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Abstract

In this thesis, a hybrid model for a passive 2D walker with knees and point feet is presented. The step
cycle of the model has two phases of continuous dynamics: onewith an unlocked knee configuration and a
second one with a locked knee configuration. These stages aremodeled as three-link and two-link pendulums
correspondingly. The model switches between the two stagesat knee-strike and heel-strike, which are both
discrete events modeled as instantaneous inelastic collisions.

The dynamics of this model were fully derived analytically.Furthermore, a stable gait was found given
a set of physical parameters and initial conditions. A basicstability analysis of this stable limit cycle was
performed around the fixed point of the Poincaré return map examined right after heel-strike.

This thesis also presents the design and construction of a planar robot based on this kneed walker model,
as well as a careful examination of its correspondence to themotion predicted by the model simulation. The
goal is to be able to study the nonlinear dynamics of simplified dynamic models which are also physically
realizable, in order to build robots based on them in a more rigorous and reproducible manner.

The work presented here aims to bridge the gap between existing theoretical models and successful ex-
periments in passive dynamic walking.

Thesis Supervisor: Russ Tedrake
Title: Assistant Professor
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Chapter 1

Introduction

This thesis presents a mathematical model for a simple two-dimensional planar kneed walker, its stability

analysis and comparison to data collected from a robot builtafter the model. The model is based on passive

dynamic walking principles. I aim to bridge an existing gap between successful theoretical models and

experimental results by proposing a model that is both simple enough to study its dynamics and stability

without any linearizing, and complex enough to be able to build a robot faithful to the model’s dynamics.

1.1 Motivation

As robots become more ubiquitous in our daily lives, enabling them to move efficiently through their envi-

ronments is particularly important. Most of today’s robotsuse simpler locomotion solutions using wheels or

more than two legs, as these achieve stability more easily than two-legged solutions. However, in order for

robots to be fully incorporated into our world, they must be able to move comfortably in a world built by

humans, that is one built for bipedal locomotion.

1.1.1 Conservative Walking

Walking is inherently an underactuated problem, which means walking systems possess less actuators than

degrees of freedom. Due to their free-moving feet, walkers cannot always produce arbitrary ground reaction

forces at their ankles. Since they are not bolted down, this might cause the robots’ feet to roll over and cause

the robot to fall.

In maintaining static stability, a robot bypasses the problem of underactuation by simply avoiding posi-

tions where the ankles cannot produce the adequate ground reaction forces. If a robot has many legs, this

constraint is not too restrictive, because the robot can lift one or more legs and still maintain a reasonable

range of motion that is statically stable.

However, in the case of two-legged walking, it is particularly difficult to achieve stability on one hand
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and efficiency on the other. Given a smaller polygon of support, bipeds need to constrain their motion

considerably to achieve static stability at all times during their walking cycle. This results in high energy-

losses during walking and very slow and awkward movement overall. They are also not capable of walking

over any sort of rough terrain, as keeping a foot flat on the ground is necessary to exert the necessary torques

at the ankles.

1.1.2 Dynamic Stability

Conversely,dynamic stabilityallows a system to have the ground projection of its center ofmass leave the

support polygon as long as it re-stabilizes again before falling over. By allowing this, dynamic gaits can allow

more motion, but we then need other effective measures to ensure stability.

Many of today’s most successful bipeds are controlled with position-control but use the system’s center

of pressure instead of the center of mass constraint. The center of pressure point is where all the ground

reaction forces sum up to give a force but no moment. By keeping the center of pressure close to the center

of the foot, these robots can avoid rolling over on their feet.

Honda’s ASIMO robot[13], shown in Figure 1-1 walking down a set of stairs, is a very successful and

well known example of such robots. It can kick a soccer ball aswell as walk up and down stairs. However,

these precise and impressive results are obtained with a high cost. ASIMO is considered to be about 20 times

less efficient than humans are in walking[6]. This high rate of energy consumption propagates to decreased

performance in many other ways. ASIMO’s battery pack which makes up the majority of the robot’s torso and

mass, only lasts for 26 minutes. The maximum walking speed for ASIMO is 0.56 m/s. Moreover, ASIMO has

only been shown to work on completely flat ground, given that its close-to-static-stability approach breaks

down in rough terrain.

In the past few decades, in trying to find more dynamic gaits,passive dynamic walking(PDW) has been

developed and has emerged as an important discipline of biped locomotion research.

Passive dynamic walkers exhibit a stable gait when placed ona downward slope with no actuation. The

kinetic energy gained from going down an incline balances out exactly with the energy lost in the various

collisions during the walk and other energy losses. These systems demonstrate how the inherent dynamics of

walkers can (and should) be exploited to achieve natural andenergy-efficient gaits.

Instead of explicitly controlling the trajectory of a system, we can let them simply ‘fall’ and have the

natural dynamics of the system solve the control problem. PDW results in very natural-looking walks. This

makes sense if we think of how we humans walk. As we walk, especially downhill, we do no stop ourselves

at every step. On the contrary, we let our body fall forward, only stopping ourselves at each footstep.

While PDW is a powerful idea, its main drawback is stability.The natural passive limit cycles of the

systems are highly susceptible to their specific construction and any slight perturbations during the gait.

Currently, manual fine-tuning and ‘a good hand’ are necessary to start the robot in the right initial conditions

for a successful trial. Simple control systems for these walkers have been designed in order achieve more
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Figure 1-1: Honda Asimo

stability and also flat-terrain walking.

However, in order to achieve more rigorous and consistent results with PDW we need to fully understand

the nonlinear dynamics of these systems and their stabilityand try to approximate the theoretical models of

PDW to real physical systems.

1.2 Contributions and Organization

Results from passive dynamics walking have fallen mainly into one of two categories: on one hand, there

are a number of simple dynamic models of walking [5, 11, 9], and on the other, a number of impressive

machines have successfully been built [15, 16, 7]. Surprisingly, these results have emerged somewhat in-

dependently. Most experimental successes have resulted from the designers’ intuition and relied more on

mechanical tweaking than on a close correspondence with an analytical model.

The power of the dynamic models is their simplicity. The rimless wheel [5, 26] is analytically tractable.

There exists a closed-form solution for the step-to-step return map and a complete analytical expression for

the basins of attraction and convergence to the fixed points.Both the compass gait [11] and the simplest

walking model [9] (which has the limiting dynamics of the compass gait with the leg masses approaching

zero) are low-dimensional models and amenable to exhaustive computational analysis.

These models have point feet and point masses and assume inelastic collisions which cause an instan-

taneous transfer of support. These straight-legged modelsalso ignore any premature ground contacts (foot

scuffing). In contrast, experimental passive walking machines typically have curved feet, which increase their

basins of attraction [25] and have some mechanism for achieving foot clearance (frontal plane oscillations
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and/or knees). Collisions with the ground have some elasticity by design and some gaits include a short

double-support phase.

My goal was to take some of the artistry out of successful passive dynamic design by understanding their

dynamics. In this thesis, I describe a mathematical model developed for a two-legged planar biped with knees,

using the concepts of passive dynamic walking. I also present the stability analysis of the model, as well as

the experimental results of a physical robot matching this model. This thesis work tackles the dichotomy

between the simplified models and existing experimental walking machines. Specifically, the contributions

of this thesis are the following:

• A simple model of a planar passive dynamic walker with point feet and knees, making it both a logical

extension of the compass gait model and a physically realizable model

• A basic dynamic systems analysis of kneed walker model, including local stability analysis and an

approximation to the basin of attraction, as well as a comparison with those of the compass gait model

• Processing and parameter estimation of capture data from the motion of a robot built to match the

kneed walker model

In terms of organization, Chapter 2 gives an overview of the most important passive dynamic walking and

other relevant results in the field, both in theory and experiment. Chapter 3 is a detailed description of the

proposed kneed walker model. The model’s stability analysis is also presented here. In chapter 4, I discuss the

physical robot built based on the kneed walker model, as wellas the various difficulties which arose during

its construction. I also discuss the data collection and processing from the test runs of this robot. Finally,

Chapter 5 summarizes the conclusions drawn from the projectand proposes directions for future work.
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Chapter 2

Passive Dynamic Walking

In 1990, McGeer published a seminal paper [15] introducing the concept of passive dynamic walking (PDW).

