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Abstra t
A non-perturbative treatment of hydrostati equilibrium is presented. We
nd that the widely used third order Zharkov-Trubitsyn theory is not adequate
to model the interiors of Jupiter and Saturn. We use the method to generate
abstra t obje tive interior models of the Jovian planets, with no input other
than the observational data. The abstra t obje tive models are in surprisingly
good agreement with the physi al models.
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Introdu tion

Hydrostati balan e governs the basi shape of all planets. The physi s is simple |
in equilibrium the lo al pressure for e must balan e the gravitational and entrifugal
for es. Material properties must be supplied to relate the density to the pressure.
The lassi al approa h to the solution of the problem of hydrostati balan e is
through perturbation theory. The perturbative treatments use various s hemes to
redu e the non-linear fun tional problem to a small set of oupled di erential or
integro-di erential equations. The perturbation parameter is the ratio of the entrifugal a eleration to the gravitational a eleration at the surfa e at the equator.
The lassi al perturbation theories nd su essive approximations to the level surfa es
(surfa es of onstant density and pressure) as fun tions of radius. Zharkov and Trubitsyn (1978) review modern extensions of the lassi al perturbation theories. Other
approa hes have been developed whi h are not based on level urves (e.g. Ostriker
and Mark, 1968, Hubbard, Slattery, and DeVito, 1975). All re ent models of the interiors of the Jovian planets have used the third order theory of Zharkov and Trubitsyn
(1978) to solve the problem of hydrostati balan e (Podolak and Reynolds, 1987, Gudkova, et al., 1988, Hubbard and Marley, 1989, Chabrier, et al., 1992, Marley, et al.,
1995, Hubbard, et al. 1995). We show below that the third-order Zharkov-Trubitsyn
theory is not adequate to model the interiors of Jupiter and Saturn.
Computational resour es are great enough today that many problems an be approa hed more simply and dire tly than was possible in earlier eras. In this omputational era, we an fo us attention on the basi physi al pro esses, and use arefully
rafted numeri al methods to reliably determine the onsequen es of these physi al
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pro esses. The goals of this paper are twofold. First, it is to state ompletely and
expli itly the problem of hydrostati stru ture. Se ond, it is to present a straightforward omputational solution to the simple problem of hydrostati balan e. The
method of solution is inspired by the physi al problem. Physi ally, the planet adjusts until surfa es of onstant potential oin ide with surfa es of onstant density
and pressure. Thus it is natural to organize the numeri al solution around the level
urves, and the numeri al solution is found by letting the planet adjust itself. The
method presented here is not perturbative in the usual sense, but of ourse representations by in nite series must be trun ated, so there is an e e tive order. However,
the method presented has no fundamental limitation. If more a ura y is needed the
series an simply be extended.
In the presentation, we rst state the problem pre isely. Next we dis uss possible
representations of the solution. We then dis uss methods of nding a solution, and
onstru t a numeri al implementation of the method. We test the method on a
problem whi h an be solved by ompletely other means. Finally, we apply the
method to a physi al problem of interest { the determination of the interior stru ture
of the Jovian planets.
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Equations of Hydrostati

Balan e

The basi equation of hydrostati equilibrium is
r~ p = ~g;
(1)
where p is the pressure,  is the density, and ~g is the lo al a eleration, the gradient
of the total potential,
~ U:
~g = r
(2)
The potential is the sum of the gravitational potential and the entrifugal potential.
The gravitational potential is
Z (~r 0 )
UG (~r) = G
d3 r0
(3)
0
j~r ~r j
and the entrifugal potential is
1 2 r2
UR (~r) =
(4)
2 ?
where r? is the distan e from the rotation axis.
We shall assume the pressure p() is a fun tion of density only (i.e. the interior
is barotropi ). Here we restri t attention to isolated rotating planets for whi h there
are no signi ant external ontributions to the potential. In this ase, we expe t the
planet to be axisymmetri and possess north/south symmetry.
Through the equation of state p() and the equation of hydrostati equilibrium
the density is dire tly related to the potential. For any radial line where the pressure
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gradient and lo al a eleration are purely radial, su h as a line in the equator plane
or through the pole, the equation of hydrostati equilibrium is a s alar di erential
equation
dU
dp
=
 :
(5)
dr
dr
The assumption that pressure is a fun tion of density guarantees that surfa es
of onstant density orrespond to surfa es of onstant pressure, and the equation of
hydrostati balan e then guarantees that surfa es of onstant density and pressure
are also surfa es of onstant potential. We expe t that all of these quantities vary
monotoni ally from the enter of the body to the surfa e of the body, and thus any
of them an be expressed as a fun tion of any of the others. The s alar equation of
hydrostati equilibrium an be formally integrated using density as the independent
variable
Z
1 dp d = U ( ) U ();
(6)
0

