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         sin 3x = 3 sin x – 4 sin3 x
           sin a = 4 sin3 a/(–3) – 3 sin a/(–3)
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         sin 3x = 3 sin x – 4 sin3 x
           sin a = 4 sin3 a/(–3) – 3 sin a/(–3)

SIN: MOVM B,A        ;argument in A
     CAMG B,[.00017]
      POPJ P,        ;sin a = a, within 27 bits
     FVDRI A,(-3.0)
     PUSHJ P,SIN     ;sin a/(–3)
     FMPR B,B
     FSC B,2
     FADRI B,(-3.0)
     FMPRB A,B
     POPJ P,         ;sin in A, sin or |sin| in B
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         sin 3x = 3 sin x – 4 sin3 x
           sin a = 4 sin3 a/(–3) – 3 sin a/(–3)

SIN: MOVM B,A        ;argument in A
     CAMG B,FOO
      POPJ P,        ;sin a = a, within 27 bits
     FVDRI A,(-3.0)
     PUSHJ P,SIN     ;sin a/(–3)
FOO: FMPR B,B       ;.0001678467 if B=11
     FSC B,2
     FADRI B,(-3.0)
     FMPRB A,B
     POPJ P,         ;sin in A, sin or |sin| in B
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Main Points of This Talk

• The best way to write parallel applications is not to have to

think about parallelism.
> Need for separation of concerns

• The issue is not so much parallelism as independence.

• Accumulators are BAD. Divide-and-conquer is GOOD.
> An old message, but now we need to take it seriously.

• Certain algebraic properties are very important.
> Programmers need help to ensure these properties.

• For debugging, reproduceability is extremely important.
> Worth sacrificing performance for (another old message)

6



! !

! " # $ ! % & ' ! ! $ # $ ( ' &

Toy Programming Problem (1 of 3)

Thanks to Dan Nussbaum and Steve Heller for suggesting this toy problem.
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Toy Programming Problem (2 of 3)
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Toy Programming Problem (3 of 3)
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Key Insight (1 of 3)
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Key Insight (2 of 3)
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Key Insight (3 of 3)
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Left-to-Right Sweep

10



! !

! " # $ ! % & ' ! ! $ # $ ( ' &

% % % % % % ( ( ( ( ( ( ( ( ' &

Right-to-Left Sweep
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Find the Minimum (1 of 2)
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Find the Minimum (2 of 2)
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Compute Water for Each Bar (1 of 2)
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Compute Water for Each Bar (2 of 2)
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Compute Total Water (Summation)
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Sequential Code

histogramWater
�
x: Array�Z32, Z32�

�
: Z32 = do

n = |x|
if n = 0 then 0 else

left = array�Z32�(n)
left0 := x0

for k ← seq(1 :n− 1) do leftk := leftk−1 MAX xk end

right = array�Z32�(n)
rightn−1 := xn−1

for k ← seq(n− 2 : 0 :− 1) do rightk := rightk+1 MAX xk end

result : Z32 := 0
for k ← seq(0 :n− 1) do result +=

�
(leftk MIN rightk)− xk

�
end

result
end

end
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Sequential Code

histogramWater
�
x: Array�Z32, Z32�

�
: Z32 = do

n = |x|
if n = 0 then 0 else

left = array�Z32�(n)
left0 := x0

for k ← seq(1 :n− 1) do leftk := leftk−1 MAX xk end

right = array�Z32�(n)
rightn−1 := xn−1

for k ← seq(n− 2 : 0 :− 1) do rightk := rightk+1 MAX xk end

result : Z32 := 0
for k ← seq(0 :n− 1) do result +=

�
(leftk MIN rightk)− xk

�
end

result
end

end
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Sequential Code (Optimized)

histogramWater
�
x: Array�Z32, Z32�

�
: Z32 = do

n = |x|
if n = 0 then 0 else

left = array�Z32�(n)
left0 := x0

for k ← seq(1 :n− 1) do leftk := leftk−1 MAX xk end

right : Z32 := xn−1

result : Z32 := 0
for k ← seq(n− 1 : 0 :− 1) do

right MAX= xk

result +=
�
(leftk MIN right)− xk

�

end

result
end

end
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Divide and Conquer (1 of 5)
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Divide and Conquer (2 of 5)
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Divide and Conquer (3 of 5)
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Divide and Conquer (4 of 5)
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Divide and Conquer (5 of 5)
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Bitonic Outline
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Combining Two Bitonic Globs (1 of 8)
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Combining Two Bitonic Globs (2 of 8)
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Combining Two Bitonic Globs (3 of 8)
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Combining Two Bitonic Globs (4 of 8)
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Combining Two Bitonic Globs (5 of 8)
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Combining Two Bitonic Globs (6 of 8)
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Combining Two Bitonic Globs (7 of 8)
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Combining Two Bitonic Globs (8 of 8)

opr ⊕(x: Glob, y: Glob): Glob =

case (x.ht CMP y.ht) of

LessThan ⇒
(lss, eql , gtr) = threeWaySplit(y.left , x.ht)

