homomorphism by [67, Lemma 2.5.6]; hence, ®e0®re = ®re? = e, showing the first
statement.

For the second statement, recall J = @}’_,J}, is an orthogonal direct-sum decompo-
sition of J. We conclude

@:Z(I)ke, f:zq)ke.
k=1 k=1
Since (®;e, ®;f) > 0 and

(®ie, @5 f),
1

<67f>:i'w

=17

<(I>Z'€, (I)]f> =0 if <6, f> =0.

For the third statement, view V as a simple algebra and let e = }.7 | e; and f =
Z§:1 fj denote the decompositions of e and f into primitive idempotents of V. Then,
there exists ¢t € V (depending on i and j) such that e; = 2t o (to f;) — t? o f; [51,
Corollary 1V.2.4]. Since @y, is a homomorphism,

Ppe; = Op(2t o (to f;) —t2o f;)
= (I)k(2t) o ((I)kt o CI)kfj) - (I)th o (I)kfj

showing @, f; # 0 if ®re; # 0. Since
q T
Dpe =) Pre;, Opf =) Pifj,
i=1 j=1

and ®re; and @, f; are idempotent and hence in the cone-of-squares, it follows ®; f # 0
if ®re # 0.
O

Theorem 5.4.2. Let S = ®;_S; and W = @©}_ Wy, be Jordan subalgebras of J, where
Si and Wy, are simple ideals of S and W (viewed as algebras), respectively. Suppose
S CW. The following statements hold:
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1. For each k € [w], let I := {i € [s] : S; € Wy)*}. Then, for all k € [w],

rank Wy > Z rank S;.

icly,

2. The vector ryy weakly majorizes rs, where
Ty = (rank Wy, ..., rank W), rs := (rank Sy, ..., rank Ss).
rank S;

j=1
(i.e., a Jordan frame). Further, if i € I}, then ®x(e) # 0 for a nonzero idempotent e

Proof. First note S; contains a set &; := {eé} of pairwise-orthogonal idempotents
in §;. We conclude all elements of {®y(e) : e € Ujcr, &} are nonzero (Lemma 5.4.1-3);
moreover, they are idempotent (Lemma 5.4.1-1) and pairwise orthogonal (Lemma 5.4.1-
2). Tt follows W, contains at least ;. rank S; nonzero idempotents that are pairwise
orthogonal. Hence, rank Wy > 37,/ rank S;.

For the second statement, we note the first implies the following: for each [ €
max{s,w}, there is a subset 7' C [w] with |T'| < min {l,w} for which

min {l,s}
Z rank W, > Z Z rank S; > Z [rfg]z
keT keT i€l i=1

Specifically, letting 7 be a permutation of [s] satisfying [ré]l = [rs]x(i), we can pick T
such that 7(7) € I, for some k € T for all i € {1,...,min {l, s}}. It follows by definition

min {l,w}

of ry that >, [rf/v]l > > ke rank Wy; hence, the claim follows. O

M 5.5 Conclusion

We proposed a new reduction method that finds the minimum rank orthogonal pro-
jection satisfying the Constraint Set Invariance Conditions for symmetric cone opti-
mization problems, i.e., optimization problems formulated over the cone-of-squares of
a FEuclidean Jordan algebra. When an additional condition of unitality is imposed, we
showed that the range of the projection is a Jordan subalgebra. Finally, we showed that
minimizing rank of the projection also optimizes the direct-sum decomposition of this
subalgebra into simple ideals.



Chapter 6

Constructing isomorphisms between
Euclidean Jordan algebras

In Chapter 5, we found a subalgebra S C J containing solutions to a given cone program
formulated over the cone-of-squares K of a Fuclidean Jordan algebra J. This enables
one to select an algebra J isomorphic to S (represented in a computationally convenient
basis) whose cone-of-squares C satisfies

KNS ={Pz:2z€C(C}
for some Jordan isomorphism ® : J — S, i.e., for some invertible linear map ® satisfying
O(z?) = (Oz)? v e J.

In this chapter, we show how to find ®. Combined with techniques from Chapter 5,
this allows one to construct a projected reformulation of a given cone program (Chap-
ter 1.2.5) by first finding S and then ®.

Specifically, this chapter addresses the following fundamental topic: given bases for
two isomorphic algebras, algorithmically construct an explicit isomorphism. (Note test-
ing isomorphism between Euclidean Jordan algebras is easily done with linear algebra;
see, e.g., Section 6.1.3.) The structure of isomorphisms arises from basic Jordan algebra
theory and early work of Jacobson [73]. To elaborate, an isomorphism is a direct-sum of
maps between simple algebras, since any Euclidean Jordan algebra equals a direct-sum
of its simple ideals. In turn, isomorphisms between simple algebras are isometries whose
form depends on the algebras’ common rank. For algebras of rank two or less, they are
simply isometries that map the identity to the identity—a basic result we will show with
elementary arguments. For algebras of rank three or more, they arise from the composi-
tion of two types of isometries, which we show building on results of Jacobson [73]. An
isometry of the first type is constructed from the multiplication operators of so-called
Jordan matriz units [91]. An isometry of the second type is an isomorphism between
coordinate algebras—FEuclidean Hurwitz algebras that arise by equipping a subspace of

177
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each Jordan algebra with a new product (e.g., Chapter V of [51]). Note coordinate
algebras and Jordan matrix units were introduced by Jacobson [73, 75] to prove his
coordinization theorem. Indeed, we directly generalize an isomorphism constructed in
this proof, removing a particular matrix algebra assumption.

After establishing the structure of Jordan isomorphisms, we’ll give an explicit al-
gorithm whose implementation requires only a basis for each algebra. Subroutines
include a novel algorithm for finding Jordan matrix units and a subroutine for finding
coordinate-algebra isomorphisms. This latter subroutine, essentially due to Jacobson
[74, Section 3], iteratively constructs an isomorphism via the Cayley-Dickson construc-
tion. It makes no reference to the isomorphism class of the coordinate algebra (which
is either the real numbers, the complex numbers, the quaternions, or the octonions),
leading to simpler implementations.

From an applications point of view, our algorithm serves the same purpose as the
*-algebra methods [89, 42] used for block diagonalizing semidefinite programs within
the framework of symmetry reduction. These algorithms are insufficient for finding ®
in general. On the other hand, the algorithm we present can be seen as an alternative
to these methods with a few appealing properties. One, we make no assumption on
the algebras other than the availability of a basis, whereas these algorithms assume
canonical matrix representations for one of the algebras. Further, unlike [89], no ‘case’
statements are employed for the isomorphism class; as mentioned above, we treat every
class in a unified way using the Cayley-Dickson construction. Finally, we show how to
find sparse isomorphisms assuming the availability of diagonal idempotents when J is
a matrix algebra.

The chapter is organized as follows. Section 6.1 gives preliminaries. Section 6.2
states the complete algorithm, and the next three sections fill in missing details: Sec-
tion 6.3 shows how to decompose an algebra into simple ideals and Sections 6.4-6.5 show
how to construct isomorphisms between simple algebras. Section 6.6 addresses sparsity.
Section 6.7 gives conclusions. Technical lemmas appear in an appendix (Section 6.8).

H 6.1 Preliminaries

As in Section 1.6, J denotes a Fuclidean Jordan algebra with product z o ¢ and inner
product (z,y)y satisfying

(zox,y)3 = (r,20%)3

for all z,y,z € J. Materials needed by this chapter from Section 1.6 include the
decomposition into simple ideals and the classification of simple algebras, which include
H,(R), H,(C), and H,,(H), i.e., the Hermitian matrices of order n with real, complex
or quaternion entries; the spin-factor algebra; and the exceptional algebra H3(Q), where
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O denotes the octonions. We also need material not yet discussed. Specifically, we need
the Peirce decomposition and the isomorphism test that it affords, which we overview
next.

M 6.1.1 Peirce decomposition

Recall an element = € J is idempotent if x ox = x. A set of pairwise orthogonal
idempotents induces a canonical decomposition of J called the Peirce decomposition.

Lemma 6.1.1 (Peirce Decomposition and Multiplication Rules). [67, 2.6.5] Let J
denote a Fuclidean Jordan algebra with identity e. Let {e;}_; be a set of pairwise
orthogonal idempotents satisfying > iy e; = e. For all (i,j) € [n] x [n], define the
Peirce space J;; via

1

1
Jij = {:L‘GJ:eionQx, ejoac:Q:c} if i # 7§, Ji={xeJ:eox=x}.

Then, J;; = Jj;. Further, J equals an orthogonal direct-sum @1Si§jgn Jij. Finally, the
following Peirce Multiplication Rules hold:

o J;jolJy = {0} if {i, 5}y N {k, 1} =0,
o Jijodr CJu if 1,4,k are all distinct,
o Jijody CJii+Jj5,
o J;iodi; CJyy,
where JjjoJy :={xoy:z e Jiy,y € I}

As the following example illustrates, the Peirce decomposition is analogous to a
partition of a matrix into diagonal and off-diagonal blocks. Indeed, we will refer to J;;
as an off-diagonal Peirce space when ¢ # j.

Example 6.1.1. Let J denote H3(R), the Jordan algebra of real symmetric matrices of
order three with product v oy = %(my + yx). Orthogonal idempotents {e1,ea} summing
to e and the induced Peirce spaces are

1 0 0 0 00 * 0 0 0 00 0 *= =
el = 0 0 0 , €2 = 010 J11: 0 0 O J22: 0 * =* J12: * 0 0 5
0 00 0 0 1 000 0 *x = * 0 0

where J;;j is the subspace of matrices with indicated sparsity pattern.
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The Peirce decomposition also allows one to break multiplication into pieces. Writ-
ing >°;; wi; to mean Y ;' >0, w5, we have by bilinearity of o that

roy= T ) o (Su) =TT om

ij kl ij Kkl
where x;; denotes the ij-component of x with respect to the direct-sum decomposition
@D1<j<i<nJij- This will be convenient for constructing isomorphisms, since we can
consider the products x;; o yi; between Peirce components separately and make use
of the Peirce Multiplication Rules (Lemma 6.1.1). Finally, the Peirce component x;;
satisfies

2e;0(ejox) —eouw, 1=

Ty =
N 2e;0(roej)+2(e;ox)oe; i J.

Note the maps yielding the Peirce components have names in the literature. Specifically,
x;; equals the quadratic representation of e; evaluated at x. Similarly, x;; is proportional
to the Jordan-triple-product of x with the set of orthogonal idempotents {e;, e;}.

B 6.1.2 Peirce decompositions from Jordan frames

Recall a Jordan frame is a set of pairwise orthogonal idempotents that are each prim-
itive, meaning each cannot be written as the sum of two distinct idempotents (Sec-
tion 1.6). The Peirce decomposition induced by a Jordan frame has additional proper-
ties.

Lemma 6.1.2. Let J be a Euclidean Jordan algebra and let {J;;}}';_ denote the set of
Peirce spaces induced by a Jordan frame {e;}I'_y. For all distincti,j € [n], the following
statements hold.

(a) [67, 2.9.4]. The subspace J;; is one-dimensional, specifically, J;; = {Xe; : A € R}.

(b) [51, Corollary 1V.2.6]. If J is simple, there is an constant dy for which dimJ;; =
dy for alli # j. The constant dy does not depend on {i,j} or the Jordan frame.

The following example illustrates Lemma 6.1.2.

Example 6.1.2. Let J = H3(R), the Jordan algebra of real symmetric matrices of order
three with product roy = %(waryx) A Jordan frame {e1, ez, e3} and the induced Peirce
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dim J;; ‘ Iso. class algebra
1 H,(R) R | real numbers
2 H,(C) C | complex numbers
4 H,, (H) H quaternions
8 H3(0) O octonions

Table 6.1: Isomorphism class as function of off-diagonal (i # j) Peirce-space dimension
for simple algebras of rank » > 3. Rank-one and rank-two algebras are isomorphic to
the real numbers and the spin-factors, respectively. Hermitian matrices of order n with
entries from T are denoted H,,(T).

spaces are
1 0 0 0 00 [« 0 0] [0 0 0] [0 0 0]
el = 0 0 0 €9 = 01 0 J11: 0 0 O J22: 0 = O J33: 0 0 0
000 000 0 0 0 0 0] 0 0 x|
000 (0 % 0] [0 0 x| [0 0 0]
e3=10 0 O Jio=1|[x 0 0|Jis=10 0 0[|Jezs= |0 0 =
0 01 10 0 0 1x 0 0] 10 x 0]

where J;; is the subspace of matrices with indicated sparsity pattern. Note each J;; has
dimension one and all J;; have the same dimension, consistent with Lemma 6.1.2.

B 6.1.3 Isomorphic simple algebras

Recall the rank of a simple algebra equals the cardinality of a Jordan frame. For simple
algebras, rank and the dimension of off-diagonal Peirce spaces yield an isomorphism
test ([51, p.97]):

Proposition 6.1.1. Let J4 and JZ be simple Euclidean Jordan algebras with ranks at
least two. Let Jf} C JA be any off-diagonal Peirce space induced by a Jordan frame,
and similarly define J,Z C JB. Then, JA and IB are isomorphic if and only if they
have the same rank and dim J;‘}- = dim J5.

Note that rank and off-diagonal Peirce space dimension also indicate isomorphism class
(Table 6.1).

W 6.2 Algorithm

A complete procedure for constructing an isomorphism appears in Algorithm 6.1.
The remainder of this chapter explains the steps, which are readily implemented using
linear algebra. In particular, one obtains a Jordan frame from the spectral decomposi-
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Algorithm 6.1: Finds isomorphism between Euclidean Jordan Algebras

Input: two isomorphic algebras J4 and J?

Output: an isomorphism ® : J4 — JB

begin

for each K € {A, B} do

Find Jordan frame for J& and its simple partition (Definition 6.3.1)
Get simple ideals {JX}7, of JX from simple partition (Theorem 6.3.1)
end

Find a matching {(Jf, Jf(i))}fn ) of isomorphic ideals using Proposition 6.1.1.
i=

For each pair (J4, JUB(i)), find isomorphism ®; : J4 — Jf(i)

return ® = ;" ¢;
end

tion of a regular element, where a random (e.g., uniform) combination of basis elements
is regular. The simple partition of a Jordan frame is induced by an equivalence relation
defined by the nonzero Peirce spaces (Section 6.3). A matching of isomorphic ideals is
just a matching in a bipartite graph G with node sets {J#17, and {J f }iLy, where J 4
and J ;3 are adjacent if and only if they are isomorphic; i.e., if and only if they have the
same rank and off-diagonal Peirce-space dimension (Proposition 6.1.1, Section 6.1.3).
Finally, isomorphisms between simple algebras are isometries induced by special or-
thogonal bases (Section 6.4) found (in part) by subroutines from Section 6.5. We now
fill in missing details, beginning with identification of simple ideals.

B 6.3 Decomposition into simple ideals

Any Euclidean Jordan algebra J equals an orthogonal direct-sum of its simple ideals
(Proposition 1.6.1). If J were an associative algebra, we could find these ideals using
methods from [50, 72, 89, 42]. It turns out a Jordan analogue of [89] holds. It involves
finding a partition of any Jordan frame and then constructing a new set of idempotents
by summing over each partition class. The nonzero Peirce spaces associated with this
new set are precisely the simple ideals.

The mentioned partition of a Jordan frame {e;};; is defined by the nonzero Peirce
spaces it induces. Formally, write e; ~ e; if and only if J;; # {0}. The relation ~ is
is an equivalence relation [67, 2.9.4iv and 2.9.5]. It follows the equivalence classes of ~
form a partition of {e;}}" ;:

Definition 6.3.1. The simple partition of a Jordan frame {e;}_, is the set of equiv-
alence classes Py, ..., Py, induced by the equivalence relation ~.

From the simple partition, we can directly construct the decomposition into simple
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ideals:

Theorem 6.3.1. Let {e;}; be a Jordan frame of J with simple partition Pi, ..., Pp,.
For each Py, define the new idempotent vy = 3. .cp, € and the Peirce space

Ji={reJ:vpox =2}

Then, Ji is ideal of J and the orthogonal direct-sum decomposition holds:

J=pI.
k=1

Further, viewed as an algebra, Ji. is simple with identity element v, and Jordan frame
Py

Proof. Let ©1<i<j<nJi; denote the Peirce decomposition induced by the Jordan frame.
That J = @©]X;J; is immediate, since it equals ©1<;<;j<nJ;; with all trivial subspaces
removed from the summation by definition of the simple partition.

That Jy is an ideal follows by applying the Peirce Multiplication Rules (Lemma 6.1.1)
to the Peirce decomposition induced by {vj }}* ;; it also follows from the combination of
(67, 2.5.7], [67, 2.9.4,iv] and [67, 2.9.5]. To show Jj, is simple, first note that J;; # {0}
if e;,e; € P, by definition of P,. We will show this leads to a contradiction if Jj, is not
simple. To begin, if J; is not simple, then Ji = Vi @ V5 for nontrivial ideals Vi and
Vo of J. Further |Pg| > 1, otherwise Jj is spanned by a single idempotent and has no
nontrivial ideal. We claim there exists e;,e; € P satisfying e; € V1 and e; € V5. To
see this, note ey € V7 or ey € V3 for each £ € Py, otherwise ey = ey 1 + €2 for nonzero
idempotents e;; € V;, contradicting the assumption e, is primitive. Further, v cannot
be contained in V; or V5 since (by definition) it is the identity of Ji; hence, there exists
e; € V1 and e; € V, as claimed. Picking arbitrary x € J;;, we have from the definition
of Jij that

1
eiox:§x, e;or =T

and, since V; are ideals, that %x € V1 N V. But since V4 NV, = {0} and since x was
arbitrary, we conclude J;; = {0}, a contradiction. Hence, J; must be simple. That
v is the identity is (as mentioned) by definition. That Py is a Jordan frame is again
immediate: its elements sum to vy and are primitive and pairwise-orthogonal.