0

 d

where 0 refers to the density at some referen e point su h as the surfa e. That is,
integration of the equation of state dire tly relates the density to the potential.
The problem is this: the density distribution gives rise to the potential, and the
potential is related through the equation of state to the density. We seek a self
onsistent solution.
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Level Surfa es

Surfa es of onstant density, onstant potential, and onstant pressure oin ide. The
level surfa es are nested and an be labelled by a single ontinuous parameter s. It
will be onvenient to let s run from 0 at the enter of the planet to 1 at the surfa e.
We relate s to the radius of the level urve through
r(s; ) = Rs[1 +  (s; )℄;
(7)
where  is the osine of the olatitude , and R is a hara teristi radius of the
planet. We shall refer to  as the \shape fun tion." There is no dependen e on the
longitude be ause we have restri ted our attention to axisymmetri planets. Further
properties of the shape fun tion must be spe i ed to uniquely relate the parameter s
to a parti ular level urve. For instan e, we ould spe ify that (1; 0) = 0 so that R
is the equatorial radius and Rs is the radius of the level urve on the equator plane.
Alternatively, we ould require that the volume en losed by the level urve is the same
as the volume en losed by the sphere of radius Rs. However it is de ned, a detailed
representation for  must be hosen. Several possibilities ome to mind: Chebyshev
polynomials, Fourier series, Legendre polynomials. Ea h are omplete, so any surfa e
an be represented in terms of them. We postpone further spe i ation of the shape
fun tion and its representation; subsequent development will guide our hoi es.
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Development of the Potential

Given a distribution of mass, we need to know the potential at every point in the
body. One approa h is to just evaluate the appropriate integral over the mass distribution ea h time the potential is needed. Another approa h is to express the potential
in terms of moments of the mass distribution. Both approa hes involve integrals of
similar omplexity. The latter approa h is more attra tive if the potential is approximated well by just a few moments, and will be evaluated at many pla es. We adopt
this strategy.
Suppose we are interested in the potential on the level urve labelled by s. The
potential on the level urve is the sum of the potential due to the mass inside the
level urve and the potential of the mass outside the level urve. We shall label the
region inside the level surfa e Region I, and the region outside the level surfa e but
inside the planet as Region II. We determine the potential exterior to ea h of these
regions as if there were no mass in the other region.
In a region in whi h there is no mass the potential satis es Lapla e's equation.
The general axisymmetri solution of Lapla e's equation is
1
GM X
R l=0

U (r; ) =

"  l
l

r
R

+ dl

 l+1 #

R
r

Pl (

os );

(8)

where Pl are the usual Legendre polynomials, and l and dl are free parameters.
We have introdu ed s ale fa tors so that the oeÆ ients will be dimensionless. For
potentials with north/south symmetry the sum is restri ted to even l. The oeÆ ients
an be expressed as moments over the sour e mass distribution.
The potential in region I due to the mass in region II is
1  r 2l
GM X
P2l (
R l=0 2l R

UI (r; ) =

os ):

(9)

The terms with inverse powers of r are ex luded be ause the potential is nite at the
origin. The oeÆ ients an be expressed as moments of the mass in region II:
Z  R l+1
1
P ( os )d3 r:
(10)
(s) =
l

M

II

l

r

The potential in region II due to the mass in region I takes the form
UII (r; ) =

 2l+1
1
R
GM X
P2l (
d2l
R l=0
r

os ):

(11)

The terms with positive powers of r are ex luded be ause the potential is nite at
in nity. The oeÆ ients an be expressed as moments of the mass in region I:
Z  r l
1
P ( os )d3 r:
(12)
d (s) =
l

M

I

R
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l

Note that all integrals are well de ned and have nite values. Both solutions are valid
at all points of the level surfa e of interest, the level surfa e that separates the two
regions. The total potential is the sum of the two ontributions.
We introdu e a non-dimensional density  through  =  , with  = M=( 43 R3),
the mean density for a spheri al planet of mass M and radius R. We reexpress the
integrals for the dimensionless moments in terms of  and the level parameter s:
! #
Z 1 "Z 1
1

0
 (s) l 1
(13)
1 +  + s s ds Pl ()d
l (s ) = 3
s (1 +  )l 1
0 s
and
! #
Z 1 "Z s