Glob
`
x.left �

˙
(x.ht , x.wd + width(x.right) + width(lss) + eql .getDefault(0))

¸
� gtr ,

y.ht , y.wd , y.right ,

x.water + fill(x.right , x.ht) + fill(lss, x.ht) + y.water
´

GreaterThan ⇒
(lss, eql , gtr) = threeWaySplit(x.right , y.ht)

Glob(x.left , x.ht , x.wd ,

y.right �
˙
(y.ht , eql .getDefault(0) + width(lss) + width(y.left) + y.wd)

¸
� gtr ,

x.water + fill(lss, y.ht) + fill(y.left , y.ht) + y.water)

EqualTo ⇒
Glob(x.left , x.ht , x.wd + width(x.right) + width(y.left) + y.wd , y.right ,

x.water + fill(x.right , x.ht) + fill(y.left , x.ht) + y.water)

end

Is it associative?
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Glob Data Structure and Utility Operations

object Glob
`
left : List�(Z32, Z32)�, ht : Z32,wd : Z32, right : List�(Z32, Z32)�,water : Z32

´

end

width
`
x: List�(Z32, Z32)�

´
=

X

(p,q)←x

q

fill
`
x: List�(Z32, Z32)�, m: Z32

´
=

X

(p,q)←x

q × (m− p)

object GlobReduction

extends {CommutativeMonoidReduction�Glob�,
ReductionWithZeroes�Glob, Glob� }

getter asString(): String = “GlobReduction”
empty(): Glob = Glob

`
� �,−∞, 0, � �, 0

´

join(a: Glob, b: Glob): Glob = a⊕ b

end

opr BIG ⊕(): BigReduction�Glob, Glob� = BigReduction�Glob, Glob�(GlobReduction)
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Utility Operation for Splitting Sorted Lists

threeWaySplit
`
x: List�(Z32, Z32)�, m: Z32

´
:
`
List�(Z32, Z32)�, Maybe�Z32�, List�(Z32, Z32)�

´
=

if |x| = 0 then
`
� �, Nothing, � �

´

elif |x| = 1 then

(a, b) = x0

if a < m then
`
x, Nothing, � �

´

elif a > m then
`
� �, Nothing, x

´

else
`
� �, Just b, � �

´
end

else

(y, z) = x.split() *⊙ into approximately equal pieces

(n, w) = z0

if m < n then

(p, q, r) = threeWaySplit(y, m)

(p, q, r � z)

else

(p, q, r) = threeWaySplit(z, m)

(y � p, q, r)

end

end
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Singleton Bitonic Globs (1 of 2)
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Singleton Bitonic Globs (2 of 2)
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Combining Singleton Globs (1 of 4)
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Combining Singleton Globs (2 of 4)

�
v←x

singletonGlob(v)
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Combining Singleton Globs (3 of 4)

�
v←x

singletonGlob(v)

40



! !

! ! ! ! ! ! ! !

! ! ! !

! !

!

! " # $ ! % & ' ! ! $ # $ ( ' &

) ) ) ) ) ) ) ) ) ) ) ) ) ) ) )

#$

#$

Combining Singleton Globs (3 of 4)

�
v←x

singletonGlob(v)
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Final Divide-and-Conquer Code

histogramWater
�
x: List�Z32�

�
: Z32 =

�
�

v←x

Glob(� �, v, 1, � �, 0)

�
.water
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Final Divide-and-Conquer Code

histogramWater
�
x: List�Z32�

�
: Z32 =

�
�

v←x

Glob(� �, v, 1, � �, 0)

�
.water

43



! !

! " # $ ! % & ' ! ! $ # $ ( ' &

! " " " " % % % % % % % % % % %

Left-to-Right Sweep
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Monoid-cached Tree (1 of 5)
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Monoid-cached Tree (2 of 5)
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Monoid-cached Tree (3 of 5)
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Monoid-cached Tree (4 of 5)
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Monoid-cached Tree (5 of 5)

See Hinze, Ralf, and Paterson, Ross. “Finger Trees: A Simple General-purpose

Data Structure.” Journal of Functional Programming 16 (2): 2006, 197–217.
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Code to Make a MAX-cached Tree (1 of 2)

trait CachedTree comprises {NullNode,SingletonNode,PairNode }
getter val(): Z32

end

object NullNode(val : Z32) extends CachedTree end
object SingletonNode(val : Z32) extends CachedTree end
object PairNode(val : Z32, a: CachedTree, b: CachedTree) extends CachedTree end

maxCachedTree
�
x: List�Z32�

�
=

if |x| = 0 then NullNode(−∞)
elif |x| = 1 then SingletonNode(x0)
else

(p, q) = x.split() *⊙ into approximately equal pieces

(a, b) = (maxCachedTree p,maxCachedTree q) *⊙ parallel recursion here

PairNode(a.val MAX b.val , a, b)
end
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Code to Make a MAX-cached Tree (2 of 2)

trait CachedTree comprises {NullNode,SingletonNode,PairNode }
getter val(): Z32

end

object NullNode(val : Z32) extends CachedTree end
object SingletonNode(val : Z32) extends CachedTree end
object PairNode(val : Z32, a: CachedTree, b: CachedTree) extends CachedTree end

