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1 Intro duction

Physical modelling is the processof nding a mathematical description
that is consistert with obsenations of the physical world. Many models,
from the heat equation to the ScrAdinger equation, are formulated in the
continuous languageof di®ereriial equations. Spaceand time are thought
of as a continuum, hence the models potentially specify detail down to
arbitrarily "ne scales.

Discrete physical modelsare an attractiv e alternativ e to contin uous mod-
elssuch aspartial di®erertial equations. In discrete models, spaceis treated
as a lattice, and time is discrete. Physical processesare modelled by rules
that typically depend on a small number of nearby locations. From a the-
oretical standpoint, such models have the advantage that they do not have
in nitely many locations per unit volume. From a practical standpoint,
they correspond to the discrete structure of digital computing machines,
and this makesthem natural for simulation.

Formulations in which spaceand time are discrete are widely used. Most
often, this is donein order to approximate cortin uous models: spaceand
time are partitioned in order to integrate a model in the form of a di®erenial
equation on a computer.

By contrast, somemodels have been proposedas alternativ esto, rather
than an approximations of, di®ererial equations[1§. Cellular automata
(CA's)[9] and lattice gases[l1]Lare widely-used classesf discrete modelsin
which spaceis modelled as a regular lattice, with a state assaiated with
ead lattice site. Periodically, all siteson the lattice simultaneously update
their states. The rule that determinesthe new state is local, depending only
on nearby sites, and is a function of the state of the neighboring sites in
the previoustime step. CA's and lattice gaseshave beenusedwith success
to study many di®erert phenomenasud as °uid dynamics, polymers, and



molecular dynamics.

There are two main features that all commonly-used discrete models
share. First, spaceis a regular lattice. Update rulestypically exploit this|
for example, by using the fact that two neighbors are at \righ t angles" to,
or \opp osite," ead other. Second,although the update rule is local in
space,the updates for all sites are globally synchronized with ead other.
The rule is a function of the states from the previoustime step, beforeany
of the updatesfrom the current time step have happened. Theseconditions
are very corveniert for simulation becausethey correspond to the structure
of the machines usedto simulate the models.

We might well ask, however, on the grounds of minimalism, whether
global synchronization and crystalline geometryareinherert in any discrete
formulation. Is it possibleto do without these conditions and still have a
useful physical model? Or are they somehaev fundamertal?

There are reasonsto believe that a regular lattice is not fundamertal.
With this geometry, a particular set of directions are preferred over others,
namely the axesof the lattice. Likewise,in most discretemodelsthe update
rule operateslocally in space,but we might askwhether we can deviserules
such that the update can happen independertly of other sitesin time as
well, rather than happen as part of a single global update. Most discrete
models depend critically on both the regularity of the lattice and on a
universal clock.

These conditions need to be examined if we want to think of discrete
models as physical models themselhes rather than as approximations of
other models. We thus investigate the question of how minimal a useful
discrete model can be.

1.1 Overview

We will show that it is possibleto formulate a useful discrete model that
doesnot rely on syndchrony or regular geometry. x2 makes more concrete
what is meart by \lo cal" in discrete models. We will introduce the con-
straints that capture what it meansfor updatesto happen independertly
of eadh other in time. A key constraint is that ead site has no informa-
tion about where others are in relation to it (other than whether they are
neighbors), or at what time they update. If a discrete model works with
these constraints, it doesnot rely on synchronization or regular geometry;

x3 outlines a classof discrete modelsthat satisfy these constraints. This
Sectionthen presens an exampleof a usefulinstance of this classof models,
a model of wave phenomena. It is shavn that all interaction canbe reduced
to transactions between pairs of sites.

x4 preseris a method for simulating the asyndronous, parallel model on
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a sequetial machine, and givesresults of simulations of the discrete wave
model. The model is shavn to agreeboth qualitativ ely and quartitativ ely
with partial di®erertial equation models.

Finally, x5 comparesphysical models to models of computation. It is
shown that the model we intro duce correspondsto a di®erert kind of highly
parallel computing machine known as an amorphous computer.

Figure 1: An example of an irregular lattice in two dimensions.

2 Locality

Our goal is to make everything about the update rule as local as we can.
We will now make this more concrete by expressingwhat it is that should
be minimized. In a discrete model, a site interacts with others that are
connectedto it, and when it updatesits state, its new state is a function

the notion of a \b ox" that encapsulateseverything that changesduring
an update, so that an update event is truly independert from all other
updates. A box encompassesitesthat update together, during the instant
that they update. It is de ned by the requiremert that a changein the
state of any site occurs completely within somebox, and the update rule f
can depend solely on the states of the sites within the samebox. Our task
thus becomesto make this box as small as possible(Fig. 2).