0
l+2
l+2
(14)
dl (s ) = 3
1 +  + s s ds Pl()d:
 (s)s (1 +  )
0 0
0

0

For onvenien e, we also introdu e a non-dimensional potential Ue through U =
(GM=R)Ue . A non-dimensional measure of the relative strength of the entrifugal for e to the gravitational for e is q = ( 2R)=(GM=R2 ) = 2 R3 =GM . If R is not
the equatorial radius Re we also refer to qe = 2Re3 =GM .
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Method of Solution

Given the density and shape as a fun tion of the level urve parameter s, we an
determine the potential at any point in the body. For a self- onsistent hydrostati
solution, the potential at a level urve will be related to the density there by the
equation of state, and all points on the level urve will have the same potential. It is
natural to nd this self- onsistent solution by su essive re nement of a trial solution.
One way to do this would be to de ne some measure of the extent to whi h a solution
is not in hydrostati equilibrium and then gradually adjust the parameters (\hill
limb") until a satisfa tory solution is found. We pursue a di erent, more \physi al"
approa h to the solution of these non-linear equations.
We motivate the method through the onsideration of tides. If we apply an external potential to a planet, a \tide" is raised (the planet is distorted), and the density
hanges (the planet is squeezed). Let's divide the external potential at the surfa e
into an average part and a part with zero average. The average part modi es the
radial pressure balan e; the other part distorts the body. Let U represent the osillating part of the external potential. At the surfa e of the planet, the height of the
tide is approximately
(15)
r = h U ;
g

where U is the part of the perturbing potential with zero average over the surfa e,
g is the surfa e gravitational a eleration, and h is the \displa ement Love number."
The displa ement Love number is a measure of the responsiveness of the planet.
For a uid homogeneous in ompressible planet h = 5=2. For a tenuous (massless)
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atmosphere above a point mass ore h = 1. We ould generalize the displa ement
Love number to be a fun tion of level surfa e h(s). This fun tion would tell us how
responsive a level surfa e is to an applied potential perturbation.
We onsider an iterative approa h to the determination of the hydrostati solution.
We let the numeri al planet adjust itself to nd the equilibrium. More spe i ally, we
presume we have some approximation to the solution, and we would like to improve
it. From the approximate solution we an al ulate a new estimate of the potential,
and the problem is how to adjust the planet to be more self- onsistent. Inspired
by the dis ussion of the tides, we ompute the potential on ea h level surfa e. We
use the average of this potential to adjust the density on the level surfa e; we treat
the os illating part of the potential on the level surfa e as a tidal potential whi h
distorts the level surfa e a ording to equation (15). We do not know h(s), so we use
a onservative value of h(s) = 1.
A onstraint on the level urve and density adjustment is that the total mass of
the planet has the orre t value:
M

whi h implies, by equation (12),

=

Z

d3 r0;

(16)

d0 (1) = 1:

(17)
If the hange in a level urve preserves the volume en losed by the level urve, and
if the density does not vary strongly, then the mass en losed by the level urve will
be approximately preserved. Thus shape hanges in the level urves will approximately de ouple from hanges in density on the level urve. This suggests that we
parameterize the level urve shapes in su h a way that volume is preserved, at least
approximately, as the shape parameters hange. This is a omplished, to rst order
in the oeÆ ients, if we use a spheri al harmoni expansion to represent the shape. In
the axisymmetri ase onsidered here, we use an expansion in Legendre polynomials.
So we hoose
1
X
 (s; ) = al (s)Pl ()
(18)
l>0

as our representation of the shape of the level urves for xed s. North/south symmetry restri ts l to be even. Note that with this hoi e s is approximately the radius
of the sphere with volume equal to the volume en losed by the level urve. (For analyti al development we might have wanted to de ne s to have pre isely this property,
as Lyapunov does, but for us that would introdu e extra non-linear onstraints. See
Zharkov and Trubitsyn, 1978.) Of ourse, we will have to trun ate the expansion
for pra ti al al ulations. The representation of the oeÆ ient fun tions al (s) and
the density fun tion  (s) is still unspe i ed. At this point we hoose Chebyshev
polynomials, be ause they are easy to use and have ni e approximation properties.
On e the mass moments are omputed, we an use them to ompute the potential
anywhere on a level surfa e. We then expand the angular dependen e of the potential
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variation in terms of Legendre polynomials:
U (s; ) =

1
X
l=0

Ul (s)Pl();

(19)

where the disturbing potential oeÆ ients are (even l only)
Ul (s) = (2l + 1)

Z1

0

Pl ()U (r(s; ); )d;

