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Axioms of Probability

Let S be a finite set called the sample space, and let A be any
subset of S, called an event. The probability P(A) is a real-valued
function that satisfies:

> P(AUB) = P(A) + P(B) if AN B =0)

For infinite sample space, third axiom is that for an infinite
sequence of disjoint subsets Aj, Az, . . .,

P (G A,-) -y P(A))
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Some Theorems

> P(A) =1— P(A)
» P(@)=0
» P(A)< P(B)if AC B
> P(A)< 1
(

> P(AUB) = P(A) + P(B) — P(AN B)

> P(AUB) < P(A) + P(B)



Joint & Conditional Probability

v

If A and B are two events (subsets of S), then call P(AN B)
the joint probability of A and B.

v

Define the conditional probability of A given B as:
P(ANB)
P(B)
A and B are said to be independent if P(AN B) = P(A)P(B).

P(A|B) =

v

v

If A and B are independent, then P(A|B) = P(A).



Bayes' Theorem

We have:
> P(AIB) = 57
> P(BJA) = Zga2)
Therefore:

P(AN B) = P(A|B)P(B) = P(B|A)P(A)

And Bayes' Theorem is:




On the islands of Ste. Frequentiste and Bayesienne...



On the islands of Ste. Frequentiste and Bayesienne...

The king has been poisoned!



On the islands of Ste. Frequentiste and Bayesienne...

The king of Ste. F & B has been poisoned! It's a conspiracy. An
order goes out to the regional governors of Ste. Frequentiste and
of Isle Bayesienne: find those responsible, and jail them.

Dear Governor: Attached is a blood test for proximity to the
poison that killed the king. It has a 0% rate of false negative
and a 1% rate of false positive. Administer it to everybody on
your island, and if you conclude they're guilty, jail them.

BUT REMEMBER THE NATIONWIDE LAW: We must be 95%
certain of guilt to send a citizen to jail.




On Ste. Frequentiste:

The test has a 0% rate of false negative and a 1% rate of
false positive. We must be 95% certain of guilt to send a
citizen to jail.

v

» P(ET|GuiLTy) =1

» P(E7|GuiLTY) =0

» P(ET|INNOCENT) = 0.01
(

P(E~|INNOCENT) = 0.99

How to interpret the law?
“We must be 95% certain of guilt” = P(JAIL|INNOCENT) < 5%.



On Ste. Frequentiste:

The test has a 0% rate of false negative and a 1% rate of
false positive. We must be 95% certain of guilt to send a
citizen to jail.

v

» P(ET|GuiLTy) =1

» P(E7|GuiLTY) =0

» P(ET|INNOCENT) = 0.01
(

P(E~|INNOCENT) = 0.99

How to interpret the law?
“We must be 95% certain of guilt” = P(JAIL|INNOCENT) < 5%.

Governor F.: Ok, what if | jail everybody with a positive test
result? Then P(JAIL|INNOCENT) = P(ET|INNOCENT) = 1%.
That'’s less than 5%, so we're obeying the law.”



On Isle Bayesienne:

The test has a 0% rate of false negative and a 1% rate of
false positive. We must be 95% certain of guilt to send a
citizen to jail.

How to interpret the law?
“We must be 95% certain of guilt” = P(INNOCENT|JAIL) < 5%.



On Isle Bayesienne:

The test has a 0% rate of false negative and a 1% rate of
false positive. We must be 95% certain of guilt to send a
citizen to jail.

How to interpret the law?
“We must be 95% certain of guilt” = P(INNOCENT|JAIL) < 5%.

Governor B.: Can I jail everyone with a positive result? I'll apply
Bayes’ theorem...

P(INNOCENT)

P(INNOCENT|E™) = P(E™|INNOCENT) PEN

We need to know P(INNOCENT).



On Isle Bayesienne:

The test has a 0% rate of false negative and a 1% rate of
false positive. We must be 95% certain of guilt to send a
citizen to jail.

How to interpret the law?
“We must be 95% certain of guilt” = P(INNOCENT|JAIL) < 5%.