O

As noted in the proof, that Ji is an ideal follows immediately from results of [67,
Chapter 2]; hence, the contribution of Theorem 6.3.1 is that these ideals are simple.
We also note that each idempotent vy is central—that is, a o (vg 0 b) = (a o vg) o b for
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all a,b € J. (See [67, 2.9.5] and [67, 2.9.4,iv].) Finding idempotents that are central (in
a related sense) is the basis of decomposition methods [50, 42] for associative algebras.

B 6.4 Isomorphisms between simple algebras

As mentioned, an isomorphism between two Jordan algebras equals a direct-sum of
isomorphisms between ideals that, when viewed as algebras, are simple. Hence, this
section will focus on the construction of isomorphisms between simple algebras. We let
|z||5 denote the norm induced by (x,z)y with a carefully chosen rescaling:

Definition 6.4.1. For a rank n simple algebra J with identity e, define the norm

(z,7)5
lella =4/ 2

nleels
The scaling 2 (e, e)y ensures that 22 is idempotent if = has unit norm and z € J;; for
i # j. (Note if J = S", then |- || is just the Frobenius norm rescaled such that E;; + Ej;
has unit norm when ¢ # j.) This and other properties of || - ||5 follow:

Lemma 6.4.1 (Properties of || -[|5). Let J be a rank n simple algebra and let {J;;}7;_;
be the Peirce spaces induced by a Jordan frame {e;}'_,. Then,

(a) For all z € J;j with i # j, the identity 2* = ||z||3(e; + ;) holds;
(b) For all x € J;;, the identity x* = 2(||z||3)e; holds;

(c) Forxz,y€eJ,
J 2 2 2
1 =z +ylls = l=l5 = llvll3-
n e, e)J

Proof. Statement (a) is [51, Proposition IV.1.4], statement (b) follows from the fact e;

spans J;; and has norm ||e;|| = %, and statement (c) is immediate from definitions.
g

We will find isomorphisms between algebras J4 and JZ are always isometries with
respect to || - |34 and || - |35, which is essentially immediate from (a)-(b). Note state-
ment (c) indicates isometries preserve orthogonality; hence, they are mappings between
appropriately-scaled orthogonal bases.

We break the description of isomorphisms into three sections. The first concerns
simple algebras with rank two and the next simple algebras with rank at least three.
The third gives simplifications.
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H 6.4.1 Rank two algebras

As just noted, isomorphisms will necessarily be isometries. In the rank two case, this
is almost sufficient. Indeed, any isometry that also maps a Jordan frame of J4 to a
Jordan frame of J? is an isomorphism:

Theorem 6.4.1 (Isomorphisms for rank two). Suppose J A and JB are simple algebras
of rank two. Let {ef',ed} C JA and {eP,eB} € IB be Jordan frames, and let ® : J4 —
JB be an invertible linear map with the following properties:

° ‘I’elA =eP and <I>e‘24 =eb.
o O is an isometry with respect to the norms || - |34 and || - |35, i.e.,
|®z)55 = |zllza Vo eIt

Then, CI)(JQ) = sz‘? for alli,j € {1,2}. Further, ® is a Jordan isomorphism.

Proof. That ®(J%) = JZ follows since JZ} and JZ are one dimensional (Lemma 6.1.2-
(a)). Further, if ® is an isometry, it preserves orthogonality by Lemma 6.4.1-(c). Hence,
®(I1) € (IB)E N (IB)L = IE. Finally, since ® is invertible, ®(J1},) = I, otherwise
® is not surjective.

To show that ® is an isomorphism, we verify ®(x o x) = ®(z) o () by checking
the products between each Peirce component of x.

Case 1 o x;; Since the Peirce space J¢ is spanned by ef! (Lemma 6.1.2-(a)), there
exists A € R for which z;; = )\ef. Hence,

d(ref o deft) = N2® (e o et) = N2Del = A2el = N2eB 0 ef = d(Nef) 0 D(Nef).

Case xj;ox120 Welet z;; = )\ef‘ and use the fact e; 0 z;; = %z by definition of J;;:

)\‘13(6;4 @) 5512) = )\q)( .’Elz) = >\ q)(l‘lg) = )\61 (e] (13(1‘12) )\@(6;4) o (I)(l‘lg).

Case z12 0x12 We use Lemma 6.4.1-(a) to express x12 0 x12 in terms of || - || and the
assumption ® is an isometry mapping 6%4 to ef:
D(z12 0 212) = ||z]| 24P (ef + €3) Lemma 6.4.1-(a)
= [le]Fa(el +eF) Deft = ef
= || ®z|35(ef + ) ® is an isometry
= (Px12) o (Px12) Lemma 6.4.1-(a).
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Note since an inner product induces || - |34 and || - |35, constructing an isometry is
trivial: one simply maps a suitably-scaled orthogonal basis of J*4 (containing a Jordan
frame) onto an orthogonal basis of J? (containing a Jordan frame). The following
example illustrates this construction.

Example 6.4.1. Let J* denote the rank two Jordan algebra spanned by the symmetric

matrices
1 0 0 O 0 0 0 O 0 010 0 O 0 1
A (01 00 A_ (00 00 A (00 0 1 A4 (0 0 —-10
€1 = y €2 = 11 = g = )
00 0O 0 010 1 0 0 O 0O -1 0 O
0 0 0O 0 0 0 1 01 00 1 0 0 O

with product v oy = %(;Uy +yx). (Note J4 can be viewed as a proper subalgebra of
H,(R).) Let JB denote the spin-factor algebra R & R3 spanned by

ef =5 %0 O}T,egz[% ~1 9 O}T,tff’:[o 0 1 O]T,t§=[0 00 1}T

with product (xo®x)o(yo®y) = (zoyo+z’y)®(xoy-+yox). The linear map & : J4 — JB
satisfying

el = B

K3 (A

ot =18 ie{1,2}

%
maps the primitive idempotent ef‘ to ef and is an isometry with respect to the norms

1
|2l|5a = ; Tra?, a|5e = "o

4

Hence, ® is a Jordan isomorphism.

B 6.4.2 Rank n > 3 algebras

Like the rank-two case, an isomorphism ® between algebras with rank larger than two
will still be an isometry that maps one Jordan frame to another. Unfortunately, ®
must satisfy additional conditions arising from the fact there are distinct off-diagonal
Peirce spaces (i.e., J;; and Jy; for which {i,j} # {k,l}). Nevertheless, ® still has
straightforward structure that builds upon [76]. Specifically, the mapping between J f‘j
and J 5 will equal the composition of isometries

where T is an isomorphism between coordinate algebras and Wi?/ B maps the Peirce
A/B

space JiA}/ B onto the coordinate algebra of J4/B (and vice versa). Both W;;"" and

the coordinate algebra are defined by Jordan matrix units, structured samples of each
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Peirce space defined next.

Jordan matrix units

A set of Jordan matrix units is a Jordan frame combined with elements of each off-
diagonal Peirce space that are both normalized and have consistent ‘orientation.’ For-

mally:

Definition 6.4.2. [91, Chapter 6] Let {e;}_; be a Jordan frame for a simple algebra
J. Let {Ji5}7 ;-1 be the set of Peirce spaces induced by {e;};_y. Then, {ui; € Jij}7;4
is a set of Jordan matrix units for {Ji;}}';_; if for all distinct i,j,k € [n]

® Ui = €4, Uij = Uji
® Ujij O Ujj = Ui + Ujj (normalization constraint)
o wjj O Uj) = %uzk (orientation constraint)

The condition w;j o u;; = i + wj; holds if and only if |Ju;;]|3 = 1. The orientation
condition wu;j o uj, = %uik, however, is more complicated and is not satisfied simply
by sampling each Peirce space and normalizing. Nevertheless, matrix units always
exist [51, Lemma V.3.3] and, indeed, are not unique. The following example illustrates

non-uniqueness.

Example 6.4.2. Let J = H3(C), the Jordan algebra of complex Hermitian matrices of
order three with product x oy = %(my + yx). The Jordan frame {e1, e, e3} given by

1 00 0 00 0 00
er=10 0 O, e2=1]0 1 0Of, es= 1|0 0 O
0 00 0 00 0 01
is completed to a set of Jordan matriz units by
0 a O 0 0 b 0 0 0
uie = [a* 0 0|, uig=10 0 0|, uegs=10 0 a*b
0 00 b* 0 0 0 b*a O

for any complex numbers a and b satisfying a*a = b*b = 1.

Note this example freely sets uj2 and uj3 (via a and b) and generates ugs—taking
U9z = 2ui90ouyz. Section 6.5.1 generalizes this construction to arbitrary simple algebras.
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Coordinate algebras

Matrix units {uij}ﬁjzl equip any off-diagonal Peirce space J;; with identity wu;; and
product

($,y) — 8(uzk o x) o (ujk o y),

where k is any element of [n] not equal to i or j. All choices of k define the same
product [51, Proposition V.3.4]. Further, off-diagonal Peirce spaces are isomorphic
algebras under this product. (The 2% = 8 factor appears because the Jordan product o
is applied three times.)

For our purposes, we only need to equip one Peirce space with a product, which we
can choose arbitrarily. Following McCrimmon [91], we equip Ji2 and refer to it as the
coordinate algebra. We also need a set of structured maps Wj; : J — J from Jacobson
[73] induced by matrix units; see also [51, Chapter V]. We name these maps ij-Peirce
space transformations for reasons that will become clear (Lemma 6.4.2).

Definition 6.4.3. Let U = {u;; € J;;}];, be Jordan matriz units for the set of Peirce

spaces {Jij}i i1

e [91, Chapter 6]. The coordinate algebra J 12 induced by U is the Peirce space Jio
equipped with product

x Xy :=8(uizox)o (uggoy)
and identity u1s.

o For i # j, the ij-Peirce-space-transformation W;; : J — J induced by U is the
map given by

T T {677 ={1,2}
W s T+ 2ugp 0T {i,7y ={1,k}, k>3
YU e 2uppon {i,j} ={2,k}, £>3
x'_>4U1iO(u2ij) {Z,]}ﬂ{l,Q}Z@
The norm || - ||y is multiplicative with respect to coordinate-algebra multiplication,

ie, |l x ylls = llzllallylls; see, e.g., [51, Proposition V.3.4]. This property implies
coordinate-algebra isomorphisms are isometries (e.g., Lemma 6.8.3). The ij-Peirce-
space-transformation is also an isometry with extremely special structure:

Lemma 6.4.2 (Peirce space transformations). For {i,j} # {1,2}, let W;; : J —
J denote the ij-Peirce-space-transformation induced by a set of Jordan matriz units
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{uij}ij—1- Then,
Wij(J12) = Jij, Wii(Ji;) = Ji2. (6.1)

Further, the restriction of Wi; to J12 @ J;; is self-adjoint, isometric, and an involution,

i.e., for any x,y € J12 © Jy5,
o (Wijz,y) = (z, Wijy);
o Wisally = llells;
o W;iWijx = .
Finally, u;; = Wiju12 and ui2 = Wiju;.

Proof. We first show the self-adjoint property. That W;; is self-adjoint when W;; =
2ugj o x or Wi = 2uyj o x is immediate since, by definition, multiplication is a self-
adjoint operation in a Euclidean Jordan algebra (Definition 1.6.1). When W;; equals
x — 4uq; o (ug; o x), it is the composition of self-adjoint maps that, by Lemma 6.8.1,
commute on Ji2 @ J;;. Hence, it is self-adjoint.

We next show the involution property. Consider the case ¢ = 1 and j > 3 and let
x = w12 + x1j. Then,

1 2 3
Wi jWijx = 2ug; o (2ugj o x) = 2(ugj o ug;) 0 & = 2(uge + ujj) 0 v = .

Here, the equality L follows from Lemma 6.8.1, the equality 2 from the definition of
matrix units (Definition 6.4.2) and the equality 2 from the Peirce Multiplication Rules
(Lemma 6.1.1). The case where Wj; equals « — 2uy; o « has identical proof. For the
remaining case, consider distinct p, q,r, s € [n]. For z,5 € J,, set 2pq = Upy 0 (Ugs © Zrs)
and note by the associativity identity (Lemma 6.8.1)

16upy 0 (Ugs © 2pg) = 16ugs 0 (Upr © 2Zpq)- (6.2)

Setting wyq = Ugs © Trs € Jrg, We have zpq = Up, 0 wyg and

1
= (Upr + Upp) 0 Wrg = ~Wrg.

Upr © 2pg = Upr © (Upr © Wrq) = i(upv" O Upr) O Wrg = 9 4

Which shows
16ugs © (Uupr © 2pg) = dgs © Wrq = 4tigs © (Ugs © Tps) = 2(Ugs © Ugs) O Tps = Tps.

Taking (p,q,r,s) = (i,7,1,2) shows that W;;Wiz = =« for all x € Ji2. Taking
(p,q,7,5) = (1,2,4, j) shows that W;;W;;x = x for all x € J;;.
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The isometry property holds by combining the self-adjoint and involution property.
Specifically, since

(Wijz, Wijr)y = (Wi Wiz, 2)3 = (v, 2)3,

we must have that ||z||y = [|Wi;z||5 given that ||z||3 = k(z, z)5 for a constant indepen-
dent of z. (See Definition 6.4.1.)

Finally, that u;; = Wjjui2 and w12 = Wjju;; holds by the definitions of W;; and
Jordan matrix units. For the relations (6.1), note the inclusion C holds by the Peirce
Multiplication rules; equality holds since W;; is an involution on Jq2 @ J;; and is hence
surjective.

O]

One can also express Jordan multiplication between elements of distinct off-diagonal
Peirce spaces using coordinate algebra multiplication. Formally:

Lemma 6.4.3. Let W;; : J — J and Wy, : J — J be the ij- and jk-Peirce-space-
transformations induced by a set of Jordan matriz units U. Then, for all x,y € J and
distinct i, j, k € [n],

ij © Yk = Wik (Wijzig X Wikyji)
Proof. We verify this directly:
zij o yjk = (WijWijziz) o (Wi Wiky;r)
= Wi, (Wizzi; x Wiry;k) -

Here, the first line uses the fact Wj, and Wj, are involutions (Lemma 6.4.2) and the
second is a direct application of [73, Lemma 6]. O

Combining results leads to an isomorphism ® between Jordan algebras with rank at
least three:

Theorem 6.4.2 (Isomorphisms for rank n > 3). Suppose J4 and IB are simple algebras
of rank n > 3 with Jordan frames {e}", and {eP}*,. For K € {A, B}, let

o UK be Jordan matriz units for the Peirce spaces {ij( ij=1 tnduced by {efyn_;

° j{g and Wg be the coordinate algebra and ij-Peirce-space-transformation induced

by UK,'

o T :J{ — JB denote an isomorphism between the coordinate algebras J%, and
j%, i.e.,

T(x xy) = (Tz) x (Ty).



Sec. 6.4. Isomorphisms between simple algebras 191

Then, the unique linear map ® : J4 — IB satisfying
o det =eP forallic [n],
o Oy = Wi?TW/Z? forall x € Jf} with © # 7,

is an isomorphism between J* and JB.

Proof. We verify ®(z%) = (®x)? by considering products between Peirce components
seperately. For this, we let i, j, k, [ denote distinct integers.

Cases ; 0 T, T4 0. Under the assumption on 4, j, k, I, we have that both ®(x;; o
xp) and ®(z45 o xg) equal ®(0) by the Peirce Multiplication Rules (Lemma 6.1.1).
J4. and J ; into JB JB

’Lj ) 177 YR
Multiplication Rules (Lemma 6.1.1) also show

Further, ® maps J4 and J kBl, respectively. Hence, the Peirce

%)

O (z45) o (Payy) =0, ®(z4i) o (Prgy) = 0.
We conclude ®(z;5) o (Pxyy) = P(zij 0 xg) and $(ay;) o (Pagy) = P(x4 0 xy) as desired.

Cases xj; © Tj;, Ti; O Tij, Tij © Tjj. We apply Theorem 6.4.1 to show the map O =

®;; + ®;; + ®;; is a Jordan isomorphism between the subalgebras J; 44 Jii A4 Jj A and
JB + JB J B By construction, ® is an invertible transformation mapplng eA to eB
and e to e Further by Lemmas 6.4.2 and 6.8.3 it is an isometry. Hence, it satisfies

the hypothes1s of Theorem 6.4.1 and is a Jordan isomorphism.

Case 7;j o x;5. The prove the remaining case, we use the multiplication identity given
by Lemma 6.4.3 and the fact WX, is an involution (Lemma 6.4.2); the line marked (%)
uses the assumption 7' is an isomorphism:

Qir (245 0 xj) = WszWk:(xm o Tjk)

= WRTWAW (Wil x Wikas,) (Lemma 6.4.3
= W T (WA:E” x W ka:jk) (Lemma 6.4.2
= WE ((TWilwy) x (TWjia)) (x

= Wi (WEWETW ) < (WEWETWAz;))  (Lemma 6.4.2

~—  ~— ~— ~— =

(WBTW xm) (ijTW k%k)) (Lemma 6.4.3
= (Pzij) o (Pjr)
O

The isomorphism of Theorem 6.4.2 strongly relates to one used to prove Jacobson’s
coordinization theorem [76, Theorem 9.1]; see also [75] and [91, Chapter 6]. Specifically,



192 CHAPTER 6. CONSTRUCTING ISOMORPHISMS BETWEEN EUCLIDEAN JORDAN ALGEBRAS

Jacobson constructs an isomorphism between a rank-three algebra J4 and an algebra

of matrices with elements in J 12. His construction involves the maps WA, One can

i
also use coordinate-algebra isomorphisms and Wi‘; to prove the Jordan-von Neumann-
Wigner classification of simple algebras (Proposition 1.6.1); see, e.g., [51, Chapter V]

for such a proof.

