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ABSTRACT
In this paper we study how to formulate the optimal control prob-
lem for a piecewise-affine dynamical system as a mixed-integer
program. Problems of this form arise typically in hybrid Model Pre-
dictive Control (MPC), where at every time step an open-loop opti-
mal control sequence is computed via numerical optimization and
applied to the system in a moving horizon fashion. Not surprisingly,
the efficiency in the formulation of the underlying mathematical
program has a crucial influence on computation times, and hence
on the applicability of hybrid MPC to high-dimensional systems.

We leverage on modern concepts and results from the fields
of mixed-integer and disjunctive programming to conduct a com-
prehensive analysis of this formulation problem. Among the out-
comes enabled by this novel perspective is the derivation of multiple
highly-efficient formulations of the control problem, each of which
represents a different tradeoff between the two most important
features of a mixed-integer program: the size and the strength. First
in theory, then through a numerical example, we show how all the
proposed methods outperform the traditional approach employed
in MPC, enabling the solution of larger-scale problems.

CCS CONCEPTS
• Computing methodologies → Computational control the-
ory; • Theory of computation → Mixed discrete-continuous opti-
mization;

KEYWORDS
Optimal control, model predictive control, piecewise-affine systems,
hybrid systems, mixed-integer programming, disjunctive program-
ming, mixed-integer formulations, perspective formulations

ACM Reference Format:
Tobia Marcucci and Russ Tedrake. 2019. Mixed-Integer Formulations for
Optimal Control of Piecewise-Affine Systems. In 22nd ACM International
Conference on Hybrid Systems: Computation and Control (HSCC ’19), April
16–18, 2019, Montreal, QC, Canada. ACM, New York, NY, USA, 10 pages.
https://doi.org/10.1145/3302504.3311801

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior specific permission and/or a
fee. Request permissions from permissions@acm.org.
HSCC ’19, April 16–18, 2019, Montreal, QC, Canada
© 2019 Association for Computing Machinery.
ACM ISBN 978-1-4503-6282-5/19/04. . . $15.00
https://doi.org/10.1145/3302504.3311801

1 INTRODUCTION
PieceWise-Affine (PWA) systems are a very flexible framework for
modeling a great variety of phenomena. Originally they were intro-
duced as a generalization of linear systems and as an approximation
of more general classes of nonlinear systems [35]; later they became
very popular as a more intuitive equivalent of several other families
of hybrid systems [21], such as Mixed Logical Dynamical (MLD) sys-
tems. Their structure makes them very suitable for different types
of analysis (e.g., stability [23], observability and controllability [6])
as well as optimal control [8, 32]. PWA systems have seen many
applications [14], to mention a few: automotive control [12], power
electronics [18], temporal logic control [41], and they also have
recently spread in robotics [20, 25, 34]. Nowadays, together with
MLD, they are the most popular modeling framework for hybrid
systems in Model Predictive Control (MPC) [13, 14].

Here we are interested in numerical optimal control of PWA
systems. In particular, we study the process of recasting, in a form
suitable for an optimization software, the logical implications in
the PWA dynamics (i.e., different affine dynamics apply in different
portions of the state and input space). The outcome of this process is
a Mixed-Integer Convex Program (MICP), which can be effectively
solved to global optimality via Branch-and-Bound (B&B). Even if
efficient disjunctive models of various families of hybrid systems
have been proposed in the literature [29, 37], to these days, when
formulating an optimal control problem, PWA systems are generally
cast in MLD form through the method described in [8, 13]; which
typically leads to the synthesis of very inefficient MICPs.

We start this work examining the structure of the optimal control
problem: interpreting the PWA dynamics as a disjunctive polytopic
set that links the state evolution and the control actions across time,
we show how this problem can be naturally interpreted as a dis-
junctive program. This point of view allows us to leverage on both
modern and well-established tools from the fields of mixed-integer
and disjunctive programming [3, 15, 40] to efficiently rephrase our
problem as a MICP. We then propose multiple problem formula-
tions, each of which is a different tradeoff between the two critical
features of a MICP: its size (number of optimization variables and
constraints) and its strength (the closeness of the solution of the
MICP to the one of its convex relaxation). We show how, in principle,
it is possible to span the whole spectrum between a very compact
but weak formulation of the problem and a formulation whose con-
vex relaxation is exact, but whose size is generally unmanageable.
Finally, we compare both on a theoretical and a practical level the
formulations we propose with the traditional approach employed
in MPC, showing that the higher efficiency of our formulations can
make the difference between solving a problem to global optimality
in few minutes and not finding a feasible solution in hours.
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1.1 Related Works
An efficient convex relaxation for switched-affine optimal control
based on the use of perspective functions has been recently pro-
posed in [26]; one of the problem formulations presented here (in
Section 5.2) follows closely this approach, extending it to the class
of systems we consider and specializing this method to the most
common objective functions employed in optimal control. Convex
relaxations of a similar family of problems have been analyzed
in [2, 30], these works however are focused on semidefinite relax-
ations for linear systems with discrete control inputs.

A strong formulation of the problem is just the first step to
decrease solution times: several algorithms have been presented in
the literature for the solution of MICPs arising in hybrid MPC [1,
7, 16]. Recently, a heuristic technique to quickly find approximate
solutions for this class of problems has been presented in [38] and
an algorithm with local convergence guarantees based on operator
splitting has been developed in [17]. Also other approaches, not
based on mixed-integer optimization, have been proposed for the
optimal control of PWA systems, for example explicit MPC [11] or
nonlinear-programming techniques [22]. The applicability of the
first, however, is limited to very low-dimensional systems, whereas
the second assumes a continuity property that not all the PWA
systems of interest present and does not provide convergence and
global-optimality guarantees.

1.2 Notation
We denote with R the real numbers and with, e.g., R≥0 nonnegative
reals. The same notation is used for integers Z. Writing x ∈ Rn
we tacitly assume n ∈ Z≥0. For two vectors x ∈ Rnx and y ∈ Rny ,
(x ,y) ∈ Rnx+ny represents their concatenation. Sn≥0 (Sn>0) repre-
sents the set of positive semidefinite (definite) symmetric matrices
of dimension n; for A ∈ Sn≥0 we represent its Cholesky decom-
position as A = (A1/2)⊤A1/2. For a set S ⊆ Rn , we denote its
closure as cl(S), its convex hull as conv(S), and its recession cone
as S∞ := {d ∈ Rn | x + αd ∈ S, ∀x ∈ S, ∀α ∈ R≥0}. Given
S ⊆ Rnx+ny , projx (S) := {x ∈ Rnx | ∃y ∈ Rny : (x ,y) ∈ S}
denotes the orthogonal projection of S onto the subspace Rnx .
gr(f ) := {(x ,y) | y = f (x)} represents the graph of the function f .
With diag(x1, . . . ,xn ) we refer to the n × n diagonal matrix whose
elements are x1, . . . ,xn and, whenever clear from the context, we
will denote with 0 (1) a matrix of appropriate dimensions filled with
zeros (ones). All physical units may be assumed to be expressed in
the MKS system.

2 THE OPTIMAL CONTROL PROBLEM FOR
PIECEWISE-AFFINE SYSTEMS

Denoting withx ∈ Rnx the state of the system and withu ∈ Rnu the
control input, we consider the collection of polytopes (i.e., bounded
polyhedra) Di := {(x ,u) | F ix +Giu ≤ hi } for i in the index set I.
The dynamics of a discrete-time PWA system can be expressed as

x+ = Aix + Biu + ci for any i ∈ I | (x ,u) ∈ Di , (1)

where x+ ∈ Rnx is the state at the next time step and i the current
mode of the system. For brevity we will often represent the state-
update law (1) in the compact form x+ = ψ (x ,u) : D 7→ Rnx ,
where D :=

⋃
i ∈I Di , and similarly we will denote each affine

piece of this map as ψ i (x ,u) := Aix + Biu + ci : Di 7→ Rnx .
In the following we will assume the origin (x ,u) = 0 to be an
equilibrium point and (1) to be well posed, i.e.,ψ i (x ,u) = ψ j (x ,u),
∀(x ,u) ∈ Di ∩ D j , ∀(i, j) ∈ I2.