The basic idea behind passive dynamic walkers is that the energy lost in the inelastic collisions is balanced

exactly by the kinetic energy gained going down a ramp. This allows statically unstable walkers to achieve

dynamically stable limit cycles, resulting in a very natural and anthropomorphic motion without any external

energy input.

McGeer demonstrated these ideas by building a real robot that could walk stably down a ramp using

stepping stones to avoid foot scuffing. He also published a second paper describing a passive dynamic walker

with knees[16].

2.1 Theoretical models

To understand how a stable gait is achieved, simplified models of such systems have been studied in detail.

2.1.1 The Rimless Wheel

The simplest mathematical of passive dynamic walking is therimless wheel, as shown in Figure 2-1. The

rimless wheel has rigid, massless spokes and a single point mass at the hip. The foot collisions are modeled

to be perfectly inelastic while conserving angular momentum. Furthermore, it is assumed that there is no slip

in the stance foot and that the stance leg is switched instantaneously. The system exhibits periodic motions at

different velocities, given a certain leg length and slope angle.

With the assumptions made, the eigenvalues of the limit cycle can be solved analytically, and stability of

the system is proven. The nonlinear dynamics and stability of the rimless wheel were studied extensively by

Coleman and Ruina[5, 4].
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Figure 2-1: The Rimless Wheel model

2.1.2 The Compass Gait

If we take only two legs from the rimless wheel and place a pin joint between them, allowing the legs to

swing freely, we arrive at the next model shown in Figure 2-2,the compass gait. For this case, the legs are

modeled as point masses in the position of the center of mass,which are responsible for swinging the leg

forward. The heel-strikes are modeled as inelastic collisions conserving angular momentum. The stance and

swing legs switch instantaneously during the collision as well to go into the next step.

Figure 2-2: The Compass Gait model

This model, despite being extensively studied [10, 11], is not solved analytically. In numerical integration

methods, the simulation of this model shows a stable limit cycle. Although it is hard to predict what gait it

will end up in, it is able to hold these indefinitely.

16



Figure 2-3: The Ballistic walker

A special case of the compass gait, called the simplest walker, places the masses at the legs and makes

them infinitesimally small[9, 20, 14, 27]. These further simplifications allow the system to be characterized

with only one parameter, the ramp slope. It is also importantto point out that during the swing phase, the

compass gait possesses the exact same dynamics as the Acrobot [23, 8, 22, 2], an underactuated two-link

manipulator with only one actuator at the second joint (at the hip, for this case). The study and control of

such system then helps us describe the underactuated problem common to all forms of robotic walking.

2.1.3 Kneed Walker Models

The next natural step as we build up the complexity of our walking modes, is to look at passive kneed

walking. Adding knees has other benefits as well, such as achieving foot clearance and a more human-like

gait. Moreover, the knees could potentially not just avoid foot scuffing but also help make bipeds that are

capable of clearing rough terrain.

Mochon and McMahon presented the ballistic walker[17, 18],which is shown in Figure 2-3. The ballistic

walker is a mathematical model of the swing phase of walking.The entire stance leg is represented as a

pendulum fixed at its origin, assuming that the knee does not bend as the other leg is swinging forward. The

swing leg is modeled as two shorter links connected to this first one, which start out straight with respect to

each other and bend as the leg swings forward. This motion occurs completely passively.

Given that it is started in an appropriate configuration, theforward and bending motion of the swing leg

are due entirely to gravity. This model only studies one stepfor the walker and does not model the impacts of

the knee or foot at all. Therefore, the ballistic walker doesnot breach the issue of stability at all. Nevertheless,

it characterizes the one-step cycle of a planar walker with knees.
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Another kneed biped model [29, 19, 1] uses a knee-constraintforce to lock the knee joint after it swings

forward and a velocity field controller to find an active cyclewhich exploits the natural gait. However, there

is no stability analysis of the system nor an experimental test for the specific model. Yamakita and Asano did

build a kneed walker robot, but this one had curved feet and a control system to help it walk.

This thesis extends these studies by performing a complete dynamics analysis comparable to the studies

of the rimless wheel and compass gait models for an equivalent model with an additional degree of freedom.

2.2 Experimental Results

A number of stable walkers [15, 16, 6, 28] have been built. Forthe machines without knees, stepping stones

are used to avoid foot scuffing which requires special purpose terrain. Similarly, most of these walkers possess

curved feet which help them achieve a stable gait. While the feet aid in balance and stability, they further

distance these machines from existing theoretical models.

In order to make energy-efficient robots based on the idea of passive dynamic walking, which are also able

to walk on level-ground, Collins, Wisse and Tedrake have allmade actuated versions based on the McGeer

walkers.

Collins and Wisse [6, 28] have each built their version of an actuated kneed walker. Both robots have

careful mechanical designs for the foot shape, actuating muscles and knee locking mechanisms in order to

achieve a stable gait. In the case of the Collins robot, the walker is highly sensitive to change in their physical

parameters and initial conditions and would very easily fall into an unstable region. The Delft robot built by

Wisse has a greater stable region.

The controls strategies implemented on these robots were designed to enable level-ground walking, but do

not necessarily make them more robust. Wisse’s robot, MIKE,for example, simply uses the actuators to pull

the swing leg forward when a heel-strike is detected. This pumps energy into the system as gravity would

in a downward ramp. Both MIKE and Collins’ Cornell walker areshown in Figure 2-4. The stable gaits

exhibited in these models with very simple control strategies imply that much of human walking depends

on the morphology and not necessarily only on motor control.This highlights the importance of optimizing

certain physical parameters to give the robots an adequate morphology for a stable gait.

Tedrake [24], on the other hand, designed Toddler, a 3D bipedwhich used an online learning controller

that would readjust to find a stable gait under changing conditions by using reinforcement learning methods.

The adaptive nature of the controller enabled the robot to berobust to disturbances in the environments as it

quickly re-learned an approximation of the optimal policy for the new condition.

Using an actor-critic algorithm, Toddler approximates theoptimal control policy by climbing a gradient

descent to improve performance. The intuitive notion behind this idea is that there is a cost function which

rewards the desired behavior, which is a stable motion in thefrontal plane (sagittal plane stability is taken

care of with velocity control). Given this cost function andan estimate of the value function using a function
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Figure 2-4: The Cornell walker built by Collins, Delft University’s MIKE built by Wisse

approximator, he compared the actual cost with the one that was predicted and readjust the weights in the

estimate accordingly. This readjustment of the weights eventually makes our function approximator converge

to a controller that is very close to the optimal control.

The key advantage to this controller, however, is that it readjusts to different situations and it does it

fast enough to be implemented online. Toddler successfullywalked on carpets after having done the learn-

ing on a tiled floor, performing better than the feedback controller. This learning controller is also a better

approximation of how animals adapt their behavior to find satisfactory walking gaits under different circum-

stances. From the way we move ourselves to how we see animals cross different terrains, we can conclude

that a similar adaptation of a control policy is necessary for successful animal locomotion, even when given

a well-designed but still fixed anatomy.

The kneed walker robot we built is unactuated in terms of its walking cycle (it possesses motors but only

to trigger the knees at the right times), so that we can match it with the theoretical model. In this way, we

can see how varying the different physical parameters and starting it at different initial conditions affects a

point-foot walker with a small basin of attraction. Eventually, the goal would be to use a similar form of

reinforcement learning to achieve a larger stable region for this walker.
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Figure 2-5: Toddler, a 3D biped with optimal control
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Chapter 3

Kneed Walker Model

The kneed walker model is an unactuated hybrid system placedon a downward incline with a fixed angleγ

from the horizontal plane. A diagram of the model is shown in Figure 3-1 with its physical parameters.

a2
q2

q1

a1

b1

b2

q3

L

ms

mt mt

ms

mH

Figure 3-1: The Kneed Walker

From the figure, we note that all angles are defined globally from the vertical axis. Each leg has two point

masses,mt for the upper leg (thigh) andms for the lower leg (shank). There is also a mass at the hip,mH .

