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Abstract

Existing techniquesfor real-timesimulationof object deformationare well suitedfor animatingsoft materials
like humantissueor two-dimensionabystemsud as cloth. However, simulationof deformationin malleable
materialsandfracture in brittle materialshasonly beendoneoffline becausahe underlyingequationsof motion
are numericallystiff, requiring manysmall stepsin explicit integration schemesln contrast, the betterbehaved
implicit integration techniquesare computationallyexpensiveparticularly for volumetricmeshes.

We presenta stablehybrid methodor simulatingdeformatiorandfracture of materialsin real-time In our system,
the effectsof impactforcesare computednly at discretecollision events. At theseimpacts we treat objectsas if
they areanchoredandcomputeheir staticequilibriumresponsesingtheFinite Elementecnique Staticanalysis
is nottime-stepboundandits stability is independentf the stiffnessof theequationsTheresultingdeformations,
or possiblefractures,are computedasedon internal stresstensos. Betweercollisions,disconnectedbjectsare
treatedasrigid bodies.Thesimulatoris demonstatedas part of a systenthat providesthe userwith physically-

Workshopon Animationand Simulation

basedoolsto interactivelymanipulate3D models.

1. Introduction

Modeling and simulationof deformableobjectshasa long
history in material sciencesand engineering.In computer
graphics,deformableobjectshave beenstudiedfor nearly
two decade$, but, with very differentobjectives.In graph-
ics applicationsthe primary concernis usuallythe compu-
tational efficiency of generatingplausiblebehaiors, rather
than the accurateprediction of exact results.As long as
thesimulationlooksrealistic,simplificationsaredeemedac-
ceptable.

Deformablemodelshave beenusedacrossa wide range
of computergraphicsapplicationsjncluding the animation
of cloth, facialexpressionsandgenerahon-rigidmodels.In
thesecasesthesimulationis typically performedff-line be-
causesimulationtime is significantlyslowver thanwall clock
time.

Another applicationfor deformablemodelsis in real-
time systemssuchas sumical training and virtual sculpt-
ing, whereusersnteractively modify deformablemodels.n
real-timesystemsthe speedf thesimulatorandits stability
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arethetwo majorconcernsOneapproachowardachiezing

both performanceandrobustnesss to usesimplified phys-
ical models,suchas mass-springnodelsé. However, it is

difficult to expressimportantmaterialpropertieswith these
approachessuchas the stress-straimelationship.Alterna-
tively, thecomputationatostof continuummethodsarecon-
siderablymoreexpensve but they allow for themodelingof

volumeconserationandyield stressnformationthatis use-
ful for determiningfracturepositionsandorientationsCon-

tinuummodelshave mainly beenusedin off-line simulators.
Real-timeperformancénasonly beenachieedin the simu-
lation of soft materialssuchashumantissueor in the simu-
lation of clothrepresentetty a 2D mesh.

In this paper we describetechniquedor simulatingthe
deformationof malleablematerials suchassoft metalsand
plastics,andthe fractureof brittle materials,suchas stone
or glass.Ourapproactemplo/s continuummethodsandop-
eratesn real-time.We have integratedthesetechniquesnto
aphysically-basednimationsystenfor objectsrepresented
by volumetrictetrahedrameshesSimulatingthe dynamics
of suchmaterialsis computationallyexpensve becausex-
plicit integrationof the equationof motionis stableonly for
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smalltime steps.Therangeof possibletime stepsis bound
by the largestnaturalfrequeny of the system.In contrast,
implicit integrationis stableindependenbf the size of the
time step,but atevery step,alinear systemof equationshas
to besolved,whichmalesit computationallymuchmoreex-

pensve. Implicit integrationasbeenusedin real-timesimu-
lation, but only for 2D meshessuchascloth 4.

We solve theseproblemsby exploiting the fact that the
transientbehaior of stiff materialscan be negglectedin a
real-timesimulationwithout significantlossof realism.The
naturalfrequenciesf stiff materialstendto be higherthan
the framerate of the simulator andthesevibration modes
arequickly dampedat leastvisually, by the objects mass.
This makes simulationof thesehigh frequeng vibrations
dispensableAs long asanobjectis anchoredye only com-
puteits staticequilibrium responseo forces.No time steps
areinvolvedin theproces®f findingtheobjectsfinal steady
state.By usingthis approachyve still have accesgo all the
stressinformationneededo deformthe modeland/orsim-
ulate its fracture.However, static analysiscannotbe used
to computethetrajectoriesof disconnecteghieces Because
we ngylectinternalvibrations,we treatdisconnectegieces
asrigid bodiesbetweerimpacts.Theirtrajectoriesarecom-
putedusingrigid body dynamics Whena collision occurs,
we computetheeffectof theimpactforce usingastaticanal-
ysis. Thebodyis fracturedaccordingto its internalstresses,
andnew bodiesaregeneratedf thefractureprocesscauses
fragmentdo becomedisconnected.