In order to fully expose the geometry of these systems, in this
paper we employ a compact description of (1) in terms of its graph

gr(ψ ) := {(x ,u,x+) | (x ,u) ∈ D,x+ = ψ (x ,u)} =
⋃
i ∈I

gr(ψ i ). (2)

Since each set gr(ψ i ) is a polytope, whose halfspace representation
{(x ,u,x+) | P i (x ,u,x+) ≤ qi } is given by

P i :=

Ai Bi −I
−Ai −Bi I
F i Gi 0


, qi :=


−ci
ci

hi


, (3)

we can interpret the PWA dynamics (1) as a disjunctive polytopic
set that constraints the state evolution across time steps. (This
geometric interpretation is shared with the recent work [17].)

The main application of optimal control for PWA systems comes
from the field of hybrid MPC, a numerical technique that enables the
design of optimal feedback controllers for systems in the form (1).
Given the current state x̄ , in order to regulate the system to the
origin, an optimal control problem with the following structure (or
a slight variation of it) is solved

min
(ut )T−1

t=0 ,(xt )Tt=0

φT (xT ) +
T−1∑
t=0

φ(xt ,ut ) (4a)

subject to x0 = x̄ , (4b)
(xt ,ut ,xt+1) ∈ gr(ψ ), t = 0, . . . ,T − 1, (4c)
xT ∈ XT , (4d)

whereT ∈ Z>0 is the time horizon of the controller, φ : Rnx+nu 7→
R is a convex stage cost, φT : Rnx 7→ R is a convex terminal cost,
and XT := {x | FT x ≤ hT } is a polyhedral terminal set. (Note that
state and input constraints can be enforced through the definition
of the domains Di .) The outcome of (4) is an open-loop optimal
control sequence (u∗t )T−1

t=0 with the related state trajectory (x∗t )Tt=0.
In MPC only the first actionu∗0 is applied to the system; then, after a
time step, the state is measured again and (4) is solved in a moving-
horizon fashion with the new value of x̄ . Asymptotic stability of
the closed-loop system can be ensured with a proper choice of the
terminal cost φT (x) and the terminal set XT [24].

The source of difficulty in problem (4) is the disjunctive con-
straint (4c), which requires us to take discrete decisions (in which
mode to be at each time step). In this paper we analyze the different
paths we can follow to efficiently cast this decision problem in the
form of a MICP.

3 MIXED-INTEGER FORMULATIONS OF
DISJUNCTIVE SETS

In this section we introduce some basic concepts and techniques
from the field of disjunctive programming, the interested reader
can refer to [3, 40] for more details.

We start considering a disjunctive convex set S :=
⋃
i ∈I Si ,

where each set Si ⊂ Rnz is convex and closed, but non necessarily
bounded, and I is an index set. We can imagine S to force some of
the variables of our (for the rest convex) optimization problem to
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lie in at least one of the regions Si ; our goal is to derive a Mixed-
Integer (MI) formulation of such a set. Let us then define more
precisely what a MI formulation of a set is.

Definition 3.1 (Mixed-integer formulation of a set). Consider a set
Q ⊂ Rnz . We say that the set

LQ := {(z ∈ Rnz , λ ∈ Rnλ , µ ∈ Znµ ) | l(z, λ, µ) ≤ v}, (5)
is a mixed-integer formulation of Q if projz (LQ ) = Q. In case the
function l : Rnz+nλ+nµ 7→ Rnl is Linear (Convex) we will call the
related formulation MIL (MIC).

Given a MIC formulation of the disjunctive set S, our problem
can be stated as a MICP. State-of-the-art solvers for MICP are based
on the B&B algorithm [28]. In the application of this method, there
are two fundamental features of the formulation we employ that
affect overall solution times. The first is the size, i.e., the number
of auxiliary variables nλ , nµ and constraints nl : the higher nλ and
nl the slower will be the solution of each convex subproblem, the
higher nµ the more branches the B&B tree will have and, conse-
quently, the more convex subproblems we will need to solve. The
second critical feature of a MI formulation is its strength.

Definition 3.2 (Relaxation of a MI formulation). Given a MI for-
mulation LQ of a set Q, we define its relaxation as the set1

L̃Q := {(z ∈ Rnz , λ ∈ Rnλ , µ ∈ Rnµ ) | l(z, λ, µ) ≤ v}. (6)

Definition 3.3 (Relative strength of two MI formulations). Given
a set Q and two MI formulations of it, LQ and L′Q , we say that
the first formulation is stronger than the second (and the second is
weaker than the first) if projz (L̃Q ) ⊂ projz (L̃′Q ).

Stronger formulations facilitate the detection of infeasible branches
and result in tighter bounds in the B&B algorithm: this eases the
pruning process and, consequently, decreases overall solution times.

For a MIC formulation of a set Q, the set projz (L̃Q ) is convex
and by definition contains Q, this implies that a formulation such
that projz (L̃Q ) = conv(Q) is the strongest MIC formulation we
can obtain. MIC formulations with this property (or, more broadly,
for which projz (L̃Q ) = cl conv(Q)) are called sharp. Note that
this makes it meaningful to speak about the strength of a MIC
formulation in an absolute sense, as the tightness with which the
projection of its relaxation covers the set conv(Q).

In the following we present the most popular MI formulations
for disjunctive sets and we apply them to the set gr(ψ ) to express
the PWA dynamics (1) in MIL form.

3.1 Big-M Formulation
The big-M is the most common MI formulation for disjunctive sets,
here we describe a recent improvement of it [39, 40].

Consider the disjunctive set S union of multiple polyhedra
Si := {z | P iz ≤ qi } , ∅ with common recession cone Si∞. We
define Mi j := maxz∈S j P iz − qi , ∀(i, j) ∈ I2. Denoting with nP i
the number of rows of P i , we have a total of |I |∑i ∈I nP i big-M
parameters and, since the polyhedra Si are not empty and have
a common recession cone, each maximization is a feasible Linear
Program (LP) and its optimal value is finite [40, Proposition 6.1].
1In this paper we are only interested in binary MI formulations, i.e. µ ∈ {0, 1}nµ . In
the relaxation of these we will assume µ to take values in the interval [0, 1]nµ .

Proposition 3.4. The set of z and µi ∈ {0, 1}, with i ∈ I, for
which the conditions

∑
i ∈I µi = 1 and P iz ≤ qi +

∑
j ∈I\{i } µ jMi j ,

∀i ∈ I, are verified, is a MIL formulation of S.

Proof. Consider µ j = 1 and, consequently, µi = 0, ∀i ∈ I\{j}.
We have P jz ≤ qj and P iz ≤ qi + Mi j , the second of which is
redundant by definition of Mi j . □

The main advantage of the this method is the absence of auxiliary
continuous variables; on the other hand, even this improved big-M
formulation which uses |I |2 big-M vectors, as opposed to the |I |
of the traditional one, is not sharp [40, Example 12].