Governor B.: Can I jail everyone with a positive result? I'll apply
Bayes’ theorem...

P(INNOCENT)

P(INNOCENT|E™) = P(E"|INNOCENT) ———————~

( E%) = P(EY ) e

We need to know P(INNOCENT). Governor B.: Hmm, | will
assume that 10% of my subjects were guilty of the conspiracy.
P(INNOCENT) = 0.9.



On Isle Bayesienne:

Apply Bayes’ theorem

» We know the conditional probabilities of the form
P(ET|GuILTY).

» Governor knows the “overall” probability of each event
GuILTY and INNOCENT. Since this is our estimate of the
chance someone is guilty before a blood test, we call it the
prior probability.

» Now calculate: P(INNOCENT|E™)



On Isle Bayesienne:

Apply Bayes’ theorem

» We know the conditional probabilities of the form
P(ET|GuILTY).

» Governor knows the “overall” probability of each event
GuILTY and INNOCENT. Since this is our estimate of the
chance someone is guilty before a blood test, we call it the
prior probability.

» Now calculate: P(INNOCENT|E™) ~ 8%. Too high!



On the islands of Ste. Frequentiste and Bayesienne...

Results:

» More than 1% of Ste. Frequentiste goes to jail.
» On Isle Bayesienne, 10% are guilty, but nobody goes to jail.

» The disagreement isn't about math. It isn't necessarily about
philosophy. Here, the frequentist and Bayesian used tests that
met different constraints and got different results.



The Constraints

» The frequentist cares about the rate of jailings among
innocent people and wants it to be less than 5%. Concern:
overall rate of false positive.

» The Bayesian cares about the rate of innocence among jail
inmates and wants it to be less than 5%. Concern: rate of
error among positives.

» The Bayesian had to make assumptions about the overall, or
prior, probabilities.



Why Most Published Research Findings
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Confidence & Credibility

» For similar reasons, frequentists and Bayesians express
uncertainty differently.

» Both use intervals: a function that maps each possible
observation to a set of parameters.

» Frequentists use confidence intervals. A 95% confidence
interval method will output an interval that includes the true
value at least 95% of the time.

» Bayesians use credibility intervals. A 95% credibility interval
has 95% probability of including the true value — if drawn
according to the prior.



Jewel's Cookies

Cookie jars A, B, C, D have the following distribution of cookies
with chocolate chips:

P( chips | jar) | A B C D

0 1 17 14 27

1 1 20 22 70

2 70 22 20 1

3 28 20 22 1

4 0 21 22 1
total 100% | 100% | 100% | 100%

Let's construct a 70% confidence interval.



70% Confidence Intervals

Cookie jars A, B, C, D have the following distribution of cookies
with chocolate chips:

P( chips | jar) | A B C D

0 1 17 14 27
1 1 |20 |22 |70]
2 [70 |22 |20] |1

3 28 |20 |22] |1

4 0 |[21 |22] |1
coverage 70% | 83% | 86% | 70%

The 70% confidence interval has at least 70% coverage for every
value of the parameter.
Now assume a uniform prior and calculate P( jar N chips ).



Joint Probabilities

Cookie jars A, B, C, D have equal chance of being selected, and
the following joint distribution of jar and chips:

P( jar N chips) | A B C D total

0 1/4  17/4 14/4 27/4 | 14.75%
1 1/4 20/4 22/4 70/4 | 28.25%
2 70/4 22/4 20/4 1/4 | 28.25%
3 28/4 20/4 22/4 1/4 |17.75%
4 0/4 21/4 22/4 1/4 |11.00%
total 25% 25% 25% 25%

Now calculate P( jar | chips).



P( outcome |0)

Cookie jars A, B, C, D have the following conditional probability
of each jar given the number of chips:

P( jar | chips) | A B Cc D total

0 1.7 288 23.7 4538 | 100%
1 09 177 195 61.9 | 100%
2 619 195 177 0.9 | 100%
3 30.4 282 31.0 1.4 | 100%
4 0.0 477 50.0 23 |100%

Now let's make 70% credibility intervals.