Also, the link lengths are composed as follows: lengthL = lt + ls, ls = a1 +b1 andlt = a2 +b2.

At the start of each step, the stance leg is modeled as a singlelink of length L, while the swing leg

is modeled as two links connected by a frictionless joint. The system is governed by its unlocked knee

dynamics until the swing legs comes forward and straightensout. When the leg is fully extended, kneestrike

occurs. At this point, the velocities change instantly due to the collision, and immediately afterwards, we
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switch to a two-link system in its locked knee dynamics phase.

The system remains in its locked-knee phase until the swing foot hits the ground. We model a heelstrike

event here with the appropriate velocity changes. After this collision, the system returns to its initial unlocked

swing phase. A diagram of the entire step cycle is shown in Figure 3-2.

It is also important to note that for the case when the heelstrike occurs before kneestrike (i.e. when the foot

hits the ground with a bent leg), the robot will not be able to recover passively. Therefore, this is considered

a falling state.

2-link dynamics

3-link dynamics

Knee-strike Heel-strikeHeel-strike

Figure 3-2: Stages in the step cycle for kneed walker

3.1 Continuous Dynamics

3.1.1 Unlocked Knee Dynamics

During the unlocked swing phase, the system is a three-link pendulum, like the ballistic walker [17, 18].

The full equations of motion for such a system are derived using Lagrangian formulation, which is clearly

described in [21]. The dynamics are shown in the standard form of planar manipulator dynamics in Equation

3.1. The specific inertia, velocity-dependent and gravitational matrices for the three-link pendulum are given

in Equation 3.2.

H(q)q̈+B(q, q̇)q̇+G(q) = 0 (3.1)
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H =











H11 H12 H13

H12 H22 H23

H13 H23 H33











(3.2a)

B =











0 h122q̇2 h133q̇3

h211q̇1 0 h233q̇3

h311q̇1 h322q̇2 0











(3.2b)

G =











−(msa1 +mt(ls+a2)+ (mh +ms+mt)L)gsin(q1)

(mtb2 +mslt)gsin(q2)

msb1gsin(q3)











(3.2c)

where,

H11 = msa
2
1 +mt(ls+a2)

2 +(mh +ms+mt)L
2 h122 = −(mtb2 +mslt)Lsin(q1−q2)

H12 = −(mtb2 +mslt)Lcos(q2−q1) h133 = −msb1Lsin(q1−q3)

H13 = −msb1Lcos(q3−q1) h211 = −h122

H22 = mtb
2
2 +msl

2
t h233 = msltb1sin(q3−q2)

H23 = msltb1cos(q3−q2) h311 = −h133

H33 = msb
2
1 h322 = −h233.

Given appropriate mass distributions and initial conditions, the swing leg bends the knee as it swings

forward. I found in simulation that a ratio of at least 1:5 between the masses of the lower and upper leg

links is needed for this to happen, since the heavier upper leg gives the relative moments of inertia in the leg

links necessary for a stable gait. At the instant the lower leg straightens out and aligns with the upper leg, a

kneestrike collision is modeled.

3.1.2 Locked Knee Dynamics

After the kneestrike, the knee remains locked and we switch to double-link pendulum dynamics. The remain-

der of the swing phase occurs with straight legs. The dynamics for the newly-locked system are exactly those

of the compass gait dynamics but with a different mass configuration. They are derived using Lagrangian

formulation and shown in Equation 3.3 for completeness.
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H =





H11 H12

H12 H22



 (3.3a)

B =





0 hq̇2

−hq̇1 0



 (3.3b)

G =





−(msa1 +mt(ls+a2)+ (mh +mt +ms)L)gsin(q1)

(mtb2 +ms(lt +b1))gsin(q2)



 (3.3c)

where,

H11 = msa
2
1 +mt(ls+a2)

2 +(mh+ms+mt)L
2

H12 = −(mtb2 +ms(lt +b1))Lcos(q2−q1)

H22 = mtb
2
2 +ms(lt +b1)

2

h = −(mtb2 +ms(lt +b1))Lsin(q1−q2).

When the swing foot touches the ground, we model another discrete event, the heelstrike collision. After

this, we switch the stance and swing legs. This completes a full step, and we begin a new step using the

three-link unlocked dynamics.

3.2 Discrete Collision Events

The collisions mentioned are the kneestrike and the heelstrike: these are modeled as instantaneous collisions.

The post-collision velocities are calculated using conservation of angular momentum about the appropriate

joints, given the pre-collision velocities. A more detailed explanation of how these conservation equations

are derived is explained in Appendix A.

Furthermore, we assume there is infinite friction with any external surface, such that the system’s config-

uration remains the same during the instantaneous collision.

3.2.1 Kneestrike

Instead of using a constraint force [29], we model the kneestrike as a discrete collision event in a three-link

chain and switch to the compass gait model afterwards. Sincethe only external force on this system is at the

stance foot, angular momentum is preserved for the entire system about the stance foot and for the swing leg

about the hip. When looking at the lower link of the swing leg,however, the kneestrike acts as an external

impulse. Therefore, angular momentum is not conserved about the knee.

Using these conservation equations, we obtain the post-collision velocities for the first two joint angles.
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The third joint angle corresponding to the knee is locked after the collision. Therefore, its post-collision

velocity will be that of the second link. We express the change in velocities as:

Q+





q̇1

q̇2





+

= Q−











q̇1

q̇2

q̇3











−

q̇+
3 = q̇+

2

(3.4)

The matrices,Q− andQ+, are derived from the two conditions of angular momentum conservation men-

tioned above. The angular momentum before the knee collision is expressed as a function of all three joint

angles, makingQ− a 2x3 matrix. After kneestrike, the system only has two jointangles as the knee is locked,

and therefore,Q+ is a 2x2 matrix. The elements of each matrix are specified below.

α = cos(q1−q2)

β = cos(q1−q3)

γ = cos(q2−q3)

Q−
11 = −(mslt +mtb2)Lcosα −msb1Lcosβ +(mt +ms+mh)L

2 +msa
2
1+mt(ls+a2)

2

Q−
12 = −(mslt +mtb2)Lcosα +msb1lt cosγ +mtb

2
2 +msl

2
t

Q−
13 = −msb1Lcosβ +msb1lt cosγ +msb

2
1

Q−
21 = −(mslt +mtb2)Lcosα −msb1Lcosβ

Q−
22 = msb1lt cosγ +msl

2
t +mtb

2
2

Q−
23 = msb1lt cosγ +msb

2
1

Q+
11 = Q+

21+mt(ls+a2)
2 +(mh +mt +ms)L

2 +msa
2
1

Q+
12 = Q+

21+ms(lt +b1)
2 +mtb

2
2

Q+
21 = −(ms(b1 + lt)+mtb2)Lcosα

Q+
22 = ms(lt +b1)

2 +mtb
2
2

3.2.2 Heelstrike

The heelstrike is modeled as an inelastic collision about the colliding foot. This heelstrike event is, again,

identical to the heelstrike for the compass gait. Since the only external force occurs at the point of impact,

there are no moments created around this point and therefore, no external torques act on the system. Angular

momentum is then conserved for the entire system about the colliding foot and for the swing leg after impact

about the hip.
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Right after the event, the model switches both legs and the impact foot becomes the new stance foot. The

model also switches back to the unlocked three-link dynamics to start a new step cycle. The third joint angle

starts with the same angular position and velocity as the second one. This collision event is expressed in

Equation 3.5.

q+ =











0 1

1 0

1 0











q−

Q+q̇+ = Q−q̇−

q̇+
3 = q̇+

2

(3.5)

Since heelstrike is assumed to only occur during the locked knee stage, the velocity transformation occurs for

two joint angles only. Therefore,Q− andQ+ are both 2x2 matrices. The individual elements of the velocity

change matrices are shown below.