3.1.1 Big-M Formulation of the PWA Dynamics. Applying the big-
M method to derive a MIL formulation of the disjunctive set gr(ψ )
from (2) we obtain, for each couple (i, j) ∈ I2, a big-M vector


M
i j
1

M
i j
2

M
i j
3


:= max
(x,u)∈D j


(Ai −Aj )x + (Bi − B j )u + ci − c j
(Aj −Ai )x + (B j − Bi )u + c j − ci

F ix +Giu − hi


(7)

and the constraints

Aix + Biu + ci − x+ ≤
∑

j ∈I\{i }
µ jM

i j
1 , ∀i ∈ I, (8a)

x+ −Aix − Biu − ci ≤
∑

j ∈I\{i }
µ jM

i j
2 , ∀i ∈ I, (8b)

F ix +Giu ≤ hi +
∑

j ∈I\{i }
µ jM

i j
3 , ∀i ∈ I, (8c)

∑
i ∈I

µi = 1. (8d)

Note that, the substitution of the set {(x ,u,x+) | ∃{µi ∈ {0, 1}}i ∈I :
(8)} to gr(ψ ) in (4c) is already sufficient to express (4) as a MICP.

3.2 Convex-Hull Formulation
We now describe the convex-hull method that, as the name suggests,
is a technique to derive sharp formulations of disjunctive sets. Here
we assumeS to be the union of sets defined by quadratic inequalities
Si := {z | z⊤H i

j z + (pij )⊤z ≤ qij ,∀j ∈ Ji } , ∅, H i
j ∈ S

nz
≥0. (This is a

more general class of sets than the one considered in Section 3.1, the
need for this increase in generality will be clear in the Section 5.2
where we will describe perspective formulations.) The following
theorem characterizes the closure of the convex hull of S.

Theorem 3.5. z ∈ cl conv(S) if and only if there exist zi ∈ Rnz
and µi ∈ R≥0, with i ∈ I, such that

(zi )⊤H i
j z
i + µi (pij )⊤zi ≤ (µi )2qij , ∀j ∈ Ji ,∀i ∈ I, (9a)

(pij )⊤zi ≤ µiqij , ∀j ∈ Ji ,∀i ∈ I, (9b)

(1, z) =
∑
i ∈I
(µi , zi ). (9c)

Proof. This result is a particular case of [9, Proposition 3.3.5],
whose proof can readily adapted to this case expressing each qua-
dratic setSi as the intersection of Second-Order Cones (SOCs).2 □

2An even more general statement of Theorem 3.5 can be found in [15], where the closed
convex hull of the union of generic convex sets is characterized using perspective
functions.
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Theorem 3.5 contains as a special case the well-known result
from Balas [5, Theorem 2.1] for which the closed convex hull of
a disjunctive polyhedral set can be expressed as the projection
of an higher-dimensional polyhedron. In fact, if H i

j = 0 we have:
Si := {z | P iz ≤ qi } (where we identified pij and qij with the jth
rows of P i and qi ), equation (9a) is redundant, and condition (9b)
can be expressed as P ix i ≤ µiqi , ∀i ∈ I.

Noticing that the recession cone of the quadratic set Si can
be expressed as Si∞ = {z | H i

j z = 0, (pij )⊤z ≤ 0,∀j ∈ Ji } [10,
Proposition 1.5.7], we have the following corollary.

Corollary 3.6. Assume that the sets Si have a common recession
cone Si∞, then the set defined by (9) is a sharp MIC formulation of S.

Proof. Since (9a) is the affine transformation of the rotated
SOC {(y ∈ Rny , t ∈ R≥0, s ∈ R≥0) | y⊤y ≤ ts} under the map
(y, t , s) = ((H i

j )1/2zi , µi , µiqij − (pij )⊤zi ), the set defined by (9) is
convex. Consider µ j = 1 and, consequently, µi = 0, ∀i ∈ I\{j}.
From (9a) we get z j ∈ S j whereas from (9a) and (9b) it follows
zi ∈ Si∞ and, since by assumption Si∞ = S

j
∞, (9c) implies that

z ∈ S j . The resulting MI formulation is sharp by definition. □

3.2.1 Convex-Hull Formulation of the PWA Dynamics. We now
apply the convex-hull formulation to the disjunctive set gr(ψ ), to
do this we consider the special case of Theorem 3.5 for which
H i
j = 0. After removing the |I | auxiliary copies of x+, we get the

concise MIL formulation

F ix i +Giui ≤ µihi , ∀i ∈ I, (10a)

(1,x ,u,x+) =
∑
i ∈I
(µi ,x i ,ui ,Aix i + Biui + µici ). (10b)

Also in this case, substituting the set {(x ,u,x+) | ∃{µi ∈ {0, 1},x i ∈
Rnx ,ui ∈ Rnu }i ∈I : (10)} to gr(ψ ) in (4c), the overall problem (4)
would already become a MICP.

4 FORMULATION STRENGTHENING
In the previous section we have analyzed MI formulations for dis-
junctive sets, here we extend the analysis to MI formulations of
disjunctive optimization problems. We start considering the more
generic and less structured version of (4)

min f (z) subject to z ∈
⋂
t ∈T

⋃
i ∈It
Sit , (11)

where T and It are index sets, and we define St :=
⋃
i ∈It Sit

and S :=
⋂
t ∈T St . We assume f : Rnz 7→ R to be a convex

function and the sets Sit , ∅ to be compact and convex. In the
language of disjunctive programming the sets S and St are said to
be, respectively, in regular form (intersection of unions of sets) and
in disjunctive normal form (single union of sets) [4, 33].

In analogy with the definitions from Section 3, any MI Program
(MIP) equivalent3 to problem (11) is called a MI formulation of (11),
its relaxation is the convex program obtained by dropping the
integrality constraints, and the strength of a formulation quantifies
the gap between the optimal value of the MIP and the optimal value

3Two optimization problems are said equivalent if either they are both infeasible or
they have the same optimal cost.

of its relaxation. With a little abuse of terminology, we will also
call a MI formulation of (11) sharp in case the latter gap is zero.

Clearly, a MI formulation of (11) can be derived just by finding a
MI formulation of each set St , however this is not the only option.
We now describe two techniques to rearrange problem (11) in such a
way that the application of the methods presented in Section 3 leads
to stronger problem formulations. As we will see, the combination
of these two will allow us, in principle, to get arbitrarily strong
formulations, all the way up to the synthesis of a sharp MICP.

4.1 Basic Step
We start observing that for two disjunctive convex sets St and Ss
in normal form, with (t , s) ∈ T 2, the intersection

St ∩ Ss =
⋃

(i, j)∈It×Is
Sit ∩ S js (12)

is still a disjunctive convex set in normal form and, moreover,

conv(St ∩ Ss ) ⊆ conv(St ) ∩ conv(Ss ). (13)

This suggests that, to increase the strength of a MI formulation
of (11), instead of reformulating each set St independently, we
could first intersect some of these and then reformulate the result-
ing set. The operation in (12) is called basic step and its repeated
application leads to stronger and stronger MI problem formula-
tions (a so-called hierarchy of relaxations) until when, after |T | − 1
steps, the entire constraint set of (11) is cast in disjunctive normal
form [4, 33]. Clearly the effectiveness of this operation depends on
the relative volume of the two sets in (13), but also on the number
of empty sets generated in (12): in case most of these intersections
result in non-empty sets, in fact, the iteration of this step would
lead to an exponential growth of the number of disjunctions and,
consequently, to MI formulations of unmanageable size.

4.2 Perspective Formulation
As seen in Section 4.1, through the application of |T | −1 basic steps,
problem (11) is cast in disjunctive normal form

f ∗ := min f (z) subject to z ∈ S :=
⋃
i ∈I
Si . (14)

In this subsection we show how to derive a sharp MI formulation
for this family of problems.