70% Credibility Intervals

Cookie jars A, B, C, D have the following conditional probability
of each jar given the number of chips:

P( jar | chips) | A B C D credibility
0 1.7 [28.8] 23.7 [45.8] | 75%
1 0.9 17.7 [19.5 61.9] | 81%
2 [61.9 19.5] 177 0.9 81%
3 [30.4] 282 [31.0] 1.4 | 70%
4 0.0 [47.7 50.0] 23 98%




Confidence & Credible Intervals (uniform prior)

4P( jar N chips) | A B Cc D credibility
0 1 17 14 27 0%

1 1 [20 22 70] | 99%

2 [70 22 20] 1 |99%

3 28 [20 22] 1 |59%

4 0 [21 22] 1 |98%
coverage 70% 83% 86% 70%

4P( jar N chips) | A B C D credibility
0 1 [17] 14 [27] | 5%

1 1 20 [22 70] |81%

2 [70 22] 20 1 81%

3 [28] 20 [22] 1 |70%

4 0 [ 221 1 |98%
coverage 98% 60% 66% 97%




Disagreement in the real world

» Avandia: world's #1 diabetes drug
» Approved in 1999.

» Sold by GlaxoSmithKline PLC.

» Lowers blood sugar, a lot.

» Sales: $3 billion in 2006 alone

» In 2004, GSK releases results of many small studies of
Avandia.

» This enables inference.



Individually, 42 small studies are pretty lame.

Study Avandia heart attacks | Control heart attacks
49632-020 | 2/391 1/207

49653-211 | 5/110 2/114

DREAM 15/2635 9/2634

49653-134 | 0/561 2/276

49653-331

0/706

0/325



In 2007, Dr. Nissen crashes the party

The NEW ENGLAND
JOURNAL of MEDICINE

ESTABLISHED IN 1812 JUNE 14, 2007 VoL 356 NO. 2&

Eftect of Rosiglitazone on the Risk of Myocardial Infarction
and Death from Cardiovascular Causes

Steven E. Nissen, M.D., and Kathy Wolski, M.P.H.

ABSTRACT

BACKGROUND
Rosiglitazone is widely used to treat patients with type 2 diabetes mellitus, but itS  From the Cleveland Clinic, Cleveland. Ad-

effect on cardiovascular morbidiry and morealiry has not been derermined. dress raprint requests to Dr. Nissen at
the Department of Cardiovascular Medi-
cine, Cleveland Cliric, 9500 Fuclid Ave.,
METHODS Cleveland, OH 44195, or at nissens@ccl.

‘We conducred searches of the published lirerarure, the Web site of the Food and o2

pmg Ad.rmmstranpn, ﬁ}’]d a c","'c,ﬂ s_rla!s reg:rstryrmmtamed by therd{ug MANU-  hic, e (10,1056 MEMos072761) was
facrurer (G!axoSmithKline). Criteria for inclusion in our meta-analysis included 3 published st www.nejm.org on May 21,
study durarion of more than 24 weeks, the use of a randomized contro! group nor 2007

recelving rosiglicazone, ar}d the availability of outcome daglmr miyocardial {nfan: N Engl) Med 2007-356:245771.

tion and death from cardiovascular causes. Of 116 potencially relevant studies, 42 copi i 2007 Momshuseis Mestal Socety.
trials met the inclusion criteria. We wabulared a!l occurrences of myocardial infarc-

tion and death from cardiovascular causes.

RESULTS
Dara were combined by means of a fixed-effects mode!. In the 42 rrials, the mean
age of the subjects was approximarely 56 years, and the mean baseline glycared
hemoglobin level was approximacely 8. 2%. In the rosiglitazone group, as compared
with the control group, the odds ratio for myocardia! infarcrion was 1.43 (95%
confidence interval [CI], 1.03 o 1.98; P=0.03), and the odds ratio for death from
cardiovascular causes was 1.64 (95% CI, 0.98 w0 2.74; P=0.06).



