GlobalConditioningforProbabilisticInferenceinBeliefNetworks

Ross D. Shac hter_∗

Department of

Engineering-Economic Systems

Stanford University

Stanford, CA 94305-4025 shachter@camis.stanford.edu

Stig. K. Andersen

Dept. of Medical Informatics and Image Analysis

Aalborg University

DK-9220 Aalborg SO DENMARK ska@miba.auc.dk

Peter Szolovits

Laboratory for Computer Science

Massachusetts Institute of Technology

545 Technology Square

Cambridge, MA 02139 psz@lcs.mit.edu

Abstract

In this paper we propose a new approach to probabilistic inference on belief networks, global conditioning, which is a simple generalization of Pearl’s (1986b) method of loopcutset conditioning. We show that global conditioning, as wellas loop-cutset conditioning, can be thought of as a special case of the method ofLauritzen and Spiegelhalter (1988) as refined by Jensen et al (1990a; 1990b).

Nonetheless, this approach provides new opportunities for parallel processing and, in the case of sequential processing, a tradeoff of time for memory. We also show how a hybrid method (Suermondt and others 1990) combining loop-cutset conditioning with Jensen’s method can be viewed within our framework.

By exploring the relationships between these methods, we develop a unifying framework in which the advantages of each approach can be combined successfully.

Keyw ords: causality, belief networks, causal networks, planning under uncertainty, troubleshooting.

1 INTR ODUCTION

In recent years, there have been intense research efforts to develop efficien t methods for probabilistic inference on beliefnetworks. A number of different exact methods have been proposed and implemented to solve this general class of problems. In this paper, we introduce a solution method we call the Clustering Algorithm, a variant of the HUGIN algorithm (Jensen and others

1990a; Jensen and others 1990b), and closely related to a variety of algorithms (Cannings and others 1976;

Cannings and others 1978;Lauritzen and others 1990;

Shafer and Shenoy 1990; Shenoy 1986). The Clustering Algorithm is not an improvement over the methods

∗This paper appeared as R. D. Shachter, S. K. Andersen and P. Szolovits. Global Conditioning for Probabilistic

Inference in Belief Networks. Uncertainty in Artificial Intelligence 94. Morgan Kaufmann. 514-522, 1994.

listed above, but rather a framework for comparison and integration with the Polytree Algorithm (Kim and

Pearl 1983; Pearl 1986b) and Loop-Cutset Conditioning (Pearl 1986a; Peot and Shachter 1991). We show howthese techniques are specialcasesofthe Clustering

Algorithm. Although the strong relationship between the Clustering and Polytree Algorithms is widely understood, the same has not been true of Loop-Cutset

Conditioning, despite our announcements to that effect several years back at the Conference on Uncertainty in Artificial Intelligence.

In the process of demonstrating results about Loop-

Cutset Conditioning, we generalize it to an algorithm we call Global Conditioning. Even though Global Conditioning is shown to be a special case of the Clustering Algorithm, the insights it provides suggest new applications with parallel processing and under memory restrictions. We also provide a Clustering Algorithm interpretation to a hybrid algorithm which combines Jensen’s method with Loop-Cutset Conditioning

(Suermondt and others 1990).

Section 2 defines the notation and terms to be used throughout the paper. Section 3 introduces the Clustering Algorithm while Section 4 presents the Method of Global Conditioning. They also show the relationship to the Polytree and Loop-Cutset Conditioning

Methods. Section 5 presents a parallellizable approach based on Global Conditioning and shows how it can also trade compute time for memory. Section 6 shows dynamic restructuring of cluster trees based on the logic of conditiong, while conclusions and suggestions for future research are presented in Section 7.

2 NOT ATION AND BASIC

FRAMEW ORK

In this section, we present our notation and some standard definitions. In particular we introduce the framework for random variables and evidence, and their representation in directed and undirected graphs. We also present an example problem which will be used throughout the paper.