maxCachedTree
�
x: List�Z32�

�
=

if |x| = 0 then NullNode(−∞)
elif |x| = 1 then SingletonNode(x0)
else

(p, q) = x.split() *⊙ into approximately equal pieces

(a, b) = (maxCachedTree p,maxCachedTree q) *⊙ parallel recursion here

PairNode(a.val MAX b.val , a, b)
end
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Parallel Left-to-Right Sweep (1 of 3)
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Parallel Left-to-Right Sweep (2 of 3)
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Parallel Left-to-Right Sweep (3 of 3)
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Parallel Right-to-Left Sweep
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Both Sweeps at Once
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Efficient Parallel Solution (Two Passes)

histogramWater
�
x: List�Z32�

�
: Z32 = process(maxCachedTree x,−∞,−∞)

process(x: PairNode, left : Z32, right : Z32): Z32 =
*⊙ parallel recursion here

process(x.a, left , x.b.val MAX right) + process(x.b, left MAX x.a.val , right)

process(x: SingletonNode, left : Z32, right : Z32): Z32 =�
(left MIN right) MAX x.val

�
− x.val

process(x: NullNode, left : Z32, right : Z32): Z32 = 0
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Left-to-Right Sweep
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Left-to-Right Sweep: Parallel Prefix

−→
MAX x
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Right-to-Left Sweep
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Right-to-Left Sweep: Parallel Suffix

←−
MAX x
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Concise Solution (1 of 6)

histogramWater
�
x: List�Z32�

�
: Z32 =�

(v,left,right)←zip(x,
−→
MAX x,

←−
MAX x)

�
(left MIN right)− v

�
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Concise Solution (2 of 6)

histogramWater
�
x: List�Z32�

�
: Z32 =�

(v,left,right)←zip(x,
−→
MAX x,

←−
MAX x)

�
(left MIN right)− v

�
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Concise Solution (3 of 6)

histogramWater
�
x: List�Z32�

�
: Z32 =�

(v,left,right)←zip(x,
−→
MAX x,

←−
MAX x)

�
(left MIN right)− v

�
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Concise Solution (4 of 6)

histogramWater
�
x: List�Z32�

�
: Z32 =�

(v,left,right)←zip(x,
−→
MAX x,

←−
MAX x)

�
(left MIN right)− v

�
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Concise Solution (5 of 6)

histogramWater
�
x: List�Z32�

�
: Z32 =�

(v,left,right)←zip(x,
−→
MAX x,

←−
MAX x)

�
(left MIN right)− v

�

Inlining and loop fusion transform this into
the efficient two-pass sequential solution.
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Concise Solution (6 of 6)

histogramWater
�
x: List�Z32�

�
: Z32 =�

(v,left,right)←zip(x,
−→
MAX x,

←−
MAX x)

�
(left MIN right)− v

�

Inlining and loop fusion transform this into
the efficient two-pass sequential solution.

Inlining and deforestation (“loop fusion on trees”)
transform this into the efficient two-pass parallel solution.
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Algebraic Properties Are Important!

• Associative

• Commutative

• Idempotent

• Identity

• Zero

34



Algebraic Properties Are Important!

• Associative: grouping doesn’t matter!

• Commutative: order doesn’t matter!

• Idempotent: duplicates don’t matter!

• Identity: this value doesn’t matter!

• Zero: other values don’t matter!

Invariants give the implementation wiggle room, that is, the

freedom to exploit alternate representations and implmentations.

In particular, associativity gives implementations the necessary

wiggle room to use parallelism—or not—as resources dictate.
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The Big Idea

• Loops and summations and list/set comprehensions are alike!

for i ← 1 : 1000000 do xi := x2
i end�

i←1:1000000

x2
i

�x2
i | i ← 1 : 1000000 �, { x2

i | i ← 1 : 1000000 }
> Generate an abstract collection
> The body computes a function of each item (map)
> Combine the results (or just synchronize) (reduce)

• Whether to be sequential or parallel is a separable question
> That’s why they are especially good abstractions!
> Make the decision on the fly, to use available resources
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Parallelism Is Like Memory
Management

• Resource management problems throughout history:
> Registers: register allocators
> Main memory: overlays, virtual memory, GC heaps
> Cache: cache-oblivious algorithms, self-tuning algorithms

• The key is to maintain an invariant that gives the

implementation some wiggle room!

• A good programming language or environment aids or

enforces those invariants.

• We need to do for processor allocation what garbage

collection has done for memory allocation.
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Conclusion
• A program organized according to linear problem

decomposition principles can be really hard to parallelize.

• A program organized according to independence and divide-

and-conquer principles is easily run either in parallel or

sequentially, according to available resources.

• The new strategy has costs and overheads. They will be

reduced over time but will not disappear.

• In a world of parallel computers of wildly varying sizes,

this is our only hope for program portability in the future.

• Better language design can encourage “independent thinking”

that allows parallel computers to run programs effectively.
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