B 6.4.3 Simplifications

Rank two algebras The description of isomorphisms between rank-two algebras (Theo-
rem 6.4.1), though crucial for proving Theorem 6.4.2, is actually more complicated than
necessary. The following simplification removes explicit reference to Jordan frames, us-
ing instead the identity elements of J4 and J&:

Corollary 6.4.1. Let J4 and JB be rank two algebras with identities e and eP. Let
® : J4 — IB be an invertible map that is both an isometry and satisfies Pe? = B,

Then, ® is a Jordan isomorphism.

Proof. By Theorem 6.4.1, the claim follows if we can construct a Jordan frame for
which ®ef! = eB. Towards this, let v4 be any element orthogonal to e with |[val|y4 =
leallza. Define v® = ®v4. Since ® is an isometry, v® and e are orthogonal and
|vB |55 = ||eB||y5. Further, ®(e? +v4) = eB + vB. We now show {l(eA :EUA)} and

2
{%(eB + UB)} are Jordan frames.

To begin, %(eA + vA) are clearly pairwise orthogonal. We need to show they are

also idempotent. Towards this, note
1

1 1
5( Apotyo 5(eA +0h) = Z(eA + 201 vt ow?).

A

Idempotency follows if v o v4 = e#. In any Peirce decomposition, v{‘l = —v§42 since

vA is orthogonal to e. Hence, v4 o v4 = \e? by the Peirce Multiplication Rules and

Lemma 6.4.1-(a). But

A AA> A

(e eMya = (A v ga = (v ov? e

JA = </\€ ,€A>JA,

showing A = 1 as desired. That %(eA —v%) is idempotent has identical proof. It follows
1(eA+v) is a Jordan frame; that £ (e®+v?) is a Jordan frame follows from an identical
argument.

O]

Note this corollary generalizes a widely-used transformation between the algebra
H,(R) of real symmetric matrices and the spin-factor algebra R x R2. Specifically, the
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d

maps the identity matrix to (1,0, O)T and is an isometry; hence, it is a Jordan isomor-

map P satisfying

c a—2>b

a+b ¢ ]):(a,b,c}T

phism. As a consequence, ® maps S%r onto the Lorentz cone Q3, a fact we exploited in
Chapter 2.

One-dimensional coordinate algebras Recall isomorphisms between rank n > 3 algebras
involve the composition of maps W;;T'Wj;;, where T was an isomorphism between coor-
dinate algebras J ’142/ B (Theorem 6.4.2). This composition simplifies when the coordinate
algebras are one-dimensional. Indeed, we can restate Theorem 6.4.2 using only matrix

units:

Corollary 6.4.2. Let J4 and JB denote rank n, simple algebras. Let {uf; =1 C
J4 and {ug =1 C JB denote Jordan matriz units. Finally, suppose the coordinate
algebras I3, and IB, induced by these units are one-dimensional. Then, the linear map
P : JA — IB satisfying

B

A _

is uniquely defined and invertible. Further, it is a Jordan isomorphism.

A/B

Proof. Under this assumption, every Peirce space JZ-A]-/ B s spanned by w;;'", giving

uniqueness. Letting T denote uf — up, (extended via linearity) gives a coordinate-

algebra isomorphism. By Lemma 6.4.2, Wi’?ufj = uf, and Wi?uﬁ = ufj Hence,
uf; = Wl-? TW;;-lu{}, showing ® is a Jordan isomorphism (Theorem 6.4.2). O

Recall J ‘142/ B is one-dimensional precisely when J4/F is isomorphic to H, (R), the Jordan
algebra of real symmetric matrices of order n. Such algebras arise frequently in the

preprocessing of a semidefinite optimization problems; see, e.g., [108, Section 6].

B 6.5 Subroutines

Isomorphism between simple algebras of rank n > 3 require a set of matrix units and
a coordinate-algebra isomorphism. We now give subroutines that find these objects.
These routines assume Peirce decompositions of each ideal (induced by a Jordan frame),
which can be obtained from the simple partition (Theorem 6.3.1).

B 6.5.1 Finding Jordan matrix units

Suppose J is a simple Euclidean Jordan algebra. Recall Jordan matrix units (Defini-
tion 6.4.2) for J consist of a Jordan frame {u;;}}~; and u;; from each off-diagonal Peirce
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space J;; satisfying

ugj =w;; +uj; Vi#j (normalization), Uij © Ujly = Uik (orientation).

We will give a procedure for generating u;; satisfying these conditions. The input will
be z € J with structured off-diagonal Peirce-support:

Definition 6.5.1 (Off-diagonal Peirce-support). Let {J;;}7;,_; be the Peirce spaces
induced by a Jordan frame of a simple algebra J. The off-diagonal Peirce-support of
x € J is the undirected graph G = ([n], E) for which {i,j} € E iff x;; (the ij-th Peirce
component of x) is nonzero (recalling x;; = xj;).

Suppose x € J has off-diagonal Peirce-support G equal to a tree—i.e., a connected
graph with no cycles. Each pair of nodes is uniquely connected by a path. If one labels
each edge in G by its corresponding sample mxzj, each path in G induces a product
of samples. The following shows the set of such products equals a set of matrix units.

Theorem 6.5.1 (Tree-induced matrix units). Let {e;}}'_; be a Jordan frame for a rank
n simple algebra J. Let {J;;}7;_, be the set of Peirce spaces induced by {e;}}_;. Suppose
the off-diagonal Peirce-support of x € J equals a tree G = ([n], E)). For each node i € [n]
and edge {i,7} € E, define

Lij
s’

Uiy -— €4, U5 = Ujj = Uiy

For each edge {i,j} € E define the linear maps U;; : J —J and Uj; : J — J via
Uijﬂf == Quij o, Uji.’L’ == 2ujl- ox.

Finally, if {i,j} ¢ E, let p1,p2,...,pm € [n] X [n] denote the unique path from i to j
and define

uij = Up,,Up - Upyupy, wji 2= Up, Upy - Up,,_, Up,,- (6.3)

m—1

Then, u;; € J;5. Further, {“ij}ijl is a set of Jordan matriz units, i.e., for all distinct
i,J, k € [n]:

1. Ui; = €4

2. uij = ’LLjZ‘

8. Wis O Usip = 2w
- Ui ik o Wik

4 Uij © U5 = Ui + Ujj
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Proof. That u;; € J;; follows by the Peirce Multiplication Rules (Lemma 6.1.1). To
show the w;; form a set of matrix units, we verify Statements 1-4. Statement 1 is
immediate from definition of u;;. For Statement 2, we note u;; = uj; holds by definition
if {i,5} is an edge. Otherwise, letting p1,...,p, denote the unique path from i to j
and using the definition (6.3) shows

a b
UpUpp 1+ - Upyip, = Lupl Upy *+ Up,, 4 2up,, =

Up Upy ++ - Uppy 1 Uppy s

Uqg Uji

where Ly, denotes x — up, ox. Here, the equality 2 follows from Lemma 6.8.2 and =
by replacing 2uy,, and Ly, with u,,, and Up,.

For Statement 3, suppose both {i,j} and {j, k} are non-edges and let p1,...,pm
and qi, ..., q denote the unique paths from ¢ to j and from j to k, respectively. Using
(6.3), we have

Ujk © Uij = (UgUqge_y = Ugyugy) © (Up,, Up,, -+ Upy iy ).

We can now iteratively pull out each Uy, (for r = ¢,£ —1,---,1) term by using the
identity (zxoy)oz==xo0(yoz) with z = U and z = Umepm L Upg i, :

Uij © Ujk = (U Uge 1 Ugy_y - "quuth) © ( Upm1 "'Up2up1)
= Uy, ((qu Uge_y - Ugugy) 0 (Umepm 10 Upzum))
=UqUqy, ((UQé& o Ugytigy) © (Up, Upyyy - Upzum))

=UqUq Uqgy 5+ Ugy (“q1 (Umepm_1"'Up2up1))

=UqUq ,Uq, 5 - Uq22U UpUpp 1+ Upytip,

where the last line uses (6.3) and the fact p1,...,pm,q1,...,qe is the unique path from
i to k. The case where only {i,j} is an edge has essentially identical proof. Finally,
if both {7,j} and {j, k} are edges, then {7, k} is a non-edge—otherwise the tree has a
cycle. Hence, applying (6.3) to the path (4, ), (4, k) shows u;, = Ujrui; = 2ujj, 0 usj.

We only need to prove Statement 4 if {i,j} is a non-edge since it otherwise holds
by assumption. Let pi,ps2...,pmn denote the path from i to j. For 1 < ¢ < m, define
z €J koi via
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Using induction, we will show z§ = Uk, k, +Us;, noting the base case holds by assumption.
To ease notation let (r,s) equal pyyq (which implies k; = r and kyyq = s). Since
Zo41 € Js and since Zp41 = 2Uys © 2y,

(2u7~5 o Zg)Q = )\(u“ + Uss)
for some A\. We will show A = 1 to prove Statement 4. Since u;; and ugs are orthogonal,
Mug, wiz) = (Mg + Uss), i)
<(2urs o Z£)2a Uzz>
(

2Urs © 2y, (2urs e ZZ) o uu>

= <2urs O Z¢, Uypg © Z€>
= (20, (2ups © (urs © 2¢)))
= (20, (Urs © Ups) © 2¢)

20 (uTT‘ + uss) o Z£>

1
= 5(2’4, Zg).

But under the inductive hypothesis that Zz? = Uy + Upp, it follows that
(z0,2¢0) = <Z§,€> = (Uis + Upr, €) = (Ui, €) + (Upp, €) = (Uig, Uis) + (Upr, Upr) = 2(Wi4, Usi)

where the last equality follows given that primitive idempotents have the same norm
by Lemma 6.4.1-(b). Hence, A(u;;, wi;) = (w4, ui;), showing A = 1 as desired.
O

Theorem 6.5.1 suggests an obvious procedure for constructing matrix units that
involves enumerating all paths in tree. It turns out we can state an alternative procedure
(Algorithm 6.2) that avoids enumeration of these paths. It arises from the following
observation:

Lemma 6.5.1. Let U C J be a set of Jordan matriz units and let coneU = {\u : u €
U,\ > 0} denote the cone generated by U. If x,y € coneU, then z oy € coneU.

Proof. Suppose x,y € coneU. Then, by definition, z = >, cy Ayu and y = >, oy Buu
for some A\, > 0 and 3, > 0. Hence,

roy= Z Z AuBuwt 0 w.
uelU welU

From the definition of matrix units, v o w € coneU if u,w € U. Hence, z oy €
coneU. ]
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To see the algorithmic implications of Lemma 6.5.1, consider z € J with x;; > 0
and off-diagonal Peirce-support equal to a tree G. Then, x € coneU for the set of
matrix units U of Theorem 6.5.1. By Lemma 6.5.1, the Peirce components of y =
x+ 22+ 23+ - + 2™ are also in the cone generated by U for all m. Further, if m
is sufficient large, each Peirce component is nonzero (since G is a tree). It follows we
can recover the full set of matrix units by normalizing the Peirce components of y.
Example 6.5.1 illustrates this procedure and Algorithm 6.2 states it formally. Note we
never need to take m larger than n by the Peirce Multiplication Rules.

Example 6.5.1. Let J = Hy(R), the Jordan algebra of symmetric matrices of order
four with product x oy = %(xy + yx). For the Peirce decomposition induced by the
Jordan frame {e;}}_,, given by

1 0 00 0 0 0O 00 0O 00 0O
00 0O 01 00 00 0O 00 0O
€1 = , €2 = , €3 = , €4 = )
00 0O 0 0 0 O 0 010 00 0O
00 0O 00 0 O 00 0 0 00 0 1

the following matriz x € J has off-diagonal Peirce-support equal to a tree:

0 0 0 1
0 0 1 -1
xTr =
0 1 0 O
1 -1 0 0
; — 2 3 ; P | o= 1Y ;
Letting y = x + x* 4+ 2° and v € J satisfy u;; = w;; ol and uy; = 73 Tvaly Jives
1 -1 -1 3 1 -1 -1 1
-1 2 3 -4 -1 1 1 -1
Y= ) U=
-1 3 1 -1 -1 1 1 -1
3 -4 -1 2 1 -1 -1 1

The Peirce components of u form a set of Jordan matriz units; the diagonal components



198 CHAPTER 6. CONSTRUCTING ISOMORPHISMS BETWEEN EUCLIDEAN JORDAN ALGEBRAS

Algorithm 6.2: Finds matrix units for Peirce decomposition J = @B1<;<j<, Jij

Input: x € J with z;; > 0 and off-diagonal Peirce-support equal to a tree.

Output: A set of Jordan matrix units U = {u;; € J;;}}';_, with z € coneU.

begin

Yy 0,2+ «x

repeat

y+<—y+2a

T+ ZTox

until all y;; # 0;

for each (i,j) € [n] x [n] do

ifi— s s o L i

if 1 = j, rescale so u; is idempotent: w;; < \/%H.y“”J
]

lyislla

if ¢ £ j, rescale so u?j is idempotent: u;; <
end
return {u;; € J;;}

n
1,j=1
end

satisfy uy; = e; and the (distinct) off-diagonal components (recall u;; = uj;) are

0 -1 0 0 0 0 —1 0 0001
1.0 00 0 0 0 0 0000

2700 0 oo MTlo10 0 o “™Tlo o 0 ol
(0 0 0 0 0 0 0 0 10 0 0
0 0 0 0] 00 0 0] 0 0 0 0]
0 0 0 —1 00 0 0 0010

T 0 0 o0 T oo o —1l7 T o1 0 0
0 -1 0 0| 00 -1 0 0 0 0 0

B 6.5.2 Constructing coordinate-algebra isomorphisms

Recall the Jordan isomorphism of Theorem 6.4.2 is defined in part by a coordinate-
algebra isomorphism 7. It turns out we can iteratively construct T using an idea of
Jacobson [74, Section 3]. This idea exploits the fact coordinate algebras are Euclidean
Hurwitz algebras:

Definition 6.5.2 (e.g., Chapter V of [51]). An algebra E over R (with product denoted
x ) is a Euclidean Hurwitz algebra if there exists an identity u and an inner product

(-, Yg for which the norm ||z|g := \/{x, z)g is multiplicative, i.e.,

e xylle = lzlelyle  vz,ycE
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Lemma 6.5.2 (e.g., Proposition V.3.4 of [51]). Let J be a simple, Euclidean Jordan
algebra of rank n > 3 and let 12 be the coordinate algebra induced by a set of Jordan
matriz units. Then, J12 is a Euclidean Hurwitz algebra. Specifically,

Iz > ylly = [lzllslylls

for the norm ||z||3 of Definition 6.4.1.

We exploit a key property of Euclidean Hurwitz algebras: they admit construction of
an ascending chain of subalgebras via the Cayley-Dickson construction. Specifically, one
can iteratively extend any proper subalgebra (containing the identity) to a subalgebra
of twice the dimension:

Lemma 6.5.3 (Proposition V.1.4 of [51]). Let E be a Fuclidean Hurwitz algebra with
identity u. Let S C E be a proper subalgebra containing u, and let S* := {x € E :
(x,y)g = 0 Vy € S} denote its orthogonal complement. For j € S+ with unit norm
(i.e., ||jlle = 1), define the subspace S x j :={xxj:x € S}. The following statements
hold:

(a) The orthogonal complement S+ contains S x j; hence, S@® (S x j) is a direct-sum
of subspaces.

(b) The subspace S & (S X j) is a subalgebra of E, i.e., if v,y € S @ (S X j), then
rxyeSd(Sxy).

(¢) For all w,z,y,z € S, the following holds
(wH+arxj)x(y+zxj)=(wxy—2"xz)+ (zxy" +2zxw)xj
where t* := 2(t,u)gu — t.

As sketched in Jacobson [74, Section 3|, an isomorphism between proper subalgebras
can also be extended via this construction. Iterating this procedure yields an isomor-
phism between the full algebras. For completeness, we state these iterations explicitly
(Algorithm 6.3). Correctness relies on the following theorem:

Theorem 6.5.2 (Isomorphism Extensions). Let E4 and EP be Euclidean Hurtwitz
Algebras and let S* C EA and SB C EPB be proper subalgebras containing the identity
elements of B4 and EB, respectively. Let T : S84 — SB be an isomorphism between S
and SB, i.e., an invertible linear map satisfying

T(x xy) =T(x) x T(y) Y,y € S4.
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Finally, for j4 € (SA)* and 58 € (SB)* of unit norm, define U : (S4xj4) — (SBx;jPB)
via

Uz x j4) = (Tz) x j2  vee s
Then, the extension TGOU is an isomorphism between SA@(S4x j4) and S (S8 x jB).
Proof. Let T = T@®U and consider p = w4z x j* and ¢ = y+ 2z x j4 for w, z,y, z € S4.

Applying the identity Lemma 6.5.3-(c) to p X ¢, using the definition of T, and using
the fact T is an isomorphism gives:

T(qu):T((wxy)—z*><:c+(x><y*—|—z><w) xjA)
=T(wxy—z"xx)+ (T (xxy" +2zxw)) xj?
= (Tw x Ty) — (Tz* x Tx) + (Tx x Ty* + Tz x Tw) x j° (6.4)
By definition of 7' and Lemma 6.5.3-(c),
TpxTq= (Tw—l—(Tx) ij) X (Ty~|—(Tz) ij)
=Tw x Ty — (T2)* x Tz + (Tz x (Ty)* + Tz x Tw) x j5 (6.5)

Since T is an isomorphism, (Tz)* = Tx*; see [74, Section 3|. Hence, the expressions
(6.4) and (6.5) are equal, showing T'(p x ¢q) = Tp x Tq as desired. O

Note up to isomorphism, the only FEuclidean Hurwitz algebras are the real numbers,
the complex numbers, the quaternions and the octonions. The number of ‘while’ loop
iterations of Algorithm 6.3 identifies the isomorphism class. Specifically, zero iterations
occur if E4 and E® are isomorphic to the real numbers, one iteration occurs if they
are isomorphic to the complex numbers, two iterations if the quaternions, and three
iterations if the octonions.