Defining S̄i := {(z, s) | z ∈ Si , s ≥ f (z)}, we restate (14) in the
form f ∗ = min(z,s)∈S̄ s , where S̄ :=

⋃
i ∈I S̄i . In case of a sharp

formulation of S̄, from the linearity of the objective function, it
now follows that4 (see Figure 1)

f ∗ = min
(z,s)∈conv(S̄)

s = min
(z,s,λ,µ)∈L̃S̄

s . (15)

Our original problem (14) is hence replaced with an equivalent
convex program whose optimal value is f ∗. In the general convex
case this process entails the use of perspective functions to describe
the set conv(S̄), for this reason, a MI formulation of this type is
generally called a perspective formulation of problem (14) [15, 19].

In Section 6 we will use the following proposition to compare
different MI formulations of problem (4) (see Figure 1).
4 Assuming each set Si to be compact, conv(S̄) is closed, hence we can omit to
explicitly take the closure of it in (15).
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z

f(z
),

s

f(z)

conv( )
min

z conv( )f(z)

conv( )
min

(z, s) conv( )
s

Figure 1: Illustration of the perspective formulation and the
equivalence between a disjunctive and a continuous convex
program. The derivation of a (sharp) MI formulation of S
and the minimization of f over its convex relaxation can
result in a weak lower bound on f ∗ (white cross). The use of
the perspective formulation, on the other hand, leads to a
convex program with optimal value equal to f ∗ (white star).

Proposition 4.1. Let s∗(z) := mins |(z,s)∈conv(S̄) s . For all z ∈
conv(S) we have s∗(z) ≥ f (z).

Proof. Given z ∈ conv(S), s∗(z) is the smallest s for which
∃{ζ i ,σ i , µi ∈ R≥0}i ∈I such that (z, s) = ∑

i ∈I µi (ζ i ,σ i ), with
(ζ i ,σ i ) ∈ S̄i , ∑i ∈I µi = 1. Hence, for s = s∗(z), it holds σ i = f (ζ i )
and, by convexity of f , it follows s∗(z) = ∑

i ∈I µi f (ζ i ) ≥ f (z). □

5 STRENGTH/SIZE COMPROMISE IN THE
OPTIMAL CONTROL PROBLEM

In the previous section we have shown how, in principle, the combi-
nation of the basic step and a perspective formulation allows us to
span the whole spectrum between a small (but weak) and a sharp
(but generally very large) MI formulation of any problem in the
form (11), and in particular our control problem (4). Here we come
back to problem (4), and we discuss under which circumstances the
application of these techniques is actually beneficial.

5.1 Basic Step
In our control problem we have three groups of constraints: the
initial conditions (4b), the PWA model (4c), and the terminal con-
straint (4d). All of these are disjunctive constraints (with the first
and the last degenerate cases, unions of a single set) and, in this
sense, problem (4) is a particular case of (11). As pointed out in Sec-
tion 4.1, the effectiveness of the basic step depends the possibility to
generate smaller sets when intersecting two disjunctive constraints
and, since this can happen only if two constraints enforce limits
on the same set of variables, the temporal structure of our control
problem allows us to focus only on the following three cases.

5.1.1 Initial Conditions. Intersecting the initial conditions (4b)
with the dynamics of the first time step, we get the disjunction

(x0,u0,x1) ∈
⋃
i ∈I

(
gr(ψ i ) ∩ ({x̄} × Rnu+nx )

)
. (16)

Even if this seems a harmless process, it has a significant pitfall: the
use of the current state of the system x̄ implies that this operation
has to be performed online. Imagine, for example, to apply the

big-M formulation to the set in (16): the computation of the big-Ms
would require the online solution of 2nx |I |2 + |I |

∑
i ∈I nF i LPs

(with nF i number of rows of F i ) that, depending on the application,
could take a non-negligible amount of time. In case of the convex-
hull method the operation in (16) has less severe, but more subtle,
consequences: the parameter x̄ would be multiplied by the binary
indicators µi and would hence affect the constraint matrix of the
problem. This can be unappealing since it forces to assemble part of
the problem and perform the most expensive linear algebra online,
and also makes the warm start across time steps more involved.

5.1.2 Piecewise-Affine Model. The application of the basic step (12)
to a couple of consecutive constraints in the form (4c) has a very
handy interpretation. Consider the PWA system
y+ = Ai jy + Bi jv + ci j for any (i, j) ∈ I2 | (y,v) ∈ Di j , (17)

where, ∀(i, j) ∈ I2, we define Di j := {(y,v) | F i jy +Gi jv ≤ hi j },

Ai j :=
[
0 Ai

0 AjAi

]
,Bi j :=

[
Bi 0

AjBi B j

]
, ci j :=

[
ci

c j +Ajci

]
, (18a)

F i j :=
[
0 F i

0 F jAi

]
,Gi j :=

[
Gi 0
F jBi G j

]
,hi j :=

[
hi

hj − F jci
]
. (18b)

If, for a given time step t , we interprety as (xt−1,xt ),v as (ut ,ut+1),
andy+ as (xt+1,xt+2), it is easy to verify that enforcing (17) is equiv-
alent to require (xt ,ut ,xt+1,ut+1,xt+2) to lie in the intersection
of two consecutive constraints (4c). After a straightforward mod-
ification of the initial conditions, the objective function, and the
terminal set, we can therefore formulate a problem equivalent to (4)
where the original PWA system is replaced by (17) and the horizon
of the problem is cut in half.5 A PWA system analogous to (17)
can be easily defined in case we decide to adopt this procedure to
condense more than two stages.

The basic step can be beneficial in case many of the sets Di j

result to be empty (a check that can be performed through a LP),
otherwise the increase in the size of the formulation is not worth
the higher strength and the lower combinatorial complexity of the
MICP we synthesize. A deeper analysis of this tradeoff is given in
Section 7.1 in a case of a simple optimal control problem.

We conclude emphasizing that, even in case we decide to apply
this technique, since the structure of (17) is identical to the one
of (1), both the big-M and the convex-hull formulations (as well
as the perspective formulation we present in Section 5.2) can be
applied without any adjustment.

5.1.3 Terminal Constraint. Intersecting the terminal set with the
dynamics of the terminal stage we get the disjunctive set

(xT−1,uT−1,xT ) ∈
⋃
i ∈I

(
gr(ψ i ) ∩ (Rnx+nu × XT )

)
. (19)

With the big-M method this operation requires the computation of
specialized big-Ms for the terminal stage but, on the other hand, this
computation can be done offline. The convex-hull formulation deals
with this more transparently: we get again (10) with the additional
constraints FT x iT ≤ µiThT , ∀i ∈ I. In both cases, the only drawback
is that we generate |I | copies of the terminal constraint which, in
some circumstances, can be defined by many inequalities [13].
5Note that the assumption in Section 2 on the boundedness of the sets Di can be
safely relaxed requiring the sets gr(ψ i ) to share a common recession cone.
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5.2 Perspective Formulation
In Section 4 we have seen how, in principle, any program in regular
form (e.g. (4)) can be cast in normal form, and how to derive a sharp
MI formulation for the latter family of problems. This recasting
process, however, has generally the price of drastically enlarging
the size of our optimization problem. The multistage structure of (4),
on the other hand, allows us to take advantage of the principles
discussed in Section 4.2 without the need of expressing the problem
in normal form [26]. In this subsection we focus on the three most
popular objectives in MPC and we show how in these cases we are
able to synthesize very tractable instances of our problem.