1.1. Related Work

To improve the numericalstability of the simulationof stiff

materialsTerzopoulost al.1? proposeda hybrid modelthat
breaksa deformableobjectinto a rigid and a deformable
componentTherigid referencédodycapturesherigid-body
motion, while a discretizeddisplacementunction givesthe

location of meshnodesrelative to their positionwithin the

rigid body Thismethods intendedo improvethenumerical
conditionof the underlyingequationf motion,however, it

doesnotsignificantlydecreas¢he computationatostof the

simulation.Our approachs similar, but it is hybridin time.

We naglectthedisplacementfrom therigid referencdrame
betweencollision events,which makes the simulationboth

stableandfast.However, whenobjectscollide, we compute
the displacementsstressesindfracturebasesn a continu-
ousmodel.

O'Brien etal. 7, describedatechniqueor simulatingbrit-
tle fractureof stiff materialsThey discretizedhecontinuum
mechanicgquationsisingthe Finite Elementmethodbased
on constantstrain tetrahedraTheir useof an explicit inte-
gration schemerestrictsthe time stepof the simulationto
very small valuesthat are not suitablefor real-timeanima-
tion. Anotherproblemis the crack-tippropagatioror growvth
rate.Becausehe crackscanonly grow onetetrahedromer

time step, mary iterationsare requiredto breakan object
in two or more pieces.Our approachis similar in that we
usethe samecontinuousnodelandthe constant-straitetra-
hedronapproximationto computedisplacementandstress
tensorsHowever, we solwe for staticequilibriumconfigura-
tionsratherthanintegratingthe generalequationof motion,
andwe do this only at collision events.We usethe orienta-
tion of stresgensorgo computefractureplanesandcracks,
thusmakingtherateandsizeof crackpropagatiorindepen-
dentof thetetrahedrameshs granularity

Real-timeperformancean simulatingdeformationbased
on continuousmodelshasbeenachieved for soft materials
suchashumantissuefor usein virtual suigical training sys-
tems.Zhuang!! usesthe Finite Elementmethodto simulate
global deformationof humantissuein real-time.However,
his explicit integration schemeis appropriateonly for soft
materialsand not suitablefor cloth— which is stiff in cer
taindirections— or otherstiff materialdik e plasticor stone.

Baraf etal.# describeatechniquefor simulatingclothus-
ing animplicit integrationschemeThe implicit integration
methodcan take large time stepswithout loss of stability.
However, for every time step,a systemof linear equations
hasto besolved.Clothis representedsa 2D meshof trian-
gles.Themethods notaswell suitedfor 3D meshe®f tetra-
hedra First, the numberof verticesis substantialljjargerin
a volumetricmodel,andsecondthe linear systemis not as
"banded"asin the2D casewhich makesimplicit integration
computationallyexpensve for 3D objects.

Recently Smith et al.® have proposeda novel approach
for simulatingbrittle fractureof stiff materialsin real-time.
They represenbbjectsasa setof point massesonnected
by distance-preserviniinearconstraintsTheforcesexerted
by theseconstraintgduring impactare computedusing La-
grangemultipliers. In contrastto our approachtheserigid
constraintgdo not allow for computingobjectdeformations
causeddy collision forces,nor do they yield strainorienta-
tion informationthatwe needfor our fastcrackpropagation
procedure.

1.2. Overview

In the next section,we describethe continuousmodel that
we use.We discretizeit using the Finite Elementmethod
basedon constantstrain tetrahedraAfter shaving how to
computestaticresponsesyeintroduceour hybrid algorithm
to simulatethe dynamicsof freely moving objects.Thenwe
shav how to acceleratehe coreprocedure®f the Finite El-
ementmethod Last,we presentcollectionof ourresults.
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2. Modeling Deformation

Our virtual animationsystemprovidestools for manipulat-
ing objects.Theseobjectsarerepresentetdy 3-dimensional
tetrahedrameshesA tool generates local forcefield. The
shapeof thatforcefield dependsn the type of tool aswell
ason the directionandintensity of its application.The task
of the physicalsimulatoris to computethe deformationof
the objectand the fracturing processbasedon the applied
forcefield.