B 6.6 Computational considerations and numerical examples

We next discuss ways of optimizing presented algorithms for computational efficiency.
(Chapter 7 gives numerical examples.) To begin, when J4 and J? are matrix algebras—
i.e., subalgebras of H,(T) where T denotes the real numbers, complexes, quaternions
or octonions—the following optimizations are possible:

e Efficient storage of idempotents via factorization;
e Finding Peirce components via congruence transformation;

e Refining non-primitive idempotents by computing in a lower-rank algebra;
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Algorithm 6.3: Finds isomorphism between Euclidean Hurwitz algebras (e.g.,
coordinate algebras)

Inputs: Isomorphic algebras E4 and EZ with identities u” and u?.
Output: An isomorphism 7 : E4 — EB between E4 and EZ.
begin

Set S4 = span{u?}, S¥ = span{u®f}

Set T : S4 — SB to the linear map satisfying Tu? = u”.
while S4 # E4 do

1. Pick unit vectors j4 € (S4)* and jZ € (SP)*+
2. Define the map U : (S4 x j4) — (S x j8) via
Uz x j4) = (Tz) x j Vo e 4
3. Update S, S? and extend map T via
S4  §4 @ (84 x j1),

SP + 5P @ (SP x jP),
T+ TopU

end

end
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e Finding sparse isomorphisms using diagonal idempotents.

We overview each of these ideas and note they are straightforward observations from
known results. Indeed, refining idempotents in associative algebras is proposed in [49,
Section 3.2]. Sparse isomorphisms arise by exploiting sparsity of Peirce decompositions
induced by diagonal idempotents; analogous Peirce spaces of matrix *-algebras (called
cells) are studied extensively in [142]. For simplicity, we focus only on algebras of real
symmetric matrices (i.e., subalgebras of H,,(R)), which are also the most practically-
relevant.

Factorized idempotents Any idempotent e; of H,,(R) is simply a projection matrix.
Hence, it has a factorization e; = qiqiT for ¢; € R™" with orthonormal columns. If
{e;}™, is a Jordan frame (of a subalgebra), the corresponding set of factors {¢;}*, are
pairwise orthogonal—i.e., qZ-qu = Oy, xr; fori # j. It follows we can store a Jordan frame
by storing the matrix ¢ = (¢1,42, - - ., qm) € R™*P (where p < n) and the block-partition
of its columns, i.e., the partition P, ... Py, of [p] for which j € P; if the j*" column of ¢
is a column of ¢;. This allows one to store a general Jordan frame using no more than

n? numbers as opposed to mn?.

Peirce components via congruence transformation The matrix ¢ and its column parti-
tion Py,..., P, also admit compact formulas for Peirce components. Letting x denote
Hadamard (i.e., entrywise) multiplication, we have

vy = q (T % (¢"2q)) ¢",
where J%¥ is the 0/1 symmetric matrix induced by the partition classes of i and j:

1 (u,v) € (P x Pj)U(P; x B).

0 otherwise.

This allows identification of all Peirce components by a single congruence transfor-
mation ¢”zq and application of different (non-overlapping) sparsity masks J¥. The
(equivalent) formula for off-diagonal Peirce components (Section 6.1)—given by z;; =
2e; 0 (xoej)+2(e; 0x) o ej—suggests an arguably more complicated procedure unlikely
to benefit (as much) from highly-optimized matrix-multiplication libraries.

Refining idempotents Finding a Jordan frame is crucial for all computation described
in this paper. Often non-primitive idempotents are easily available (e.g., from a basis
element or from the spectral decomposition of a generator for J.) How, then, can these
idempotents be refined into sums of primitive idempotents to yield a Jordan frame?
First observe we can refine a non-primitive idempotent e; by working in the subal-
gebra J;; = {x € J: 0 e; = x}—an observation made for associative algebras in [49,
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Section 3.2]. Indeed, if {f;}}_; is a Jordan frame for J;;, then e; = 377_; f;, yielding a
refinement. Next note if e; = qiqiT for ¢; € R™*"i  then J;; is isomorphic to

Jii = {qiqui 1 x € J},

a subalgebra of H, (R) with (r; < n). This allows one to find a Jordan frame F' for
Jii doing computation with smaller matrices. One can then construct a Jordan frame
{qizq] : x € F} for J;;—yielding the desired refinement of e;.

Diagonal idempotents and sparsity Suppose a subalgebra of H,(R) contains a set of
idempotents that are diagonal matrices. Such diagonal idempotents induce sparse
Peirce spaces (e.g., Example 6.1.1), which enables construction of sparse Jordan frames,
sparse matrix units and, ultimately, sparse isomorphisms. The next example illustrates
this tremendous utility. We then discuss when diagonal idempotents arise.

Example 6.6.1 (Diagonal idempotents). The algebra J of symmetric matrices

t1 ts tg tg
ts to tq t

J= btz MM e RT
te ty t3 tr
te ty tr ts

contains a set of diagonal idempotents {e1, ez, és} summing to the identity e:

1 0 00 0000 0000

0000 010 0f. 0000
€1 = €y = €3 =

0000 0000 0010

0000 0000 0 001

The set of idempotents {e1, e, é3} induces sparse Peirce spaces (partially-listed):

0 t 0 O 0 0 0 O 0 0 te ts 0 0 0 O
s 0 00 |0 0 tata 00 o0 of - oo 0 0
Te=10 0 0 0™ o o o7 |t 0 0 o |00 & &
0 0 0 0] 0 t«. 0 O ts 0 0 O 0 0 tr ts
The following primitive idempotents es, eq € J33 Tefine é3
0000 00 0 O
. _1j0 000 . 100 0 0
72000 1 1|’ Y2000 1 1|’
0 011 00 -1 1

yielding a sparse Jordan frame {e1,e2,e3,e4}. The sets {e1,e2,e3} and {e4} form the
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simple partition of this frame. Hence, {e1,ea,e3} is a Jordan frame for a simple ideal.
It is completed to a set of sparse matriz units by

010 0 000 0 0011
1000 110011 110000
2700 0 0 0" TR0 100 "™T A1 000
000 0 010 0 1000

Each ideal of J is isomorphic to an algebra of real symmetric matrices. We can con-
struct an isomorphism ® : H3(R) @ R — J by mapping matriz units to matriz units
(Corollary 6.4.2):

a d e
Ol |d b f|Dg| = (aer +bes + ces + dujs + euss + fugs) + gey, (6.6)
e f c

which upon substitution gives

a d &£ e
2 2
a d e d b £ i
elld b flog)=|c 1 C\J/?g C\?g
2 2
c foec f f c—g9 ctg
V2 V2 2
Clearly a matriz representation of ® in the bases (a,b,c,d, e, f,g)" and (t1,...,t7)T is

sparse.

Note sparsity of the isomorphism @ is not guaranteed simply by existence of diagonal
idempotents—one must recognize and use these idempotents explicitly. We illustrate
this by constructing a different isomorphism using a Jordan frame not obtained from
the diagonal idempotents:

Example 6.6.1 (Continued). Consider the matriz ¢ = (q1,q2,q3) and & € J and
u;; € J defined via

-6 & = qiq; , Ujj = qz'qu +q;q; -
2

V2 V2 V2
One can confirm {&};_, U{es} is a Jordan frame for J and that @i;; completes {&;}3_,
to a set of matriz units. Replacing {e;};_, with {&}}_, and u;j with @;; in (6.6) yields
a different isomorphism ® that is not sparse. For example, x := (0,0,0,4d,0,0, 0)” and

Lok @ ~
5

6

2
9
11\[

9
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y:=(0,0,0,0, f,0,0)” map to dense matrices iz and iis3:

84 50 2L 2L 84 —271 =2 =0

Bow o7 08 B0

& d |50 24 2 & N f |27 -8 22
T=57 27 42 Y= 1757 | =50 42

121 |25 22 54 —54 21| £ 12 12

Z 2 54 54 = A 1212

Indeed, each parameter of (a,b,c,d,e, f) maps to a fully dense matriz.

While diagonal idempotents may seem rare, they actually occur quite naturally. In-
deed, any coherent algebra [142, 69] (ubiquitous in the symmetry reduction of semidef-
inite optimization problems) has a set of diagonal idempotents (so-called fibers of an
underlying coherent configuration). These idempotents are orthogonal and sum to the
identity; hence, they induce a partition of [n]. Frequently, these partitions are naturally
interpreted as the orbit partition of a particular group action. Chapter 7 will introduce
a wider class of subspaces with diagonal idempotents.

B 6.7 Conclusion

We showed how to construct isomorphisms between Euclidean Jordan algebras and gave
explicit algorithms for this task. Via the Cayley-Dickson construction, we avoid explicit
reference to the isomorphism classes of the simple ideals, leading to a succinct algorithm
with no case statements (cf. [89]). Degrees-of-freedom available in this construction
were also illustrated, which include choices of Jordan frame, Jordan matrix units, and
coordinate-algebra isomorphism. We discussed optimizations for computational effi-
ciency; notably, we illustrated that diagonal idempotents lead to sparse Jordan frames
and ultimately sparse isomorphisms.

B 6.8 Appendix
B 6.8.1 Peirce associativity
Off-diagonal Peirce spaces satisfy the following associativity identities:

Lemma 6.8.1 (Lemma 1 of [73]). Consider a Peirce decomposition @ <;<;<, Jij and
let i,7,k,1 be distinct. Then,

® ;0 (Yjk © 2k1) = (Tij © Yjk) © 2k
o (i 0 Yjk) 0 Yjk = 5%ij © (Yjk © Yjk)

We make two observations about the first identity. First, the indices (1, j), (4, k), (k, 1)
form a path of length three in the complete graph with n nodes. Two, this identity is
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equivalent to the multiplication operators of z;; and z; commuting on the subspace
spanned by y;i. A generalization to longer paths stated in terms of commuting multi-
plication operators follows:

Lemma 6.8.2. Suppose the list p1,...,pm € [n] X [n] of ordered pairs forms a simple
path in the complete graph on n nodes. Fix a Peirce decomposition @1§i§j§n Jij. For
all x; € Jp,, the following relationship holds

Lszxm,1 tet Lw2$1 = LzleQ tet L:pmflxww

where Ly, : J — J denotes the multiplication operator t — z; ot.

Proof. If m >n, let Ly, ., = Ly, L Ly, oLy, if m<mn,let

Tm—1
Lxm,:n = L"Em me+lem+2 e LIn?
and if m =nlet L, = L., . With this notation, we want to show for m > 3 that

me:Q'CCl = Lxlszlxm‘

We proceed by induction, noting the base case (m = 3) holds by the Lemma 6.8.1
identity (21 o xg) o x3 = x1 0 (x2 0 x3). For m > 3, we have

Lzys®1 = T © (Tm—1 0 (Lx(mfz):le))
= (Lz(m_g)zgxl) o (Tm—10Tm) (6.7)
= (L$1:m—3xm—2) © (xm—l o xm) (68)
where line (6.7) uses Lemma 6.8.1 and line (6.8) uses the inductive hypothesis. If m = 4,
line (6.8) equals (z1 0 z2) o (x3 0 24) which, by Lemma 6.8.1, equals 1 o (z2 0 (23 0x24))
showing the desired result. For m > 4, we can apply Lemma 6.8.1 iteratively. For

clarity, assume m > 6. Then, continuing from (6.8), these iterative applications take
the form:

21 ((Lagom_sTm—2) © L, )

1:2 ((LIS:m—Sxm72) © Lxm—lxm))

L
L

= Loy o (Lay—3Zm—2) © La,, 1 Tm)
= Lxl:7n73 (:Bm72 ° Lx7,L71xm)

= Lxlzm—QLxm—lxm
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H 6.8.2 Coordinate-algebra isomorphisms

To prove Theorem 6.4.2, we used the fact coordinate-algebra isomorphisms are isome-
tries. This is a special case of the following (stated without proof in Jacobson [74,
Section 3]):

Lemma 6.8.3. Let T : EA — EP be an isomorphism between Fuclidean Hurwitz
algebras EA and EP. Then, T is an isometry with respect to || - ||ga and || - ||gs.

Proof. Let u denote the identity of E4 and suppose = Au. Then ||z|ga = |\|.
Further, since 7' is an isomorphism, T'u is the identity of E?, implying ||Tu||gs = 1.
This gives
[Tzlgs = TAullgs = A Tullgs = [Al
showing ||z||ga = ||Tx||gs when z is in the span of u. Now suppose x € (span{u})*.
Then, by [74, Section 3],
vx o= (-lalda)u,  Tox To = (~|Tal3s)Tu.

Hence, if T'(x x ) = Tx x Tz, it must hold that

lzga = I T2|gs-
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Chapter 7

Combinatorial variations and
computational results

In Chapter 5, we gave algorithms for finding a subspace that provably intersects the
solution set of a cone program formulated over the cone-of-squares of a Euclidean Jordan
algebra (i.e., a symmetric cone). In this chapter, we modify one of these procedures to
address issues of sparsity and efficiency. Specifically, we develop a variant that trades-
off the dimension of the identified subspace with the storage complexity of a basis.
These variants restrict to subspaces that have certain combinatorial descriptions. Like
in Chapter 5, the identified subspace will be a subalgebra of the Euclidean Jordan
algebra. Further, it will frequently contain diagonal idempotents, enabling construction
of a sparse isomorphism (Chapter 6.6) and, ultimately, a sparse projected reformulation
(Chapter 1.2.5) of the cone program. We also include computational results comparing
these combinatorial variations to the original algorithm of Chapter 5.

M 7.1 Preliminaries

To enable combinatorial descriptions of subspaces, this chapter restricts to S™, the
Euclidean Jordan algebra of n x n symmetric matrices equipped with Jordan product
X oY := {(XY + YX) and inner product (X,Y) := TrXY. In other words, this
chapter restricts to semidefinite programs (SDPs). Recall any special Jordan algebra
is isomorphic to a subalgebra of S™ for some n (Proposition 1.6.4). Hence, by finding
isomorphisms, one can execute the presented algorithms on cone programs formulated
over special algebras.!

L This approach comes with two caveats. First, execution depends on the isomorphism (which is not
unique). Second, the order n of the isomorphic subalgebra may be large; see Section 1.6.5.)

209
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The SDP of interest has decision variable X € S and takes the following form

minimize TrCX
subject to X € Xy + L,
X eSh,

where C' € S" and Xy € S” are fixed and £ C S" is a linear subspace. As shown
in Chapter 5, any admissible subspace S intersects the set of solutions, where admis-
sible means the orthogonal projection onto S satisfies the Constraint Set Invariance
Conditions (Definition 1.4.1). As also shown, any admissible subspace that is unital
(meaning it contains a unit element for Jordan multiplication) is a subalgebra. Given
these appealing properties, we presented an algorithm for finding the minimal-unital
subspace

Sopt = [ {8 € S™: S is admissible and unital},

which is also admissible and unital since intersection preserves these properties.?

This chapter considers combinatorial analogues of Sy, induced by three families
of subspaces: the coordinate subspaces, the partition subspaces, and the 0/1 subspaces
(defined shortly). Each family is also closed under intersection. Hence, each leads to a
refinement of Sy

Secoord = ﬂ{S C §"™: S is admissible, unital, and a coordinate subspace},
Spart = ﬂ{S C S" : § is admissible, unital, and a partition subspace},

So1 = ﬂ{S C §™: S is admissible, unital, and a 0/1 subspace}.
Figure 7.1 summarizes the basic properties of these subspaces.

B 7.1.1 Combinatorial families of subspaces

A coordinate, partition, or 0/1 subspace has an orthogonal basis B C {0,1}"*" of
0/1 matrices. Equivalently, it is the span of 0/1 matrices that have pairwise disjoint
support, where, letting [n] := {1,...,n}, the support of X € S™ is the following subset
of [n] x [n]:

supp(X) := {(4, ) € [n] x [n] : Xi; # 0}.

2Note that Sopt was denoted Spin,unit in Chapter 5 To ease notation, we use the shorter subscript
Sopt, meaning ‘optimal’
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The coordinate subspaces, partition subspaces, and 0/1 subspaces are differentiated by
the structure of B.

Coordinate subspaces

Suppose B C {0,1}"™*™ is a set of pairwise orthogonal 0/1 matrices. Then the span of
B is a coordinate subspace if each B € B is a standard basis matrix of S”. That is, each
B € B is in the span of E;; + Ej; for some (i,j) € [n] x [n], where E;; € R"*" is the
0/1 matrix with support equal to (4, j). Example coordinate subspaces of S* are

a b 0 a 0 O a b 0
Si=|0b ¢ d|, S=]101db 0], Ss=| b ¢ 0
0 d e 0 0 c 0 00

Coordinate subspaces are closed under intersection. Indeed, a basis for the intersec-
tion is just the intersection of bases, i.e., if coordinate subspaces S; and Sy have 0/1
orthogonal bases B; and Bs, then a basis for S1 N Sy is just By N Bs.

Finally, coordinate subspaces are in one-to-one correspondence with symmetric rela-
tions, i.e., subsets R of [n] x [n] satisfying (i, j) € R if and only if (j,i) € R. Specifically,
the support of ) pcz B is a symmetric relation. Conversely, given a symmetric relation,
the span of {E;; + Ej; : (i,j) € R} is a coordinate subspace.

Partition subspaces

Suppose B C {0,1}"*" is a set of pairwise orthogonal 0/1 matrices. The span of B is
a partition subspace if )" gz B is the matrix of all ones. Since the matrices in B have
disjoint support, the supports of B € B form a partition of [n] x [n]—hence, the name
partition subspace. Example partition subspaces of S* are given by

a a b a b b a a b
Si=]|a a ¢ |, S=]1b ¢ b |, S3=1| a a b
b ¢ d b b d b b ¢

Like coordinate subspaces, partition subspaces are closed under intersection. For in-
stance, in the above examples, §; N Sy = S3. Generally, if partition subspaces S; and
Sy induce partitions P; and Ps of [n] x [n], then their intersection induces the join
P1V Pa, the finest partition refined by both P; and P.