5.2.1 Linear Objective. We consider φ(x ,u) := ∥Qx ∥∞+ ∥Ru∥∞ for
some weight matricesQ,R of appropriate dimensions. We introduce
the variables sx ∈ R≥0, su ∈ R≥0 and we substitute the stage cost
φ(x ,u) with sx + su . The disjunction (4c) is now replaced by

(x ,u,x+, sx , su ) ∈
⋃
i ∈I
{(x ,u,x+, sx , su ) |

(x ,u,x+) ∈ gr(ψ i ), 1sx ≥ ±Qx , 1su ≥ ±Ru}. (20)
Applying the convex hull formulation to this new disjunctive set,
we get again (10) plus the additional constraints

(sx , su ) =
∑
i ∈I
(six , siu ), (21a)

1six ≥ ±Qx i , 1siu ≥ ±Rui , ∀i ∈ I, (21b)

where six ∈ R≥0 and siu ∈ R≥0, ∀i ∈ I. Note that the disjunctive set
in (20) is actually unbounded, but since the directions of recession
do not depend on i , we can still apply the convex-hull method (cf.
Corollary 3.6). It is worth emphasizing that in this case the problem
formulation is MIL, as it would have been applying the big-M or
the convex-hull formulation.

In case of 1-norm cost function φ(x ,u) := ∥Qx ∥1 + ∥Ru∥1, the
process is almost identical. Now the slack variables sx ∈ Rnx≥0
and su ∈ Rnu≥0 are vectors, hence the stage cost is substituted by
1⊤sx + 1⊤su and in (20) we have sx ≥ ±Qx , su ≥ ±Ru. The convex-
hull method now leads to (10), (21a), and six ≥ ±Qx i , siu ≥ ±Rui ,
∀i ∈ I. Also in this case the resulting optimization problem is MIL.

5.2.2 Quadratic Objective. In case of quadratic cost φ(x ,u) :=
x⊤Qx + u⊤Ru, with Q ∈ Snx≥0 and R ∈ Snu≥0, we introduce s ∈ R≥0
which takes the place of the stage cost φ(x ,u), and the disjunctive
constraint (4c) becomes

(x ,u,x+, s) ∈
⋃
i ∈I
{(x ,u,x+, s) |

(x ,u,x+) ∈ gr(ψ i ), s ≥ x⊤Qx + u⊤Ru}. (22)
Applying the convex hull formulation we get again (10) and

s =
∑
i ∈I

si , µisi ≥ (x i )⊤Qx i + (ui )⊤Rui , ∀i ∈ I, (23)

where si ∈ R≥0, ∀i ∈ I.
Also in this case the unboundedness of (22) does not represent

an issue since all the sets have common recession cone. The overall
optimization problem is in this case a MISOC program, which is
still a MICP, but is harder to solve than the MI quadratic program
we would have got using the big-M or the convex-hull method.

6 COMPARISON OF THE PROBLEM
FORMULATIONS

We finally compare the proposed formulations: as a benchmark we
consider the traditional approach in MCP, i.e., the derivation of a
equivalent MLD representation of (1) as described in [8, Section 3.1].

Because of the auxiliary continuous variables required by the
MLD formulation, we cannot provide a rigorous proof that the big-
M method from Section 3.1.1 is strictly stronger, even if in practice
this turns out to be true (see Section 7.2). Nevertheless, our big-
M approach has three clear advantages: the use of a specialized
big-M for each couple (i, j) ∈ I2 makes this formulation generally
much stronger than the MLD, this formulation does not require
auxiliary continuous variables (as opposed to the |I |nx per stage
of the MLD), and, finally, this formulation has a smaller size (nx
equalities and 2|I |nx inequalities per stage less than the MLD).

The convex-hull method in Section 3.2.1 is sharp by definition,
hence it is the strongest possible MIC formulation of the PWA
dynamics (1), in particular, stronger than the big-M and the MLD;
furthermore, it does not require the computation of any big-M.
However, this has the price of introducing |I |(nx + nu ) auxiliary
continuous variables per stage. The number of constraints required
by the two approaches is similar.

For what concerns the perspective formulation from Section 5.2,
we have that any feasible solution of the relaxation of problem (4)
reformulated with the convex-hull method will still be feasible in
this case (and vice versa), but the contribution to the total cost of
each stage will now be greater than the one of the previous method
(cf. Proposition 4.1). Hence the relaxation of the optimal control
problem, reformulated with this technique, will lead to a higher
lower bound on the solution of (4) than all the other approaches.
This at the cost of increasing the size of the problem and, in case of
quadratic objective, introducing the SOC constraint in (23).

7 EXAMPLES
We conclude testing the problem formulations we presented on two
examples. We consider two mechanical systems that have to be con-
trolled exploiting the contact forces arising from the impacts with
the environment. Optimal control through contacts is nowadays
one of the central themes in robotics, especially in locomotion and
manipulation: state-of-the-art approaches to this problem typically
rely on nonlinear-optimization methods [27, 31], calling for the
development of more reliable techniques.

7.1 Cart with Elastic Walls
In this subsection we analyze a toy example to discuss the effects of
the basic step presented in Section 5.1. We consider the mechanical
system depicted in Figure 2: the task is to regulate the cart to the
origin by exploiting the impacts that occur when colliding with
the walls. We denote with x1 the horizontal position of the cart
and with x2 its velocity, the control input is the force u. A simple
discrete-time PWA model of the system is the following: 6

x+ =

{
(x1 + hx2,x2 + hu/m) if |x1 + hx2 | ≤ d − r ,
(x1,−εx2) if |x1 + hx2 | > d − r , (24)

6Domains described by strict inequalities are approximated with closed sets introducing
a small numeric tolerance as in [13, Section 16.2.1].
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Figure 2: Regulation to the origin of a cart with elastic walls.

where h is the discretization step,m is the mass of the cart, ε > 0 is
the coefficient of restitution, d and r are geometric parameters (see
Figure 2). The system is hence a double integrator whose velocity
is changed of sign and scaled by ε whenever a collision is detected.
The total number of modes is |I | = 3: i = 1 no contact, i = 2 contact
with the left wall, and i = 3 contact with the right wall.

If we assume that x1 ≤ d − r and x1 + hx2 > d − r (i.e., the cart
is on the left of the right wall and is going to collide with it), then
we must have x2 > 0 and, at the next time step, x1+ = x1 ≤ d − r ,
x2+ = −εx2 < 0, which implies x1+ +hx2+ < d − r . This shows that
any mode sequence which requires the system to be in mode 2 or
3 for two consecutive time steps is infeasible, independently from
the control input u. Similarly, we see that, because of the inertia
of the system, any reasonable choice of the problem parameters
would also make infeasible any mode sequence which presents a 2
and a 3 within a small time window (we assume this window to be
wider than 5 time steps). These observations make (24) a system
very suitable for the application of the basic step from Section 5.1.2.

In Table 1 we analyze the effects of the basic step on system (24).
For an increasing number of basic steps (i.e., for an increasing num-
ber of stages condensed in a single PWA system (17)) we report
the size of the MI formulation we get applying the convex-hull
method from Section 3.2.1; in order to make these values com-
parable, we normalize them to a generic time horizon T . For ex-
ample, a single application of the basic step (condensation of two
stages) would lead to a new PWA system (17) with five modes
({(i, j) | Di j , ∅} = {(1, 1), (1, 2), (1, 3), (2, 1), (3, 1)}) and the opti-
mal control problem for this system would have, e.g., 2.5T binary
variables as opposed to the 3T of the original problem.