α = cos(q1−q2)

Q−
11 = Q−

12+(mhL+2mt(a2 + ls)+msa1)Lcosα

Q−
12 = −msa1(lt +b1)+mtb2(ls+a2)

Q−
21 = Q−

12

Q−
22 = 0

Q+
11 = Q+

21+(ms+mt +mh)L
2 +msa

2
1 +mt(a2 + ls)

2

Q+
12 = Q+

21+ms(b1 + lt)
2 +mtb

2
2

Q+
21 = −(ms(b1 + lt)+mtb2)Lcosα

Q+
22 = ms(lt +b1)

2 +mtb
2
2

3.3 Model Simulation

By switching between the dynamics of the continuous three-link and two-link pendulums with the two dis-

crete collision events, we characterize a full cycle for thepoint-feet kneed walker.

Using the physical parameters shown in Table 3.1, the model is set on a ramp with a downward angle of

γ = 0.0504 rad, and simulated to find a stable limit cycle. In general, we use a time step of 1−3 s. However,

in order to find precise pre- and post- collision velocities,the collision events are detected with an accuracy

of 1−20 s. Note that the upper leg mass is 10 times the mass of the lowerleg. In general, we found that the

greater the ratio between the upper and lower links, the morestable the walker became.
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Table 3.1: Parameters for Kneed Walker Simulation

Parameter Symbol Value
leg length L 1
shank length (below point mass) a1 0.375
shank length (above point mass) b1 0.125
thigh length (below point mass) a2 0.175
thigh length (above point mass) b2 0.325
hip mass mH 0.5
thigh mass mt 0.5
shank mass ms 0.05

In order to find the fixed point, we had initially run some localoptimization methods unsuccessfully.

Eventually, we tried examining the simulation’s behavior in the different limiting cases. By setting the two

point masses on the legs to be the same, we observed that a greater upper link mass was in fact necessary

for the knee to bend. In order to see how much the motion compared to that of the compass gait, we ran the

simulation with an infinitely small mass at the lower links. We initially tested a simulation with a 1:50 mass

ratio in each leg, and started it close to the fixed point of thecompass gait using the same mass on each leg

as those on the upper link. This made the system walk stably.

After finding the fixed point for those parameters, we searched close to that point when reducing the mass

ratio to reflect reasonable physical parameters. Eventually, using the parameters in table 3.1, we found the

fixed point right after the heelstrike collision at,

q1 = 0.1877

q2 = q3 = −0.2884

q̇1 = −1.1014

q̇2 = q̇3 = −0.0399.

A limit cycle for the upper link of the right leg starting fromthis fixed point is shown in Figure 3-3. The

instantaneous velocity changes from the heelstrike and kneestrike events can be observed in this limit cycle

as straight lines where the cycle jumps with the instantaneous velocity changes while the positions remain the

same. An energy plot, showing kinetic and potential energy,as well as total mechanical energy is also shown

in Figure 3-4. In this plot, there are step increases in the potential energy on each foot transfer, since we write

the energy of the system relative to the stance point. These increases are shown to exactly balance out the

kinetic energy lost throughout one step. We can see that the final mechanical energy is constant throughout.

We see that the limit cycle closely resembles that of the compass gait. There is a swing phase (top half of

the curve) and a stance phase (bottom half of curve) for each leg. In contrast with the compass gait, however,

in addition to the two heel-strikes, there are two more instantaneous velocity changes produced by the knee-

strikes. This limit cycle is traversed clockwise. If the walker starts anywhere slightly away from the fixed
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Figure 3-3: Limit cycle trajectory for the upper link of the right leg
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point, it will converge to this limit cycle within a few steps.

The simulations of the model predict a stable gait when the mass in the upper leg is roughly 10 times the

mass in the lower leg. In this limit, the return map and stability properties closely match that of the compass

gait. This stability is accomplished without any assumptions about foot clearance since passive bending at

the knees retracts the leg to avoid foot scuffing.

We also performed a few tests for the simulation in rough terrain. One of the main motivations for having

knees in a walker is that it achieves foot clearance and couldpotentially help obstacle avoidance as well. The

simulation showed that the model has no trouble clearing little perturbations in the terrain. Due to both its

knees as well as the point feet, it does not require a flat surface to find a stance spot. Although large enough

perturbations would cause the kneed walker to fall, many times the walker could sustain a series of uneven

steps for at least 10 steps. This result is very promising, especially given that our model is completely passive.

An example of the results from the rough terrain simulationsare shown in Figure 3-5.

3.3.1 Local Stability Analysis

To study the stability of the robot, we first reduce the state space from six to three variables. Given a fixed

ramp angle,γ and an interleg angle,α, we define the initial angular positions for the walker when it has

straight legs (so,q3 = q2) and both feet are touching the ground. We also define the lower swing leg to start

at the same velocity as the upper leg. Thus, the system is fully determined by the interleg angleα, and the

stance leg and swing leg velocities, ˙q1 andq̇2 = q̇3. Furthermore, for comparison purposes, this is convenient

since there is an exact equivalent for the compass gait modelin this configuration.

Given this dimension reduction, we can take the Poincaré section right after heelstrike to observe its first

return map. We relate two successive heelstrike states withthe step-to-step function F,

xi+1 = F(xi).

We also define a fixed point,x∗, which is the point for whichx∗ = F(x∗). To analyze the local stability, we

look at the eigenvalues of the first return map which are calculated numerically. The kneed walker is started

at random initial conditions perturbed slightly from the fixed point. The perturbations are smaller than 0.005

for each variable.

The first return map can then be expressed as follows,

(xi+1−x∗) = A(xi −x∗).

In order to approximateA, data is taken for 25 runs 10 s each. A run is considered as converging if the

last two states immediately after heelstrike have a mean distance between the last two of less than 0.001.
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Figure 3-5: Screenshots from rough terrain simulation
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With the data from the runs, we define two matrices,

X = [(x1−x∗),(x2−x∗), ...]

Y = [(x2−x∗),(x3−x∗), ...]

X andY are extended after each trial by appending the data collected from each trial. We compute a least

squares fit of A and find the eigenvalues ofA. The eigenvalues found are 0.4053, and a complex conjugate

pair, -0.2129± 0.3454i. Since all the magnitudes are within the unit circle, the system is locally stable.

Similarly, we compare these to the eigenvalues of a compass gait with an equivalent inertia to the kneed

model but concentrated in 3 point masses. The eigenvalues found were 0.15 and 0.13± 0.57i. Although

these values do not match, since they are all smaller than 0.5in magnitude, any disturbance rejection occurs

within half a limit cycle, so the impact of the initial disturbance on the steady state is negligible.

Moreover, if we take the same matrix without reducing the state space, we find the same eigenvalues

and three zero eigenvalues. These correspond to the redundancy of the state space when described by all six

variables.

3.3.2 Global Stability Analysis: Basin of Attraction

To gain more understanding about the system in general, we want to look at the global stability analysis. We

compute the slice of the basin of attraction which crosses the fixed point. We simulated the dynamics for

different initial velocities, using the fixed point’s interleg angle (0.4761 rad with the stance leg in front). A

state is considered stable if its last two steps are within a threshold of 0.001 m. We also assume that if a large

number of steps (500) are taken, the model will walk forever.The resulting section of the basin of attraction

is shown in Figure 3-6, with the fixed point marked with a star.