Frequentist inference
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MEDICAL DETECTIVE

Sequel for Vioxx Critie:
Attack on Diabetes Pill

Glaxo Shares Plunge
As Dr. Nissen Sees Risk
To Heart From Avandia

By ANNA WILDE MATHEWS

Drug in Demand
Sales of GlasaSmithKlind's Avandia,
nbilions of pounds:

An analysis linking the witely used
diabetes drug Avandiato higher riskof
eart attacks represents a sefious
blow to GlaxoSmithiline PLC and ur-
derscores how outside crities have
been empowered to challenge big-sell
ingdrugs after the outery overthewitl-

Vi

last year. Iis share
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the analysis by
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gist Steven Nissen
of the Cleveland
Clinie, who helped
Taise garly mfery coficerns about
Vi

Steven Nissen
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and Drug Administration should have
acted faster to alert the public about
possible risk from Avandia. Glaxo per-
formed its own meta-analysis, which
also shawed a potential danger. It
shared an early version of it with the
FDA in September 2005 and a more
.u'nmulenminALug\xleODG The find-

cted on the US. 1~
b whichls S\mnused oze 2 can:

Ple on Avenda
ehance of sufferin

e a 47X higher
a heart attack.

Glaxo said it "Strangly disagrees’
with his sonelnsians which came fraom

drug’s risks.

obert Meyer el of o A ot
that oversees diabetes drugs, said the
agency is still Working on its analysis.
“We have other data that sugests vie




GlaxoSmithKline loses $12 billion

Avandia worldwide sales
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Bayesian inference disagrees, for risk ratio.

P.D.F. on Avandia’s risk ratio for heart attack

3.5

2.5

1.5

0.5




Or does it? Results depend on model. Here, risk
difference.

P.D.F. on Avandia’s risk difference for heart attack
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-0.004 -0.003 -0.002 -0.001 0 0.001  0.002 0.003 0.004




The TAXUS ATLAS Experiment

» FDA asked manufacturer to show that new heart stent was
not “inferior” to old heart stent, with 95% confidence.

» Inferior means three percentage points more “bad" events.

» CONTROL 7% vs. TREATMENT 10.5% = inferior
» CONTROL 7% vs. TREATMENT 9.5% = non-inferior.



ATLAS Results (May 2006)

May 16, 2006 — NATICK, Mass. and PARIS, May 16
/PRNewswire-FirstCall/ — Boston Scientific Corporation today
announced nine-month data from its TAXUS ATLAS clinical trial.
[...] The trial met its primary endpoint of nine-month target
vessel revascularization (TVR), a measure of the effectiveness of a
coronary stent in reducing the need for a repeat procedure.



ATLAS Results (April 2007)

Turco et al., Polymer-Based, Paclitaxel-Eluting TAXUS Liberté
Stent in De Novo Lesions, Journal of the American College of
Cardiology, Vol. 49, No. 16, 2007.

Results: The primary non-inferiority end point was met with the
1-sided 95% confidence bound of 2.98% less than the pre-specified
non-inferiority margin of 3% (p = 0.0487).

Statistical methodology. Student t test was used to compare
independent continuous variables, while chi-square or Fisher exact
test was used to compare proportions.



Bayesian Results

v

Assume | know nothing about 7; and . a priori. Chosen
randomly on [0,1], independently and with uniform probability.

v

Then we sample: in TREATMENT, 68 heads in 855 samples In
CONTROL, 67 heads in 956 samples.

» For a particular p, Pr(k heads in N flips)

= (Q’) p(1—p)Nk

Apply Bayes' theorem.

v



Bayesian Results

> Likelihood: Lyk(m) = (¥)mk(1 —m)N-K
» Probability: Apply Bayes' theorem. With a uniform prior, just
normalize. Result is called a Beta distribution.

f(x;a, ) = mxal(l — x)f1

where o = heads observed plus one, and 8 = tails observed
plus one.



2.5

1.5

beta(6,6)




beta(2,10)

0.8




Bayesian Results

v

e ~ [(x;68,890)
7t ~ [(x; 69,788)
Calculate probability 7y — m. < 0.03:

v

v

1 r1
/ / B(x; 68,890)5(y; 69, 788) dy dx ~ 0.050737979. ..
0 Jmin(x+0.03,1)

Result: Just over 5%.

v



ATLAS Trial Solution

» Use a one-sided 95% confidence interval for 7 — m.. If its
upper limit is less than 0.03, accept. Otherwise reject.