Spaceis consideredto be a graph, with sitesbeing nodesand the possibil-
ity that two sitescaninteract being represened by an edge. Eac site s has
a state Q(s) assaiated with it. For simplicity, we will assumethat there
is a xed set of locally-connected clusters of sites, and that any box that

all siteswhich hasthe property that for any s;,s; 2 S, there is a path from
si to s; that stays completely in S. The clusters must, of course,overlap
if the sites are to interact with ead other. A box is thus the event of a
cluster changing its state: Q(S) is replacedwith f (Q(S)).
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Figure 2: A cluster of sites.

The dynamics can be viewed asan update rule f combined with a sched-
ule of boxes. For simplicity, updates can be consideredinstantaneous, since
boxes are all self-cortained. Howewer, there are many caseswhere it is
unde ned whether one box occurs before or after another. Therefore, this
scheduleonly needsto be partially ordered. It is a preorder, a partial order-
ing that allows multiple distinct everts to be simultaneous. Not all possible
schedulesare allowed, however. At least two conditions are necessaryfor
two boxesto be independert of eat other rather than be part of the same
box:

2 Nondeterministic  in time. The occurrenceof onemay not be deter-
ministically related to the occurrenceof another in the schedule. For
example, if we have two clusters A and B, we may not do things like
specify that B must update immediately after A; for this to happen,
the sitesin A[ B would all be consideredenclosedby a single box.

2 Homogeneous update. Likewise,we require the update function f
to be homogeneousn time, a function only of the states of the sites
in the cluster: the same update function must be applied on eah
transaction. We do not allow a cluster to do a \no-op" (the identity
function), for example, waiting until someother cluster has updated.

We do allow the speci cation of statistical properties|for examplethat
the averagetime betweentransactions is the samefor all sites, or that the
average number of neighbors has somevariance. The idea is to constrain
the geometry and time in the model to be \spacelike" or \timelik e", while
ensuring that the ordering of the boxes remains fundamertally nondeter-
ministic and allowing the geometryto be irregular, sothat synchronization
and detailed knowledge of the geometry are not relied on.
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2.1 Implications

An update potentially makesuseof the state of every site in a cluster, and
these depend on previous updates that involved those sites. Each site can
be a menmber of seweral clusters, sofor any set of clustersthat overlap, the
boxesthat enclosethem must be fully orderedin the schedule;they cannot
be simultaneous.

We could imagine a site \remembering" the states of its neighbors by in-
corporating them into its own state. These states could then be used later
without being enclosedby a box. Howewer, asthe scheduleis nondetermin-
istic, betweenthe time a neighbor's state is remenbered and the time it
is used, that neighbor may have undergoneother updates and changedits
state. The rememnbered state would be out of date. Remenbering statesis
therefore unreliable.

Note that models with global synchrony require that all sites have up-
dated once before any one site updates again, and f is a function of the
statesfrom the previoustime step, beforeany of the updates of the current
time step have happened. Soin synchronous models, the update rule itself
may be local in space,but by this more stringent requiremert that also
takestime into accour, the box is in nite in sizeto encompassll the sites
during an update.

3 Very local models

We have set the task of minimizing the size of the box that encapsulates
the update. According to this framework, the smallestconceiable box that

still allows interaction between sites is one that enclosesjust two sites at

a time. We de ne a new classof models with the following two proper-

ties: boxes encompassonly pairs of sites (Fig. 3), and every transaction is

consenative. We will shov that a useful model is possible even with the

pairwise restriction. As a consequencewe will nd that crystalline geom-
etry is not necessaryeither. Sud an update rule doesnot distinguish the

neighbors from ead other, in the way that (for example) a CA rule does
(Fig. 3). It doesnot make use of the crystalline structure, and so can be
applied to irregular lattices.

3.1 Incorp orating conservation

Consenation laws are fundamertal in physics, and so they should be a
part of a physical model. Local consenation also useful in dealing with
the constraint of asyndirony and having only pairwise interactions. Global
consenation will be achieved by construction: a certain variable or set of
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Figure 3: A \b ox" enclosing a pair of neighbors.

variablesare designatedas consened quartities, and we designrules sothat
every local update leavesthe sum of ead consened quartit y over all sites
unchanged.