A variety of modelshase beenusedto simulatethe be-
havior of deformableobjects.Mass-springnodelsare sim-
ple andfastto compute However, modelsthattreatobjects
asa continuumyield a rangeof importantadditionalinfor-
mation, not to mentionresultsthat are more accurateThe
deformationf objectsin a continuousnodelaredescribed
by asetof partialdifferentialequationsFor realisticobjects,
theseequationcannotbe solvedanalytically TheFinite El-
ementmethodis a standardtechniqueto solve partial dif-
ferentialequations. Here,the objectis subdvided into el-
ementsof finite size. Over an element,the continuousde-
formation field is interpolatedfrom deformationvaluesat
the nodes By connectingelementsthe deformatiorfield is
interpolatedover the entire objectin piecavise continuous
fashion.Insteadof solvingfor a continuousvectorfield, de-
formationsat discretepointsor nodesin the objectshave to
be computed andthe differential equationsat thesenodes
aretreatedassetof simultaneousilgebraicequations.

2.1. Continuous Model

In onedimension Hooke's law of elasticitycanbe statedas
follows:

AR A
G_E_EI__ES' Q)

The scalarstresso measureshe force AR, appliedper
pendicularto the surfaceAA. This force causesa deforma-
tion (strain)e of the objectmeasuredby thechangen length
perpendiculato AA with respecto theoriginallengthof the
object.ThescalarelasticityModulusE relateshestraine to
thestresso.

In threedimensionsforces,orientationsof surfaces,and
node displacementsan be representedas 3-dimensional
vectors,andthe quantitiesthatrelatethem,namelyc ande
canbeexpresseds3 by 3 matrices.Thederiationof these
tensorscan be found in continuummechanicgextbooks?.
In this paperwe focusprimarily onhow thesequantitiescan
be computedefficiently. The following equationsare very
similar to thosepresentedy O'Brien et al. 7, althoughwe
have choserto usematrix notationfor reasonof compact-
nessandeaseof manipulationMatrix notationalsoexposes
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varioussymmetrieghat we will later take advantageof to
speedup thecomputatiorof forces.

Let u = [ug, Uy, ue,}T be the spatialcoordinatesf anun-
deformedobject point. The deformationof the objectcan
bedescribedy afunctionp(u) = [ps, p2, pg]T, whichmaps
locationsin the undeformedcoordinateframeto locations
in world coordinatesThis function must be differentiable
within connecteciecesof the object.In threedimensions,
there are several ways to measuredeformation.One ap-
proachis to useGreens straintensoywhichis invariantwith
respecto rigid bodytransformationsppliedto p, andvan-
isheswhenthematerialis notdeformedlIt is accuratéor ar-
bitrary deformationsHowever, the factthatit is non-linear
causesomedifficultiesthatwe will treatlater Greens 3 by
3 symmetrictensomreads:

£=Ju(p)J] (p) 1. @

whereJy(p) is the Jacobianof the vector function p with
respecto thevectoru.

Hooke’s law relatesstressg, to thestrain,e. Forisotropic
materialsthis relationcanbe expressedisingonly two con-
stantgi1andA, whicharethe Laméconstant®f thematerial:

0 = 2ue + ATracee)| 3)

Boththestrainandstressensorsaresymmetricandfunc-
tionsof thematerialcoordinatesi. They areusedto compute
theelasticpotentialdensity n, as

n= %Trace(cs). 4

Thetotalelasticpotentialis obtainedy integratingn over
the volume of the body Accordingto the principlesof en-
ergy conseration, the internalwork (elasticpotential) has
to be equalto he externalwork doneby the externalforces.
Thus,givenanexternalforcefield, the deformationfunction
p canbe computedas the solutionto a partial differential
equation.