Table 1 clearly highlights how approaching this problem one
stage per time would add a fictitious combinatorial complexity to
the system dynamics. Even in case of an optimal control problem
with a short horizon, e.g. T = 10, modeling each time step inde-
pendently we would get an optimization problem with worst-case
complexity proportional to |I |T = 310 = 59, 049. On the other hand,
grouping for example the stages five by five, we would only have
25T /5 = 1.9010 = 625 potential binary assignments. This is on top
of the fact that each application of the basic step leads to a stronger
MI formulation in case of use of the convex-hull method (cf. (13)).
On the other hand, Table 1 also reveals that every application of
the basic step entails a substantial increase in the size of the MICP.

In conclusion, an effective application of the basic step relies on
our ability to find the right compromise between the strength, the
worst-case complexity, and the size of the MICP we formulate. This
tradeoff is in general non-trivial and, because of the many factors
which influence computation times, very case dependent.

Table 1: Size and complexity of a generic optimal control
problem with horizon T for the system in Figure 2 after the
application of the basic step. Results are obtained applying
the convex-hull method from Section 3.2.1 and assuming the
presence of box constraints on the state and the input.

Condensed stages 1 2 3 4 5
Modes of condensed system 3 5 9 15 25
1/T · Binary variables 3 2.5 3 3.75 5
1/T · Continuous variables 12 18 30 48 78
1/T · Equality constraints 6 5.5 5.33 5.25 5.2
1/T · Inequality constraints 22 38 68.67 115 192
T
√

Binary assignments 3 2.24 2.08 1.97 1.90
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<latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit><latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit><latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit><latexit sha1_base64="Jq6DIXDrhmvucMdfM/j1gJ7WFU8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8eK9gPaUDbbSbt0swm7G7GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6f+pd9MoVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVT236t2dV2rXeRxFOIJjOAUPLqEGt1CHBjAYwDO8wpsjnBfn3fmYtxacfOYQ/sD5/AERwI2k</latexit>

r
<latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit>d

<latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit><latexit sha1_base64="VFuwgu+V5p0BTRBgWq/UWrlORlI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68diC/YA2lM1m0q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis1w0Gl6tbcOcgq8QpShQKNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+6JScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW78nMs0MyjZYlGUCWISMvuahFwhM2JiCWWK21sJG1FFmbHZlG0I3vLLq6R9WfPcmte8qtZvizhKcApncAEeXEMd7qEBLWCA8Ayv8OY8Oi/Ou/OxaF1zipkT+APn8wfH6Yzo</latexit>

r
<latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit><latexit sha1_base64="D+vIjYIYiuYBqfGNJBmXYbUZJb0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/dIYz2</latexit>

x3
<latexit sha1_base64="baAXohJCxnejGJaKGABuktDtpfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKthbaUDbbTbt0dxN2J2IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h+0bZQYxlsskpHpBNRyKTRvoUDJO7HhVAWSPwTjm9x/eOTGikjf4yTmvqJDLULBKObSU/+80q/W3Lo7A1kmXkFqUKDZr371BhFLFNfIJLW267kx+ik1KJjk00ovsTymbEyHvJtRTRW3fjq7dUpOMmVAwshkpZHM1N8TKVXWTlSQdSqKI7vo5eJ/XjfB8MpPhY4T5JrNF4WJJBiR/HEyEIYzlJOMUGZEdithI2oowyyePARv8eVl0j6re27du7uoNa6LOMpwBMdwCh5cQgNuoQktYDCCZ3iFN0c5L8678zFvLTnFzCH8gfP5A0PSjbY=</latexit><latexit sha1_base64="baAXohJCxnejGJaKGABuktDtpfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKthbaUDbbTbt0dxN2J2IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h+0bZQYxlsskpHpBNRyKTRvoUDJO7HhVAWSPwTjm9x/eOTGikjf4yTmvqJDLULBKObSU/+80q/W3Lo7A1kmXkFqUKDZr371BhFLFNfIJLW267kx+ik1KJjk00ovsTymbEyHvJtRTRW3fjq7dUpOMmVAwshkpZHM1N8TKVXWTlSQdSqKI7vo5eJ/XjfB8MpPhY4T5JrNF4WJJBiR/HEyEIYzlJOMUGZEdithI2oowyyePARv8eVl0j6re27du7uoNa6LOMpwBMdwCh5cQgNuoQktYDCCZ3iFN0c5L8678zFvLTnFzCH8gfP5A0PSjbY=</latexit><latexit sha1_base64="baAXohJCxnejGJaKGABuktDtpfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKthbaUDbbTbt0dxN2J2IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h+0bZQYxlsskpHpBNRyKTRvoUDJO7HhVAWSPwTjm9x/eOTGikjf4yTmvqJDLULBKObSU/+80q/W3Lo7A1kmXkFqUKDZr371BhFLFNfIJLW267kx+ik1KJjk00ovsTymbEyHvJtRTRW3fjq7dUpOMmVAwshkpZHM1N8TKVXWTlSQdSqKI7vo5eJ/XjfB8MpPhY4T5JrNF4WJJBiR/HEyEIYzlJOMUGZEdithI2oowyyePARv8eVl0j6re27du7uoNa6LOMpwBMdwCh5cQgNuoQktYDCCZ3iFN0c5L8678zFvLTnFzCH8gfP5A0PSjbY=</latexit><latexit sha1_base64="baAXohJCxnejGJaKGABuktDtpfk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cKthbaUDbbTbt0dxN2J2IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h+0bZQYxlsskpHpBNRyKTRvoUDJO7HhVAWSPwTjm9x/eOTGikjf4yTmvqJDLULBKObSU/+80q/W3Lo7A1kmXkFqUKDZr371BhFLFNfIJLW267kx+ik1KJjk00ovsTymbEyHvJtRTRW3fjq7dUpOMmVAwshkpZHM1N8TKVXWTlSQdSqKI7vo5eJ/XjfB8MpPhY4T5JrNF4WJJBiR/HEyEIYzlJOMUGZEdithI2oowyyePARv8eVl0j6re27du7uoNa6LOMpwBMdwCh5cQgNuoQktYDCCZ3iFN0c5L8678zFvLTnFzCH8gfP5A0PSjbY=</latexit>

x2
<latexit sha1_base64="Akp+sGFHCQNeqan2vZLSuyZOX9Y=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGC/YA2lM120y7d3YTdiVhC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GtTLg0rVrblzkFXiFaQKBZqDyld/GLFEcY1MUmt7nhujn1KDgkk+K/cTy2PKJnTEexnVVHHrp/NbZ+Q8U4YkjExWGslc/T2RUmXtVAVZp6I4tsteLv7n9RIMr/1U6DhBrtliUZhIghHJHydDYThDOc0IZUZktxI2poYyzOLJQ/CWX14l7XrNc2ve/WW1cVPEUYJTOIML8OAKGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/Qk2NtQ==</latexit><latexit sha1_base64="Akp+sGFHCQNeqan2vZLSuyZOX9Y=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGC/YA2lM120y7d3YTdiVhC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GtTLg0rVrblzkFXiFaQKBZqDyld/GLFEcY1MUmt7nhujn1KDgkk+K/cTy2PKJnTEexnVVHHrp/NbZ+Q8U4YkjExWGslc/T2RUmXtVAVZp6I4tsteLv7n9RIMr/1U6DhBrtliUZhIghHJHydDYThDOc0IZUZktxI2poYyzOLJQ/CWX14l7XrNc2ve/WW1cVPEUYJTOIML8OAKGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/Qk2NtQ==</latexit><latexit sha1_base64="Akp+sGFHCQNeqan2vZLSuyZOX9Y=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGC/YA2lM120y7d3YTdiVhC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GtTLg0rVrblzkFXiFaQKBZqDyld/GLFEcY1MUmt7nhujn1KDgkk+K/cTy2PKJnTEexnVVHHrp/NbZ+Q8U4YkjExWGslc/T2RUmXtVAVZp6I4tsteLv7n9RIMr/1U6DhBrtliUZhIghHJHydDYThDOc0IZUZktxI2poYyzOLJQ/CWX14l7XrNc2ve/WW1cVPEUYJTOIML8OAKGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/Qk2NtQ==</latexit><latexit sha1_base64="Akp+sGFHCQNeqan2vZLSuyZOX9Y=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGC/YA2lM120y7d3YTdiVhC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7j9xYEekHnMbcV3SkRSgYxVx6GtTLg0rVrblzkFXiFaQKBZqDyld/GLFEcY1MUmt7nhujn1KDgkk+K/cTy2PKJnTEexnVVHHrp/NbZ+Q8U4YkjExWGslc/T2RUmXtVAVZp6I4tsteLv7n9RIMr/1U6DhBrtliUZhIghHJHydDYThDOc0IZUZktxI2poYyzOLJQ/CWX14l7XrNc2ve/WW1cVPEUYJTOIML8OAKGnAHTWgBgzE8wyu8Ocp5cd6dj0XrmlPMnMAfOJ8/Qk2NtQ==</latexit>