One can thus think of the update as a \transaction” betweensites. Pe-
riodically, a given pair of neighbors exchangesa padket of the consened
quartit y; the lossfrom oneis equalto the gain of the other. Each member
of the pair then goeson to transact with other sites.

3.2 A simple example: di®usion

A simple example of the above class of models is a di®usion model, rep-
reserting for example the di®usion of heat. We will call the consened
quantity g (represerning the substancedi®using). A transaction between
memnbers of a pair transfers some of this quartity. In di®usion, the °ux
between two sites is proportional to the di®erencebetween them, so an
appropriate rule is:

¢g=(gi g)t,

¢tg=(gi g)et
Since¢ g + ¢ g = 0, the transaction is consenative. Fig. 4 shows a time
ewlution of this model.

Figure 4: Two-dimensional evolution of di®usion model. a = 0:05, ¢ t = 0:2.



3.3 Waves

As a more interesting example, we will simulate the physical phenomenon
of waves. Waves are a ubiquitous phenomenonin physics, appearing in
a variety of di®eren systems|electromagnetic radiation and sound waves
being two widely di®erert examplesthat can neverthelessbe described by
the samekind of model.

All wavesinvolve an amplitude assaiated with ead point in spacethat
changesover time. The future ewlution of theseamplitudes cannot be de-
termined only from knowing all the amplitudes at a given momert. Travel-
ling waves have a direction assaiated with them, and it is not possibleto
tell what the direction is by looking at an instantaneoussnapshot;therefore
they are aninherently second-ordemphenomenon.For this reason,the state
of ead site will be two quantities.

Momen tum conserving mo del

We choosemomertum, p, asthe consened quartity. It will be shown that
the system supports propagating waves in multiple dimensions, agreeing
closely with the cortinuous wave equation, even when the sole possible
interaction is two sites exchanging a padket of momertum. We will call the
other quantit y position, q (represering the amplitude of the wave).

é .127
fillln
Figure 5: Two neighboring sites exert a \force" on ead other as if they were
massesconnected by springs. Each massis free to move in one dimension.

In order to determine how much momertum two sites should exchange,
we ass@iate a potential with a di®erencein g's between neighbors. We
can think of a site as a massfree to move in one dimension, connectedto
its neighbors by springs (Fig. 5). Two neighbors exert a force (i.e., change
in momertum) on ead other which dependson the displacemen between
them. Such a systemis known to support propagating waves and to be

approximated by the scalar wave equation % = ¢?r 2g. Thus, two sitesi
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and j exchangemomertum as follows:

¢ p;
¢p

mévi=ma; ¢t=F;¢t=17(g i g)¢t
meév; = ma;i¢t=F;i¢t="f(gi g)tt

where &; is the cortribution to the acceleration of site i from site j. f
givesthe force as a function of the di®erencein amplitudes; the di®erence
can be positive or negative. In order for the gain of one site to be equalto
the lossof the other, we require f to be anti-symmetric (f (j x) = j f (x)),
sothat we have

tp=ictp 1)

and momertum is consened. We will normally usef (x) = kx, which
corresponds to Hooke's Law.

Each site can now independertly update its value of q using its new value
for p:

¢q:vi¢t:%¢t 2)

As shawn in x4, this system supports waves that can exhibit all the
phenomenaof contin uous waves (Fig. 8), including re°ection (Fig. 9) and
refraction (Fig. 10). It also agreesquartitativ ely with a solution of the
wave equation started from the sameinitial conditions.

Energy and momen tum conserving mo del

In the above model, a di®erencein amplitude ¢ i ¢ between neighbors
can be consideredto have potential energy; and p, becauseit is directly
related to a changein g, can be assaiated with kinetic energy Some of
the potential energy converted into kinetic energy or vice versa, when an
update happens. Sincepotentials only make sensewith pairs of sites, energy
cannot be described for a single site but only for a given pair. An obvious
expressionfor the total energyof a pair fi; j g of neighborsis

p?+ pf
2m

K@i q) €

Designing a wave model that has a pairwise interaction rule that con-
senes this energy as well as momertum is more ditcult than it may at
“rst seem,for the following reason. Potential energy dependson a di®er-
ence between two neighbors' amplitudes g, yet ead site is potentially a
member of many pairs, so changing g changesthe potential energyin a
way that dependson all neighbors simultaneously. Soto consene energy
it would seemnecessaryto know instantaneously the value of g of all the
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neighbors, and our box would have to enclosethem as well. A site can-
not avoid this problem by remenbering the states of its neighbors: they
may participate in other updates after this information is remembered but
beforeit is used. The remenbered state would therefore be out of date.