For comparison, Figure 3-7 shows the basin of attraction forthe equivalent compass gait. Also, note that

in Figure 3-6 there are two regions (colored differently). The larger region is computed by ignoring any foot

scuffing, like the compass gait. In this case, the two basins of attraction are almost identical. This is not

surprising, since the lower leg mass is much smaller than theupper leg, and the equivalent inertias of the two

models result in essentially the same dynamics. However, when we take only the physically possible states

by assuming that foot scuffing leads to a fall, the actual basin of attraction is shown to be a smaller region

within the first overestimate.
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Figure 3-7: Basin of attraction of the equivalent compass gait
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Chapter 4

Kneed Walker Implementation

Using the general guidelines from the simulation, we have built a planar robot with knees and point feet,

which is shown in Figure 4-1.

4.1 Robot Design and Construction

The robot has two pairs of legs to ensure lateral stability. Each of the four upper legs has a mass of 0.491kg

each. The upper legs are made out of 1.25” square tube aluminum, with a 1/8” wall thickness. The lower legs

are made of 1/16” thick Garolite, that, along with a perforated construction make the lower legs about 1/4 of

the mass of the upper legs. There is a horizontal bar connecting the two outer legs at the top, and a smaller

leg underneath connecting the inner legs. In this way, we couple the motion of each pair of legs, with both

sets rotating about the same axis. These bars give the robot’s ‘hip’ a mass of roughly one upper leg.

Although the ratio between the upper and lower masses is not 1:10, we could potentially add mass to the

legs. We decided to avoid making the robot too heavy in favor of maneuverability, important particularly

when starting the robot. Moreover, each link has uniform mass, so by adding the weights closer to the knees,

we can concentrate the mass near the knee matching our simulation parameters.

4.1.1 Knee Design

The biggest challenge in the construction of the real robot was to come up with an adequate knee design.

Other kneed walkers have successfully used suction cups together with curved feet. The suction cups make

the legs lock when they swing forward, and then through a carefully tuned air valve, eventually release at the

right time for the next step’s swing phase. This method not only required very careful tuning of the release

valve, it was also greatly aided by these robots’ curved feet, as that would naturally exert force on the cup to

release. In our case, we wanted to avoid such issues and iterated through a few different designs for the knee

locking mechanism.
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Figure 4-1: Kneed walker robot

Mechanical Latch

This was the initial design used to the knee, where a simple mechanical latch locked the lower link when it

swung forward slightly past the straight-legged position.Small servos at each knee were used to unlock the

latch by simply moving it from its central position. The servos were directed to release, via the foot switch,

when the swing legs contacted the ground, causing the knees of the stance legs to release. After a short pause,

the latch returned to its original position ready to lock thenext time the lower leg swung forward. This would

keep the knee locked for as long as we wanted without any further energy input.

Although this was a clean design that minimized actuation inthe overall robot, its main issue was that the

design required the lower leg to go past the straight-leggedposition. Even if the effect of this is neglected at

the moment of kneestrike, the design allowed for an inherently ‘loose’ knee that would bend a few degrees

forwards and backwards at all times after being locked. Thischanged our dynamics substantially. We had

originally modeled our stance leg as a single longer link. The knee movement while locked made the leg

behave more like two jittery links.

Another consideration was that the design of the knee itselfwas fairly complicated, requiring many small

parts to work properly. A few diagrams and a photograph of thedesign are shown in Figure 4-2.
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Figure 4-2: Mechanical latch for knee

Electromagnets

In order to prevent the legs from hyper-extending, we added knee caps that would stop the lower link when

the lower leg came forward straightened out. These knee capswould then be kept in place by turning on

electromagnets placed on the upper link. This change in our robot involved adding switch sensors at the

knees that would trigger the electromagnets to turn on rightat kneestrike.

The main problem with this option was the magnetic strength of the electromagnets. The space in our

knees allowed for magnets only as big as 1” in depth and 0.75” in diameter. These magnets did not exert

enough force to keep the leg straight even in a horizontal position.

Attempting to increase the magnetic force of the electromagnets, we added permanent magnets to the knee

cap and also tried increasing the input voltage. Neither of these options, however, improved performance.

When trying to run the robot, the weaker knees made it more difficult to start the robot without it collapsing

before we released it.

Electromagnetic Clutches

We tried using electromagnetic clutches to exert more torque than the electromagnets at the knees. This also

gave us the property of a rigid locked knee once the leg was fully extended. The clutches were placed on the

side of each knee, as shown in Figure 4-3.

An initial problem was there was a delay in the lock signal, causing the knee to lock slightly after the

knee switch was triggered, after the leg had bounced back from the fully extended position. In order to fix

this, we added suction cups to the knee caps. These suction cups would stop the leg when it fully extended,
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Figure 4-3: Electromagnetic clutch for knee

keeping it in a straight position, and then slowly releasingthe air through small holes to detach from the knee

cap. By the time the suction cups released, the clutches would have locked the knee and the leg then remains

locked until the next heelstrike event.

4.1.2 Other construction issues

Other important issues for the robot included the choice andplacement of the foot and knee switches, as well

as an adequate foot design to avoid foot slip.

Figure 4-4: Details on knee and foot switches

We needed to provide switches that would trigger in parallelwith the heelstrike and kneestrike events.

For kneestrike, the switch should not obtrude the knee cap swinging forward in order to avoid being triggered

before the leg is straight, causing too early of a switch signal. The foot switch, on the other hand, had to be

placed at an angle such that its extension arm could make contact as the foot hit the ground. However, we

had to be careful that the arm did not make the robot slip on that foot. Figure 4-4 shows a detail on both of

these switches.
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The foot switch detail also shows what the end of the legs looked like. The robot uses point feet, as

specified by the model. In order to avoid foot slippage, the feet were dipped in PlastiDip multipurpose rubber

coating, which claims to be flexible, durable, and to providegrip.

Lastly, we setup a cable that hung from above, sliding on a horizontal cable rail. This provided a safety

catch for the robot for the falling trials, allowing us to repeat more trials without damaging the robot.

4.1.3 Control Sequence

Like the model, our robot has an entirely passive gait, whichmeans that there is no energy introduced during

its step cycle. However, the real robot needs a simple controller that powers the knees at the appropriate times

of the step cycle to ensure that the knees lock and unlock at the right moments.

Figure 4-5: Finite State Machine for system’s controller

To do this, we used a programmable servo motor controller board, SVBAS203B/C. The control sequence

is illustrated in the finite state machine shown in Figure 4-5. Basically, we cycle through 4 states in which the

robot waits for the next switch in consecutive order: insidekneestrike, inside heelstrike, outside kneestrike,

outside heelstrike. At each heelstrike, we unlock the otherpair of legs; whereas at each kneestrike, we lock the

pair of legs which had the strike. This sequence will emulatea passive bipedal walking assuming kneestrike

always happens before heelstrike, as our simulation does.

The controller board has 4 input sensors, 2 switches at the feet and 2 at the knee, which detect heelstrike

and kneestrike for each pair of legs. The board can also output a PWM signal to servo motors or use these

as digital outputs to other components, depending on which mechanism is being used to lock and unlock the

knees.

The basic block diagram for the final design of the walker is shown in Figure 4-6. In this configuration,

the controller board uses its output port as digital output signals that go through a 5V regulator and then to an

H-bridge to provide the necessary power to the knees. However, in the initial design where the knees latched
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Figure 4-6: Block Diagram for kneed walker robot

mechanically, we did not need to put any power to keep the knees locked. For this configuration, we simply

connected servo motors directly to the board, skipping the regulator and H-bridge. This simpler configuration

is shown in grey in the diagram.

4.2 Data Collection

We ran numerous trials using the various different designs,while trying to fix the causes for mechanical

failures each time. We placed our robot hanging from a cable,on a 12’ long ramp built on plywood. The

elevation angle of the ramp isγ = 0.0504. For all of the trials, the robot successfully took a fewsteps before

falling over.

In order to be able to quantitatively describe the actual robot’s gait, and match the robot’s motion to the

theoretical model, we use a motion capture system to collectand analyze data. The system consists of 16

infrared cameras placed around a rectangular structure hung above the subject. The subject has markers with

reflective material placed on multiple points, which are used to track its motion within the capture volume.