» Confidence interval: approximate each binomial separately
with a normal distribution. Known as Wald interval.

» Calculate the distribution of the difference, and see if less
than 5% of the area exceeds 0.03.

I A i joim=1i)  j(n—))
p_/o.o3N<m n" md " n’ )




Published Results

v

We measure 68/855 events in TREATMENT (7.95%), and
67/956 events in CONTROL (7.01%).

Procedure: if p < 5%, we reject inferiority.
J

p=JoasN (5 — 4,1 4 {050 ) — 0.0487305...

v

v

n’

v

Accept.



The Ultimate Close Call

Wald's area (= p) with (m, n) = (855, 956)
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The Wald Interval Undercovers

Our confidence interval doesn’'t have 95% coverage, so the test
didn't bound the rate of false positives by 0.05. The approximation
is lousy here.

False Positive Rate (%)

5.2

ot

4.8

4.6

False Positive Rate of ATLAS non-inferiority test along critical line

(4,7) (69)  (811) (10,13) (12,15) (14,17) (16,19) (18,21) (20,23

(ﬂ'TVR ey WTVR,Z) (%)



One solution: constrained variance

The Wald interval approximated each binomial separately as a
Gaussian, with variance of I(IX/;I)' (E.g., 7% and 8%.) But this is

not consistent with Hp, which says 7 > m. 4+ 0.03.

One improvement is to approximate the variances by finding the
most likely pair consistent with Hp (i.e., separated by 3 percentage
points). E.g., 6% and 9%.

False Positive Rate of maximum-likelihood z-test along critical line

False Positive Rate (%)

46 .
| | | | | | | |
(2,5) (4,7) (69)  (811) (10,13) (12,15) (14,17) (16,19) (18,21)  (20,23)

(mrvRe, TTVRE) (%)




Every other published interval fails to exclude inferiority.

Method p-value or confidence bound Result
Wald interval p = 0.04874 Pass
z-test, constrained max likelihood standard error p = 0.05151 Fail
z-test with Yates continuity correction ¢ = 0.03095 Fail
Agresti-Caffo Iy interval p = 0.05021 Fail
Wilson score c = 0.03015 Fail
Wilson score with continuity correction c = 0.03094 Fail
Farrington & Manning score p = 0.05151 Fail
Miettinen & Nurminen score p = 0.05156 Fail
Gart & Nam score p = 0.05096 Fail
NCSS's bootstrap method ¢ = 0.03006 Fail
NCSS'’s quasi-exact Chen c = 0.03016 Fail
NCSS's exact double-binomial test p = 0.05470 Fail
StatXact's approximate unconditional test of non-inferiority p = 0.05151 Fail
StatXact's exact unconditional test of non-inferiority p = 0.05138 Fail
StatXact's exact Cl based on difference of observed rates c = 0.03737 Fail
StatXact's approximate Cl from inverted 2-sided test ¢ = 0.03019 Fail

StatXact's exact Cl from inverted 2-sided test c = 0.03032 Fail



Nerdiest chart contender?

Degree of Certainty EQuATION PASS 4 - FALL
:v\eg_ical 5thudie?hde_fin§ su:lreslstq: fail:re in Wald Interval

esting a hypothesis by calculating a degree )
of cartainty, known as the p-value. The The Score z-test |G ©.151%
p-value must be less than 5% for the results Agresti-Caffo interval test N 5021
to be considered significant. Boston .
Scientific's study, which used a statistical Farrington & Manning score test | 5151
method called a Wald Interval, produced a Miettinen & Nurminen score test [ 515G
p-value below 5%. But using 16 other Gart & Nam score I 50%
methods turned up a p-value greater than o
55, Here are some of the p-values that NCSS LLC's exact double-binomial test | EG_—_—— ©.70

;f‘su't?!f;mm Ehe dt“;tad"'; the study, using ytel Inc.'s StatXact's approximate test G 5151
Irrerent m -
oo BT e Cytel Inc’s StatXact's exact test EEG—_—— 5.3

