
Stationary Action =⇒ Lagrange Equations

Let q be a realizable path from (t1, q(t1)) to (t2, q(t2)).
Consider nearby paths q + ǫη where η(t1) = η(t2) = 0.
Let

f(0 + ǫ) = S[q + ǫη](t1, t2)

=

∫ t2

t1

L(t, q(t) + ǫη(t), Dq(t) + ǫDη(t))dt

=

∫ t2

t1

L(t, q(t), Dq(t))dt

+ ǫ

(

d

dδ

∫ t2

t1

L(t, q(t) + δη(t), Dq(t) + δ Dη(t))dt

)
∣

∣

∣

∣

δ=0

+ · · ·

= f(0) + ǫDf(0) + · · · .

So

Df(0) =
d

dδ

∫ t2

t1

L(t, q(t) + δη(t), Dq(t) + δ Dη(t))dt.



Df(0) =

(

d

dδ

∫ t2

t1

L(t, q(t) + δη(t), Dq(t) + δ Dη(t))dt

)
∣

∣

∣

∣

δ=0

=

∫ t2

t1

{∂1L(t, q(t), Dq(t))η(t) + ∂2L(t, q(t), Dq(t))Dη(t)}dt

=

∫ t2

t1

∂1L(t, q(t), Dq(t))η(t)dt

+ ∂2L(t, q(t), Dq(t))η(t)|t2t1

−

∫ t2

t1

d

dt
(∂1L(t, q(t), Dq(t)))η(t)dt.

Now

∂2L(t, q(t), Dq(t))η(t)|t2t1 = 0.

So

Df(0) =

∫ t2

t1

{∂1L ◦ Γ[q]−D(∂2L ◦ γ[q])}η.



Df(0) =

∫ t2

t1

{∂1L ◦ Γ[q]−D(∂2L ◦ γ[q])}η.

But, for stationary action Df(0) = 0.
And because η is arbitrary except for η(t1) = η(t2) = 0 we
obtain

D(∂2L ◦ Γ[q])− ∂1L ◦ Γ[q] = 0,

the Euler-Lagrange Equations.