12345678a)b)123456786736356235568346146735623534614a)c)b)

6763656856356414352356714d) Figure 1: Chest clinic belief network example.We have a finite set of elemen ts N = {1,...,n}, cor-responding to the nodes in a directed acyclic graph.Such a directed graph has many names in the litera-ture, including belief net work (Pearl 1986b), prob-abilistic infl uence diagram (Shachter 1988), andcausal probabilistic net work (Jensen and others1990b). We refer to a particular element with a lowercase letter, j ∈ N, and a set of elements using up-per case letters, J ⊆ N. The paren ts of a node aredenoted by Pa(j), and the parents of a set of nodes,Pa(J ) is simply the union of the parents of the nodesin the set. The family of a node j consists of j and itsparents, {j} ∪ Pa(j). An example of a belief networkis shown in Figure 1a. It is taken from Lauritzen andSpiegelhalter (1988).Associated with each element j is a random variableXj having a finite number of possible values xj . Avector of variables XJ is associated with the set of el-ements J . Each variable Xj has a prior conditionalprobability distribution, Pr{Xj |XP a(j )}. Let ϵ be theevidence which has been obtained about the variables.Each observation ϵk, whether an exact observationor indirect evidence about a variable or set of vari-ables, can be characterized by a likeliho od function ,Pr{ϵk|XJ k }, of the variables XJ k .The elements N can also be represented as the nodesin an undirected graph, called a moral graph . Themoral graph is constructed by adding an undirectedarc between all nodes with common children, and thenreplacing the directed arcs with undirected arcs. Themoral graph corresponding to the beliefnetwork shownin Figure 1a is displayed in Figure 1b, without thedashed (3, 5) arc. Moralizing arcs (3, 4) and (5, 6)were added. A moral graph is said to be chordalor triangulated if there is no cycle of length four ormore which does not have an arc between two nonad-jacent nodes in the graph. Although the graph shownin Figure 1b is not chordal without the (3, 5) arc, itis chordal with it, or with other arcs which could havebeen added instead such as (2, 6).Graphs can also be constructed in which each nodecorresponds to a set of elements rather than just asingle element. A set of elements for this purpose willbe called a cluster . An undirected tree ofclusters willbe called a join tree if every element which appearsin more than one cluster appears in every cluster on Figure 2: Cluster trees for the chest clinic example.the path between them (Beeri and others 1983).A cluster tree for a particular beliefnetwork is a jointree in which every family from the belief network iscontained in at least one cluster. For example, thefour trees drawn in Figure 2 are cluster trees for thebelief network drawn in Figure 1a. Cluster trees havebeen recognized before (as “junction trees”) and someof their special properties are well known (Jensen andothers 1990a). The moral graph corresponding to acluster tree consists of nodes for each element with anundirected arc between any two nodes whose corre-sponding elements appear in the same cluster. Such amoral graph willalways be chordal and consistent withthe original belief network and its moral graph. Theindependence properties represented in the cluster treecan also be revealed if, for every pair of neighboringclusters, an intervening cluster containing their inter-section is inserted on the arc between them. Afterthe addition of these new clusters, called separationsets , the new graph is still a cluster tree, but now all ofthe conditional independence is explicitly represented,namely, any two clusters in a cluster tree are condi-tionally independent given any intervening cluster orthe separation set corresponding to any arc in betweenthem. The graph drawn in Figure 2d was constructedfrom the cluster tree shown in Figure 2a by the addi-tion of the separation sets followed by the deletion ofredundant clusters for (3, 6).3 THE CLUSTERING ALGORITHMThe Clustering Algorithm performs probabilistic in-ference by passing messages around cluster trees andpropagating the global effects of local information. Itis variation on the algorithm in HUGIN (Jensen andothers 1990a;Jensen and others 1990b)but also closelyrelated to other algorithms (Cannings and others 1976;

Cannings and others 1978;Lauritzen and others 1990;

Shafer and Shenoy 1990; Shenoy 1986). We show that the Polytree Algorithm (Kim and Pearl 1983; Pearl

1986b; Peot and Shachter 1991) can be viewed as a special case of the Clustering Algorithm.

There are only two kinds of data which are truly local in a cluster tree: the conditional probability distributions and likelihood functions for variables in the cluster. Those functions can be set independently for each variable at any time, although there is a global restriction on what constitutes a consistent or coherent set of data for the entire cluster tree, namely Pr{ϵ} > 0.

Each variable X^j in the model has a conditional probability distribution Pr{X^j |X^{P a(j )}} which is assigned to exactly one cluster containing j_′s family. Likewise for each observation ϵ^k there is a likelihood function

Pr{ϵ^k|X^{J k} } showing how the probability for the evidence depends on the variables X^{J k} . Each likelihood function is assigned to exactly one cluster containing

J^k. The product of the conditional probability distributions and likelihood functions assigned to cluster

S^i is called the poten tial function Ψ^i = Ψ^i(X^{Si} ) for cluster S^i, and it contains all of the local information for that cluster. (The arguments for Ψ^i will be omitted to improve readability whenever they are unambiguous.)