(20)

where U (r; ) is expressed in terms of the moments, and r(s; ) has the hosen representation. The Ul for l > 0 are used to ompute the adjustment to the level urve
shapes through the the tidal distortion formula; U0 is used to adjust the density
of level urve s. The radial fun tions are represented by Chebyshev interpolations,
so the al ulation is arried out for ea h of the Chebyshev interpolation points in s.
The whole pro ess is repeated until adequate onvergen e is a hieved.
Here are some details of the implementation. We evaluate integrals using a rational extrapolation of the se ond Euler-Ma laurin formula, with interval divisions of
2, 3, 4, 6, 8, and 12. If the estimated relative error is unsatisfa tory, the interval is
divided into two equal parts and the pro ess is applied re ursively to the parts. Typially we require 10 11 relative a ura y of the quadratures, but the a ura y a hieved
is usually mu h better than this. This method is a urate and eÆ ient, and works
even when the integrand has singularities. Legendre polynomials are evaluated by
forward re urren e; sums of Legendre polynomials are evaluated using the Clenshaw
re urren e formula. Sums of Chebyshev polynomials are similarly evaluated with the
Clenshaw re urren e. We found that for an n = 1 polytrope (see below) that the iteration is stable with h(s) = 1, but unstable if we use a more aggressive h(s) = 5=2. We
did not try to determine an optimal h. Every few iterations we extrapolated the iterative solutions, using the Aitken-Ste enson method (see Danby, 1988). The method
is applied point-wise to ea h of the radial fun tions at the Chebyshev interpolation
points. Sometimes this dramati ally improves the onvergen e.
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Polytropes

A ni e test ase is a rotating planet with a polytropi equation of state. For a
polytrope the pressure is related to the density by
p = C ;
(21)
where = 1 + 1=n, with polytropi index n, and C is a onstant. It happens that
n = 1 is not a bad rst approximation to the e e tive equation of state for the
interior of Jupiter. A non-rotating polytrope with n = 1 an be solved analyti ally.
A rotating polytrope with index n = 1 an be solved by other means, so we an he k
our answers by omputing both solutions.
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The potential is, a ording to equation (6),




0 1 :

(22)
1
A onvenient hoi e for the referen e point is the surfa e. For a polytrope the surfa e
density is zero: 0 = 0. For n = 1 we have
U () U0 = 2C
(23)
We use this to adjust the density to be onsistent with the potential.
Solutions for n = 1 have been found for a number of rotation parameters q. We
present one in detail. In Figure 1 we show the radial fun tions for the \ onverged" solution for q = 0:15. In this solution we used 15 point Chebyshev interpolation for the
radial fun tions, and terms up to l = 10 in the shape fun tions. Also shown are the
di eren es between su essive iterations. Note that these di eren es are quite small.
We presume these small di eren es indi ate that the solution has onverged. The
wiggles in the shape fun tions at small s for l = 8 and 10 are probably artifa ts, but
the ause is not obvious. As we shall see the solution is more than suÆ ient. The dedu ed value of the equatorial radius is Re = (1+ (1; 0))R = 1:04432988740583R. The
e e tive perturbation parameter at this radius is qe = q(Re=R)3 = 0:17084582900350.
The derived gravitational moments are shown in the Table 1. We shall estimate the
errors in this solution by nding an independent solution. The table also lists derived
quantities for the other solutions, whi h are des ribed below.
Table 1
order 10
order 12
Bessel
Re =R 1:0443298874 1:0443300982 1:0443301060
qe
0:1708458290 0:1708459325 0:1708459363
J2
0:0245154407 0:0245154308 0:0245154305
J4
:0016441385 :0016441371 :0016441371
J6
0:0001649217 0:0001649213 0:0001649213
J8
:0000207333 :0000207320 :0000207319
J10
0:0000030149 0:0000030107 0:0000030104
J12
:0000004764 :0000004838 :0000004829
U () U (0 ) = C
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Alternate Solution

A rotating polytrope with n = 1 an be solved independently by another method.
The gravitational potential UG interior to the body satis es Poisson's equation
r2 UG = 4G:
(24)
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The rotational potential UR satis es
r2 U R = 2 2 :
Thus the total potential satis es
r2U = 4G 2 2:
For an n = 1 polytrope, using equation (23), this be omes
2
r2 + 2G  = :

(25)
(26)

(27)
We again introdu e a non-dimensional density  through  =  . Here  is a
fun tion of r and . We will not be nding or using level urves, but we will make
use of a surfa e fun tion:
rs () = R(1 +  ()):
(28)
We shall represent  in terms of Legendre polynomials
C