We used a Vicon motion capture system and software, which hassub-millimeter resolution.

In any given trial, the marker positions are captured and then labeled and calibrated to a specific model. In

this way, we remove the need for online sensors, which typically provide noisy data. Using Vicon’s capture,

modeling and calibration software, we can collect real datafrom the walking runs. Motion capture is often
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used on humans who wear a suit with the markers. This naturally allows for more error than using a robot

with solid legs on which we can fix the markers.

4.2.1 Skeleton and Calibration

The first step needed to use the motion capture system was to create a ‘skeleton’ for the robot. To do so,

we define a model following our robot’s dimensions and place markers on different locations. By tracking

the exact position and motion of the markers, we are able to define the robot’s links and their corresponding

features (i.e. length, rotation and relative motions). Instead of measuring and manually specifying precise

distances between the markers, we can parameterize them in the model and allow the motion capture system

to calibrate them with real data. The model built for the walker is shown in Figure 4-7. The markers are shown

by red and green points that stem off from their parent segment. Also, the pair of inner legs are modeled as

one leg only, since their motion is kinematically coupled. The markers on the two inner legs are marked on

either side of this link in the model.

Figure 4-7: Skeleton template for Kneed Walker

Before using this skeleton, we had to capture a range of motion trial to calibrate the template with our

specific robot. This allowed us to obtain accurate data in each trial with the calibrated subject. Our initial

testing in trying to calibrate the template were giving us a large error (¿25mm). As recommended by the Vicon

software manuals, we wanted to find an error smaller than 10-15mm in the calibration. Part of the problems

was that by manually moving the robot and swinging its legs back and forth, we were also occluding some of

the markers, giving less accurate data. In order to fix this, we hung the robot from above and moved each leg

individually. This also allowed the other links to move freely while we moved one of them. After doing so,

our calibration error diminished considerably and was within the desired range.
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4.2.2 Data Capture

After obtaining a calibrated subject, we placed the robot onthe ramp for the trials. On most trials, the robot

would take 3-4 steps before falling forward. These trials were recorded with both the motion capture software

and on digital videotape.

Figure 4-8: Nine progressive screenshots of video footage of the trials

Figure 4-8 shows screenshots of the digital video taped froma trial using the first legs. The frame rate

shown is 5 frames per second and we show the progression between the start of a trial and right before the

robot falls over after taking a few steps.

After review of the different trials on video, we could quantitatively describe the main issues in the

mechanical robot. Firstly, since the outer legs are not physically coupled except for at the top bar, the outer

feet would not necessarily be lined up, making the robot steer in one direction or another. This was minimized

considerably after we switched the knee design to make it stiffer. However, the foot misalignment was still

present.

Also, having the outer legs uncoupled below the knee also made the knee lock timing extremely sensitive.

When the legs swung forward, they would not necessarily lockat the same time. Likewise, if the suction cups

had not entirely released the leg at the time the clutches released (since they were still close to the plastic
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plate), the two legs might also start bending asynchronously. There does not seem to be a simple way to

couple these outer legs without significantly changing the dynamics.

The difference in bending also causes foot scuffing on occasions and uneven landings. These, in turn,

sometimes cause the feet to slip or bounce after heelstrike.This last problem could potentially be reduced by

placing a mat on the wooden ramp to increase damping.

4.3 Data Processing

To quantify and analyze these different issues and have a more rigorous comparison between the model

and the robot, we reconstructed and processed the collecteddata with the motion capture software. After

calibrating and fitting the data, we could playback the exactmotion recorded at 60 frames per second (fps).

Figure 4-9: Four progressive screenshots of motion captured data

An example of the how the reproduced data is shown in the Viconsoftware is shown in Figure 4-9. These
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are progressive shots of a specific trial taken at timest1 < t2 < t3 < t4, although the time between each shot is

not the necessarily same. All data shown hereinafter refersto data from this same trial.

We exported the Vicon data into a comma-separated file containing the positions and rotations of each

segment defined in the model skeleton for each frame. This data was then loaded and parsed so that we could

reproduce the motion in a Matlab simulation, and also derivethe velocities and accelerations.

The first step in the data processing needed to compare it withour planar model is to convert the obtained

data into 2D as well. To do so, we take rotation between the three segments at the hip (one for each of

the robot’s leg) and rotate our entire data set so that they are aligned in the y-axis. After doing so, we can

playback the data using the calibrated positions, as shown in Figure 4-10.
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Figure 4-10: Screenshots of parsed data converted to 2D

In Figure 4-10, the blue lines represent the outer right leg,the red lines are the outer left leg, and the green

shows the position of the inner legs. For this trial, the datawas rotated 0.2822 in the y-axis to obtain this

planar data. To show the progression of the trial (originally 689 frames in length), we show a frame for every

90 frames recorded. It is worth noting that the outer legs do not exactly match up on the plane and move

in a significantly disjointed manner. This trial was taken while the robot used the mechanical latch. Better

coupled motion was seen in the later trials.

Secondly, we need to derive the angular velocities and accelerations from the position data. To obtain

velocities, we simply take our position data and take the difference in each frame over the time elapsed to

obtain velocities. We do this again to obtain accelerations. On both occasions, to reduce the noise from this

rough derivation, we filter the resulting data with a low-pass filter at a sampling rate of 120 Hz with a cutoff

frequency of 10Hz.

Finally, we resample the data at twice the rate such that all three vectors correspond to the same time
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instants. The resulting angular positions, velocities andaccelerations for a single swing phase of the trial

above is shown in Figure 4-11. Using the start of this swing phase as the initial conditions, we can also run

our simulation to compare. These results are shown in Figure4-12.

In the graphs, the blue line corresponds to the angle of the first link (the stance leg) whereas the green

corresponds to the second link (the upper link of the swing leg) and the red to the third link (the lower link

of the swing leg). For the real data plots, we notice how for the joint angles, the stance leg starts in a positive

angle (going back from the vertical position) and smoothly moves to a mirroring position while the leg swings

forward. At the same time, both links on the swing leg start from a negative angle. As the angle of the upper

link smoothly increases, the lower link first decreases as the knee bends, and then increases when the swing

leg starts straightening out. Both links end the swing step at a roughly the same angle as well, as the knee

locks and the robot switches to two-link pendulum dynamics.

Roughly, the simulation shows very similar behavior, except it is going much faster overall. The swing

phase occurs in a total of 0.25 s, while it takes the real robotabout 0.4 s. Furthermore, since the two links of

the swing leg match up exactly, these positions and velocities are the same in the beginning. The two joint

angles also end up in the same point after the leg swings forward and extends. The velocity and acceleration

curves for the swing leg also seem more uniform in the simulation data. These differences are mostly likely

consequences of a difference in the mass distribution of thesimulation and that of the real robot.

4.3.1 Parameter Estimation

To do a careful comparison between our model and the robot’s motion, we can use parameter estimation to

reduce the parameter uncertainty [21, 12]. This means inferring the values of our parameters from the robot’s

recorded motion.

To do this, we can re-write the dynamics of the system as shownin Equation 4.1. After doing so, the

parameter estimation problem turns into a linear estimation problem.

W(q, q̇, q̈) ·x = y, (4.1)

In Equation 4.1,a represents a vector containing the unknown parameters of the system;W is the matrix

with the remaining terms containing only terms combined from different measurable state variables (i.e.

angular positions, velocities and accelerations for each link); and y usually contains the external torques

applied to the system. In this specific case,y is just the zero vector since we are dealing with unactuated

dynamics.