2.2. Finite Element Formulation

The Finite Elementmethodapproximategshe deformation
function p aspiecavise smoothbetweendiscreteelements.
Theelementanbe of arbitraryshapeaslong asthey share
nodesand faceswith adjacentelementsand cover the re-
gion of interest.We use tetrahedraimeshesbecausethey
aresimple,flexible andcomputationallyinexpensve. Within
a tetrahedrona linear approximationof p is used.Such
linear deformationsyields constantstrain and stressten-
sorswithin eachelementTherefore thesequantitiescanbe
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moved outsideof ary integrationover anelements volume.
Like O'Brien et al. 7, we assumeconstantstrain tetrahe-
draandusebarycentriccoordinategor interpolatingwithin

them.We will restatetheseformulasandlatershaov how to

computethem efficiently aswell asshav how to compute
the staticequilibriumusinga non-linearstraintensor

Let my, my, m3, my4 be the coordinatesof the four nodes
of a tetrahedronin the undeformedmaterial coordinate
frame,andlet x1, X2, X3, X4 betheir deformedworld coordi-
natesFirstwe needthelinearcontinuoudeformationfunc-
tion p(u) for this tetrahedronwhich mapsm; to its corre-
spondingx;. Let b = [by, by, b3,b4]T be barycentriccoordi-
natedefinedin termsof theelements nodalpositionsin the
undeformectoordinateframe.

u B mpy M2 M3 My
[1}*{1 T ®

We usethesebarycentriccoordinates to identify thein-
terpolatedpoint, u, with its correspondingpositionin world
coordinatesp:

o] X1 X2 X3 X
IR ol RO

Theserelationscanbe combinedto definea direct map-
ping

=% % % elt] o
where

_ mg My M3 My -1 8

B*{ 1 1 1 1} ' ®

This definesour linear deformationfunction p, allowing
the computationof the straintensor €, the stresstensor o
andthepotentialdensityn definedin Eq. 2, Eq.3 andEq.4.
Thesetermsturn outto be constantwithin eachelement.

Theelasticforce ontheith nodefj, is definedasthe par
tial derivative with respecto x; of the elasticpotentialden-
sity, n, integratedoveranelements volume.UsingEq.4 and
Eq.7 we get

fi = 5 BGoG Bx;, ©)

wherev is the elements volumein the undeformedcoordi-
nateframeandwhere

(10)

OO O
[cNeN el
oOPr OO

In Section3 we discusshow to computetheseforce vec-
tors efficiently by exploring symmetryandotherproperties
of thestrainandstresdensors.

In orderto computethe static equilibrium, we alsoneed
to computethe Jacobiarof the internalforcesand stresses
with respecto the nodalpositionsx;. First, we rewrite Eq.
9:

[F1,f2,f3,fa] T = Fé (X1, -, Xa). (11)

Only the deformedcoordinatesy;, of Fa vary sincethe
undeformedcoordinatean; are constantduring the anima-
tion. Theindex e representglementnumbere in the mesh.
For technicalreasonsye expandF: to the unprimedfunc-
tion Fe which hasthe positionsof all N nodesin the mesh
asinput andproducedorce vectorsfor all nodeslt ignores
positionsof nodesthatdo not belongto elemente andpro-
duceszeroforcesfor thesenodes.Now, the global function
F canbecomputedasasumof all theFe's, asforcescoming
from adjacentetrahedraanbe addedatthe nodes

[fl,..,fN]T = F(Xl,..,XN) = Fe(Xl, ..,XN), (12)

or simply,

f=F(x) (13)

wheref = [fy, ..,fN]T andx = [xl,..,xN}T.

2.3. Static Analysis

In a staticanalysis,we solve for the positionsof all nodes
(x) suchthattheinternalforcesF (x) arein balancewith the
externallyappliedforcesfext

F (Xeq) = fext. (14)

To computethe coordinateseq, We have to solve a non-
linearsystemof 3N equationsThe non-linearityof F is due
to thefactthatwe areusinga non-linearstraintensorin Eq.
2. Themostcommonmethodto solve systemf non-linear
algebraicequationss the Newton-Raphsoriteration®. First
we replaceF (x) by its first-orderTaylor seriesapproxima-
tion at x:
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F (xq+Ax) = F (x) +(x) Ax+O([|ax[[?)  (15)

whereJ € R\ is the Jacobiarof F andJ;j = §7. We
cannow rewrite Eq.14 as

F(Xeq) = F (X +AX) = F(Xk) +I(Xk) AX =fext  (16)

or

J(xk) AX = fext — F(Xk)- 17)

Givenanestimateof xi for Xeq, We first evaluateJ at po-
sition xx andsolwe this linear systemfor Ax. Then, Xy 1 =
Xk + Ax is thenext guesgor Xeq.