While partition subspaces seem quite special, they arise naturally in symmetry
reduction of semidefinite programs. For example, the subset of S” that commutes with
a group of permutation matrices is a partition subspace defined by an orbit partition
of [n] x [n]; see, e.g., [37]. The intersection of any coherent algebra with the symmetric
matrices is also a partition subspace (Section 1.5.3).
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STL
7N\ subspace | sparse basis sparse isomorphism | data type of basis
Spart Seoord Sopt no no dense matrices
AN / . . T
Soji Spart yes w/ diag. idemps. partition
Secoord yes always relation
| So/1 yes w/ diag. idemps. | partition of relation
Sopt

Figure 7.1: Hasse diagram of set inclusions, sparsity properties, and a data type
(mathematical object) used to represent the basis. Sparse isomorphism means a sparse
linear map exists between the subspace (when it is a subalgebra) and a particular
representation of an isomorphic algebra; see Section 7.3.2.

Zero-one subspaces

Suppose B C {0,1}™*" is a set 0/1 matrices. Then, the span of B is a 0/1 subspace
simply when the matrices in B are pairwise orthogonal. Hence, the family of 0/1
subspaces contains coordinate subspaces, partition subspaces and subspaces that fall
into neither family:

a b 0 a a c a a O
Si=]1b ¢ 0|, S=|a a c |, S3=|a a 0
0 00 c ¢ d 0 0O

These subspaces are also closed under intersection. For instance, in the above examples,
S3 = §1NSy. Note that any 0/1 subspace induces a partition of a relation. Specifically,
the support of each B € B together form a partition of Ugcgsupp(B). Finally, note
that 0/1 subspaces are precisely the subspaces closed under entrywise (i.e., Schur)

multiplication.

B 7.2 Algorithms

We now give algorithms for finding the minimal partition, coordinate, and 0/1 sub-
spaces. These algorithms are modifications of a Chapter 5 algorithm that finds S,
the minimal unital subspace. We reproduce this algorithm below:

Here, Py : S™ — S™ denotes the orthogonal projection on the subspace £ C S", and
Cr € 8" and X »1 € S" denote the points Pr(C) and Xo — P(Xo), respectively.

Images as polynomial matrices Modifications of Algorithm 7.1 will find a coordinate,
partition, or 0/1 subspace that contains the image of a subspace under the map X + X?
or the map P, : S" — S™. As we will see, this is conveniently done if we represent the
image of a subspace under each map as a polynomial matrix, an idea inspired by [142].
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Algorithm 7.1:
S < span{Cr, Xy o1}
repeat
S+ S+ Pr(S)
S+ S+span{X?: X € S}
until converged.

Given a basis B for a subspace S, we construct this polynomial matrix as follows:

fx2(tB; B) : (Z tBB> c(ts; B) := Y _ tpPr(B

BeB BeB

where tp is a vector of scalar indeterminates indexed by B. Note the set of point
evaluations of fy2(tg;B) equals {X?: X € S}, i.e.,

{X?: X €S} = {fxa(tp; B)jpys- : t* € RIFIY,
and similarly for fz(t5;B) and Pz(S). The following example illustrates this notation.

Example 7.2.1. For B = {U,V,W}, where

0010 0000 1000
1 1
U— 0 0 O V= 0 00O W= 0 0 0 ,
1 0 00 0 0 01 00 0O
01 00 0 010 00 0O
we have fx2(tg; B) := (tyU + tyV + twW)?2. Ezpanding then shows
to? + ty? 0 tutw tuty
0 tv? +tw?  tyty tutw
tg; B) =
Pt 5) tutw tuty  t+ty? 0
tuty tutw 0 tU2 + tv2

To ease notation going forward, we will simply write fx2(B) to mean fx2(t5;B), and
similarly for f.(B).

B 7.2.1 The minimal partition subspace

We now modify Algorithm 7.1 to find the partition subspace Spqr¢. For this we must
first introduce new notation. Given a partition P of [n] x [n], we let Bp := {Bp}pep,
where Bp € R™*" denotes the zero-one valued characteristic matriz of the subset P,
i.e., for P € P, we have (Bp);; = 1if (i,j) € P and (Bp);; = 0 otherwise. For a matrix
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T € S™, we let part(T) denote the partition of [n] x [n] induced by the unique entries
of T, i.e., (i,j) and (k,l) are in the same class of part(T") if and only if T;; = Tj;. We
similarly define part (f(Bp)) by its unique polynomial entries for f € {fz, fx2}. We
illustrate this latter notation below:

Example 7.2.1 (continued). For B defined previously, the polynomial matriz fx2(B)

is given by
tu? + tw? 0 tutw tuty
0 tr? +tw?  tuty tutw
fX2 <B> = 2 2 (7'1)
tutw tuty ty® + 1ty 0
tuty tutw 0 tr? 4+ ty?

The partition part (fx2(B)) has five classes induced by the unique polynomial entries of
fx2(B). The characteristic matrices of these classes and the corresponding polynomials

are:
1 0 0 O 0 1 0 O 0 0 1 O 0 0 0 1 0 0 0 O
0 1 0 O 1 0 0 O 0 0 0 1 0 0 1 O 0 0 0 O
0 0 0 O 0 0 0 1 1 0 0 O 0 1 0 O 0 0 1 O
0 0 0 O 0 0 1 O 0 1 0 O 1 0 0 O 0 0 0 1
to? + tw? 0 tutw tutv to? +ty2.

We can now state an algorithm.

Theorem 7.2.1. For partitions P1 and P2 of [n] x [n], let P1 \ P2 denote the coarsest
partition of [n] x [n] that refines both Py and Ps2. Let P be the partition returned by
P < part(Cr) Apart(X, 1)
repeat
P < P Apart (fz(Bp))
P < P Apart (fx2(Bp))

until converged.
The minimal partition subspace Spart equals the span of the characteristic matrices Bp.

Correctness of this algorithm follows from a simple induction argument and the following
easily checkable fact: the partition subspace spanned by Bp contains X € S™ if and
only if P refines part(X).

B 7.2.2 The minimal coordinate subspace

We now show how to find S.p0rg, the minimal coordinate subspace. We can find S.pord
using the same basic approach that finds the minimal partition subspace Spqr¢. Instead
of iteratively refining a partition, we will now iteratively grow a relation.
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To state an algorithm, we need more notation. Specifically, for a symmetric relation
R C [n] x [n], we let Br denote the 0/1 basis for the span of {E;j+Ej; : (i,5) € R}. We
also define the support of a polynomial matrix X to be the subset of (i,7) € [n] x [n]
for which X;; is not the zero polynomial. The following example illustrates this latter
notation for the polynomial matrix f(Bg).

Example 7.2.1 (continued). For B defined previously, the polynomial matriz fx-=(B)

is given by
tU2 + tW2 0 tutw tuty
0 tU2 + tW2 tuty tutw
fx2(B) = 2 2
tutw tuty tu” + 1ty 0
tuty tutw 0 ty? + ty?

Forn =4, the support supp (fx2(B)) is the complement of {(1,2),(2,1),(3,4),(4,3)} C
[n] % [n].

An algorithm for finding S;oorg now follows.

Theorem 7.2.2. Let R be the relation returned by

R <« supp (Cr) U supp (Xo’ﬁj_)
repeat

R < R Usupp (fc(Br))

R + R Usupp (fx2(Br))
until converged.

The optimal coordinate subspace Scoora €quals the span of Br.

Correctness of this algorithm follows from a simple induction argument and the following
easily checkable fact: the coordinate subspace spanned by Bgr contains X € S™ if and
only if the relation R contains the support of X.

B 7.2.3 The minimal 0/1 subspace

A procedure for finding Sy, combines features of the algorithms presented in the pre-
vious two sections. It iteratively grows a relation R representing the indices (i, j) for
which X;; is not identically zero for all X € Sp/;. It also maintains a partition P of R
whose characteristic matrices (at termination) are the 0/1 basis for Sy/;. The proce-
dure and statement of its correctness follow, where party(7') denotes the partition of
R C [n] X [n] induced by the unique entries of a matrix 7" with support contained in R.

Theorem 7.2.3. Let R and P be the relation and partition of R returned by
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Initialize R to supp(Cr) Usupp(Xy £1)
Initialize P to partp (Cr) A\ parte(Xo o1)
repeat

for f e {fz, fx2} do
Replace R with R Usupp (f(Bp))

Add class R\ (UpepP) to P
Replace P with refinement P )\ party (f(Bp))

end

until converged.

The minimal 0/1 subspace So/1 equals the span of the characteristic matrices Bp.

As indicated, this algorithm alternates between growing the relation R, adding a single
class R\ (UpepP) to P (such that it partitions R), and refining P.

B 7.2.4 Randomization via sampling

Note that each algorithm need not explicitly construct symbolic representations of f.(B)
and fx2(B); instead, one can evaluate these matrices at a generic point by evaluating
the maps X — X2 and P, : S® — S™ at a random combination of basis elements in 5.
Consider, for instance, a point evaluation of fy2(Bp) at t* € RIBPl j.e., consider

BeBp

2
fx2(Bp)ji=s+ = ( > t*BB> :

Clearly the support of fx2(Bp) and fx2(Bp)|—- are the same except for t* in a measure-
zero subset of RIBP|. Similarly, fy2(Bp) and f x2(Bp)|4—¢ induce the same partition of
[n] x [n] , ie.,

part (fx2(Bp)) = part  fi=(Bp) =) ,

except for t* also in a measure-zero subset. The following illustrates this latter fact.

Example 7.2.1 (continued). For B defined previously, the point evaluation fx2(B) =,
at ts = (2,3,4) is

20 0 8 6
0 20 6 8

B)l—p = (2U + 3V +4W)? =
6 8 0 13

We see this point evaluation induces the same partition as the polynomial matrix fx2(B)
given by (7.1). In other words, the partitions part (fx2(Bp)) and part (sz (B)|t:tg> are
the same.
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B 7.3 Combinatorial subalgebras

We study the subalgebras of S™ that are partition or coordinate subspaces in more
detail. We first characterize these subalgebras. We then discuss existence of sparse

isomorphisms onto these algebras.

B 7.3.1 Characterizations
Coordinate subalgebras and transitive relations

Coordinate subalgebras—i.e., coordinate subspaces that are subalgebras—are in one-to-
one correspondence with symmetric relations that are transitive. Consider the following.

Lemma 7.3.1. Let R C [n] x [n] be a symmetric relation. The following are equivalent.

o The relation R is transitive.

e The coordinate subspace Sg spanned by {E;j + Ej; : (i,j) € R} is a subalgebra of
S", ie, SD{X?: X € S}.
Proof. Transitivity easily follows from the Peirce Multiplication Rules (Lemma 6.1.1).
For the converse, note that R partitions {i : (i,7) € R} into equivalence classes, where
(i,j) € R iff i = j. This implies S is block-diagonal up to simultaneous permutation of
rows and columns; specifically, up to permutation, it equals

(oL18%) @ 0,

where r is the cardinality of {i : (i,i) € R} and d; is the cardinality of the i*" equivalence
class. From this decomposition, invariance under X — X? is obvious. O

This allows one to replace a step of the Theorem 7.2.2 algorithm with computation
of a transitive closure:

R <+ supp (Cr) U supp (XOLL)
repeat
R + R Usupp (f(Br))
R < The transitive closure of R
until converged.
One can find the transitive closure from scratch in n? time (e.g., [55]). Algorithms also
exist for maintaining a transitive closure (e.g., [78]) as elements are added to R.

Partition subalgebras and coherent configurations

Partition subalgebras—i.e., partition subspaces that are subalgebras— do not have a
clean characterization (at least that we are aware of). They do, however, relate to well

studied partitions called coherent configurations.
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Definition 7.3.1 (e.g., [29]). A partition P of [n] x [n] is a coherent configuration if
its characteristic matrices Bp satisfy

o XT € Bp forall X € Bp;
e XY e€spanBp for all X,Y € Bp;
e | € spanBp.

Note that the characteristic matrices of a coherent configuration form a basis for
a *-subalgebra of R™*™ containing the identity matrix I. Based on this, we define a
Jordan configuration as a partition of [n] x [n] whose characteristic matrices form a
basis for a Jordan subalgebra of S™ containing I:

Definition 7.3.2. A partition P of [n]x[n] is a Jordan configuration if its characteristic
matrices Bp satisfy

o X =XT forall X € Bp;
o XY +YX e€spanBp for all X,Y € Bp;

e [ € span Bp.
The following ‘characterization’ is then obtained as a restatement of definitions.

Proposition 7.3.1. Let Sp be a partition subspace that contains the identity matriz I.
The following statements are equivalent.

o The subspace Sp is a subalgebra, i.e., it is invariant under X — X2.

e The partition P is a Jordan configuration.

Note that if B¢ is the set of characteristic matrices of a coherent configuration C, then
{B +BT:Be BC}

is the set of characteristic matrices of a Jordan configuration. It is an open question
if all Jordan configurations arise this way. Cameron posed this question for Jordan
schemes [29]—the Jordan configurations whose characteristic matrices include I.

Given a partition P of [n] x [n], an algorithm of Weisfeiler [142] finds the coarsest
coherent configuration refining P; see also [8]. An algorithm for finding the analogous
Jordan configuration (assuming P has symmetric characteristic matrices) is easily stated
using the notation of Section 7.2.1:

P+ P A\part]

repeat
| P+ P Apart fx2(Bp)

until converged.
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Recall that fy2(Bp) is the polynomial matrix (3 pcp, tB)? in the set {tp}pep, of
commuting indeterminates whose unique entries induce the partition part (fx2(Bp)).
By replacing {tgp}pecn, with non-commuting indeterminates, i.e., by treating tatp #
tpt in construction of part ((ZBE&D tBB)Q), this algorithm reduces to that of [142].

B 7.3.2 Sparse isomorphisms
Coordinate subalgebras

As just shown, the coordinate subspace Sg is a subalgebra if and only if the symmetric
relation R is transitive. As a consequence, decomposing a coordinate subalgebra into
minimal ideals is trivial: one simply finds the disjoint subsets of [n] := {1,...,n}
induced by R. These subsets are the equivalence classes of R when it is also reflexive
(and hence an equivalence relation).

Example 7.3.1. Examples of coordinate subalgebras Sg and the corresponding subsets

of [n] are
* 0 x 0 * x 0 0 * 0 0 =
0 *x 0 =* * %« 0 0 0 « *x 0
x 0 = 0 |’ 00 %« 0|’ 0 « * 0
0 x 0 = 0 0 0O * 0 0 =

{1,3},{2,4} {1,2},{3} {1,4},{2,3}

Here, x marks the (i,§)"" entry when (i,7) € R. In the first and third examples, R is

an equivalence relation and hence induces a partition of [n].

If di,...,d, are the cardinalities of these subsets, then Si is isomorphic to the direct-
sum @leSdi. Further, we can express the isomorphism using a permutation matrix.
Specifically, letting ¢ = >/, d; and 0,4 equal the (n — ¢) X (n — ¢) zero matrix, we
have that

Sp==0((2_18%) &0,
where the isomorphism ® satisfies
®(X) = PXPT X € (0]8%) @0,

for some permutation matrix P € R™"™. Note that constructing a projected refor-
mulation with this isomorphism never destroys sparsity. For instance, a projected
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reformulation of

minimize TrCX
subject to TrA; X =b; Vi€ [m]
X eSS

takes the following form

minimize  (®*(C), Z)
subject to  (®*(A4;),Z) =b; Vie [m],
ZeSi1 ><~--><Sir X Op—r,

where ®*(W) simply permutes the rows and columns of W € S™ and sets certain entries
to zero.

Partition subalgebras

As discussed in Section 6.6, isomorphic matrix algebras with diagonal idempotents
admit sparse isomorphisms. The fundamental reason is the Peirce components E; X E;+
E;XE; (Section 6.1.1) of any X in these algebras are sparse when the idempotents E;
and E; are diagonal. Hence if such idempotents exist, sparse Peirce components map
to sparse Peirce components under some (easily constructed) isomorphism.

A partition subalgebra almost always has diagonal idempotents. (The only excep-
tion is the algebra spanned by the all-ones-matrix.) Further, these idempotents sum to
I when the algebra contains I. The following example illustrates this:

a b c 1 0 0 0 00
S=<{1|b a c|:(abecdeR}, Ei=10 1 0], Es=10 0 0
c ¢ d 0 0 0 0 0 1

Note that any X in this algebra has sparse Peirce components

a b 0 0 0 ¢ 0 00
Xii=1b a 0, Xi2=10 0 ¢|, Xoo=1|0 0 O
0 0O c c 0 0 0 d

Specifically, the Peirce component X;; is nonzero only on the submatrices induced by the
support of F; and F;. Given this block sparsity, some authors call partition subalgebras
cellular [142)].
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B 7.4 Combinatorial invariant subspaces

B 7.4.1 Partition subspaces and equitable partitions

The partition subspaces invariant under an orthogonal projection P, : S — S™ corre-
spond to the equitable partitions of P,. Before defining these objects, we first consider
the equitable partitions of a symmetric matrix A € S™, which are the partitions of [m)]
that induce sub-matrices with constant row and column sums [60]. For instance, the
following partitions are equitable:

a blc c|b a blc|lecl|bd alblc ¢c|b
b alc c|b b alclc|b blalc c|b
c cld d|d c c|d|d|d cleld d|d
c c|d d|d c c|d|d|d clel|ld dl|d
b b|d de b bld|d|e blb|d d|e

{1,2},{3,4},{5} {1,2}, {3}, {4}, {5} {1}, {2},{3, 4}, {5}-

Observe if a partition is equitable for A, then the subspace spanned by its characteristic
vectors is invariant under A. (Lemma 9.3.2 of [60] proves this for adjacency matrices.)
Indeed, for the partition {1,2},{3,4},{5}, the characteristic vector (1,1,0,0,0)" of
{1, 2} satisfies

a blec cl|b 1 1 0 0
b alc c|b 1 1 0 0
c cld d|d 0 |[=(a+b)]| O |+2c| 1 |+20| 0
c c|d d|d 0 0 1 0
b bld dle 0 0 0 1

Hence, it is in the span of the characteristic vectors of {1,2} and {3,4} and {5}.