l
<latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit><latexit sha1_base64="RXFmeCFAFLWm6A2HPHJ7FvtnIgg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQblilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UCYzw</latexit>

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>

g
<latexit sha1_base64="4YFJZ/uTDTR7dp3O4QVDDYY2i2I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LRTBP0IzqSPOSMGis9jCqDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofaz+aUzcmaVIQljZUsaMld/T2Q00noaBbYzomasl71c/M/rpSa89jMuk9SgZItFYSqIiUn+NhlyhcyIqSWUKW5vJWxMFWXGhpOH4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMQniGV3hzJs6L8+58LFpLTjFzDH/gfP4AAPeM/w==</latexit><latexit sha1_base64="4YFJZ/uTDTR7dp3O4QVDDYY2i2I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LRTBP0IzqSPOSMGis9jCqDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofaz+aUzcmaVIQljZUsaMld/T2Q00noaBbYzomasl71c/M/rpSa89jMuk9SgZItFYSqIiUn+NhlyhcyIqSWUKW5vJWxMFWXGhpOH4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMQniGV3hzJs6L8+58LFpLTjFzDH/gfP4AAPeM/w==</latexit><latexit sha1_base64="4YFJZ/uTDTR7dp3O4QVDDYY2i2I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LRTBP0IzqSPOSMGis9jCqDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofaz+aUzcmaVIQljZUsaMld/T2Q00noaBbYzomasl71c/M/rpSa89jMuk9SgZItFYSqIiUn+NhlyhcyIqSWUKW5vJWxMFWXGhpOH4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMQniGV3hzJs6L8+58LFpLTjFzDH/gfP4AAPeM/w==</latexit><latexit sha1_base64="4YFJZ/uTDTR7dp3O4QVDDYY2i2I=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWBym/udJ1Sax/LRTBP0IzqSPOSMGis9jCqDas2tu3OQVeIVpAYFmoPqV38YszRCaZigWvc8NzF+RpXhTOCs0k81JpRN6Ah7lkoaofaz+aUzcmaVIQljZUsaMld/T2Q00noaBbYzomasl71c/M/rpSa89jMuk9SgZItFYSqIiUn+NhlyhcyIqSWUKW5vJWxMFWXGhpOH4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMQniGV3hzJs6L8+58LFpLTjFzDH/gfP4AAPeM/w==</latexit>

m, j
<latexit sha1_base64="CEJCO1IxWxLKwb/2nrAYWnYMn8M=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevEY0TwgWcLsZDYZM49lZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLRzdRvPVFtmJIPdpzQUOCBZDEj2DrpXpw99soVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPq4FfDe4uKrXrPI4iHMExnEIAl1CDW6hDAwgM4Ble4c3j3ov37n3MWwtePnMIf+B9/gAD042b</latexit><latexit sha1_base64="CEJCO1IxWxLKwb/2nrAYWnYMn8M=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevEY0TwgWcLsZDYZM49lZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLRzdRvPVFtmJIPdpzQUOCBZDEj2DrpXpw99soVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPq4FfDe4uKrXrPI4iHMExnEIAl1CDW6hDAwgM4Ble4c3j3ov37n3MWwtePnMIf+B9/gAD042b</latexit><latexit sha1_base64="CEJCO1IxWxLKwb/2nrAYWnYMn8M=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevEY0TwgWcLsZDYZM49lZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLRzdRvPVFtmJIPdpzQUOCBZDEj2DrpXpw99soVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPq4FfDe4uKrXrPI4iHMExnEIAl1CDW6hDAwgM4Ble4c3j3ov37n3MWwtePnMIf+B9/gAD042b</latexit><latexit sha1_base64="CEJCO1IxWxLKwb/2nrAYWnYMn8M=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevEY0TwgWcLsZDYZM49lZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSjgz1ve/vcLK6tr6RnGztLW9s7tX3j9oGpVqQhtEcaXbETaUM0kblllO24mmWESctqLRzdRvPVFtmJIPdpzQUOCBZDEj2DrpXpw99soVv+rPgJZJkJMK5Kj3yl/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkEnTumjWGlX0qKZ+nsiw8KYsYhcp8B2aBa9qfif10ltfBVmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHx5mTTPq4FfDe4uKrXrPI4iHMExnEIAl1CDW6hDAwgM4Ble4c3j3ov37n3MWwtePnMIf+B9/gAD042b</latexit>

µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>
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Figure 3: Benchmark problem: rotate a two-dimensional ball
by 180◦. The ball is subject to the gravity force and can col-
lide with both the paddle (bottom) and the ceiling (top), the
control input is the translational acceleration of the paddle.

7.2 Ball and Paddle
7.2.1 Task Description. In this subsection we consider the problem,
illustrated in Figure 3, of flipping a ball through the use of a paddle.
The control input u ∈ R2 is the translational acceleration of the
paddle (which cannot rotate); the state x ∈ R10 of the system
is composed by: x1,x2 position of the ball, x3 angle of the ball,
x4,x5 position of the paddle, and their time derivatives. The task
is to rotate the ball from the initial state x̄3 = π , x̄k = 0 ∀k ∈
{1, . . . , 10}\{3} to the origin. The motion of the ball is governed by
the gravity and the contact forces that arise from the interactions
with the paddle and the ceiling. The dynamics is discretized using
the semi-implicit Euler method, resulting in

xk+ = xk + hx(k+5)+, k = 1, . . . , 5, (25a)
x6+ = x6 + h(fpt − fct)/m, (25b)
x7+ = x7 + h(fpn − fcn −mд)/m, (25c)
x8+ = x8 + hr (fpt + fct)/j, (25d)
x9+ = x9 + hu1, (25e)
x10+ = x10 + hu2, (25f)

where r = 0.1, m = 1, j = 2
5mr2 are the radius, the mass, and the

moment of inertia of the ball, д = 10 is the gravity acceleration,
h = 0.05 is the discretization step, d = 0.4 and l = 0.6 are geometric
parameters (see Figure 3). f represents a contact force, with the
subscripts p and c denoting the paddle and the ceiling and t and n
denoting the tangential and the normal components.
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Figure 4: Solution of the open-loop optimal control prob-
lem (4) with initial condition x̄3 = π and∞-norm objective.