There is however a way to consene energy with only pairwise interac-
tions. We will abandon the idea of an absolute amplitude assaiated with
ead site, and instead assaiate a quantity with ead pair of sites. Asscci-
ated with the \b ond" betweentwo siteswill bea quartity I;; . This quantity
alone will determine the potential energy which is \stored" in the bond.!
li , instead of the relative position, will determine the potential and thus
the momertum transfer betweensitesi and j. Its changeis determined
by the relative momerta of the two sites in the pair. It is now no longer
possibleto consideran absolute, scalaramplitude assaiated with ead site
sudh that the I;; 's are the di®erencebetweentheseamplitudes. The reason
is that the |;; 's are decoupledfrom one another, unlike g i g 2

The update rule is somewhat more complicated in this case. To con-
sene energy we use a leapfrog method[7] for the individual transaction.
The leapfrog method advancesead site a step at a time, but the position
updates are a half step o®setfrom the momertum updates:

|

. ) + |ij

Plaa i Pt =i k%m;

: i e+ 1y + 1]

p|t+1 i plt: i k%(tt: k%(tt;

i Iij_p{+1+pit¢ti Ijt+1+[jt¢t'

te1 0 1t = ;
2m 2m

wherethe subscript represens time, and the superscript is the index of the
site.

1This is reminiscent of the method of [9] for Ising cellular automata, which conserves
a quantit y measured along bonds, rather than at sites.

20ne way around this, however, is to consider the amplitudes to be no longer in a
single dimension; amplitudes that are consistent with the |jj 's being di®erencesbetween
them could then be found.

3Various other methods were tried: choosing some ¢ p based on | and solving for a
new |1 that conserves energy; and vice versa. These were found to have no solution for
¢ p for certain values of Il .



Solving for the new valuesin terms of the old, we obtain

. 2mp} + ke t2pl | 2kmetl)

Pa = 2m + k¢ t2 ’
o, = 2mpi+ketip + Akmetly
t+1 om + K¢ t2 )
= 20tpi g+l @mi ket?),
o 2m + K¢ t2 '

We can write this a matrix T that transforms a vector of the old values of
p';pP ;1" into the new ones:

2 3
2m  k¢t?2  j 2kmet

1
——_4k¢t? 2m 2km¢t S: 4)
2
Zm+ kO ot j2et 2mi ket?
The determinant of this matrix detT = 1, implying that volume in

(p';p ;11) phasespaceis consened[14 and hencethe transformation con-
senesenergy

As shawn in “gure Fig. 7, this systemalso exhibits all wave phenomena,
and agreesquarntitativ ely with the partial di®erertial equation model as
shown in section 4.

4 Simulation

We will now show a particular realization of the above class of discrete
models. We will choosea particular method of placemen of sitesin space,
and a particular rule for the occurrence of the updates. These will be
chosennot for maximum ezxciency; we will merely choosesomeconditions
that satisfy the constraints outlined in x2.

4.1 Async hrony

We assumethat the time betweentransactions for a given pair is approx-
imately equal for all pairs. Howewer, to make sure that updates are inde-
penden, our updating scheme should have the property that the pairings,
when viewed globally, do not happen in the sameorder. (Otherwise, the
identical order could be exploited to have the e®ectof synchronization.)

A schemethat meetstheserequiremert is the following: let ff i; jgjj 2 Ng
be the set of pairs that include site i. Each pair in the set will update
independertly after an interval T(1 + X), where T is the period, X is a
uniform random variable drawn from (j a;a), and0< a¢ 1. This happens
concurrertly for all sites.
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The above is described from a parallel point of view. Sequetially, the
updating scheme can be viewed approximately as updating the pairs in a
“xed order, with a small probability in ead period for ead pair to swap
its spot in the schedulewith a pair that is nearit in time.

4.2 Irregular geometry

To test the model's lack of dependenceon regular geometry, we need a
lattice that is non-crystalline, but nevertheless\spacelike". This entails at
least the following two conditions:

2 Each site hasabout the samenumber of neighbors, with a low variance
in the neighborhood size.

2 Neighbors of a site have a high probability of being neighbors of eath
other.

Each site is assigneda Euclidean position. For a site P, all siteswithin a
radius r from P becomeP's neighbors, and ead in turn hasP asa neighbor.