2.4. Simulating Plastic Behavior

Sofar, our analysishasdealtwith only perfectlyelasticob-
jects. Suchobjectsremaindeformedas long as forcesare
applied.Whenthe forcesareremaoved, suchobjectsresume
theiroriginal shapeThereis anotheiinterestingclassof ma-
terials that exhibit plastic deformationssuchas malleable
metalsor clay. A perfectlyplasticmaterialabsorbghe elas-
tic enegy. Thatis, it keepsits deformedshapewhen the
forcesareremoved.

To simulatethe plastic behaior of malleablematerials,
we proceedasfollows: Wheneer the deformedcoordinates
x deviate too muchfrom the original shapeof the objectm,
we copy thedeformedworld coordinatego the undeformed
coordinatestherebyabsorbingthe elastic potentialenegy.
Figure5 shaws a clay teddybear The deformationsaused
by impactsareabsorbedindaccumulatever time.

2.5. Fracture Modeling

In the procesof computingthe forcesfor the staticanaly-
sis, the stresgtensorsfor all tetrahedran the meshhave to

be evaluated.The stresstensorgo is a symmetric3 by 3 ma-

trix andhasthus3realeigervalues.Theseeigemwvaluescorre-
spondto the principal stressesandtheir eigervectorsto the

principal stresdirections!. A positive eigervalueindicates
tensionwhile a negative valuerepresentsompression.

The maximumtensile stresscriterion assumeshat frac-
ture of a materialoccurswhenthe maximumtensilestress
exceedsa specificstressthreshold which is a materialpa-
rameterFor all tetrahedraywe evaluatethelargesteigervalue
dmaxof 0. If dmaxis greaterthanthefracturethresholdof the
material,we split the tetrahedrameshalonga planea per
pendiculato theeigervectorof dmax. Mostisotropicmateri-
alsbreakin this way; sincethisis how thegreatestieforma-
tion enepy is released. Dependingon the sizeof dmaxand
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Figure 1. Tetraheda within radiusr ¢;5c fromthe tetrahe-
dronundertensilestressare marked dependingon their po-
sitionwith respecto thefracture planea

thematerialtype,we determinearadiusr ¢ Of impact.All
tetrahedravithin distance fr5c from thegreatesstresdetra-
hedronwherethe crackoriginatesn our model,aremarked
with a plusor a minusdependingon whethertheir centerof
masdie onthepositive or negative sideof thefractureplane
a. Thentetrahedravith oppositesignsaredisconnecte¢see
Figurel). Theorientationandpositionof a canalsobeused
to split largetetrahedrdeforethe meshis separatedFigure
4).

O'Brien 7 modelsfractureby splitting single tetrahedra
pertime step.A dynamiccrackgrowth simulationover mul-
tiple time stepsis more accuratethan our technique How-
ever, realisticresultscanonly be achieved with very small
time stepsbecause&rackswithin brittle materialspropagate
at very high speedgat approximatelythe speedof sound
within the material)5. The crack growth rate of our tech-
nigueis independentf both,thetime stepandthegranular
ity of thetetrahedramesh.Both propertiesarecrucialif the
time stepsize of the simulatordoesnot permitthe compu-
tation of a moreaccuratecrackpropagationMoreover, the
factthat cracksin homogeneoussotropic materialstendto
belocally planar® justifiesour simplified approach.

2.6. Dynamics

Staticanalysiscanonly be performedfor supportedbjects.
We thereforeanchorour modelsto a groundplanebefore
forcesare applied— just as objectshave to be fixedto a
workbenclhbeforethey canbemachinedFor simulatingfree
floatingobjects ananchoringnethodthatcapturesheirmo-
tion and dynamicsis needed.The standardtechniquefor

simulatingthedynamicsof deformableobjectss to integrate
Newton's equation®f motionusingnumericaimethoddike
EulersintegrationschemeThe equationsf motionusedin
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conjunctiorwith theFinite Elementmethodhave thefollow-
ing form:

MX +Cx+ F (X) = fext, (18)

wherethe coordinatex arefunctionsof time, x andX their
time derivatives, M is the massmatrix andC the damping
matrix 3. At equilibrium,whenx = Xeq, X = 0andx =0, Eq.
18becomesq. 14. Thedynamicequatiordefinesa coupled
systemof 3N ordinarydifferentialequations.