The joint distribution for the model is the global information obtained by multiplying together all of the local information. For example, the posterior joint distribution for all of the variables is just Pr{X^N ,ϵ} = ∏ j ∈ N Pr{X^j |X^{P a(j )}} ∏ k Pr{ϵ^k|X^{J k} } = ∏ i Ψ^i

The posterior joint distribution over the variables X^J can then be computed by marginalizing, Pr{X^J ,ϵ} = ∑ N \J Pr{XN ,ϵ} = ∑ N \J ∏ i Ψ^i , where ∑ N \J signifies a summation over all possible

values of all argument variables except X^J .

The local information within the cluster tree is propagated throughout the network via local messages in order to compute these global expressions. Consider two adjacent clusters S^i and S^j . If K^{i|j} is the set of cluster indices for all clusters on S^i’s side of the (i, j) arc and K^{j |i} is the complementary set of clusters on

S^j ’s side of the arc, define the cluster message M^{ij} sent from S^i to S^j to be M^{ij} = ∑ N \S^j ∏ k∈ K^{i |j} Ψ k . Because the cluster tree is a join tree, the only elements in common between S^j and all of the clusters in K^{i|j} must be in S^i, so M^{ij} is a function of variables

X^{Si ∩ Sj} . As a result, we can compute the separation set probabilit y P^{ij} , the posterior joint distribution for the separation set for two adjacent clusters, as the

product of the two cluster messages on the arc connecting them: P^{ij} = Pr{X^{Si ∩ Sj} ,ϵ} = ∑ N \(S^i ∩ S^j ) ∏ k Ψ^k

= ∑ N \S^j ∏ k∈ K^{i |j} Ψ^k ∑ N \S^i ∏ k∈ K^{j |i} Ψ^k = M^{ij} M^{j i}. Because all of the local data are partitioned into clusters indexed by K^{i|j} and K^{j |i}, the two messages not only contain all relevant information, but they can also be computed asynchronously. In practice, the messages can be computed in terms of other messages, M^{ij} = ∑ N \S^j ∏ k∈ K^{i |j} Ψ k = ∑ S^i \S^j Ψ i ∏ k∈ K^{i − j} Mki , where K^{i− j} is the set of all clusters adjacent to S^i, excepting S^j .

All of the incoming cluster messages combined with the local data also allow us to compute the posterior probabilit y distribution P^i = Pr{X^{Si} ,ϵ} for any cluster S^i,

P^i = ∑ N \S^i ∏ k Ψ^k = Ψ^i ∏ k∈ K^i Mki, where K^i is the set of all clusters adjacent to S^i. From these expressions it is easy to confirm that for any adjacent clusters S^i and S^j , Pr{X^{Si ∩ Sj} ,ϵ} = ∑ S^i \S^j P^i = M^{ij} M^{j i} = P^{ij} = ∑ S^j \S^i P^j = M^{j i}M^{ij} = P^{j i}

There are a number of different strategies to control message passing that constitute the Clustering Algorithm . First, because a cluster message summarizes all of the local information on one side of an arc, any change to the local information can require updating of the message. Conversely, if there is no change to any of the local information on one side of an arc, then there will be no change to the cluster message.

Second, if all that is required is the computation ofthe posterior distribution for a particular cluster S^i, that can be performed with local computations through a collect operation (Jensen and others 1990b):

1. S^i sends request messages to all of its neighbors;

2. They in turn send request messages to all of their other neighbors and so forth;

3. Eventually a request message reaches a cluster with only one neighbor. It either computes and sends a new cluster message in reply or indicates that the old message is still valid;

4. Clusters with more than one neighbor either compute and send a new message or, if they have no changes and neither do any of their other neighbors, indicate that the old message is unchanged;