 ( ) =

1
X
l>0

C

al Pl ()

(29)

These de nitions parallel those for the more general level surfa e approa h, but here
the oeÆ ients are not fun tions of s. We an represent C with a non-dimensional
parameter through
12
C = 2 GR2 :
(30)

S aling the spatial derivatives by R2 , we derive a non-dimensional version of equation (27)
(31)
r2  + 22 = 22 23q :
Let
2q ;
(32)
0 = 
3
then  0 satis es the Helmholtz equation
r 2  0 + 2  2  0 = 0:
(33)
The general axisymmetri solution of the Helmholtz equation is
 0 (r; ) =

1
X
l=0

bl jl ( r)Pl ();

(34)

where bl are onstants to be determined, jl are the usual spheri al Bessel fun tions,
Pl are the Legendre polynomials. The non-dimensional density is
1
2q X
 (r; ) = + bl jl ( r)Pl ():
(35)
3 l=0
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The surfa e is determined by  (1 + (); ) = 0.
The problem is redu ed to nding the set of oeÆ ients bl , and , for whi h the
solution is self- onsistent. We an do this by adjusting the bl until the surfa e is an
equipotential. Our method for doing this is very similar to the method of solution
for the other formulation. We ompute the potential on the surfa e of the planet
and let the planet adjust to this potential. In detail, the rst step is to solve for a
representation of the surfa e given some set of bl . We use a method like Newton's
method but approximate the derivative of the density with respe t to the radius by b0 .
We use an intermediate representation of the surfa e as a Chebyshev interpolation, so
we solve for the surfa e at the Chebyshev interpolation points. We then ompute the
potential at the surfa e. We do this as before by omputing the mass moments, but
here we only need the surfa e moments dl . The details of the quadrature are of ourse
ompletely di erent. Here the variables of integration are r and , and the boundary
is the omputed surfa e. In our representation the rst dimensionless moment must
be d0 = 1 in order for the total mass to be M . We adjust b0 (whi h is responsible
for most of the mass) so that this will better satis ed: b00 = b0 =d0. We then ompute
the proje tions of the surfa e potential onto the Legendre polynomials. We would
like to let the surfa e adjust to Ul using the tidal distortion formula (15). We an
do this approximately by expanding the equation for the surfa e  (1 + (); ) = 0
to rst order in  and using the orthogonality of the Legendre polynomials to solve
for the adjustment to bl . We nd bl  Uel b0 =jl ( ). The value of is determined
by the requirement that the representation of the surfa e as Legendre polynomials
has onstant term 1, that is, a0 = 0. We solve for iteratively as we ompute the
Legendre polynomial expansion of the surfa e. The whole pro ess is repeated until
adequate onvergen e is obtained. Here onvergen e is judged by the magnitudes of
Uel .
We have solved for q = 0:15 again in order to ompare the two solutions. Here we
take terms up to l = 14, and use 20 point Chebyshev interpolation. The relative error
of the integration quadratures was set to 10 10. Convergen e was de lared when all
jUel j < 10 14. For referen e the solution oeÆ ients are: b0 = 3:2639471725844178,
b2 = 0:8766150340908836, b4 = 0:1066132351677717, b6 = 0:0178053455205318,
b8 = 0:0061392876641078, b10 = 0:0062290924191637, b12 = 0:4092594755440963,
b14 = 51:9771710398529760. All other quantities are omputable from these. Derived values for Re, qe, and the gravitational moments are given in Table 1. Comparing this solution to the solution determined by the more general level urve method,
we nd the relative error in the equatorial radius is about Re=Re  2  10 7,
with naturally a similar relative error in qe. The relative errors in the moments are
J2 =J2  4  10 7, J4 =J4  8  10 7, J6 =J6  2  10 6, J8 =J8  6  10 5,
J10 =J10  1  10 3, J12 =J12  1  10 2. Evidently, the solutions are adequate for
the forseeable future.
The main error probably results from using only terms up to l = 10 in the general
solution. We an he k this by adding the l = 12 terms. We have extended the general
solution for q = 0:15, adding one term in l. Figure 2 shows the radial fun tions and the
10

onvergen e errors. This time we used 15 point Chebyshev interpolation. The derived
values of Re, qe , and the gravitational moments are listed in Table 1. Comparing this
solution to the Bessel solution, we nd now Re =Re  8  10 9. The relative errors
in the moments are J2 =J2  1  10 8, J4 =J4  2  10 8, J6=J6  6  10 9,
J8 =J8  2  10 6, J10 =J10  1  10 4, J12 =J12  2  10 3. Typi ally, extending
the solution to l = 12 has redu ed the errors in the derived quantities by one order
of magnitude (more than a fa tor of q). Note also that the redu tion of the order of
the Chebyshev interpolation did not matter.
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Comparison to Zharkov-Trubitsyn