Contact phenomena are modeled with the inelastic time-stepping
scheme from [36], where the complementarity conditions are solved
ahead of time to explicitly express the contact forces as PWA func-
tions of the state and the inputs. Friction coefficients are set to
µ = 0.2. Overall we get a PWA system with 7 modes: no contact, ball
in contact with the paddle (sticking, sliding left or right), and ball
in contact with the ceiling (sticking, sliding left or right). Together
with the guards defined by the contact constraints, we enforce the
limits ±x ≤ (0.3, 0.2, 1.2π , 0.3, 0.15, 2, 2, 10, 2, 2) and ±u ≤ (30, 30).
Moreover, since the paddle and the ceiling have limited width, in
case at the next time step the ball is going to hit, e.g., the paddle,
we require |x1+ − x4+ | ≤ l/2. Independently from the norm used
in the cost function, we set Q = diag(1, 1, 0.01, 1, 1, 1, 1, 0.01, 1, 1)
and R = diag(0.01, 0.001). The terminal set XT forces the system to
be in the origin after T = 20 time steps. We apply the basic step to
the terminal set (19) but we do not condense the PWA dynamics as
in (17), since in this case, even for a time window of two steps, all
the mode transitions are feasible.

Despite the simplicity of the system, the control problem de-
scribed above is quite hard to solve. Analyzing the dynamics (25)
it can be noticed that the presence of the ceiling is essential to
accomplish the rotation task. Indeed, assuming fct to be zero for
the whole motion, the horizontal and the angular dynamics of the
ball would not be independently controllable, even assuming to
have direct control on fpt (see (25b) and (25d)); hence we could not
both rotate the ball and place it back at the center of the paddle.
This severe lack of controllability makes the detection of an initial
feasible trajectory a complex operation, preventing many branches
from being cut in the early stages of the B&B algorithm. In this
sense, the strength of the MI formulation we employ plays here
a fundamental role in guiding the growth of the B&B tree, and
preventing the algorithm from getting stuck in the exploration of
countless dead-end branches.

7.2.2 Numeric Results. Figure 4 depicts the optimal trajectory ob-
tained solving a single open-loop control problem in case of, e.g.,∞-
norm objective (the trajectories obtained with 1-norm or quadratic
cost are almost indistinguishable). The optimal mode sequence
(i∗t )T−1

t=0 is represented in Figure 5.
To compare the strength of the MI formulations we propose, in

Figure 6 we report the objective values obtained with the different
formulations for a decreasing degree of relaxation: for t = 0, . . . ,T−
1 we solve the convex subproblem obtained by fixing the mode of
system (25) to its optimal value (obtained solving the problem above)
for the first t time steps, then the resulting cost is normalized with
the optimal objective of the MICP. (Progressively fix the values of

0 2 4 6 8 10 12 14 16 18 20
Time step t
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Stick/roll on paddle

Slide right on paddle
No contact

Slide left on ceiling
Stick/roll on ceiling

Slide right on ceiling
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od
e 

i* (
t)

Figure 5: Optimal mode sequence for the open-loop prob-
lem (4) with initial condition x̄3 = π and∞-norm objective.

the binaries in chronological order is a common branching heuristic
in B&B solvers for hybrid MPC [7, 16].) As a benchmark we also
present the results obtained with the MLD formulation from [8] and,
to make the comparison fair, we set all the big-M parameters in it to
their tightest value. The hierarchies from Section 6 are confirmed:
our big-M method leads to a stronger formulation than the MLD,
the convex hull is stronger than the previous ones, and with the
perspective formulation we obtain the highest lower bounds.

In Table 2 we report the optimal objectives obtained with the dif-
ferent formulations for multiple initial conditions. We vary the
horizontal position x̄1 and angle x̄3 of the ball in the interval
[0, l/2] × [−π ,π ] and we fix all the other states to zero, we then
relax all the binary constraints in the problem, and we solve the
resulting convex program (which is hence the same problem we
would have at the root of the B&B tree). All the proposed methods
result in better lower bounds than the MLD formulation, and also in
this case the numeric results confirm the hierarchies from Section 6.

In Table 3 we consider a single open-loop instance of problem (4)
and we report the performances of the MI formulations in case of
different cost functions.7 In this case, the best compromise between
size and strength is the convex-hull formulation, with which we
are able to solve globally all the three problems within the time
limit of one hour. The perspective formulation, in case of linear
objective, reduces the number of subproblems solved in the B&B
algorithm but, because of its larger size, overall leads to an increase
in solution times. On the other hand, in case of quadratic objective,
the SOC constraints make the problem much harder and we are
barely able to find a feasible solution within the time limit. Despite
of its reduced size, in none of the cases the big-M formulation
converges to the global optimum before the time limit. Finally, the
MLD formulation presents the worst performances and in none of
the cases is able to find a feasible solution within the time limit.

In conclusion, we point out that computation times in Table 3 are
still far from practical control rates, making the synthesis of a pure
MPC controller for a system of this size still unrealistic. Nonetheless,
we underline how several sampling-based control techniques (e.g.,
approximate explicit hybrid MPC [25, 34]) could greatly benefit
from the higher efficiency of the proposed formulations.

7.2.3 Source Code. The source code for the results presented in
this subsection is available at https://github.com/TobiaMarcucci/
pympc/tree/hscc19.

7Problems are solved with the commercial solver Gurobi 8.0 with default options on a
3.50 GHz Intel Core i7-5930K with 32 GB of RAM.
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Figure 6: Ratio between the objective of the convex relaxations and the objective of the MICP in case of different cost functions
and MI formulations. The binary variables in the MICP are fixed to their optimal value for the first t ∈ {0, . . . ,T − 1} time steps
and relaxed for the remaining steps in order to get a convex subproblem. Formulation acronyms: perspective formulation (PF),
convex hull (CH), big-M (BM), MLD equivalent (MLD).

Table 2: First row: samples of the optimal-value function of the MICP in case of different objective functions for multiple initial
conditions (horizontal position of the ball x̄1 ∈ [0, l/2] on the x axis, angle of the ball x̄3 ∈ [−π ,π ] on the y axis). Remaining
rows: lower bound obtained at the root-node relaxation of the B&B tree (note the different scales of the level plots).

∞-norm objective 1-norm objective Quadratic objective
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8 CONCLUSIONS
In this paper we have presented a comprehensive analysis of the
problem of formulating a MICP for the optimal control of PWA sys-
tems. We have shown how the structure of these dynamical systems
allows us to take advantage of several disjunctive-programming
modeling techniques to derive highly-efficient formulations of the
control problem under analysis. Furthermore, this observation also
allowed us to borrow some well-known metrics in mixed-integer

programming to rigorously define a hierarchy of the strength of the
methods we analyzed. We presented multiple formulations of the
problem and we tested them on a challenging numerical example,
showing that all the proposed methods outperform the standard
approach employed in MPC, enabling the solution of large-scale
problems that could not have been tackled with previous tech-
niques.
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Table 3: Performances of the MI formulations in the solu-
tion of a single instance of problem (4). “Solution gap” de-
notes the difference between the highest lower bound and
the cost of the best feasible solution found by the B&B al-
gorithm (0 if the global optimum has been found, ∞ if no
feasible solution has been found). “t.l.” stands for time limit
(set to 1 h).

∞-n. obj. 1-n. obj. Quad. obj.

PF
Solution gap (%) 0 0 98.7
Solution time (s) 439 464 t.l.
B&B nodes (k) 56 145 14

CH
Solution gap (%) 0 0 0
Solution time (s) 318 212 3537
B&B nodes (k) 95 157 1,999

BM
Solution gap (%) 92.4 91.1 93.4
Solution time (s) t.l. t.l. t.l.
B&B nodes (k) 4,039 3,721 8,477

MLD
Solution gap (%) ∞ ∞ ∞
Solution time (s) t.l. t.l. t.l.
B&B nodes (k) 2,605 2,928 1,718
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