A placemen whereall the coordinates are chosenat random leadsroughly
to a Poissondistribution of distancesbetweensites, and therefore to a high
variance in the number of neighbors. Instead, a distribution is chosenso
that the averagedistance betweenconnectedsiteswill vary, but be closeto
somemean distance. This can be done by placing sites at random but, if
two sites are too closeto ead other, eliminating one of them (seebelow).

An example of an irregular lattice in two dimensionsproduced as above
is givenin Fig. 1.

4.3 Realization

The models described here could be implemented on an amorphous
computer[12 very straightforwardly. But asthe rst amorphouscomputers
are just being built, and aswe would like to test the e®ectsof asyndrony
and irregularity by varying them, it was necessaryto simulate an amor-
phous computer on a sequettial machine.

Simulation

The connections between the processorscan be speci ed in a geometric
way. To satisfy the conditions given in x4.2, the following algorithm was
used:

2 Ngrt Sites are given a random location in Euclidean space. That is,
ead coordinate is merely chosenuniformly from [O; 1).
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2 A site s is chosenat random. All sites within a distance r i, from s
are deleted. This is repeatedwith a new randomly-chosensite until all
remaining sites have beentraversed. There are now no two processors
within rpin of ead other.

2 For ead site s, all siteswithin a radius r of s are connectedto s.

This will eliminate some fraction 1 d of the original sites which is
a function of Ngae and rmin . d was determined empirically in order to
obtain a desirednumber of sites Nt d (accurate to within a few percert).
An example of a lattice produced as above is shownn in Fig. 11. If ead site
corresponds to a \pro cessor,"the program run by ead processoris very
simple. A processorNg knows the identity of its neighbors, and for eah
neighbor N;, it starts a separatethread i. This thread initially starts out
by waiting for a random time drawn from [0; T). This is just to prevert the
“rst transaction of every site from happening in a single instant. Then, a
transaction takes place betweenNg and N;, which causesthe state of the
pair Q(sp;si) to be replacedby f (Q(sp;si)). The transaction is assumed
to be atomic. The processorwaits for atime T + X, where X is a random
variable drawn uniformly from [0;a). This is then repeated?

4.4 Observ ations

By starting the processorsin someinitial con guration and watching the
ewlution of the system, it becomesevidert that the model supports all
phenomenaof linear waves. Fig. 6 demonstratessuperposition, showving an
initial pulsesplitting into left-tra velling and a right-tra velling halves,which
evertually wrap around the periodic boundary conditions and passthrough
ead other unchanged.

Fig. 7 shows the sameewlution for the energy-conservingmodel. Mo-
mentum is shown (since the model has no absolute position). The total
energy over all pairs was computed at the beginning and various points
during the ewolution and found to be identical within the limits of machine
precision, with a value of 0.33980601.

4Processori also has a thread running that updates pair (0;i), So each pair updates,
on average, twice in time T.
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Figure 6: Superposition. a = 0:05, ¢ t = 0:01, k = 1, neighborhood size variance
= .0384. Sites are equally spacedbut have variable sized neighborhoods. Above,
the pulse is shown splitting into left-tra velling and right-tra velling pulses. Below,
the pulses are shown after they have wrapped around the periodic boundary
conditions and passedthrough eac other twice, four times, and six times.

Figure 7: A momentum wave in the energy-conservingwave model. The initial
conditions are a pulse as in “gure Fig. 6, and parameters are the same. There
are 101 regularly spacedsites. Momentum rather than position is shown. The
“rst four frame show the pulse in the processof splitting; the last shows it after
one period. Energy was calculated to be identical before, during, and after the
sequence,with a value of 0.33980601.

Figure 8 shows a time sequenceof snapshotsfrom a two-dimensional
simulation with "xed boundary conditions. The initial condition is a sine-
shaped perturbation in the certer; a wave ripples out and re°ects o® the
boundariesto interfere with itself. Shadesof gray are usedto indicate the
value of g in the range (j 1;+1) asfollows:

@0 0000000

There are about 5,000 sites, with an average neighborhood size of 6.365
and variance 1.133. Betweenthe snapshots,ead pair has maderoughly 15
transactions.
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Figure 8: Two-dimensional evolution of wave model. a= 0:05,¢t= 0:1, k = 1.