To solve the equationsof motion, the continuous3N-
dimensionalfunction x(t) is approximatedby a seriesof
vectorsx?,x?,...x", ..., wherex" approximates(nAt). In
a first step,Eq. 18 is transformednto a systemof 2 x 3N
equationf first derivatives

X =V

MY = —Cv—F(x)+fex ’ (19)

wherev is an additionalvectorof 3N velocities.Although
therearemathematicallymoreaccuratentegrationmethods,
the Euler methodis morenumericallystablethanhigheror-

der methodsper numberof function evaluations,especially
whendealingwith very stiff equations’. Theimplicit form

of Euler's methodapproximate&q. 19 by

>(n+1 =x" +Atvn+1
MV = MV At (—Cv™ - (ML) D),
(20)

In orderto find the valuesof X" andv"t!, a coupled
systenof nonlinearalgebraicequationsasto besolved. As
with our staticanalysiswe usetheNewton-Raphsomethod
to find a solutioniteratively. Only thediagonalentriesof the
Jacobiargeneratedy Eq. 20 differ from the Jacobiarused
in the staticanalysisEq. 17 if C andM arelumped(diago-
nal).

2.7. Hybrid Dynamics

It is possibleto simulateafew hundrecelementsn real-time
usingimplicit integrationandthe fastJacobian-computation
discussedn Section3. However, for simulatingeven larger
modelsefficiently, we have devised a hybrid dynamicsap-
proach.Thekey ideaisto separateigid bodydynamicdrom
internaleffectssuchasvibrationandfracturing.

We evaluate elastic forces only during collision events
while treatingthe body asrigid otherwise.This is a rea-
sonablesimplificationfor stiff materials.As discussegre-
viously, the naturalfrequencief stiff materialstendto be
muchhigherthanrenderingramerates andthesevibrations
arequickly dampedTherefore this approximatiorhaslittle

impacton the visualization. Malleablematerialsthatabsorb
the deformationenegy of collisions can also be modeled
usingthis simplificationif we assumehatall deformations
occurattheinstantof contact.

We computethe rigid body componentf every free-
floating objectasfollows:

M= im
Xgm = ﬁZimXi 1)
Mo = Xi—Xm

10 = sum(rgred —rrg),

whereM is the objectstotal massxgm is thecenterof mass,
ri is the offset of a point from the objects centerof mass,
and 19 is the body’s inertial tensor which is a symmetric
3 x 3 matrix. We describethe orientationof the body by a

3 x 3 orthogonalmatrix A suchthat the actualpositionsof

verticescanbe evaluatedasx; = Xcm + Arj.

Eachrigid body hasfour statevariablesits positionxcm,
its centerof massvelocity vem, its rotationalorientationA,
and, its angularvelocity w. In generalthesestatescanbe
initialized accordingto specificuserinputsor accordingto
simulationobjectives.

In the casewherea new rigid body canalsobe generated
dueto afracture thestateof all elementsn thechild compo-
nentsareinitialized basedn theprevious stateof the parent
object.Eachchild’s statevariablesareinitialized asfollows:

Voin = VEn+ P x (Xem—XEm)
A° = Identity
(22)
o = o
L0 _ 0,0

wherethe superscriptp indicatesa statevalue of the parent
body

UsingEuler's method we evaluateeachbody’s statevari-
ablesfor the next time stepbasedon its currentstateasfol-
lows:

XQ#‘ = X¢m-+ DOt Vem
V2$l = ng-l-At% Sifi
AT = AN At W x AT
(23)
L™ = LM Aty(rix i)
II’H—l — An+1|0(An+1)T
wn-‘rl — (| n+l)—1|_n+1.
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Figure 2: Only tetraheda within radiusr fromcollision
point P are deformedAll othertetrahedr are fixedandsup-
port the objectfor a staticanalysis

2.7.1. Collision Response

Wheneer a collision occurs,the effect of the impactforce

on the body is evaluated.Here, our methoddeviatesfrom

a purerigid body simulation.As a first step,we compute
thedeformationcausedy thecollision force usingequation
Eq. 14. For a static analysis,the body must be anchored.
We fix the positionsof all tetrahedrahat are further away

from collision point P thana distancerqq (seeFigure?2).