Hubbard has kindly provided some solutions using the third order Zharkov-Trubitsyn
theory for omparison (Hubbard, 1995). We have ompared two parti ular ases.
The rst has a q = 0:15896457, near that of Saturn. The Zharkov-Trubitsyn third
order theory gives J2 = 0:023108786, J4 = 0:0014480848, and J6 = 0:00012562161.
Using the bessel method, we nd for q = 0:1589645368308, J2 = 0:0231048438421,
J4 = 0:0014589207833, and J6 = 0:0001376974334. Thus the errors in the ZharkovTrubitsyn values are approximately jJ2=J2j  2  10 4, jJ4=J4j  1%, and
jJ6=J6j  9%. The observational un ertainty in Saturn's J6 is about 4% (see below).
Thus the Zharkov-Trubitsyn theory is not adequate to model the interior of Saturn to
observational a ura y. The large trun ation error for Saturn's J6 using the ZharkovTrubitsyn third order theory was previously noted by Hubbard and Marley (1989).
Indeed, their remark inspired the development of our more a urate method. The
se ond test ase has q = 0:088570676, for whi h the Zharkov-Trubitsyn moments are:
J2 = 0:013905306, J4 = 0:00052419360, and J6 = 0:000028100375. The bessel solutions, for q = 0:0885706790713, are J2 = 0:0139000788574, J4 = 0:0005251005663,
J6 = 0:0000295470915. The errors in the Zharkov-Trubitsyn values are thus approximately jJ2=J2 j  4  10 4, jJ4=J4j  0:002, and jJ6 =J6j  5%. The
observational un ertainty in Jupiter's J2 is a part in 14; 000 (see below). Thus the
Zharkov-Trubitsyn third order theory is not adequate to model Jupiter either.
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Chebytropi

Equations of State

The observables whi h provide the strongest onstraints are the gravitational harmoni s, and not many of these are known with great pre ision. The omposition
of the deep interior of the Jovian planets is unknown, and guesses based on surfa e
omposition or osmogoni arguments are naturally un ertain. Thus interior models are poorly onstrained physi ally. Even if the omposition were known pre isely,
knowledge of the equation of state of ompli ated mixtures at high pressures and
temperatures has its limitations. So typi ally a range of interior models are guessed
that have a number of free parameters, and these parameters are determined by tting the observational data. Adjustable parameters in lude: the mass and size of the
11

\ro ky" ore, helium mass fra tion (whi h may vary in the planet due to varying solubilities), mass fra tion of the non-hydrogen-helium omponent, perhaps spe i ally
\i e" and \ro k" fra tions, parameters whi h express un ertainties in the equation of
state, parti ularly in the metalli -mole ular transition region, the temperature along
the presumed adiabat, amount of di erential rotation on ylinders or perhaps more
general di erential rotation, et . One might wonder if the observational data are
suÆ ient to address so many physi al un ertainties in the models.
What happens if we throw out the un ertain interior physi s entirely? Suppose
instead we parametrize the e e tive equation of state abstra tly, in su h a way that
we an add as many parameters as are well determined by the data, and no more.
What will we get? Conventional wisdom is that the data do not provide suÆ ient
onstraints. We shall see.
In parti ular, we let the relation between density as a fun tion of potential di eren es be represented as a polynomial. We use a parametrization of this polynomial
as a sum of Chebyshev polynomials. In terms of non-dimensional potential Ue and
non-dimensional density  , we hoose
1
X
e
(36)
 (U ) = i Ti (2Ue 1)
i=0
where Ti(x) are the Chebyshev polynomials. The non-dimensional potential di eren e
ranges roughly from 0 to 1; the shift and res aling take the argument to roughly
the range -1 to 1, whi h is the usual Chebyshev argument interval. We impose
two restri tions on the expansion. First, we require that  (0) be the s aled surfa e
density. Se ond, we require that  (Ue ) be monotoni . This means that the density
only in reases as we go deeper into the planet. This is physi ally reasonable, but
unfortunately does rule out interesting exoti planets with pure styrofoam ores. This
assumption is required to maintain the inter hangability of radius, pressure, density,
and potential as independent variables that we have onsistently assumed. Other than
these onstraints we let the data determine the rest. The order of the polynomial
relating density to potential is extended until the observational data an be t. Note
that for an n = 1 polytrope, the density is linearly proportional to the potential
di eren e, so an n = 1 polytrope is a member of the lass of equations of state we are
onsidering. From the determined polynomial  (Ue ) we an ompute the e e tive
equation of state P (). We do this using the s alar equation of hydrostati balan e.
Note that even though density is taken to be a polynomial fun tion of potential, the
pressure is not, in general, a polynomial fun tion of density. We all our models
\ hebytropi " models, for obvious reasons.
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Chebytropi