Figure 9: Re°ection. There is a parabola-shaped xed boundary at right. The
initial condition is a line wave, which becomesfocusedto a point in the third
frame.

Figure 10: Refraction. The certral region has twice the density of sites as the
rest of the space,but the neighborhood size remains about the same.

In Fig. 9, the boundariesare xed asin gure Fig. 8, exceptthat the right
boundary is shaped like a parabola. This is a \mirror" and the initial line
wave is focusedinto a point. Fig. 11 shows a singleframe from a simulation
with the sameinitial conditions, but with periodic boundary conditions.

By altering the properties of the interconnections, di®erert \media" can
be created for the wavesto propagate through. In Fig. 10, there is also
a line wave, but now there is a certral region of more denseprocessors.
Inside this region, the communication radius is shrunk sothat the average
number of neighbors is about the sameasoutside it. It thus hasa di®erert
\index of refraction" than the rest of the medium and refracts the wave.
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Figure 11: Snapshot of amplitudes. As in Fig. 8 but with periodic boundary
conditions.

4.5 Quantitativ e comparisons

To test the model quartitativ ely and assesghe e®ectsof asyndirony and
irregular geometry, we will compareits ewolution to a solution to the cortin-
uous partial di®ererial equation with the sameinitial conditions. Fig. 12
through 16 show to what extent the model agreeswith an exact solution of
the contin uous wave equation in one dimension:

d2q d?q.
- Cae 5)

with boundary conditions® q(0;t) = 0 and q(1;t) = 0 and initial condition
g(x; 0) = sin(¥x). This equation has a solution

q(x; t) = sin(¥x)cog2¥4); (6)

which is a standing wave. Fig. 12 shaws q for the processorclosestto the
certer, plotted against a least-squaresbest t of equation (6).

Fig. 13 shows the di®erenceof the model with the PDE with time
for various levels of asyndirony a, plotted against average number of
transactions per processor. 101 processorswere arranged regularly with
two neighbors ead. Each site is given an initial value corresponding to
g(x; 0) = sin(¥x). That is, if x(s) is the Euclidean coordinate of site s, the
initial coordinate is set to sin(¥x(s)). Periodically, at time t, a measure

5In the model, the boundary conditions are imp osedby giving the sites at the bound-
ary in nite mass.
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Figure 12: Standing wave, comparison with exact solution. There are 101 pro-
cessorsarranged regularly in one dimension with two neighbors ead; the graph
shows the amplitude of the processorclosestto the certer plotted against average
number of transactions per processor,versusthe exact solution of the wave equa-
tion, g(x;t) = sin¥x cos2%, with initial conditions q(x; 0) = sin(¥x). a = 0:05,
¢t=0:05k= 1

D(t) of the local di®erenceof q(s;t) with the PDE value at the corre-
sponding time and location gppe (X(S);t) is computed and averaged over
all sites. VY)elgsedthe squareroot of the averagesquare of the di®erence,
D(t) = J%] s2clopoe (X(s)) i q(s)]?, where G is the set of all sites. As
with all comparisonsof discreteand cortin uousmodels, the di®erencegrows
over time becausethere is somedispersion of the wave. Decreasinga belov

0.15doesnot have any appreciable e®ect.
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Figure 13: Comparison with solution of PDE: D (t) with exact solution over time
for di®erert levels of asyndhrony a. The bottom curve represerts a = 0:05, the
middle one a = 0:15 and the top onea = 0:25. The x-axis represerts the average
number of transactions per processor.

The properties of wave propagation in the model were examined by set-
ting the initial conditions to be a sinusoid pulse of width w:

cosZZx + 1 if 1(1j w)< x< (1+w),
0 otherwise

9(x; 0) = (7)
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The wave equation with theseinitial conditions has as a solution the su-
perposition of two pulses,onetravelling left and the other travelling right:

LlcosZ4(xj vt)+ 1] if vtj lw < x < vt+ 1w,
0 otherwise

Gert (X; 1) = (8)

HcosZi(x + vt) + 1] if j vtj fw< x < jvt+ Iw
0 otherwise

Gight (X; t) = 9)

Fig. 14 shavsthe agreemen of the model with the above solution; it plots
the squareroot of the averagesquareof the di®erenceD (t) asabove. D (t) is
plotted for 101 sitesand for 201 sites, versusnumber of transactions. With
a greater density of sites, the wave propagatesmore slowly; gure Fig. 15
shows the sameplot, but the x-axis is normalized so that two periods are
completedin ead case(a period being the time it takesthe two halves of
the pulseto wrap around the boundariesto their original starting points).
With twice as many sites, disagreemeh with the PDE due to dispersion
is signi cantly reduced. It is closeto the disagreemen for 101 sites with
regular geometry Thus we can compensatefor the e®ectsof irregularity
by using a greater density of sites.