To generalize equitable partitions to linear maps on S", we make the following
observation: if a partition of [m] is equitable for A € S, then all pairs of characteristic
vectors z,y € {0, 1}™ satisfy

y* (Ax) € spany,
where x denotes the element-wise product. This suggests the following definition.

Definition 7.4.1. Let P be a partition of [n] x [n| with symmetric characteristic ma-
trices Bp C S™. Let ¥ : S" — S™ be a self-adjoint linear map. Then, P is a matrix
equitable partition of W if for all X,Y € Bp,

U(X)*xY e€span?,
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where U(X) xY denotes the Schur (i.e., entrywise) product.
The following is then essentially immediate:

Lemma 7.4.1. Let P be a partition of [n] X [n] with symmetric characteristic matrices
Bp CS™. Let ¥ :S" — S" be a self-adjoint linear map. The following are equivalent:

e The span of Bp is an invariant subspace of V.

e P is a matriz equitable partition of W.

Proof. Suppose the first statement holds. Then, for all X € Bp, it holds that ¥(X) €
span Bp. Hence, for all Y € Bp, it holds that Y = ¥(X) € {0,Y} since matrices in
Bp have disjoint support. For the other direction, assume W(X)xY € spanY for all
X,Y € Bp. Then, clearly,

Z U(X)xY € spanBp.
YeBp
Since P partitions [n] x [n], the sum > ycp Y equals the all-ones-matrix. Hence,
U(X) € span Bp. The claim then follows by linearity of V.
O

Note equitable partitions and matrix equitable partitions form a lattice, reflecting the
lattice structure of invariant subspaces. As a subset of the partition lattice, equitable
partitions are also closed under join (Lemma 5.3 of [92]), reflecting the fact invariant
subspaces are closed under intersection.

B 7.4.2 Coordinate subspaces and connected components

The invariant coordinate subspaces of P,—or any linear map— depend only on the
sparsity of a particular matrix representation. For self-adjoint maps, this dependence is
naturally expressed using the connected components of a graph. To establish intuition,
suppose that the span of {ej,...,e,} € R™ is an invariant subspace of a matrix T' €

T T
T — 11 421 ’
0 Ty
where T11 € R™*™ Ty € R™M*"™ and Ty € R(n—m)x(n—m) Further, if T is symmet-
ric, then To; = 0, which shows the span of {e;;,11,...,e,} is also an invariant subspace.

R™*™. Then, necessarily

Treating T" as an adjacency matrix of a graph, it follows the connected components—and
unions of connected components (since the sum of invariant subspaces is invariant)—
define the invariant coordinate subspaces. The following formalizes this statement for
linear maps on S™.
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Lemma 7.4.2. Consider an orthogonal basis B C S™ for S™ and a self-adjoint linear
map ¥ : S" — S". Let G = (B,€) denote the undirected graph for which {A, B} € & if
and only if

(4,9(B)) = (¥(A), B) # 0,

and let {(Bg, &)Y, denote its connected components. Finally, let T C B. Then the
subspace spanned by { B} et is invariant under V if and only if T = Upeg Br for some
Sc{12...,p}

Proof. If T = Upecg B, then {A, B} ¢ Eforall A € T and B ¢ T hence, (¥(A), B) =0,
which shows W(A) is in the orthogonal complement of span{ B} gep\7; in other words,
U(A) is in span{B}pc7. Hence, span{B}pc7 is an invariant subspace.

Conversely, if span{B}pc7 is invariant subspace, then (V(A),B) =0 forall A€ T
and B ¢ T. We conclude no edge connects 7 with its complement. Hence, for each
connected component, By, C T or By, C B\ 7. Taking S = {k € [p] : B C T}, it follows
T = UgesBi. ]

To describe the invariant coordinate subspaces of the projection P,, we can apply
Lemma 7.4.2 to the orthogonal basis {E;; + Ej; : (4,7) € [n] x [n]}. Constructing the
graph G then identifies subsets of this basis (and corresponding subsets of [n] x [n])
that span invariant coordinate subspaces.

B 7.5 Examples

We now find admissible subspaces for several example SDPs, exploring trade-offs in
dimension, complexity of the cone constraint, and sparsity. To simplify presentation,
we will use a common format for original instances and reduced instances. We now
overview these formats and their complexity parameters.

Format of original SDPs Each primal-dual pair is originally expressed in either SeDuMi
[129] or SDPA [58] format and may have a mix of free and conic variables, where the
cones are either orthants or cones of psd matrices.? From these formats, we eliminate
free variables, reformatting the primal problem as

minimize  (C, X)
subject to  (4;,X) =b; Vi€ [m)] (7.2)
X eSSt x--- xS,

3These formats also allow for Lorentz cones. None of the examples presented, however, use this type
of cone.
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where C, A; € S™ x -+ x §" are fixed, and (-, -) denotes the inner product obtained by
equipping each product term S™ with the trace inner product. Note once free variables
are eliminated, reformatting amounts to relabeling linear inequalities as semidefinite
constraints of order one.

We will in some cases report the number of nonzero (nnz) entries in a description of
(7.2); this equals the number of nonzero floating-point numbers needed to store C' and
{A;},. We also report a tuple of ranks for (7.2), which is simply the tuple (n,...,n,).

Formats of projected reformulations For each SDP, we construct a projected reformula-
tion (Chapter 1.2.5) over £ NS by finding a Jordan isomorphism & : J — S satisfying

SNK=3(Ky x - x Kq)

for irreducible symmetric cones IC; and a Jordan algebra J. The projected reformulation
takes the following form

minimize  (®*(C), X)
subject to  (®*(4;),X) =b; VieT C [m] (7.3)
ek xx Ky,

where T' indexes a maximal linearly-independent subset of equations. The isomorphism
is found using techniques from Chapter 6.

We will in some cases report the number of nonzero (nnz) entries in a description of
(7.3); this equals the number of nonzero floating-point numbers needed to store ®*(C)
and {®*(A;) }ier. We also report a tuple (r1,...,74) of ranks for (7.3). Here, each cone
K; is the cone-of-squares of a simple algebra; the reported tuple consists of the ranks
of these simple algebras.

Remark 7.5.1. For most examples, K1 X - - - xKq is a product of psd cones S'} x- - - XS:?
and the tuple (ri,...,rq) indicates their orders—in other words, all minimal ideals of
S are isomorphic to algebras of real symmetric matrices. Given this, one can also
find the isomorphism ® using techniques from [89]. The only exception is discussed in
Section 7.5.1. We also note S? is isomorphic to a spin-factor algebra—hence, Si is
isomorphic to a Lorentz cone.

Reference subspaces and inclusions For convenience, we will let Sp,y; := S"t X --- x §""
denote the full ambient space of the original instance (7.2). As discussed in [37], an
SDP can be restricted to the *-algebra generated by its data matrices. To compare
with this restriction, we let

Sdata = Cdata N (S'fll X X Smﬂ),
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where Cgqyq is the *-algebra generated by the problem data C and {A;}"; (using matrix
multiplication as a product and transposition as the *-involution). Recall that

Sopt - 80/1 - Scoord - Sfull-

As examples indicate, different inclusions can hold strictly for different examples. We
also have

Sopt - Sdata - Sfull-

As examples show, it often holds that Syurq = Sfun even when S, is (much) smaller
than S full-

B 7.5.1 Libraries of problem instances

The first set of SDPs are selected from three publicly-available sources: the parser
SOSTOOLS [100], the DIMACS library [104] and a library of structured SDP instances
from [38]. Table 7.1 reports the dimensions of the subspaces Sopi, So/15 Scoords Sdata
and Spyy. Note the inclusions Sppr © Sp/1 © Scoora © Spun hold as expected, and,
as Table 7.1 indicates, different ones hold strictly for different instances. For a large

*

fraction of instances, Sy, equals Sgqiq, implying generating a *-subalgebra from the

problem data [37] does not provide reductions for these instances.

Remark 7.5.2. We note the libraries [104, 38] have additional instances on which our
method was not effective (Sopr = Spun); we do not report results for these instances.
The library [38] also has other instances with group symmetry that were too large or too
poorly conditioned for a simple MATLAB implementation of our algorithm. We omit
these instances.

The Lovasz number of Hamming graphs

We give special attention to the Table 7.2 instances denoted
hamming q x, hamming q x_ vy,

that were taken from [104]. The optimal values of these SDPs equal the Lovdsz number
of a particular graph. For a graph G with vertices {1,...,n} and edge set F, the Lovész
number is the optimal value of

maximize Tr11TX
subject to TrX =1 (7.4)
Tl“(Eij + Eji)X =0 V(’L,]) e F,
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instance Sopt So/1 Scoord | Sdata Stull References
sosdemo?2 25 25 28 103 103

sosdemo4 11 11 85 630 630

sosdemob 226 816 816 816 816 Instances
sosdemo6 49 49 327 462 462 from
sosdemo7 40 40 68 68 68 [100]
sosdemo9 26 26 26 78 78
sosdemo10 78 78 78 254 254

hamming 7_5_6 ) ) 8256 8256 8256
hamming 8_3_4 ) 5 32896 | 32896 | 32896
hamming 9_5_6 6 6 131328 | 131328 | 131328
6 6
7 7

hamming 9_8 131328 | 131328 | 131328 | Instances
hamming 10_2 524800 | 524800 | 524800 | from [104]
copol4d 73 73 1834 1834 1834
copo23 188 188 8119 8119 8119
copos68 1576 1576 209644 | 209644 | 209644

ThetaPrimeER23_red | 86 762 T 101 1712
ThetaPrimeER29_red | 104 1125 1143 122 2486
ThetaPrimeER31_red | 110 1262 1281 129 2776
crossing K_7n 113 577 3138 113 3138
crossing K_8n 479 18577 72630 479 72630
kissing 3_5_5 811 811 3796 3796 3796
kissing 4 7_7 3723 3723 19760 | 19760 | 19760

Instances

from [38]

Table 7.1: Dimensions of admissible subspaces Sopt, So/1 and Seoora compared with
dimensions of the ambient space Sgy; and Sgqre—the (symmetric part) of the *-algebra
generated by C and {A4;}]2,.

instance ‘ Sopt Son Scoord Orig.
ThetaPrimeER23_red | (3,219, laax) (27,25,5,144x) (27,25,5,159x) | (57, 150%)
ThetaPrimeER29_red | (3,215x, 153x) (33,31,5,153x) (33,31,5,171x) | (69, 171x)
ThetaPrimeER31_red | (3,216x, I56x) (35,33,5,156x) (35,33,5,175%) | (73, 175%)

Table 7.2: Tuple of ranks for select examples satisfying the strict inclusions Sy, C
So/1 C Scoord- Here, s5¢x means s repeated t times, i.e., 32x := (3,3).
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where 11T € S” is the all-ones-matrix and E;j is a standard basis matrix of R"*". The
graphs for these instances are closely-related to Hamming graphs, which, for parameters
q and d, have 29 vertices labeled uniquely by ¢-bit Boolean vectors. For these graphs,
vertices are adjacent iff their labels have Hamming distance at least d. The graphs of
hamming q x and hamming q x_y are Hamming graphs with certain edges removed;
precisely, vertices are adjacent iff the Hamming distance of their labels equals x or
equals x or y.

When G is a Hamming graph, it is well known the SDP (7.4) can be converted
into a linear program using the theory of association schemes [123]. Here, we find
similar simplifications for the instances of [104]; precisely, S’} N Sop is isomorphic to a
nonnegative orthant of order equal to the dimension of Sy, i.e.,

ST N Sopt = B(RY™ )

for a Jordan isomorphism .

Note the other automated approach—generating a x-algebra from the cost matrix
11T and constraint matrices I, {E;; + Eji}i,j)er fails completely for these instances;
that i, Sgasq (the symmetric part of this #-algebra) equals S™.

Decompositions and majorization

In Table 7.2 we report the tuple of ranks for the subspaces Sopt, Sp/1 and Seoora for
select examples. Specifically, we select examples satisfying the strict inclusions:

Sopt - 80/1 C Scoord-

Given these strict inclusions, Theorem 5.4.1 implies the ranks of Sy/1 and Seporq weakly
majorize those of S in the sense of Definition 5.4.1. Similarly, it implies the ranks
of Scoora Weakly majorize those of Sp/i. This is confirmed in Table 7.2. The first
row, for instance, reports the following tuples r; € Z" and ry € Z* for Sopt and Sy 1,
respectively:

r=(3,2,2,...,2,1,1,...,1)  ro:=(27,25,5,1,1,...,1).
N————
12x 44 44 x

It easily follows 7o weakly majorizes r1, i.e., for all positive integers q € Z,

min{q,l2} min{q,l1}
Do odrali= D [mli
=1 =1

This illustrates the major result of Chapter 5: S, is not only optimal with respect to
dimension but also its decomposition.



228 CHAPTER 7. COMBINATORIAL VARIATIONS AND COMPUTATIONAL RESULTS

An algebra with a complex direct-summand

The example sosdemo5 is an SDP that bounds a quantity from robust control theory—
the structured singular value pu(M, A) [99]:

1
inf{[[A]: A € A, det(I — MA) =0}

w(M,A) := (7.5)
Here, M is a complex matrix and A is a set of complex matrices. Though the parameters
of u(M, A) are complex, one can formulate an SDP with real data matrices to bound
w(M,A). This is done in sosdemo5 for particular M and A. Nevertheless, upon de-
composing S, into a direct-sum of minimal ideals, we find one of the direct-summands
is isomorphic to an algebra of complex Hermitian matrices. Precisely, Sopr = EBililSi for
minimal ideals S;. Letting r := (rank S, ...,rank S1;) and d := (dim Sy, ...,dim S1;),
we have

r=(1,1,1,1,4,4%,4,6,10, 10, 10)

d=(1,1,1,1,10,16%,10, 21, 55,55, 55).
Note with the exception of the entries marked *, the relation d; = (”; 1) holds, showing
S; is isomorphic to the algebra of real symmetric matrices of order r;. The exception
satisfies d; = 72, showing the corresponding ideal S; is isomorphic to the algebra of
complex Hermitian matrices of order ;. We remark this is the only example considered

where the direct-summands are not all isomorphic to S for some n.

B 7.5.2 Comparison with LP method of Grohe, Kersting, Mladenov, and
Selman

In [65], Grohe et al. describe a reduction method for linear programming (LP) and show
it outperforms a symmetry reduction method of [17] on a collection of LPs; indeed,
they show their method theoretically subsumes [17]. The linear programs used for
comparison are relaxations of integer programs studied in [90]. By treating each linear
inequality as a semidefinite constraint of order one, we applied our method to the same
LP relaxations. Of the 57 relaxations, we find the same reductions on 56. For the
remaining instance (cov1054sb), we significantly outperform [65]. For space reasons,
Table 7.3 reports results for just a small subset of these LP relaxations. To match [65],
we give the number of dual variables and inequality constraints. In terms of SDP (7.2)
and the SDP (7.3), the number of dual variables and constraints equals the number of
linear equations and the sum of the ranks, respectively.

That the method of [65] and ours exhibits similar performance is not surprising. The
method of [65] is based on equitable partitions, which, as we discussed in Section 7.4.1,
define invariant subspaces of linear maps. This and the empirical evidence of Table 7.3
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Constraints Variables

OI‘ig. CR Sopt Orig. CR Sopt
cov1053 252 1 1 679 5 )
cov1054 252 1 1 889 6 6
covl0b4sb | 252 252 1 898 898 6
cov1075 120 1 1 877 T 7
cov1076 120 1 1 835 7 7
covli74 330 1 1 1221 6 6
cov954 126 1 1 507 6 6

Table 7.3: Dual variables and constraints of original LP, the LP formulated via the
color refinement (CR) method of [65], and the LP formulated via restriction to Sept.
Columns labeled (CR) use numbers reported in [65].

suggest a projection satisfying the conditions of Constraint Set Invariance and Unitality
(Definition 1.4.1) is implicitly constructed in the method of [65]; the instance cov1054sb
shows this projection isn’t always minimum rank.

B 7.5.3 Completely-positive rank, the subspace S),;, and decomposition
trade-offs

Our next example illustrates restrictions to Sp/q, the optimal subspace with an or-
thogonal basis of 0/1 matrices. The considered SDP family yields lower-bounds of
completely-positive rank, or cp-rank for short. The cp-rank of W € S} measures the
size of the smallest nonnegative factorization of W. Precisely, it is the smallest r for
which V' € R*" exists satisfying W = VVT. Note cp-rank need not be finite—that
is, a nonnegative factorization of W need not exist for any . As shown in [53], the
cp-rank of W € S" is lower bounded by the optimal value of the following SDP:

minimize ¢
subject to
( t vect WT -0
vect W X -
Xij,ij < ij Vi, j € {1, ceey n}
XIWeW

Xij,kl = Xil,jk \V/(l, 1) < (27.7) < (kal) < (n7n)

Here, W ® W denotes the Kronecker product and vect W denotes the n? x 1 vector
obtained by stacking the columns of W. The double subscript ij indexes the n? rows
(or columns) of X and the inequalities on (i, j) hold iff they hold element-wise (see [53]
for further clarification on this notation).

In this example, we solve three instances of this SDP taking W equal to the matrices
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Z,Z®Z,and Z ® Z ® Z, where
4 0 1
Z=10 41
11 3

Table 7.4 reports computational savings obtained by restricting to Sy/;. (In Chapter 2,
we applied facial reduction techniques to the same set of SDPs.)