Interiors of the Jovian Planets

We have found hebytropi interiors for Jupiter, Saturn, Uranus, and Neptune. The
observational data whi h onstrain these models onsist of the mass, radius, gravitational harmoni s. The observational data are presented in Table 2. Ex ept for
12

Saturn, the data are the olle tion from Yoder (1994). For Saturn, values from Bosh
(1994) are presented. The table also lists the observed attening f = (Re Rp)=Re,
where Re and Rp are the equatorial and polar radii.
Table 2
P lanet Re
J2  106 J4  106 J6  106 qe  106
f
Jupiter 71; 492(4) 14; 697(1) 584(5) 31(20) 89; 195(15) 0:06487(15)
Saturn 60; 268(4) 16; 335(6) 898(9) 125(5) 154; 815(31) 0:09796(18)
Uranus 25; 559(4) 3; 513(1)
31:9(5) ???
29; 535(48) 0:02293(8)
Neptune 24; 766(15) 3; 539(10) 36(10) ???
26; 085(57) 0:01710(140)
We use the downhill simplex method to adjust the hebytropi onstants so as
to minimize the sum of the squared di eren es between the model moments and
the observed gravitational moments. For all the Jovian planets we take the surfa e
density to be zero. The results are summarized in Table 3. The parameters for these
hebytropi models are listed in the appendix. The number of digits presented is
arbitrary and intentionally ex essive.
Table 3
P lanet
J2  106 J4  106 J6  106 qe  106 C=MRe2
f
Jupiter 14; 697:00 581:69
33:95 89; 196 0:2640 0:06489
Saturn 16; 338:45 897:56
78:33 154; 819 0:2211 0:09644
Uranus
3; 512:47 32:49
0:46 29; 535 0:2267 0:01983
Neptune 3; 539:05
33:04
0:46 26; 085 0:2389 0:01819
For Jupiter we found we ould t the observational data with a ubi hebytrope.
Presented in Figure 3 is a log-log plot of P () for Jupiter. Plotted with the hebytropi
model is a re ent model from Hubbard (1995). The most striking aspe t of the
omparison is how well the abstra t hebytrope does, parti ularly above a pressure of
about a kilobar. Keep in mind that the hebytropi model was onstru ted without
referen e to any other model and without any input from high-pressure physi s. There
is no ore in the hebytropi model (though there is a nod in that dire tion), and there
is no hint of the dis ontinuity at the metalli phase transition (but the hebytrope
goes sma k thorough the middle). Neither is surprising be ause we have onstrained
the equation of state to be smooth. More dis on erting is that the hebytropi model
does not agree with the physi al model near the surfa e. At pressures less than a
kilobar the pressure in the hebytropi model behaves approximately as P = C2 .
For a solar mixture of hydrogen and helium, the expe ted adiabati law is P = C1:45 .
Apparently, the hebytropi model is in onsistent with the physi s here, but on the
other hand the gravitational moments are insensitive to the mass here. So the failure
is not surprising. If we hop o the planet at a kilobar (whi h o urs at about
13

s = 0:995) then J4 and J6 are still within the observational error bounds. Interestly,
signi ant ontributions to J2 ontinue to about the 150bar level (about s = 0:998).
So the most sensitive indi ator of density in the 150-1000bar range is J2, not the