0.1
101 sites, irregular geometry — — =
201 sites, irregular geometry

101 sites, regular geometry ------

0 500 1000 1500 2000 2500 3000 3500

Figure 14: Pulse, comparison D(t) with PDE solution. The sites are in one
dimension with variable sized neighborhoods; the variance in neighborhood size
is .0384. D (t) is plotted for regular and irregular geometry with 101 sites, and
irregular geometry with 201 sites. In the rst two, the pulse completed about
two periods while in the last, it completed one period (a period being the time it
takesthe two halvesof the pulse to wrap around the boundaries to their original
starting points). a = 0:05, ¢t = 0:01, k = 1. The e®ectof irregularity is
compensated for by using a greater density of sites.

Fig. 16 shavs a comparison of the energy-conservingmodel to the PDE
solution. It %up_gvs Dp(t) for 2 periods. Dy(t) is asD(t) but for momertum:
Dp(t) = J%J s2clPeoe (X(S)) i p(s)]>. The model is comparedto the
solution of the PDE for momertum,
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Figure 15: As above, but normalized so that exactly two periods are completed
in each case. The x-axis here represerts periods.
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Figure 16: Comparison with PDE solution D (t) for the momentum wave.

.1 ain 2V . H o1 1
i zSingA(X i vt) ifvtj sw< x<vt+ 3w,

x;t) = i
Prett (X; t) 0 otherwise.

1 cin 2% 2. .1 . 1
zSin<F(x+vt) if j vtj 3w < X < j vt+sw,

. X,t = .
Prigh t (X; t) 0 otherwise.

5 Digression: Mo dels of computation and
physical models

The classof models presenied herecorrespondsto a new parallel computing

architecture known as an amorphouscomputer.[12 This architecture is in-

tended to take advantage the possibility of manufacturing small processors
in such large numbersthat preciseinterconnectionsand regular structure of

convertional parallel computers are not feasible. An amorphous computer

consistsof a large number of processingelemens embeddedin a surface
or volume. Processorsare limited in resources,unreliable and connected
in impreciseways. They communicate with ead other locally, for example

by wireless broadcast. They have no detailed knowledge of their precise
geometrical arrangemen, and no global clock.
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The amorphous model of computation is informed by physical con-
straints; it is based on the fact that processorsare embedded in space,
and have the locality constraints of physics (local interconnectionsand no
global clock). Microscopic consenation is another constraint from physics
that is usefulin amorphouscomputing. Hereit wasusedin simulating phys-
ical systemswith consenation laws, but it may nd usein non-simulation
applications as well, sinceit is very similar to the idea of \tok ens" in dis-
tributed systems. Tokens are usedwhen it is required that there be only
a xed number of ertities in a distributed system, such as processeshat
have accessto a certain resource. They can be passedaround between
processorsput not created or destroyed.

Other modelsof computation informed by physical constraints have close
correspndenceswith physical models. Physical modelscorrespond to mod-
els of computation, at a minimum, when the range of possible states in
the two is the same, and the same dynamics or ewolution are possiblein
ead. In addition, there is a two-way correspondencebetweenthem: one
could conceiably implement the computer in the physics as described by
the model; and corversely straightforwardly simulate the physical models
on the computer. Thus it is for example with quantum computation and
guantum physics. Quantum computation was rst conceived[4] as a way
of exciently simulating the ewolution of a quantum system; more recenly
they have beenproposedas a general purposecomputing architecture.

Being inherertly parallel, discrete models correspond to certain mod-
els of parallel computation. In addition to amorphouscomputing and the
amorphousphysical models preseried in this chapter, another pair of corre-
sponding modelsis Cellular Automata and 3-D mesharchitectures. A 3-D
mesh architecture[8] is a parallel architecture with local interconnections
and regular geometry.

5.1 Classifying models of computation based on phys-
ical constrain ts

The Church{T uring Thesis expresseghe belief among computer sciertists
that all these models are equivalent in the classof computations they can
theoretically achieve, given unlimited resources. However, taking physics
into accourt imposesconstraints, and providesa more realistic view of what
computations are achievable asthe computer becomeslarge and comesup
against physical limits[17].