Now, by parameterizing our unlocked dynamics, we obtain thematrix and vectors shown in Equations

4.2.
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Figure 4-11: Swing phase of collected data
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Figure 4-12: Simulated swing phase using first frame of collected data as initial conditions
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W =











q̈1 c12q̈2 +s12q̇2
2 c13q̈3 +s13q̇3

2 s1 0 0 0 0 0

0 c12q̈1−s12q̇1
2 0 0 q̈2 c23q̈3 +s23q̇3

2 s2 0 0

0 0 c13q̈1−s13q̇1
2 0 0 c23q̈2−s23q̇2

2 0 q̈3 s3











(4.2a)

a =
[

a1 a2 a3 a4 a5 a6 a7 a8 a9

]T
(4.2b)

y = 0 (4.2c)

where,

a1 = msa
2
1 +mt(ls+a2)

2 +(mh +ms+mt)L
2 c12 = cos(q2−q1)

a2 = −(mtb2 +mslt)l s12 = sin(q2−q1)

a3 = −msb1L c13 = cos(q3−q1)

a4 = −(msa1+mt(ls+a2)+ (mh+ms+mt)L)g s13 = sin(q3−q1)

a5 = mtb
2
2 +msl

2
t c23 = cos(q3−q2)

a6 = msltb1 s23 = sin(q3−q2)

a7 = (mtb2 +mslt)g s1 = sinq1

a8 = msb
2
1 s2 = sinq2

a9 = msb1g s3 = sinq3.

To find estimates for the parameter vector,a, we use a linear least-squares estimator (LLSE). Like the

name suggests, a LLSE reduces the squared error, defined as‖Wa−y‖2. By taking the derivative of this with

respect toa, we can explicitly derive the value for̂a that gives the smallest error using an Euclidean norm

(Equation 4.3).

â = (WTW)−1WTy (4.3)

However, in this case, they vector is zero because our system is completely unactuated.To use the

estimator, we artificially ‘lock down’ at least one of the parameter and estimate the other parameters relative

to this one. This solution works precisely because we have zero torques, so the scale of the system is entirely

irrelevant to our dynamics outputs. We need a combination ofparameters which will give rise to the same

dynamics of our robot, but basically, these could be in either microscopic or huge dimensions. For our

estimation problem, scale is not just irrelevant but also undetermined unless we apply external torques to the

system or manually specify one of the parameters.
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To do this, we found the physical measurements that would most easily define one or more of the param-

eters ina. We definedms = 0.1kg andb1 = 0.25m. By doing so,a8 anda9 are determined and used as known

quantities that give us a non-zeroy vector. This results in a new set of parametrization matrices, shown in

Equation 4.4.

W =











q̈1 c12q̈2 +s12q̇2
2 c13q̈3 +s13q̇3

2 s1 0 0 0

0 c12q̈1−s12q̇1
2 0 0 q̈2 c23q̈3 +s23q̇3

2 s2

0 0 c13q̈1−s13q̇1
2 0 0 c23q̈2−s23q̇2

2 0











(4.4a)

a =
[

a1 a2 a3 a4 a5 a6 a7

]T
(4.4b)

y =
[

0 0 −msb2
1q̈3−msb1gs3

]

(4.4c)

where,

a1 = msa
2
1 +mt(ls+a2)

2 +(mh +ms+mt)L
2 c12 = cos(q2−q1)

a2 = −(mtb2 +mslt)l s12 = sin(q2−q1)

a3 = −msb1L c13 = cos(q3−q1)

a4 = −(msa1+mt(ls+a2)+ (mh+ms+mt)L)g s13 = sin(q3−q1)

a5 = mtb
2
2 +msl

2
t c23 = cos(q3−q2)

a6 = msltb1 s23 = sin(q3−q2)

a7 = (mtb2 +mslt)g s1 = sinq1

s2 = sinq2 s3 = sinq3.

Parameter Estimation on Simulated Data

To test the LLSE with a fixed parameter method, we ran the estimator with a set of 100 points of simulated

data first. To do so, we generated the data set of inputs using the system’s dynamics. After picking arbitrary

initial conditions, we simulate forward the original dynamics equations, using hand-picked link lengths and

masses within a reasonable range. The parameter vectora is in turn defined with these physical parameters,

and is shown below,

aguess=
[

1.3875 −0.1750 −0.0250 −1.5000 0.0563 0.0125 0.1750
]T

.

By using the generated data, we estimate the parameters after fixing ms andb1, and as expected, obtain

â = a.
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We can do the same set of experiments by adding noise either tothe positions or velocities of the system.

We noticed that the velocities were much more insensitive tonoise than the positions. To quantify this, we

define a Euclidean error between the estimated and the real parameters, as shown in Equation 4.5.

e= (â−a)′(â−a) (4.5)

We add random noise drawn from a normal distribution of mean 0.5 to the velocity and position sets

separately. After running the experiment 10 times for each set, we see that e ¡ 0.1 for the tests with noisy

velocities, and e 4.2 when we add noise to the positions. For reference, the norm of our real parameter

vector,‖a‖ = 2.0592.

This initial set of experiments indicate the error in the position data is most important. Given that we can

directly collect the angular position data from the motion capture system but have to derive the velocities and

accelerations, this is a good result because we can more effectively correct for errors in the position data.

Parameter Estimation on Collected Data

We also tested the LLSE with the same fixed parameters (ms andb1) on our collected data. After parsing the

data for two swing phases, we concatenated the data and ran the parameter estimation on 303 data points.

The estimated parameter vector is shown below,

â =
[

−0.0016 −0.0007 0.0005 0.0139 0.0006 0.0023 −0.0026
]T

.

We can also calculate the squared error for the estimated parameters, where the error is defined as

in Equation 4.6. Comparing the squared error with the estimated parameters and those we had arbitrar-

ily assigned in the previous section, we see that the estimation does the norm of the error significantly,

Eguess= 280.3992, ELSE = 0.0857.

E = (Wâ−y)′(Wâ−y) (4.6)

However, if we look at the signs in the estimated parameters and look at the expressions they are supposed

to correspond, we see that onlya2, a3 anda4 can and should be negative, since the masses and link lengthsof

these terms can only have positive values. This is a clear indicator that our estimation is not getting the right

parameters. Furthermore, playing back the robot’s motion using these parameters give wrong trajectories that

do not match those of a swing phase.
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4.4 Future improvements

Errors in the calibration of our captured raw data might be causing our parameter estimation on the real data

to break down. As noted in the simulated data tests though, the position data is the most important. This

observation is promising as improvements on the calibration and collection of the motion capture data could

drastically improve our parameter estimation.

Currently, our motion capture trials are calibrated with anerror of typically 15mm. Exactly how this error

translates into the random noise used in the simulated data runs, however, is not clear. Improving on more

precise measures of the motion capture data, though, could improve our parameter estimation and help us

compare quantitatively the robot with our model, to see how they match up.
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Chapter 5

Conclusions

The kneed walker model and its corresponding robot have beendeveloped as a more rigorous tool to study

passive dynamic walking. This work was an effort to make passive dynamic walking results more quantifiable

problem by reducing the amount of artistry needed to make these sensitive systems work. Before adding

actuation to the system, we wanted to study the system’s stability region and try to find the actual one in the

robot. Building the robot would also allow us to see how well the assumptions our model made held up in

experiment.

From the simulation results, we learned general guidelinesfor finding a stable gait. In general, we found

in simulation that a mass ratio of at least 1:10 not only helpsthe knee bend but also helps achieve a stable

gait. Also, the hip mass should be roughly the size of the upper leg masses. Another important point is to

keep the point masses close to the knee joint. These specifications would make the kneed walker approximate

the compass gait dynamics in the limiting case.

Finally, the objective was to develop a simple enough model so that we could characterize its full step

cycle, but also one that was physically realizable. We founda planar walker with point feet and knees to be

such model. The point feet allowed straight-forward pendumlum dynamics (as opposed to the friction model

needed for curved feet) and the knees allowed natural foot clearance. In using the passive dynamic ideas,

we showed that our model had a basin of attraction. The systemcan be started in this region and remain

stable, converging eventually to the system’s fixed point. After finding a point in the basin of attraction, we

subsequently found the fixed point. A local and global stability analysis was then performed on the model.

Due to the point feet and knees, we had expected this walker tobe able to walk in rough terrain effectively.