higher moments. It is interesting that a ore is not strongly indi ated, or required to
t the observational data.
For Saturn, we were not able to t all the observational data. However, we were
able to nd a t for the data ex luding J6. Even in this ase, we found we had to
extend the hebytrope to sixth order in order to nd a t. (This is rather surprising,
be ause we are only tting three dimensionless observables: J2, J4 , and qe.) Presented
in Figure 4 is a log-log plot of P () for Saturn. Plotted with the hebytropi model is
a re ent model from Hubbard (1995). As for Jupiter, the deep interior is surprisingly
well reprodu ed, but near the surfa e we have the same sort of dis repan y with the
physi s as we had with Jupiter. For Saturn, the nod in the dire tion of the ore is
stronger than it was for Jupiter.
For Uranus, the hebytrope was extended to a quinti before the observational data
were t. Presented in Figure 5 is a log-log plot of P () for Uranus. The hebytropi
model lies within the range of allowable physi al models (see Podolak, Hubbard, and
Stevenson, 1995). The most urious feature of the hebytropi t is the anti- ore:
the slope of the logP versus log line in reases near the enter of the planet. Indeed,
lower order ts an be made for Uranus, but for them the density a tually de reases
near the ore.
For Neptune, the hebytrope was also extended to a quinti before the observational data were t. Presented in Figure 6 is a log-log plot of P () for Neptune. The
hebytropi model lies within the range of allowable physi al models (see Podolak,
Hubbard, and Stevenson, 1995).
In addition to the gravitational moments of the models, Table 3 lists the model
attening. Comparing the model values of the hydrostati attening to the observed
attening, we see that for Jupiter the model hydrostati attening is the same as the
observed attening within observational un ertainty. This is also true for Neptune,
but the observational errors are large. The quoted observed value for Neptune is
smaller than the hydrostati value by about 6%. For Saturn and Uranus there is
apparently a signi ant di eren e between the hydrostati attening and the observed
attening. For Saturn the hydrostati attening is too small by about 1%. For
Uranus, the hydrostati attening is too small by a mu h larger per entage: about
14%.
Table 3 also lists the dimensionless polar moment of inertia C=(MRe2 ), whi h is a
key parameter in estimating the rate at whi h the spin axis of the planet pre esses. For
physi al models of Jupiter and Saturn, Hubbard (1995) estimates the polar moments
to be 0.264 and 0.220, respe tively. These are in good agreement with the hebytropi
values.
14
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Con lusions

The prin ipal ontribution of this paper is a new method for the solution of hydrostati
balan e whi h for all pra ti al purposes has unlimited a ura y.
We nd that the widely used Zharkov-Trubitsyn third order theory of hydrostati
balan e is inadequate to generate quantitatively orre t models of Jupiter and Saturn.
We have made interior models of the Jovian planets with an abstra t polynomial
equation of state. The minimal obje tive models agree surprisingly well with the
parametrized physi al models. Perhaps the agreement is indi ative of a tual model
independent knowledge of the internal stru ture of the jovian planets.
12
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Appendix: Chebytrope Parameters for the Jovian Planets

This table lists the parameters of the best t hebytropi models of the Jovian planets.
Note that 0 is determined from the other i by the requirement that the density at
the surfa e is zero.
q
1
2
3
4
5
6

Jupiter

0:083246497685
1:721229703723
0:037400213201
0:041258708992
0
0
0

Saturn

0:139072479439
2:081821959780
0:383533477488
0:104098145430
:008892248292
:011514183459
:000322077922

16

Uranus

Neptune

0:028943907223 0:025606667820
1:744632103786 1:723928752104
:097198653912 :045331478444
:171938318090 :052087981809
0:050782411054 0:044640882430
0:006482457479 :033275955543
0
0

1
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5
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Figure 1: Radial fun tions for q = 0:15. The ommon logarithm of ea h fun tion
is plotted. The solid line is the non-dimensional density  (s). The dashed lines are
the shape fun tions al (s), for l = 2; : : : ; 10. Also shown are the di eren es between
radial fun tions for two su essive iterations. The dotted line is for the density, and
the dot-dashed lines are for the shape fun tions.
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Figure 2: Radial fun tions for q = 0:15, extended to l = 12. The ommon logarithm
of the fun tion is plotted. The solid line is the non-dimensional density  (s). The
dashed lines are the shape fun tions al (s), for l = 2; : : : ; 12. Also shown are the
di eren es between radial fun tions for two su essive iterations. The dotted line is
for the density, and the dot-dashed lines are for the shape fun tions.
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Figure 3: Pressure (in megabars) versus density (in g/ m3) for Jupiter. The dashed
line is for the hebytropi model. The solid line is a re ent model from Hubbard
(1995).
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Figure 4: Pressure (in megabars) versus density (in g/ m3) for Saturn. The dashed
line is for the hebytropi model. The solid line is a re ent model from Hubbard
(1995).
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Figure 5: Pressure (in megabars) versus density (in g/ m3) for Uranus. The dashed
line is for the hebytropi model. The solid line is a re ent model from Hubbard
(1995).
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Figure 6: Pressure (in megabars) versus density (in g/ m3) for Neptune. The dashed
line is for the hebytropi model. The solid line is a re ent model frmo Hubbard
(1995).
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