5. Eventually, S^i will receive a message from each of

12345678a)123415276634856b)Figure 3: The Polytree Algorithm applied to the chestclinic example.its neighbors and thus it can compute Pi.Third, if all clusters are to be updated, then a dis-tribute operation can also be performed with localoperations (Jensen and others 1990b): Si sends up-dated cluster messages to each of its neighbors, andthey in turn send them to their other neighbors andso forth until every cluster has received such a mes-sage.Finally, initialization simply requires multiplying thefactors in each Ψ i and marking the cluster as changed.If there are no probability factors for a cluster Si, thenits Ψ i should be a scalar 1 and it should be marked asnot changed. If there is some evidence to begin with,then it should also be factored into the appropriate Ψ iand the cluster should be marked as changed.The Polytree AlgorithmThe Polytree Algorithm for singly-connected beliefnetworks (Kim and Pearl 1983; Pearl 1986b) formsa cluster tree with the same topology as the originalnetwork, but with each node j replaced by its family,Sj = {j}∪ Pa(j). Because the beliefnetwork is singlyconnected, the resulting cluster tree is a join tree. Thecluster conditional probability is simply the node’sconditional probabilities, Pj = Pr{Xj |XP a(j )}, andthe cluster likelihood function is just the evidence per-taining directly on Xj , Lj = Pr{ϵj |Xj }. The Cluster-ing Algorithm is then performing precisely the RevisedPolytree Algorithm, in which causal support messagesare unconditional rather than conditional (Peot andShachter 1991). Consider the belief network shown inFigure 3a, in which the (2, 3) arc has been eliminatedto render the network singly-connected. The clustertree for the Polytree method is shown in Figure 3b. Ingeneral, the following theorem applies.Theorem 1 (The Polytree Algorithm)The Polytree Algorithm (Kim and Pearl 1983; Pearl1986b) in modified form (Peot and Shachter 1991) isa special case of the Clustering Algorithm.There are also choices in the representation of thecluster messages. We have presented the messagesin factored form , which simplifies the revision ofprior probability distributions and the retraction ofev-idence. The messages can also be represented in join t form for more efficien t calculations. Each cluster Siremembers its posterior joint distribution Pi and eacharc (or separation set) from cluster Si to cluster Sjremembers the posterior joint distribution last sent,P oldij . The message sent between clusters Si and Sjis not Mij but rather P newij = Mij Mj i, the separationset joint distribution, which is of the same dimensions.The actual update is just the element-by-element ratioρij = P newij ÷ P oldij ,where any value can be used for 0 ÷ 0. The posteriordistribution for cluster Si isP newi ← P oldi ∏ k∈ K i ρijand Mj iMj i ← ∑ Si \Sj Pif orj ∈ Ki ,where Ki is the set ofall clusters adjacent to Si. Thereare also tremendous opportunities for savings in thecompiled compression of zeros from all of the distribu-tions (Jensen and Andersen 1990), which means thatmost components of a sparse message and joint distri-bution are never computed. The only cost comeswhenevidence is retracted, and the whole network mighthave to be reinitialized. Initialization is not difficulthowever, with P oldij set to scalar 1, and the remaininginitialization process similar to the factored form.4 GLOBAL CONDITIONINGThe Methods ofGlobal and Loop-Cutset Conditioningare presented in this section. Loop-Cutset Condition-ing (Pearl 1986a) is one of the oldest methods for solv-ing multiply-connected beliefnetworks. We show thatboth conditioning methods can be viewed as specialcases of the clustering algorithm.The Metho d of Global Conditioning provision-ally observes a set of variables XK , the conditioningset , in order to simplify the belief network, renderingit easier to solve. We will call the original problem themaster problem , and the simplified subproblems theinstan tiated problems . Although we could conceiv-ably use any technique to solve the instantiated sub-problems, we will assume in this paper that they willbe solved with the Clustering Algorithm. Althoughwe will not explore methods to select the conditioningset, it is critical to the success of the method and asubject worthy of papers by itself.Having “observed” XK , we can cut the outgoing arcsfrom K in the belief network, which is equivalent toseparation by K in the moral graph (Shachter 1990a).For example, the multiply-connected graph shown inFigure 1a becomes the singly-connected graph shownin Figure 4a after X2 has been “observed.” We cancompute the overall desired result by considering allpossible cases for XK and weighting by their probabil-ities, using the “Law of Total Probabilit y,”Pr{XJ ,ϵ} = ∑ xK Pr{XJ ,XK = xK ,ϵ} .