The simulation did in fact take multiple steps under rough terrain conditions successfully. Future work in the

stability analysis includes studying how stable this modelis by calculating the mean-first passage time [3]

both for the deterministic flat-terrain system and for stochastic rough terrain conditions.

After developing and studying the model, our next step was tobuild a machine that would match our

model and test our theoretical results. The machine we builttakes a few steps after which it falls forward.
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Various designs were tried for the knee to fix the different mechanical problems that were identified, such as

hyper-extension of the leg, mismatch in the position of the outer feet and delayed knee lock. The results seen

with the robot are very promising and we needed a more detailed analysis tool to study what was causing it

to fail.

To do so, we took digital video footage and motion capture data of the robot and carefully quantified the

motion of the robot. This allowed us to compare the machine’sdynamics directly to those of the model. After

reproducing the collected data in simulation, we could compare the joint angles of the robot during a swing

phase and the corresponding velocities and accelerations with those predicted in simulation. The robot did

move roughly as the model predicts. However, in order to match the two more closely and fit the length of

the stride as well as the small characteristics in the curves, we needed to first perform a careful parameter

estimation of the robot to find the correct physical parameters with which to run the simulation.

Although the parameter estimation was shown to work with simulated data with a controlled amount of

noise, it did not result in reasonable values when we ran it with our collected data. An improvement on this

could be calibrating the robot to the motion capture ‘skeleton’ more carefully. We can define the template

markers exactly using fixed and carefully measured distances, instead of relying on the system to calibrate

parameters. To take full advantage of the resolution of the motion capture system, we should make sure our

captured model fit the robot as accurately as possible. Doingthis would allow us to exactly playback the

corresponding simulation, and make sure we are starting it within the basin of attraction.

We believe that by doing so, we can perform a satisfactory parameter estimation. This would help us

catch the specific problems either with how we are starting itor how its feet are slipping, in order to achieve a

successful gait on the robot, for example. Furthermore, themotion capture data will also allow us to compare

the heelstrike and kneestrike events with the inelastic collisions we modeled.
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Appendix A

Collision Models for Kinematic Chains

We can simplify any planar robot into a kinematic chain with certain link lengths with point masses either at

the joints or in the middle of the links. To understand the dynamics during robot collisions then, let us study

what happens when collisions occur in kinematic chains.

Consider the kinematic chain shown in Figure A-1. The continuous dynamics of such a system are derived

easily using Lagrange’s equations of motion. The collisions in this chain, however, either internal or external

are modeled as discrete events because we assume instant velocity changes due to rigid body collisions.

For the collisions, we make two basic assumptions:

• No slip occurs due to infinite friction with the external surface

• Collisions are inelastic, losing kinetic energy in the process

As long as the impact forces do not create a moment about a certain axis, we can say that angular mo-

mentum is conserved about that point.

If an impulsive collision occurs at point A, an instantaneous force is exerted. The force creates zero torque

at this point. Also, because this is the only external force in system a(as marked in the diagram) we can say

that the angular momentum forsystem ais conserved about the impact point, A. This collision is equivalent

to our heelstrike event, where the impact point is the foot that is hitting the ground.

Furthermore, the effects of the collision ripple through the rigid body. If we takesystem bfor example, that

is, if we isolate everything beyond point B, we notice that the only force that can be created from the impulse

at A is a net force at point B. Since that is the only external force from the collision, angular momentum of

system b, then, is conserved about B. Similarly, angular momentum about point C ofsystem cis conserved.

In this way, we propagate up the chain, obtaining n equationsfor n joints.

To derive the equations for our specific example, we name the different segments by denoting the two

endpoints in the subscript (e.g.
−→
Aa corresponds to the straight line going from point A and the position of

the point massma). We also denote the linear velocities from a certain point using v and the corresponding

subscript. The subscripts, - and +, denote pre- and post- collision velocities.
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Figure A-1: A 3 degree of freedom planar kinematic chain

Using this nomenclature, we can write the equations of conservation of angular momentum as follows,

ma
−→
Aa×v+

a +mb
−→
Ab×v+

b +mc
−→
Ac×v+

c = ma
−→
Aa×v−a +mb

−→
Ab×v−b +mc

−→
Ac×v−c (A.1)

mb
−→
Bb×v+

b +mc
−→
Bc×v+

c = mb
−→
Bb×v−b +mc

−→
Ac×v−c (A.2)

mc
−→
Cc×v+

c = mc
−→
Cc×v−c . (A.3)

Conversely, consider an internal collision, such as an impulse torque at point C (from locking link c, for

example, when it aligns with link b), as is the case of our kneed walker’s kneestrike event. In this case,

the internal force is the impact force at the knee when the lower swing leg swings forward and locks in the

straight leg position.

This torque again, will be the only force acting on the entiresystem. However, since this is an internal

torque forsystem aandsystem b, we can say that both linear and angular momentum are conserved for these

systems. However, the angular momentum ofsystem cis changed by the torque at C.

In this case, only equations A.1 and A.2 hold true. However, if it is the case that link c is locked after

aligning with link b as it is for our model, then there is a new kinematic constraint: link c possesses the same

angular position and velocity as link c after the collision.
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A.1 Collisions in the Kneed Walker model

Below are the specific conservation equations used to derivethe transformation matricesQ− andQ+ for the

heelstrike and kneestrike events of the kneed walker model.

Figure A-2: Kneestrike: pre- and post- collision configurations

In Figures A-3 and A-2, the segment names are specified as above, using the names of both endpoints. O

corresponds to the stance foot before collision, which is also the swing foot after collision; H corresponds to

the point at the hip, and K to the point at the knee where the impact occurs. For the points at the masses, we

use t for the upper links, s for the lower links, and the subscripts are used to denote the stance (st) or swing

(sw) leg.

In the kneestrike event (shown in Figure A-2), we have an internal collision in this 3 degree of freedom

kinematic chain. This means that angular momentum is conserved for the whole systems about the stance

foot, and for the swing leg about the hip. Angular momentum isnot conserved, however, about the impacting

knee joint.

For the heelstrike case (shown in Figure A-3), the conservation equations are those of a 2 degree of

freedom kinematic chain with 5 point masses that experiences an external torque exerted at the impact foot.

In this case, angular momentum is also conserved for the whole system about the back pre-collision stance

foot, as it is conserved for the front pre-collision swing leg with respect to the hip.

Therefore, the conservation of angular momentum equationsare the same for both events, and written as

follows,
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Figure A-3: Heelstrike: pre- and post- collision configurations

ms
−−→
Os−st ×v−sst

+mt
−−→
Ot−st ×v−tst +mH

−→
OH×v−H +mt

−−→
Ot−sw×v−tsw +ms

−−→
Os−sw×v−ssw

= ... (A.4)

ms
−−→
Os−sw×v−ssw

+mt
−−→
Ot−sw×v−tst +mH

−→
OH×v−H +mt

−−→
Ot−st ×v−tst +ms

−−→
Os−st ×v−sst

mt
−−→
Ht−sw×v−tsw +ms

−−→
Hs−sw×v−ssw

= mt
−−→
Ht−st ×v−tst +ms

−−→
Hs−st ×v−sst

(A.5)

These equations yield different results for the two events.The heelstrike event occurs when the robot has

straight locked-knee legs, resulting in a 2 degree of freedom system. This means we will have 2 equations

with 2 state variables,q1 andq2. The resulting matrices will therefore be 2x2 in dimension.The velocity of

the third link is assumed to be the same as the second because the legs remain straight during this event. This

kinematic constraint can be expressed as follows, ˙q3 = q̇2.

In the case of kneestrike, this straight-legged constraintis only true after the knee hits and locks. For the

pre-collision configuration, our system has 3 degrees of freedom, which also means that the velocity of the

swing shank does not equal that of the corresponding thigh (i.e.,q̇3 6= q̇2. Therefore, we obtain a 2x3 matrix

on the left-hand side of the conservation equations and a 2x2matrix on the right hand side, as seen in Section

3.2.1.
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