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Goals for today

1 Argue that stochastic analysis may be central to walking

2 Demonstrate that the stochastic dynamics are elegant and
informative

3 Show some standard machinery which you can use today
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Stability Analysis of Limit Cycle Walkers

The dynamic walking community has done a good job
(relatively) of providing stability analysis

Eigenvalue analysis on the Poincaré map
Basins of attraction

... at least for the simple models
Almost no results for real machines
Gait sensitivity norm

Compare this w/ the ZMP walkers

Also have stability analysis, but based on local analysis
(trajectory tracking stability implies limit cycle stability)
What’s the basin of attraction for ASIMO, HRP-2?
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Disturbance models for gait stability

All of these analyses are based on the classical (robotic arm?)
idea that disturbances are rare

⇒ Sufficient to analyze response to initial conditions in the
deterministic case
Is this a reasonable assumption for dynamic walkers?

For some disturbances, yes - for others, no!

If disturbances happen once per step, then the rate of
deterministic convergence must be compared to the
(stochastic) dynamics of disturbances.
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Dynamic walking on rough terrain

Start with simple models

Rimless wheel
Compass gait

Quantify the stability of
passive walking on
statistically rough terrain

Design controllers which
maximize rough terrain
performance

Blind walking on unknown
terrain
Controlled walking on
known terrain
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All terrain is rough terrain

Especially for almost passive walkers

We all know this

rarely see plots of the “nominal” trajectory on DW robots.
rarely see anything like honest Poincare analysis.

You should care if

e.g., you want to make Flame walk on the bricks outside the
restaurant sunday night
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The rimless wheel
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[McGeer, 1990]

Assumptions:

Massless spokes

Stance “foot” does not slip

Collision is impulsive and inelastic

Instantaneous transfer of support
(no double support)

Resulting Dynamics:

Conservative simple pendulum
during stance

Dissipative impact defines
switching surface
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Rimless wheel - deterministic stability analysis

Closed form solution for: θ̇n+1 = P(θ̇n, γ).

−8 −6 −4 −2 0 2 4 6
−8

−6

−4

−2

0

2

4

6

 

 

  ω
2

ω
1
 

ω
stand  *

ω
roll  *

dθ
n
+/dt   [ang. vel. after collision n]

dθ
n+

1
+

/d
t  

 [a
ng

. v
el

. a
fte

r 
co

lli
si

on
 n

+
1]

Return map
Reference line of slope 1
Fixed points
ω

2
 (left) and ω

1

Original analysis by [Coleman and Ruina, 2002]

Proof of global convergence (except for a set of measure zero)
[Tedrake, 2004]
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Rough terrain analysis

Poincaré map dynamics, except now the ramp angle is drawn
from a distribution

Assuming only forward motion (for notational simplicity)

permits the form

θ̇n+1 = P(θ̇n, γn), γn ∼ N(γ0, σ
2).

permits analysis of apex return map (failure to reach apex =
absorbing fall down event)

Question - how does θ̇n evolve over time?
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Metastability

Answer:
No stable limit cycle by our classical definitions
For Gaussian noise, always ends up “falling” w/ prob 1 as
t →∞
Misleading to say its simply unstable

Brownian motion cartoon:

U(x)

xA B

escape attempts
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The Poincaré master equation

Any one trajectory is difficult to characterize

The distribution of trajectories has elegant and stable
dynamics

State distribution: Pr(θ̇n = ω)

Distribution dynamics:

Pr(θ̇n+1 = ω′) =

∫
ω

Pr(θ̇n+1 = ω′|θ̇n = ω)Pr(θ̇n = ω)dω

These are the dynamics of a function over state (called the
master equation)

Russ Tedrake and Katie Byl, MIT Metastable Rimless Wheels



Rimless wheel - stochastic return map

0 0.5 1 1.5 2 2.5
0

0.5

1

1.5

2

2.5

ω
n
 [rad/s]

ω
n+

1 [r
ad

/s
]

Deterministic Return Map for Rimless Wheel

 

 

return function
line of unity slope
rolling fixed point

matlab sim
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Numerical Methods

Discretize state (into finite Markov Chain)

Interpolate dynamics

State distribution is a vector: Pr(θ̇n = ωi )

Distribution dynamics:

Pr(θ̇n+1 = ωj) =
∑

i

Pr(θ̇n+1 = ωj |θ̇n = ωi )Pr(θ̇n = ωi )

pj =
∑

i

Tijpi , ~p = ~pT

Falling (not returning to map) modeled as single absorbing
state

Eigenanalysis of transition matrix, T, tells us everything about
the long-term dynamics
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Markov chain analysis

Transition matrix eigenvalue analysis (λ1 > λ2 > ...λn) with
corresponding eigenvectors vi :

Define characterstic time constant τi = − 1
log(λi )

≈ 1
1−λi

λ1 = 1, v1 corresponds to stationary distribution (falling down)
If λ2 ≈ 1 and τ2 � τ3 then metastability (long-living
transient); v2 is metastable distribution

Permits simple but powerful computations:

stable/metastable distribution
mean first passage time (to falling)
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Animation
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Metastability of the rimless wheel
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Discussion

Not just rough terrain (any noise model)

There is no nominal limit cycle

Over-fitting steady-state gait analysis (optimizing energetics
on the “nominal gait” may be ok, but needs to be justified)

Provable stability (with probability 1) may be rare

Implications for control

More details in [Byl and Tedrake, 2008].
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