123456781234567812412325262347268256a)b)c)Figure 4: The Loop-Cutset Conditioning Method ap-plied to the chest clinic example.The main problem with the method is that the num-ber of terms in the sum grows exponentially with thenumber of elements in the conditioning set K.Another way to view Global Conditioning is that weare adding arcs in the moral graph from K to all othernodes or, equivalently, that we are adding the condi-tioning set K to every cluster in a cluster tree, since wemust iterate over the possible values of XK . Considerfor example the belief network shown in Figure 4a, inwhich the arcs from 2 have been cut. Because we willbe iteratively solving the new problem for every pos-sible case of X2, it is really as if an undirected archad been added from 2 to all other nodes in the moralgraph shown in Figure 4b, making it a chordal graph.A cluster tree for that graph is shown in Figure 4c.It could also have been obtained by building the clus-ter tree corresponding to the singly-connected networkshown in Figure 4a (if we omit node 2) and then adding2 to every cluster. This is not a particularly efficien tcluster tree because only the (2, 6) arc was neededfor triangulation. This cluster tree contains clusterswith four elements, while the cluster trees for the sameproblem shown in Figure 2 have no clusters containingmore than three elements. This result is formalized inthe following theorem.Theorem 2 (Global Conditioning)The Method of Global Conditioning is a special caseof the Clustering Algorithm. It is less efficient thanthe Clustering Algorithm unless the conditioning setalready appears in every cluster.The Metho d of Loop-Cutset Conditioning(Pearl 1986b; Peot and Shachter 1991) is closely re-lated to the Method of Global Conditioning: the in-stantiated problems are solved using the (modified)Polytree Algorithm, so the conditioning set must ren-der the original belief network at most singly con-nected. The set is called a loop-cutset because every undirected cycle (or loop) in the network contains atleast one arc emanating from one of the nodes in theconditioning set (Pearl 1986a;Peot and Shachter 1991;Suermondt and Cooper 1988; Suermondt and Cooper1990).Theorem 3 (Lo op-Cutset Conditioning) TheMethod of Loop-Cutset Conditioning (Pearl 1986a) inmodified form (Peot and Shachter 1991) is a specialcase of the Clustering Algorithm. It is less efficientthan the Clustering Algorithm unless the conditioningset already appears in every family in the belief net-work.Pro of: We know from Theorem 1 that the PolytreeAlgorithm is a special case of the Clustering Algo-rithm, with clusters corresponding to the families inthe belief network, so the results follow from Theo-rem 2, after we construct the cluster tree. Start withwhatever singly connected network will be used forthe Polytree Algorithm. The cluster tree has the sametopology, with the cluster corresponding to a node j inthe tree formed from the union of node j, its parentsin the tree, and the conditioning set. This is a clustertree because (1) it is a tree (or forest) by construction;(2) it is a join tree because the conditioning set K isin every cluster and the cluster corresponding to everynode j ∈ K must be adjacent to the clusters ofj’schil-dren (every other cluster in which j appears); and (3)every family is contained in some cluster, because theonly arcs cut are from nodes in K which are includedin every cluster anyway.It might seem counterintuitive that Loop-Cutset Con-ditioning is related to the Clustering Algorithm. Con-sider the network shown in Figure 5a suggestedby Pearl in the discussion following (Lauritzen andSpiegelhalter 1988). A “standard” chordal graph forthis problem in shown in Figure 5b. Although condi-tioning on X1 appears to be superior, it in fact cor-responds exactly to the chordal graph shown in Fig-ure 5c, which has the same number of cliques, but onewith four elements instead of three. Pearl’s suggestionthat combining nodes, as shown in Figure 5d, might besuperior, actually results in the chordal graph shownin Figure 5e, which is even less efficien t than the othertwo chordal graphs.5 PARALLEL IMPLEMENT ATIONOF GLOBAL CONDITIONINGIn the preceding section it was shown that the Methodof Global Conditioning is never more efficien t than theClustering Algorithm, but it can nonetheless presentsome natural opportunities for parallel implementa-tion. In this section we show some of the technicaldetails and some efficiencies possible in such an imple-mentation.We start with a master cluster tree , on which wewould like to perform inference. From this master tree,

12345678123456781234567 6 7 8 12345678c)d)e)a)b)256714236

346568a)c)e)b)d)f)67

1434656836566714346356235568671445255825667

1423634656814255834237

Figure 5: Pearl’s Example for Clique Formation.

we build instan tiated cluster trees for each possible case of x_K of the conditioning variables X_K . After distributing evidence within the instantiated cluster trees, we construct a new master tree equivalent to what the original master tree would have been if we had performed message passing directly on it. Each instantiated cluster tree has the same topology as the master tree, but without the variables X_K . We fill in the table for each cluster (and separation set) in the instantiated tree by copying the table from the master tree corresponding to the particular values of X_{Si ∩ K} . Whenever there are some conditioning variables in a cluster in the master tree, S_i ∩ K ≠ ∅ , the corresponding cluster in the instantiated tree should be marked as changed, since it now contains likelihood evidence about X_K . After passing messageswithin the instantiated tree, we can add the resulting tables into the master tree simply by summing out the variables X_{K \Si} that do not appear in the master tree,, Pr{X_{Si} ,ϵ} = ∑ K \S_i Pr{XSi ∪ K ,ϵ} . The choice of master cluster tree depends on the conditioning set which will be used to construct the instantiated cluster trees. Consider the example shown in Figure 1a. If we are goingto condition on node 2, we might want the master tree shown in Figure 6a rather than the one shown in Figure 6c or any of the ones shown in Figure 2. Although this is a valid cluster tree based on the beliefnetwork, it does not correspond to any of the cluster trees in Figure 2. The instantiated cluster tree conditioned on node 2 is shown in Figure 6b. Other instantiated cluster trees for particular conditioning sets and master trees are shown in Figure 6d and Figure 6f for conditioning on node 6 and on nodes 3 and 6.