Alternative reformulation For these examples, we compare (7.3) against the following
alternative reformulation:

minimize  (Ps,,, (C), X)
subject to  (Ps,,, (4i), X) =b; VieT C[m] (7.6)
X eSh x--- xS,
where T' C [m] indexes a maximal subset of linearly-independent equations. The dual
of (7.6) is
maximize ) ;o7 yib;

subject to  Ps,,, (C) — Xier Ps,,, (4i) € S§ x -+ x Sl

We can interpret this dual SDP as the dual of (7.2) restricted to the subspace Spy/1,
recalling by Proposition 5.1.1 that Sy/; contains both primal and dual solutions.

Table 7.4 shows solving (7.6) achieves computational savings and, indeed, can be
preferred to solving (7.3). As indicated, for the largest instance, we cannot even find
the Jordan isomorphism needed to construct (7.3) due to memory constraints. The
formulation (7.6) also preserves sparsity.

B 7.5.4 Sparse isomorphisms

Finally, we illustrate how coordinate and 0/1 subspaces can lead to sparse reformula-
tions (as discussed in Section 7.3.2).

Coordinate subspaces
We find the minimal coordinate subspace S;oorq for instances taken from
http : //www.aem.umn.edu/ AerospaceControl/,

which build upon the parser SOSOPT [124]. Table 7.5 shows that sparsity is always
preserved. Though these examples are of small size, they illustrate Scoorq is a proper
subspace of Sy, for surprisingly many examples.

Remark 7.5.3. Note many of these scripts construct several SDPs; reported results
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SDP ‘ ranks num eq NNz | tpre  tsolve
Orig. (7.2) (10,9, 19x) 37 172 - 1.05
Reform. (7.3) | (5,4, 24x, l6x) 14 798 | 0.30 0.37
Reform. (7.6) | (10,9, 19x) 14 1721 0.018 0.16
(a) Instance: Z
SDP ‘ ranks numeq NNZ | tpre  tsolve
Orig. (7.2) (82,81, 151x) 2026 13204 | - 39.17
Reform. (73) (12, 11, 104>< y 64><,48><,22><, 111><) 167 157303 | 8.9 2.1
Reform. (7.6) (82,81, 151x) 167 13204 | .11 4.35
(b) Instance: Z® Z
SDP ‘ ranks num eq nnz ‘ Tpre tsolve
Orig. (7.2) | (730,729, 1799x) 142885 1063612 | Out of memory
Reform. (7.3) Out of memory Out of memory

Reform. (7.6) | (730,729,1729%) 1883 1063612 | 7.1 2008
(c) Instance: Z® Z® Z

Table 7.4: The first row corresponds to the original SDP (7.2) and the others refor-
mulations over Sy/1. Here, ¢, is time spent (in seconds) finding Sy/; and constructing
the reformulation. Solve time 40706 1S also in seconds.

are for the first SDP constructed.

Zero-one subspaces

Finally, we compare sparsity of ®(A4;) for two isomorphisms ®,ynq and P gperse induced
by two types of Jordan frames for Sy/q. The original SDP instances are from earlier
examples of this section and Chapter 2. The map ®,4,q arises from the Jordan frame in-
duced by the spectral decomposition of a randomly sampled element. The map ®pqrse
arises from a sparse Jordan frame obtained by refining diagonal idempotents (Chap-
ter 6.6). Results appear in Table 7.6, along with the section that describes the original
SDP instance. (See also Example 6.6.1 for the same comparison on an illustrative
example.) As indicated using diagonal idempotents dramatically increases sparsity.

Bl 7.6 Conclusion

We proposed combinatorial variations of the Jordan reduction methodology introduced
in Chapter 5. These variations restrict to subspaces whose bases have low storage
complexity and exact combinatorial descriptions (immune to floating-point round-off
error)—allowing one to preserve sparsity, accurately store a basis, and trade-off prepro-
cessing effort with the size of the obtained reductions. We also illustrated how these
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Orig- Seoord
ranks nnz ranks nnz
Chesi(1/4) _IterationWithVlin (9,5) 181 | (6,32x,2) 97
Chesi3_GlobalStability (14,5) 3411 (8,6,3,2) 193
Chesi(5/6) _Bootstrap (19,9) 928 | (13,62x,3) 520
Chesi(5]6) _IterationWithVlin (19,9) 928 (13,62x,3) 520
Coutinho3_IterationWithVlin (9,5) 181 | (6,32x,2) 97
HachichoTibken_Bootstrap (19,9) 685 (12,7,6,3) 373
HachichoTibken_IterationWithVlin (19,9) 685 (12,7,6,3) 373
Hahn_IterationWithVlin (9,5) 156 | (6,32x,2) 84
KuChen_IterationWithVlin (19,9) 928 | (13,625,3) 520
Parrilol_GlobalStabilityWithVec (3,2) 20 (2,13x) 14
Parrilo2_GlobalStabilityWithMat (3,2) 16 (2,13x) 10
Pendubot_IterationWithVlin (14,4) 372 | (10,42x) 292
VDP_IterationWithVball (5,4) 82 | (32x,2,1) 55
VDP_IterationWithVlin (9,5) 181 (6,32x,2) 97
VDP_LinearizedLyap (9,5) 156 | (6,32x,2) 84
VDP_MultiplierExample (5,2) 37 | (3,2,12%) 23
VannelliVidyasagar2_Bootstrap (19,9) 928 | (13,62x,3) 520
VannelliVidyasagar2_IterationWithVlin | (19,9) 928 | (13,62x,3) 520
VincentGrantham_IterationWithVlin (9,5) 181 | (6,32x,2) 97
WTBenchmark_IterationWithVlin (19,9) 685 (13,62x,3) 385

Table 7.5: Ranks and number of nonzero (nnz) entries in problem description of orig-
inal instance and its restriction (7.3) to Seoora- The notation 7,y indicates r repeated
s times. The table illustrates S.oo-¢ has a sparse decomposition—that is the restriction
(7.3) is also sparse.

Instance nnz A | nnz A®,qng nnz A®@gpgrse | Section
vamos_5_34 | 2704 199300 4235 2.8.5
copos_1 1225 3144 123 2.8.2
copos_2 14400 66363 492 2.8.2
copos_3 81796 OOM 1436 2.8.2
copos_4 | 313600 OOM 2842 2.8.2
cprank_2 | 13204 1914038 77879 7.5.3

Table 7.6: Number of nonzero entries (nnz) for indicated maps. OOM indicates
construction of map failed due to an out-of-memory error. Descriptions of original SDP
instances are given in the indicated section.
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bases lead to sparse isomorphisms.
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Part 111

Applications to polynomial
optimization
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Chapter 8

Reduction of sum-of-squares
programs

A multivariate polynomial f is a sum-of-squares (sos) if

F=>r
fes
for some set of polynomials S. The sum-of-squares polynomials in n variables of degree
at most 2d form a finite-dimensional convex cone, denoted X, o4. Further, X, o4 is a
linear transformation of the psd cone of order (";d). Hence, one can solve cone pro-
grams formulated over Y, o4—so-called sum-of-squares programs—using semidefinite
programming (SDP). For this reason sum-of-squares programs are powerful tools for
problems involving polynomial nonnegativity [15, Chapter 3].

This chapter studies partial facial reduction (Chapter 2) and combinatorial Jordan
reduction (Chapter 7) of sum-of-squares programs by exploiting their connection with
SDP. For partial facial reduction, we show that diagonal approximations of the psd
cone induce approximations of ¥ ,; based on polynomial sparsity (i.e., nonzero coeffi-
cients). For Jordan reduction, we characterize admissible coordinate subspaces in terms
of polynomial sparsity. These characterizations show existing techniques [85, 35] for sim-
plifying sum-of-squares programs implicitly find such subspaces. These subspaces are
not necessarily minimal, and, using these techniques, take exponential time to identify.
In constrast, our algorithm from Chapter 7.2.2 finds the minimal coordinate subspace
in polynomial time; it also simplifies for the sum-of-squares programs considered.

We organize this chapter as follows. Section 8.1 reviews the basics of polynomial
vector spaces. Section 8.2 overviews sum-of-squares polynomials and their connections
to semidefinite programming. Sections 8.3 and 8.4 study partial facial reduction and
Jordan reduction of sum-of-squares programs, respectively.

237
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H 8.1 Preliminaries

Vector spaces of polynomials Let R[z] denote the ring of polynomials with real co-
efficients and indeterminates x1,...,x,. Any finite subset M of N induces a finite-
dimensional vector space R[x]|ys of polynomials contained in R[z|. Letting x® denote

) oo

the monomial x{"z5” - - - x5», this vector space takes the form

Rlz|p = { Z Cax® 1 Cq € R} . (8.1)

aeM

A natural inner product for R[z]ps is just the dot product between coefficient vectors:

<fag> = Z Cala,
aceM
where f =3 cprcaz® and g = 3 cps daz®. We equip R[z]ys with this inner product
and also identify the dual space R[z]}, with R[z]as.

Newton polytopes, support, and nonnegativity The support of f = > ) cox®, denoted
supp(f), is the set of exponents with nonzero coefficients, i.e.,

supp(f) ={a € M : ¢, # 0}.

The Newton polytope of f, denoted new(f) C R"™, is the convex hull of its support
(Figure 8.1(a)).

The Newton polytope induces necessary conditions for polynomial nonnegativity.
Consider the following theorem of Reznick.

Proposition 8.1.1 ([119, Section 3]). Suppose f € Rlz]as is nonnegative and that
[ =2 acm cax®. If a is a vertex of the Newton polytope new(f), then cq > 0.

The inequalities associated with vertices are illustrated in Figure 8.1(b) for a specific
polynomial. If f is univariate, i.e., f(z) = co+c1z+- - - +cqz?, these inequalities simply
state the leading term ¢y and constant term ¢y of f are nonnegative. Also note that [120,
Theorem 3.6] generalizes this proposition from vertices and nonnegative coefficients to
arbitrary faces F and nonnegative F-restrictions of f—polynomials obtained by setting
each coefficient ¢, to zero if a ¢ F.

B 8.2 Sums-of-squares polynomials

We are interested in nonnegative polynomials that are sums-of-squares. We focus on a
subset ;s of these polynomials induced by a given M C N™ which, as we will shortly
see, is a linear transformation of the psd cone of order |M|. This subset ¥j3; and
corresponding linear transformation Aj; are defined as follows.
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(2,2) (4,2)
[ ]
3,1
(. ) coo = 0, c2 20,
(0,0) (6,0) cy2 > 0, cgo = 0.
[ 4
(a) Newton polytope of f(z) (b) Valid inegs. if f(z) > 0 for all =

Figure 8.1: f(z) = coo + c3123w2 + co20723 + cagwa5 + coox

Definition 8.2.1. For a finite set M C N", let Xpy C Rlz|pr40s denote the polynomials
that are sums-of-squares of finitely many f € Rlz|p, i.e., let

Y= {Z f2:8 c Rz, |S| is ﬁm’te}.

fes
Further, let Ay - SMI — R[z]apr4ar denote the unique linear map whose adjoint A%, :
Rz pr0r — SIMI satisfies

1 ifa+ =1,
[A*;wxv]aﬁ:{ =7 emim,

0 otherwise,
where the rows and columns of A};x7 are indexed by M.

That s equals the image of a psd cone under Aj,; is a special case of a result of
Nesterov. This result also yields a description of the dual cone ¥7},. Formally:

Proposition 8.2.1 (Special case of Theorem 17.1 of [98]). For a finite subset M of
N", the cone Xy and linear map Ay : M| — Rlz|paryar (Definition 8.2.1) satisfy

o Sar = Ay - ST where Ay S i= {Ay () x e M)

o oy = {y € Rlzlarynr : Ay €SP
Further, Yy is closed and convex.

As a practical consequence, one can check membership in X3, by solving a semidefinite
program. Specifically, ¥, contains the polynomial f € R[z|pr4as if and only if there
exists a symmetric matrix Q € S| that solves

Find QesM

. (SOS-SDP)
subject to  An(Q) = f.
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To see that existence of a solution implies that f € X7, note that Q € S| satisfies
Ay (Q) = f if and only if

[= Z Z Qa,@xamﬁ

aeM eM

by definition of the map Ay : SM — R[z]pr . In addition, any Q € S'fr\/[l has a
factorization @ = LT L. Hence, if Q solves (SOS-SDP), then

= > LM Lapas” = (Len)" L,
aEM BEM

where x )/ is a vector of monomials indexed by M; specifically, [xas]o = x®. This shows
that f equals the sum of the squared entries of Lz, a polynomial vector. Conversely,
if f=P f2for fi =3 enr cha® and ¢ € RIMI then the matrix

Q=Y ()"

i=1
solves (SOS-SDP).

Remark 8.2.1. The set M C N" in (SOS-SDP) is usually picked from the polynomial
[ with the following guarantee: if f is a sum-of-squares (of polynomials in any set),
then f € Xy, see, e.g., [119, Theorem 1], [15, Chapter 3] and [80]. See also [16,
Section 6] for further study of Yeony(arynne and its relationship with the nonnegative
polynomials with support contained in conv(2M ).

M 8.3 Partial facial reduction

Given a cone program with feasible set A N IC, the facial reduction algorithm (Algo-
rithm 1.1) finds a hyperplane containing the affine set A that exposes a face of the
cone K. To find a hyperplane, the algorithm solves an auxiliary cone program over
K*, which can be expensive to solve. To reduce the cost of solving this auxiliary prob-
lem, we proposed replacing X* with a computationally efficient inner approximation—a
methodology we called partial facial reduction (Chapter 2).

In this section, we apply partial facial reduction to (SOS-SDP). For this SDP, the
affine set A is the solution set of A/ (Q) = f for some given set of monomial exponents
M and polynomial f € R[x|pr4as. Further, K is the psd cone S‘M|, which is self dual,
ie., S'fr\/l‘ = (S|+M|)*. Specifically, we study when the auxiliary problem of (SOS-SDP),
given by

Find (S, y) € SM x R2]arya

) (SOS-SDP-AUX)
subject to S = A}y, (f,y) =0,
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has a nonzero solution (S,y) in D™| x R[z]pr4 s, where DIM| denotes the nonnegative
diagonal matrices of order |M|. (Note that DIM| inner approximates S'frw, ie., DMl

SLMl.) Results of this type first appeared in [139)].

B 8.3.1 Nonnegativity of coefficients

Suppose Y ,enrar Cax® is nonnegative. Then, ¢, > 0 for all vertices o of conv(M) by
Proposition 8.1.1. Hence, the vertices of conv(M) induce a polyhedral approximation
of ¥3,. It turns out, and its not hard to show, that this polyhedral approximation is
contained in the polyhedral approximation induced by diagonal matrices D™MI. To be
precise, let Py .. and ¥}, p denote these two approximations, i.e.,

7)7\</AI',new = Z )\’yxﬂ/ : >\7 >0, E?\/LD = {y S 27\4 : A}‘V[y S D'Ml} .
yEext(M+M)

The following establishes the mentioned containment Py o, © 23y p-

Lemma 8.3.1. Let v be an extreme point of conv(M + M). Then A%2Y € DML,
Hence, Py pew € X p-

Proof. We only need to show that A},27 is diagonal if 7 is an extreme point of conv(M +
M). By definition, supp(A},;27) = {(a,5) € M x M : a« +  =~}. Suppose 7 is an
extreme point and Aj},z” is not diagonal. Then by definition of A,s, there exists
a # B for which a + 8 = ~, implying that %fy = %(a + ). Since %conv(M + M)
contains «, § and %’y, this shows that %7 is mot an extreme point of %conv(M + M),
a contradiction. O

It turns out that the inclusion Py ., € X}, p can be strict. To explain, we define
the set M+ C M as follows.

Definition 8.3.1. For a subset M of N", let M™ be the subset of points that cannot
be written as the midpoint of distinct points in M, i.e.,

a+f
5 .a,ﬂEM,a#B}.

M™T =M\ {
As shown next, 2M™ is precisely the set of exponents 7 for which A%,27 is contained
in DIM|. Hence, 2M* contains the extreme points of conv(M + M).
Lemma 8.3.2. A%,27 € DMl if and only if v = 2¢ for ( € M+.

Proof. Consider ¢ € M and suppose that (a, 3) € supp A%;2%. Then ¢ = %(a + B);
hence, & = 8 by definition of M*. Conversely, if A},;27 € DIMI then o+ 8 = ~ implies
that o = 8. Hence, v = 2a. Suppose that a ¢ M™T. Then, a = “TJ”\ for  # A\. But
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ARE

(a) (b)

Figure 8.2: Convex hulls of (M + M) for two choices of M. The set 2M™* is
marked with rectangles. The inclusion 2M* C 2M is not strict in Figure 8.2(a),
where M = {(0,0),(1,0),(2,0),(1,1),(1,2),(2,1)}. It is strict in Figure 8.2(b), where
M = {(0,0),(1,1),(1,2),(2,1)}.

i+ X =2a =+. Hence, (u,\) € supp A},;27, contradicting the assumption A},z7 is
diagonal. 0

The inclusion Py o, © X}y p is strict whenever 2M T is a strict superset of the
extreme points of conv(M + M). Further, when 2M ™ is a strict superset, Yy p has
more extreme rays than Py, .. and hence strictly contains it. As an example, this
containment is strict when

M = {(0,0),(1,1),(1,2),(2,1)}.

For this choice of M, we have that M = M*. Hence, 2M* contains (2, 2), which is not
an extreme point of conv(M + M). This is illustrated by Figure 8.2(b).

B 8.3.2 Inequalities violated by nonnegative polynomials

For y € P}/ yews it holds that (f,y) > 0 for all nonnegative polynomials f € R[z]nr4
(Proposition 8.1.1). The same is not necessarily true for y € Yy p: an inequality
(f,y) > 0 induced by some y € Y p may be violated by some nonnegative polynomial
f € Rlx|pm+m, as illustrated by Figure 8.3.