Source: W5 research




Boslon Scientific Stent ‘atudy Flawed

H J. WINSTEIN

HEART STENT manifac-
rured by Boston Seien-
Corp. and expecting
approval for LS. sales is backed
flawed research despita the
company's claims of success in &
clinical trisl, aceording to s Wall
Street Journal review of the
data
Boston Selentifie submitted
the results of the 2006 trial to

the Food and Drug Administra-

tion o gainU.5. approval for the
Taorus Liberts, which already is
cne of the top-selling stents
abroad. Coronary stents—tiny
scaffolds thatprop openarterizs
clogged by heart disease—sre
cme of the most popular meth-
ods for treating heart patients,
and have been implanted in
more than 15 million people
warld-wide.

But Boston Scientific’s claim
was basedon & flawsd statistical
quaticn that favored the Lib-
ertestent, a Journl analysis has
fauned. Using 3 mnber of ccler
nclud-
h\g o alable i ot e st
software programs—the Liberte
study would have been a fatlure
by the eommen standards ofsta-
tistical signi
Beston Sciantific Bat the
onily company to use the squa-
tion, known as a Wald interval,
which has long been criticized

Bostan SCanic i seekng FOA apurval 1o \ts Taxis Liberte stent

twinning 1.5

by r
the certainty of rescarchresults.
Rivals Medtronic lne. and Ab-
bottLaboratories haveused the
same equation in stent studiss.

Eutin thoss cases, any boost
pravited by the Wald squsticn

hava changzd the ot-
ity study. In the Liberte
study, the equstion’s shorteom-
ings meant the difference be-
tween suceess and falure i the
study’s main goal.

The differsnce also sheds
light on the leeway that device
makers have when designing
studies for the FIA. Studies de-
signad 1o sarisfy the require-
ments of the FTA's medical-de-
vice brandh can be less rigorous

than,
approval for drugs That is
partly because of 3 1997 faderal
Iaw simed at lessening the regu-
latory requiraments on devies
mams.

¢ FDA declined to specifi-
m‘l]y Siacuss it dellberttions of
the Liberte, which is still under

iew by the agency.
Boston Scientific doesn’t

tistical significance. “We used
standard methodology thar we
discussed with the FIIA up front,
and then executed,” said Donald
Baim, Bostan Scientific’s chief
scientific and medical officer,

Pease nern to page BE




World's most advanced non-inferiority test

The StatXAct 8 software package sells for $1,000 and takes 15
minutes to calculate a single p-value. Made by MIT's Zoroastrian
chaplain, Cyrus Mehta.

“Other statistical applications often rely on large-scale assumptions for
inferences, risking incorrect conclusions from data sets not normally
distributed. StatXact utilizes Cytel's own powerful algorithms to make
exact inferences. .."”



World's most advanced non-inferiority test

The StatXAct 8 software package sells for $1,000 and takes 15
minutes to calculate a single p-value. Made by MIT's Zoroastrian
chaplain, Cyrus Mehta.

“Other statistical applications often rely on large-scale assumptions for
inferences, risking incorrect conclusions from data sets not normally
distributed. StatXact utilizes Cytel's own powerful algorithms to make
exact inferences. .."”

Type I rate of StatXAct 8 non-inferiority test (Berger Boos-adjusted Chan)

False Positive Rate (%)

| | | | | | |
(25) 47 (69  (811) (10,13) (12,15) (14,17) (16,19) (18,21) (20,23)

(WTVR ey WTVRZ) (%)




Both tests, together

6.5 T T T T T T T
Wald Test
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Final Thoughts

» What's important: say what you're trying to infer, how you
get there, and what your criteria are.

» Don't be surprised if frequentist and Bayesian approaches
differ in their results.

» Sometimes they will agree numerically but not on what the
numbers mean!

» If they disagree starkly, you have bigger problems than your
interpretation of probability.

» Same goes if the Bayesian answer depends heavily on the
prior. If two reasonable priors give starkly disagreeing results,
you don’t have a good answer.