When we build an instantiated cluster tree, any separation sets which were subsets of the conditioning set become empty, as shown by the dashed arcs in Figure 6d and Figure 6f. This can be handled within the Clustering Algorithm as scalar separation sets,

Figure 6: Master and Instantiated Cluster Trees.

but there is some efficiency to be gained by exploiting the fact that the problem has been separated into “islands.” Instead of passing the scalar messages throughout the network, where we will have to update the tables (in all but one island) twice, we can recognize the cumulative contributions among islands at a higher level and perform the scalar update only once, as we copy the table back into the master problem. To perform this, we need to construct a scalar “island tree” with a node for each island. We can compute the scalar value for any island by summing over its smallest cluster (or separation set). The messages sent between islands are then computed by the Clustering Algorithm, obtaining an update factor for each island, to be applied when the island’s tables are copied back into the master cluster tree. If we ever encounter a zero scalar value for any island, then we can skip the rest of the processing for the entire instantiated cluster tree, because our model says that this particular instantiation is not possible given our observations ϵ.

Trading Time for Memory

Another application of the Method of Global Conditioning arises when there is insufficien t memory to store the master cluster tree. The procedure from the previous section can be changed to trade extra compute time for memory savings. Thus, as in matrix algorithms, it is possible to transform a computation over a spatial dimension into an iteration of the values of that dimension over a spatially reduced problem.

If the master cluster tree cannot be explicitly constructed because of space limitations, we can modify the parallellized algorithm. First we must determine a good conditioning set and a good structure for the instantiated cluster tree, with cluster tables small enough for the restricted memory. We then serially consider each case of the conditioning variables. For each instantiation we initialize the cluster tree from the

120450340230890780670

a)b)

input distributions rather than from a master tree. If our goal is to compute Pr{X^J ,ϵ} for some set of variables J , then we accumulate the answer into these tables instead of into a master tree, but using the same kind of mapping.

6 RECOGNIZING NEW CLUSTER

TREES

Although Global Conditioning is only performing the same operations as the Clustering Algorithm, it can provide additional insight about a problem. In this section, we explore a subtle trick that emerges from an ingenious application of Loop-Cutset Conditioning

(Suermondt and others 1990) to a “star-shap ed” diagnostic network constructed using similarity networks

(Heckerman 1990a; Heckerman 1990b).

In that problem there is a single variable (disease) whose observation splits the belief network into many small disconnected pieces. By conditioning on that variable, each piece can be solved independently.

(They are still dependent, but that dependence is reflected in their likelihood update for the disease node.)

An abstract representation of the situation in cluster trees is shown in Figure 7, in which X^0 corresponds to the disease variable. Using the parallellization method in Section 5, we would be splitting this network into three “islands.” The graphs shown in Figure 7a and

Figure 7b are both valid cluster trees. If our goal is to collect at cluster 0 based on evidence recorded in clusters 067 and 12, the cluster tree shown in Figure 7b is superior to the one shown in Figure 7a. Of course, there is no way to anticipate exactly what evidence will be observed, so we can use the following result to restructure the cluster tree dynamically.

Theorem 4 (Dynamic Restructuring) Given that there are two nonadjacent clusters A and B in a cluster tree, such that A ∩ B is equal to the separation set on some arc e on the path between them, arc e can be replaced by a new arc connecting A and B.

The change is completely reversible and messages for the old arc will be valid for the new one. If joint-form messages are used, then all messages in the network are still valid; otherwise, the messages along the old path from A to B might require updating.

Pro of: Because we have a join tree, A ∩ B must be contained in every cluster between A and B. The arc e can be replaced by an arc between any ofthe clusters along the path from A until e and any of the clusters along the path from B until e without violating the join tree property, and hence maintaining the cluster tree conditions. Because any pair of those clusters satisfy the same conditions as A and B, the newarc can be drawn between A and B without loss of generality.