To see this, note for M = {(0,0),(1,1),(1,2),(2,1)} that (1,1) € M™; hence,

x3x3 € Y% . by Lemma 8.3.2. However, the nonnegative polynomial ¢ € R[]y
173 M,D +
given by
g= xi‘x% + x%x% - 395%9@% +1
the so-called Motzkin polynomial) satisfies (g, 2723) = —3. Note that this implies
173

g ¢ Y—i.e., that g is not a sum of squares of polynomials with support contained by
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2.4) coo = 0,¢24 > 0,
cq2 > 0,
(b) Valid inegs. if f(z) >0

coo = 0,¢c24 2 0,
> >
(0,0)./ ca2 2 0,¢22 2 0,
(c) Valid inegs. if f(z) € ¥
(a) conv(M + M)

Figure 8.3: f(z) = >, carin Cax®, where 2M T C 2M is marked with rectangles.
Here, M is the same as in Figure 8.2(b).

this particular M. In fact, it is well known that g ¢ ¥, for any choice of M.

M 8.4 Jordan reduction

Recall the main idea in Jordan reduction: finding a subspace S that is admissible. For
(SOS-SDP), this means the orthogonal projection Ps : SIMI — SIMI onto S satisfies the
conditions

ps-sM s ps.Ac A,

which together imply that S contains solutions to (SOS-SDP) when they exist. In this
section, we characterize admissible coordinate subspaces (Chapter 7) for (SOS-SDP) in
terms of the exponents M and the polynomial f. For this, we let Sg C SIMI denote the
coordinate subspace of matrices with supports contained in R C M x M, i.e.,

Sr :=span{FE.ps + Egs : (B,a) € R},

where E,5 € RIMXIMl i the 0/1 matrix with support equal to (a, 3). We will show
that Si is admissible only if R is a relation of the following type.

Definition 8.4.1. Let M be a finite subset of N*. For T C M + M, define the relation
R C M x M as follows

Rr={(a,f)eM xM:a+B€T}.
FEquivalently, let Ry := {supp(A};27):v € T}.

Our main result is the following characterization.
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Theorem 8.4.1 (Main result). The subspace Sg is admissible for (SOS-SDP) if and
only if there is a subset T of M + M such that R = Ry, where T satisfies the following
properties:

o R is transitive
e T contains the support of f.
The next example illustrates this theorem for a fixed M and different polynomials f.

Example 8.4.1. Consider M = {(0,0),(1,1),(1,2),(2,1)} and let

f= > capatal.

(a,B)e(M+M)

The matriz A}, (f) and two polynomials in R[z|prqar are given by:

Coo C11 C12 C21

_ 2,2 2,4 4.2
() = €11 €22 €23 C32 g =1+ x125 + 125 + 2725
M - 3
Cl2 C23 Co4 €33 h =1+ a}z3 + xia3 + afel + xjx3

C21 €32 (€33 C42

A subset T C M + M and the coordinate subspace Sg. it induces are

0 0 0

0,0),(2,2), (2,3), ; .

T = (372)7(274)7(373) ; SRT_ 0 % %
(4,2) 0 % % =

The subspace is admissible if f = g or f = h. It is minimal if f = h. Another subset
T C M+ M and induced coordinate subspace Sg. is

_J (0,0),(2,2), _
T‘{ (2,4), (4,2) } Skr =

This subspace is admissible and minimal if f = g. It is not admissible for f = h since

o O O ¥
S O ¥x O
* ¥ O O
* ¥ O O

T doesn’t contain the support of h.

Theorem 8.4.1 yields a procedure (Algorithm 8.1) for finding the minimal coordinate
subspace Sg.. Note this algorithm is expressed solely in terms of the polynomial f.
It also performs at most |M + M| iterations, each with complexity polynomial in the
cardinality of M. In the remainder of this section, we prove Theorem 8.4.1. We then
interpret other techniques for simplifying (SOS-SDP) as less powerful and less efficient
versions of Algorithm 8.1.
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Algorithm 8.1: Finds minimal admissible coord. subspace S for (SOS-SDP)

Inputs: a polynomial f € R[z]|y4s-
Output: relation Ry inducing the minimal coord. subspace Sg, of (SOS-SDP)
Initialize 7" to supp(f)
repeat
| T+ {a+pB:(a,B) € the transitive closure of Ry}
until converged

B 8.4.1 Proof of Theorem 8.4.1
From Chapter 5, the subspace Sy is admissible if and only if

e Sy is invariant under X — X2.
e Sg contains A%, (AyA%,) 7L f
e Sy is an invariant subspace of A%, (Ap A%;) " A

Note in Chapter 7, we saw that the first condition holds if and only if R is transitive.
In this section we prove the following theorem by additionally characterizing the second
and third conditions using special sparsity properties of the linear map Ajy;.

The proof uses sparsity properties of A}, which, by definition, satisfies

supp(Ayz”) = {(a, ) € M x M : 3+ a =}

This shows that A%, maps polynomials with disjoint (resp., equal) support to matrices
with disjoint (resp., equal) support. We first use these properties to show the following.

Lemma 8.4.1. For all g, f € Rysnrx], the following statements hold.

1. The polynomials f and g have disjoint support if and only if the matrices A} g
and A}, f have disjoint support.

2. The polynomials f and g have equal support if and only if the matrices A};g and
A3, f have equal support.

3. If Ay X # 0 and supp(X) C supp(Aj,2%), then supp(AyX) = supp(z®).

4. supp(An Ay f) = supp(f) for all f.

Proof. The first two statements are immediate from the definition of A3},. For the third,
we need to show Ay X and x® have equal support. For this, we note that for all 8 # «,

(2P, Ay X) = (A2, X) =0
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given that A%,2” and X have disjoint support if supp(X) C supp(A%,;2®). This shows
that Ay X = Ax® for some A € R. Further, A # 0 since Ay X # 0 by assumption.
We now show the last statement. By the first statement,

Supp( >ka) = UaEsupp(f) Supp(A*an)'

Further,

Supp(AMAMf) = UaESupp(f) supp(AMAM:UO‘).

Since Ay A}, is invertible, Ay A} 2% # 0. Hence, by the third statement, supp(Ay A},2%) =
supp(z®), showing that

supp(Aar A3rf) = Uaesupp(r) Supp(z®) = supp(f).
O

We use this to prove the following which, combined with Lemma 7.3.1 (which established
a correspondence between transitive relations and coordinate projections that leave the
psd cone invariant), proves Theorem 8.4.1.

Lemma 8.4.2. The following statements hold

e The coordinate subspace Sg contains A%, (AnA%,) 71 f if and only if the relation
R contains the support of Ay, f.

e The coordinate subspace Sg is an invariant subspace of A4, (ApA%,) A if and
only if there exists a subset T C M + M for which

R = U supp(Ayx7)
yeT

Proof. By definition, the subspace Sg contains a point X if and only if the relation R
contains the support of X. By Lemma 8.4.1-(4), the polynomials f and (A A%,) 71 f
have equal support. Hence, by Lemma 8.4.1-(2), the matrices A%, (ApA%,)"1f and
A%, f have equal support. Hence, Sg contains A%, (A A%,)~Lf if and only if R contains
the support of A}, f.

Let ¥ denote A%, (ApA%;) 1Ay and let

B:{Ea3+E5a:Oz,ﬂ€M}.

Finally, let G be the graph with node set 5 for which X, Y € B are adjacent if and only if
(X,U(Y)) #0. Finally, let Bog = Eqp+ Egq. Let Sy :={Bags : (o, B) € supp(A},27)}.
By Lemma 7.4.2, statement 2 follows if the collection of sets {S, : v € M + M}
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partitions B into connected components of G. For this, it suffices to show that U (B,g)
and A}, have equal support if o+ 3 = 7. To see they have equal support, note that
supp(Bag) C supp(Aj,27) by definition of Ays. Further,

supp ((AMA’M)‘IAM(BQB)) = supp (A (Bag)) = supp(z7)

where the first equality follows by Lemma 8.4.1-(4) and the next by Lemma 8.4.1-(3).

Hence, ¥(B,s) and A}z have equal support by Lemma 8.4.1-(2).
U

B 8.4.2 Characterization of transitivity and comparisons

By Theorem 8.4.1, the coordinate subspace Sg., is admissible for (SOS-SDP) if and
only if 7 C (M + M) contains the support of the polynomial f and Ry C M x M
is transitive. We now study transitivity of Ry in more detail. First we describe the
partition of M induced by R7 when it is transitive. We then show how methods from
the literature for simplying (SOS-SDP) implicitly construct a transitive relation Ry and
hence can be viewed as weaker versions of Algorithm 8.1; incidentally, these algorithms
run in exponential time (in n) whereas Algorithm 8.1 runs in polynomial time.

A characterization of transitivity When the symmetric relation R C M x M is transi-
tive, it defines a collection of disjoint subsets of M (and a partition of M when it is also
reflexive). It turns out one can decompose 7 into unions of Minkowski sums using this
collection. Moreover, existence of this decomposition implies transitivity. Formally:

Lemma 8.4.3. Let M be a finite subset of N*. For T C M + M, the following
statements are equivalent.

1. The relation Ry is transitive.
2. T =U_1(Si+ Si), where Sy, 51,52, ...,Sp form a partition of M and satisfy
Tﬂ(S,-+Sj) = vz#j,

0
TN(So+S) = 0. (8:2)

Proof. (2 = 1): Suppose v € S; and 8 € S; for i,j € [0,p] and that (8,v) € R, i.e,
B+~ € T. By (82), we conclude i = j and i # 0. By the exact same argument, if
(v,p) € Ry for p € Sk, then S; = Si. Hence, 4+ p € S; +S; C T, showing that
(B,n) € R

(1 = 2). Suppose Rt is transitive. Then, there exists disjoint subsets Sp, S1,...,5p
of M for which



248 CHAPTER 8. REDUCTION OF SUM-OF-SQUARES PROGRAMS

where Si,...,S5, form a partition of M :={B: (B,8) € Rr}, So = M\ M and
B,v € S; if and only if (8,7) € Ry for all i € [1,p]. By definition of Ry, it follows that
T = Ulesz' + SZ
If TN (So+ So) # 0, there exists 8,7 € Sy such that (3,v) € Ry, which, using
the fact Ry is symmetric and transitive, implies (8,3) € Ry, a contradiction of the
definition of Sy. Similarly, 7 N (S; +5;) # 0 cannot hold unless ¢ = j by definition of
S;.
O

Transitivity of R7 also implies existence of structured sums-of-squares decomposi-
tions. Specifically, if a polynomial f with supp(f) C 7 is a sum-of-squares of polyno-
mials supported by M, then f is also a sum-of-squares of polynomials supported by the
subsets 5; of Lemma 8.4.3. Formally:

Corollary 8.4.1. Let M be a finite subset of N*, T a finite subset of M + M and
suppose R is transitive. Finally, for f € Rlx]apr4ar suppose supp(f) € T. The
following statements are equivalent.

1. f is a sum-of-squares of polynomials supported in M, i.e.

f:Zfz27 Supp(fz) c M.
i
2. f is a sum-of-squares of polynomials supported in S;, i.e.

P
F=Y21%  supp(fij) €5
j=1 4
where Sy, ..., Sy are disjoint subsets of M, satisfying (8.2), for which T = U§:15j+
Sj.

Comparison with other methods

Since Ry is transitive, the associated coordinate subspace is block diagonal up to per-
mutation, where the blocks correspond to the partition of | M| induced by Ry. We next
show how other block-diagonalization strategies in the literature implicitly construct
transitive relations Ry and hence admissible coordinate subspaces (Theorem 8.4.1).
Methods of [35] are based on Newton-polytope arguments and a generalization, whereas
a method of [85] is based on polynomials with sign-symmetries, which we discuss first.

Transitive relations from sign-symmetries Lofberg [85] shows (SOS-SDP) can be block-
diagonalized by identifying its sign-symmetries, where f € R[z]ar4+ar has a sign-symmetry
if jointly flipping the sign of a subset of indeterminates leaves f invariant. For instance,
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if f is in three variables, f has a sign-symmetry if, e.g., f(x1,z2,x3) = f(x1, —22, —3),
f(x1, e, x3) = f(—x1,x2,23), Or f(21,29,23) = f(—2x1, —22, —x3). For a polynomial in
n variables, there are 2" —1 possible sign-symmetries, each corresponding to a nonempty

subset of {1,...,n}. In three variables, the other symmetries are:
f($17$27x3) = f([El,.’L‘Q,—JJg), f(xl?x%xfi) - f(—.’El,JJQ,—.’L'3>,
flz1,20,23) = flo1,—m2,23), f(z1,22,23) = f(—21,—72,73).

To identify every sign-symmetry, Lofberg [85] uses a set of binary vectors that label
sign flips, e.g., f(x1, 72, 23) = f(—x1, T2, 23) is labeled by the vector » = (1,0,0)”. He
then exploits the fact f has a sign-symmetry associated with r € {0,1}" if 77 is an
even number for all 4 € supp(f). The next lemma shows the binary vectors identifying
sign-symmetries also define a transitive relation:

Lemma 8.4.4. Let M be a finite subset of N™ and let r1,...,rp € {0,1}" be a set of
non-zero binary vectors. If T = {a € M + M : rT'a € 2N for all i € [p]}, the relation
Rr:={(a,8) € M x M : a+ 8 € T} is transitive.

Proof. If 3+~ and v + p are in T, then r] (8 + ) and r} (y + ) are even integers.
We conclude if rlT'y is odd (resp., even), then rZ-T £ and rl-T,u are both odd (resp., even).
Hence, 71 (B + u) is even, showing that 3+ u € T. O

Transitive relations from Newton polytopes Fix f € R[z|p/4 s and recall that the New-
ton polytope new(f) of f is the convex hull of supp(f) is called the Newton polytope of
f, which we denote new(f). In [35], the authors show that if f is supported on disjoint
faces of new(f), then f is a sum-of-squares if and only if its restriction to each face is
a sum-of-squares. In other words, if

P
[ = Z Z boz®
=1 046]:1‘
for pairwise-disjoint faces F; of new(f), then f is a sum-of-squares if and only if for
each ¢ the polynomial

Z boz®

acF;
is a sum-of-squares. (An analogous result holds for nonnegative polynomials [120, The-
orem 3.6].)

The polynomial f(x1,z2) = 1+byz+bexs, for instance, is supported only on vertices
of new(f), and therefore has this property. If M is a set of monomial exponents for
which (M + M) = new(f) N N", we can prove this fact by constructing a transitive
relation Ry as follows:
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Lemma 8.4.5. Let M be a finite subset of N" and let F1,...,F, C R" denote pairwise
disjoint faces of a convex polytope. If T C M + M satisfies

T=U_,(M+M)NnF,
then the relation RT = {(«a,5) € M x M : a+ 5 € T} is transitive.

Proof. Fix (8,7) € Ry and (v, ) € Rr. By assumption, there exists faces F; and F;
for which

BryeF, ytpck

or, equivalently,
1 1
5(26—1—27) e Fi, 5(2’y+2u) € Fj.

Since F; and F; are faces, we conclude that 2y € F; N F;, which, using the pairwise-
disjointness assumption, implies that F; = F;. We also have that 23,2 € F;, which,
since JF; is convex, shows that

1

implying that f+pu € T, i.e., (B,u) € Ry.
O

Transitive relations from functions Another block-diagonalization technique from [35]
constructs a function ¢ : M + M — 2M with the following properties:

B+y=a =¢(26)U(2y) C(a). (8.3)

To gain intuition behind the function ), observe that the minimal face operation
face(-, P) of a polytope P satisfies a variant of property (8.3), i.e., if 26, 27, and «
are contained in some polytope P, then

2 2

# = a = face(2v, P) U face(23, P) C face(a, P).
This parallel helps the authors of [35] generalize the Newton-polytope-based block-
diagonalization technique described in Section 8.4.2. While we will not state the specific
definition of 1 used in [35], we nevertheless show it defines a transitive relation when

paired with pairwise-disjoint subsets P; of M. Consider the following.

Lemma 8.4.6. Let M be a finite subset of N*. Let v : M + M — 2M be a function
with the property (8.3), and in addition assume that Y(«) # O for all o € M + M.
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Next, suppose Pi, ..., P, are pairwise-disjoint subsets of M for which

V(B +7) C P when ¢(28),4%(2y) € P

IfT ={ae M+ M :¢(a) C P; for somei € [p|}, then Rr = {(a, ) e M x M :a+ €T}

18 transitive.

Proof. For ~,3,u € M, suppose that (3,7) € Ry and (y,u) € Ry. Then, v + 5 and
v+ p are in T, which implies

V(2 UY(2B) SY(v+B) S B

and

PY(27) U(2u) C h(y +p) C P

for some P; and Pj. Since 9(2y) C P; N P;j, the pairwise-disjointness assumption
implies that P; = P;. Since 9 (23),1(2u) C P;, we have, by our assumption on P, that
V(B + u) C P, showing that 8+ p € T, ie., (B,1) € Rr.

O
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Notation

Sets

V, W finite-dimensional inner product spaces

A an affine subset of an inner product space V
[n]  the finite set {1,2,...,n}

Linear maps

®:)W —V a linear map between inner product spaces W and V
®*: YV — W the adjoint of ®

- X the image {®x : x € X} of X C W under the map & : W — V
range ¢ the range of @ : W — V
null ¢ the null space (kernel) of ® : W — V

Convex cones

K a convex cone
K* the dual cone of IC
F a face of €

relint  the relative interior of

Subspaces

L a linear subspace of an inner product space V
L+ the orthogonal complement of £
span X the linear subspace spanned by X C V

st the orthogonal complement of span{s} if s € V (a hyperplane)

253
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Matrices

Tr X the trace of a matrix X
S the vector space of n X n symmetric matrices equipped with trace inner product
S the cone of n x n symmetric positive semidefinite matrices

Jordan algebras

J a Euclidean Jordan algebra

xoy the Jordan product between z,y € J

z? the square zoz of x € J
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