There is often more than one relevant physical constraint. These con-
straints can con®ict with ead other, making tradeo®snecessary We might
thus distinguish models of computation from one another based on the
degreeof various tradeo®sthey make in physical resources,by classifying
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them on an axis that represerts di®erert amourts of two mutually con-
°icting resources(where having more of one implies less of the other is
available.)

One axis represens granularity or distributedness. On one side of the
axis are architectures that have the ability to accessall parts of the system
in constart time. Here are found traditional modelsof computation sud as
Turing machines. A model that moreresenblescurrent sequettial machines
is the Random AccessMachine[1(. In this model, there is a memory, every
location in which is accessiblén constart time. Modelswith constarnt-time
accesshowewer, do not take spaceinto accourt. The result is that asthe
systembecomedarge, this capability becomeaunphysical, sinceinformation
takestime to propagate from one part of a systemto another.

This can be dealt with by distributing the computation over space. The
cost of this distribution is that it takestime to move information from one
placeto another. Distribution entails breaking the computer into a number
of elements ead of which has high internal bandwidth, connectedtogether
by links with limited bandwidth. Thus we give up the ability to read all
parts of the systemin constart time. However, distributednessis a resource
becausewhen the computation is highly distributed, one can enlarge the
computation simply by using more space(processors),without having to
go through the \v on Neumann bottleneck".

One step along the axis from the Random AccessMachine classare con-
verntional parallel computers, which contain a relatively small number of
processingelemerts fully connectedwith ead other. Each processingele-
mert is a smaller versionof the Random AccessMachine. As we move along
the axis, the number of elemerts increases,and we must give something up:
it becomedmpractical to connectevery elemer to every other. The reason
is that asthe number of elemers scalesup, not only the total bandwidth
but also the bandwidth per processorwould needto increaseto maintain
full connectedness[1]7 Connecting ead processorto every other becomes
incompatible with the constraints of physical space. Thus, architectures
that have local interconnections becomenecessarywith a large number of
processors.

Amorphous computing represerts a step further along the axis, being
even more distributed than corvertional parallel architectures. Amorphous
processorsare assumedto be unreliable, and can fail. This requiresredun-
dancy: the computation must be distributed to such an extent that the
failure of some elemers still allows the computation to proceedsuccess-
fully.

Granularity or distributedness is only one of seweral axes that repre-
sen physically realizable architectures. An example of another is the en-
ergy/time axis: a computation can be made to use an arbitrarily small
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amourt of energy at the cost of being slow[2]. It is an interesting topic for
future work to identify a small number of relevant axeswhich represen the
constraints of physics, ead one represering a tradeo® betweencon®icting

resources.This would produce a spaceof modelsthat are potentially phys-
ically realizable; we could then classify models of computation on them.

(New models might also cometo light by identifying regions of the space
that are uninvestigated.)

6 Conclusion

We have shown that two important featuresthat current discrete models
have|crystalline geometry and global syndronizationjare unnecessary
to produce a model with physical behavior. To compare with what hap-
pensin three-dimensionalspaceover time, one needsto put constraints on
the interconnections of the lattice and the schedule of the updates to be
\spacelike" and \timelik e". Howewer, it is not necessaryfor any one site to
exploit detailed knowledge about what time other sites update, and about
their precisespatial arrangemen.

In particular, syndhronization of all sitesin spacewith ead other is not
required|either actual synchronization, or schemesthat e®ectsyndroniza-
tion in an asyndironousernvironment. Also, we found that anisotropiesdue
to the irregular lattice can be compensatedfor by using a higher density of
sites, sothesewill probably not be signi cant at large scales.Syndrony and
crystalline geometry, then, are useful whenwe want to simulate the models
on machines that have these properties, but are not intimately connected
with discrete physical models. The wave modelspreseried do without both,
but agreewell quartitativ ely with partial di®erenial equations.

Many interesting questionsremain. One topic for further investigation
is to determine what other kinds of physical systems,including nonlinear
ones, can be modelled using this approac. Also, in the model presened,
the states of the sites in the wave model are cortinuous quartities; it is
open whether a wave model with the samerestrictions, but where sites can
take on a very restricted set of states (such as 0 or 1), is possible,and if
not, what extra conditions would be needed.

We expect that, if amorphouscomputersbecomefeasible,modelslike the
classpresenied will becomeof practical interest.
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