The change is reversible, because the conditions will be satisfied by the two clusters which were incident to e with respect to the new arc. The message in

Figure 7: Dynamic Restructuring of Cluster Trees.

one direction along the old arc, with a slight abuse of notation, is M^{AB} = ∑ N \B ∏ k∈ K^{AB} Ψ k , and it does not change because K^{AB} is maintained.

If joint-form messages are used, they can be interpreted as posterior joint distributions over the separation sets, and the separation sets are maintained. If factored form messages are used, their values depend on the K^{ij} partition of the clusters in the network.

The only place where these partitions change is along the old path between A and B.

This theorem can be easily applied. Consider the cluster tree shown in Figure 7c. Operationally, we can view the arc between 0 and the three clusters above it as “fl exible,” because any one of the three clusters can be connected to 0 without changing the messages on the arc. Likewise, there is a flexible arc between

0 and the three clusters below it. This is particularly powerful in combination with joint-form messages, although the updating formula for factored form messages is simple to compute because P_{old}^{ij} = P_{new}^{ij} . Not all of the new messages need to be computed if the only operation is to collect and not to distribute.

Another example of the theorem is in the cluster trees shown in Figure 2. In the tree shown in Figure 2b, the separation set between 67 and 346 is just 6, so the arc between them can be replaced by one from 67 to any other cluster containing 6. Thus we can immediately obtain the tree shown in Figure 2c, as well as one in which 67 is adjacent to 568 instead.

7 Conclusions

In this paper we have developed a generalization of

Loop-Cutset Conditioning that we call Global Conditioning. We show that both are special cases of the

Clustering Algorithm, a variation of the HUGIN algorithm (Jensen and others 1990a; Jensen and others

1990b). We use the insight from this relationship to develop a parallel and restricted memory version of the Clustering Algorithm. We also recognize an important class of problems in which we can simply and effectively restructure a cluster in response to a query.

The Clustering Algorithm presented in this paper is not a new solution method, but rather a framework for comparison and substitution among methods. One is free to choose different clusters, different topologies for the cluster tree, different representations for messages, and different control strategies. We have much to learn about how to make and evaluate these choices.

Perhaps the most important choice from the list above is the selection ofclusters, because it determines the efficiency of all of the methods. The key step is triangulation, in which the moral graph for the original belief network is made into a chordal graph. Although determining the “optimal” triangulation is NP-complete, there are excellent heuristics for this task (Kjærulff

1990). Some of the methods considered in this paper also present alternativ e triangulation strategies

(Cooper 1990;Pearl 1986a;Pearl 1988;Suermondt and

Cooper 1988; Suermondt and Cooper 1990).

One possible extension of these results would be to enhance the parallellized algorithm by recognizing when a particular instantiated cluster tree can be reused.

This occurs when the variables in the cluster, X^{Si} , are conditionally independent of some of the conditioning variables, X^{K 1}, given the evidence ϵ and the remaining conditioning variables X^{K 2}. (This independence can be recognized in linear time in the size of the network (Geiger and others 1990; Shachter 1988;

Shachter 1990b).) If there is an efficien t way to compute Pr{X^{K 1}|X^{K 2},ϵ}, then we can save iterations by recognizing that Pr{X^{Si ∪ K} ,ϵ} = Pr{X^{K 1}|X^{K 2},ϵ}Pr{X^{Si} ,X^{K 2},ϵ} . Finally, we have assumed throughout that the conditioning variables X^K were taken through all their values. If, instead, an asymmetric tree of conditioning values is used, then we would be able to recognizesome ofthe conditional independence in relations such as the

“noisy or.” This might lead to a global conditioning algorithm equivalent to Local Expressions (D’Ambrosio

1991).

Ackno wledgemen ts

We benefited greatly from the comments of Derek Ayers, Richard Barlow, Greg Cooper, Bruce D’Ambrosio,

Adnan Darwiche, Brendan Del Favero, Bob Fung,

Perry McCarty, Mark Peot, Jaap Suermondt, and the anonymous referees.

References

Beeri, C., R. Fagin, D. Maier, and M. Yannakakis.

“On the Desirability of Acyclic Database Schemes.”

J. ACM 30 (3 1983): 479-513.

Cannings, C, E. A. Thompson, and M. H. Skolnick.

“Recursiv e derivation of likelihoods on pedigrees of arbitrary complexity.” Adv. Appl. Probabil. 8

(1976): 622-625.

Cannings, C, E. A. Thompson, and M. H. Skolnick.

“Probabilit y functions on complex pedigrees.” Adv.

Appl. Probabil. 10 (1978): 26- 61.

Cooper, G.G. Bayesian belief-net work inference using recursiv e decomp osition . Knowledge Systems Laboratory, Stanford University, 1990. KSL 90- 05. D’Ambrosio, B. “Local Expression Languages for

Probabilistic Dependence.” In Uncertain ty in Artificial Intelligence: Pro ceedings of the Seventh

Conference , eds. B D’Ambrosio, P Smets, and P

Bonissone. 95- 102. San Mateo, CA: Morgan Kaufmann, 1991.

Geiger, D., T. Verma, and J. Pearl. “Iden tifying independence in Bayesian networks.” Net works 20

(1990): 507-534.

Heckerman, D. E. “Probabilistic Similarity Networks.”

Net works 20 (1990a): 607-636.

Heckerman, D E. “Probabilistic Similarity Networks.”

PhD Thesis, Stanford University, Stanford, CA,

1990b.

Jensen, F and S K Andersen. “Appro ximations in

Bayesian Belief Universes for Knowledge-Based Systems.” In Pro ceedings of the Sixth Conference on Uncertain ty in Artificial Intelligence in July

27-29, Cam bridge, MA , 162-169,1990.

Jensen, F. V., S. L. Lauritzen, and K. G. Olesen.

“Ba yesian Updating in Causal Probabilistic Networks by Local Computations.” Comp. Stats. Q. 4

(1990a): 269-282.

Jensen, F. V., K. G. Olesen, and S. K. Andersen.

“An algebra ofBayesian beliefuniverses for knowledge based systems.” Net works 20 (1990b): 637-659.

Kim, J.H. and J. Pearl. “A computational model for causal and diagnostic reasoning in inference engines.”

In 8th International Join t Conference on Artificial Intelligence in Karlsruhe, West German y

1983.

Kjærulff, U. Triangulation of Graphs—Algorithms Giving Small

Total State Space . Department ofMathematics and

Computer Science, Institute for Electronic Systems,

Aalborg Denmark, 1990. R 90-09.

Lauritzen, S. L., A. P. Dawid, B. N. Larsen, and H.-G.

Leimer. “Indep endence properties of directed markov

fields.” Net works 20 (1990): 491-505.

Lauritzen, S.L. and D.J. Spiegelhalter. “Local computations with probabilities on graphical structures and their application to expert systems.” JRSS B 50 (2

1988): 157-224.

Pearl, J. “A constraint-propagation approach to probabilistic reasoning.” In Uncertain ty in Artificial

Intelligence , eds. L.N. Kanal and J.F. Lemmer. 357-

369. Amsterdam: North-Holland, 1986a.

Pearl, J. “Fusion, propagation and structuring in belief networks.” AIJ 29 (3 1986b): 241-288.

Pearl, J. Probabilistic Reasoning in Intelligen t

Systems . San Mateo, CA: Morgan Kaufmann, 1988.

Peot, M. A. and R. D. Shachter. “Fusion and Propagation with Multiple Observations in Belief Networks.”

AIJ 48 (3 1991): 299-318.

Shachter, R. D. “Probabilistic Inference and Influence

Diagrams.” Ops. Rsrc h. 36 (July-August 1988):

589-605.

Shachter, R. D. “Evidence Absorption and Propagation through Evidence Reversals.” In Uncertain ty in Artificial Intelligence 5, eds. M. Henrion, R.

D. Shachter, J.F. Lemmer, and L.N. Kanal. 173-190.

Amsterdam: North-Holland, 1990a.

Shachter, R. D. “An Ordered Examination ofInfluence

Diagrams.” Net works 20 (1990b): 535-563.

Shafer, G. and P. P. Shenoy. “Probabilit y Propagation.” Ann. Math. and AI 2 (1990): 327-352.

Shenoy, P. P. “Propagating BeliefFunctins using Local

Computations.” IEEE Exp ert 1 (3 1986): 43-52.

Suermondt, H.J. and G.F. Cooper. “Up dating probabilities in multiply connected belief networks.” In

Fourth Workshop on Uncertain ty in Artificial

Intelligence in Univ ersit y of Minnesota, Minneap olis, 335-343,1988.

Suermondt, H.J. and G.F. Cooper. “Probabilistic inference in multiply connected belief networks using loop cutsets.” IJAR 4 (1990): 283-306.

Suermondt, H J, G F Cooper, and D E Heckerman. “A

Combination of Cutset Conditioning with Clique-Tree

Propagation in the Pathfinder System.” In Pro ceedings of the Sixth Conference on Uncertain ty in

Artificial Intelligence in July 27-29, Cam bridge,

MA , 273-279,1990.