Theradiusrqg is auserspecifiedsimulationparametethat
is typically definedasfraction of the size of therigid body

Anchoredtetrahedranodelthe effect of the body’s inertia.

Oncethe deformedcoordinatesredeterminedthe stress
tensorsand fracture planescan be computedas described
in Section2.5. After the fracture processthe old body is
deletedandoneor morechild bodiesaregenerateddepend-
ing on whetherthe body getsdisconnectedThesenew bod-
iesinheritdynamicpropertiefrom their parentbodyvia Eq.
Eq.22.

2.8. Collision Detection

Performing real-time collision detection between de-
formablerigid bodiesproves challengingfor a variety of

reasonsVertex positionswithin asinglerigid bodyarecon-
stantlychangedasthebodyis deformedby collision forces.
This dynamiccharacteristioof the datalimits possibilities
for precomputingefficient datastructureslt alsocreatesa
potentialfor intra-objectcollisions. Furthermore the rigid

bodiesin our systemare rarely corvex, which limits the
useof commonclosest-featurérackingalgorithms.Finally,

asnew bodiesare generatedy the fracturealgorithm, the
facesof the new rigid body arein close proximity to the
facesof the parentbody Thus, even thoughthe bodiesare
not in contactwith one anothey boundaryhierarchyalgo-
rithmswill likely have to traversethe datato eachof its leaf
nodesandcheckeachpair of neighboringfacesfor intersec-
tion. Boundinghierarchiesareefficient whentherigid bod-
ies are separatedbut cumbersomeluring the fracturepro-
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cess,whenbodiestendto be closely alignedalongirregu-
larly shapednterfaces.

To determineregionsof possiblecollision, we divide our
modelspaceinto aregularthree-dimensionajrid, andthen
walk throughall of therigid bodies,markingeachgrid cell
with therigid bodiesthatlie inside.For cellscontainingmul-
tiple rigid bodies we look for intersectionbetweerthever-
ticesof onebodyandthetetrahedrasubvolumesof theother
bodiesln practice thecostof thismethoddoesnotvary sub-
stantiallyasthe positionsof the bodiesarechanged.

The algorithm hastwo primary shortcomingsFirst, by
only checkingfor vertex-tetrahedrantersectionsit is pos-
sibleto misssomecollision events,suchasedge-edgeolli-
sions.Furthermoreijt ignoresintra-objectcollisions,which
occasionallyresultfrom substantiamodeldeformation.

3. Implementation

For real-timesimulation,fastcomputationof the core pro-
ceduresof the Finite Elementmethodis crucial. We have
achievedaten-fold speeduppy takingadantageof special
propertiesof the strainandstresgensors.

3.1. Forces

Most of the computingtime is spentwithin the computation
of the nodalforcesf; basedon their actualcoordinates; in
Eq.9. A directimplementatiomequiresA x 4 x 3x 3x 2=
288multiplications.We reducethis numberdramaticallyby
first splitting the suminto two parts,the evaluationof 4 x 4
weights

W =BGoG B’ (24)

with G asdefinedin Eqg.10,andthecomputatiorof theforce
components:

fi= V—O|WXi (25)
2
Fistwe notethatthef; areindependensof theundeformed
positionandtheorientationof thetetrahedronwhich means
thatwe canmale [my,..., my] lower triangularvia a rota-
tion (as determinedby a QR decomposition)This causes
Boo, Bo1 andP1p to be zero. Thenwe precomputeall prod-
ucts;jBu . By takingadwantageof the symmetryin Eq. 24
of andthe zeroentries,only 45 valuesneedto be computed
andstored.This computationcanbe performedbeforesim-
ulating,or whene&er anew tetrahedroris generated.

Secondpecausehe stresstensoris symmetric,we have
wij = wji. ThefactthatBoo, Bo1 andB1o arezerocancelsout
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mostof the addendsn Eq. 24. By unrolling all the loops,
and making useof the abore obserations,we achieed a
speedupmf 10.

3.2. The Jacobian

For staticanalysisaswell asfor implicit integrationin ady-

namic analysis,we needthe JacobianJ of F. The 3N by

3N matrix J canbe computedby addingthelocal 12 by 12

matricesJe of eachelement.Also, if during the simulation
tetrahedraredeletedor generatedby thefracturingprocess,
their matricescan be subtractecand addeddynamicallyto

theglobalmatrix J. The component®f Je are

ofjj

Oxrs’
where fjj is the jth componentof the force vector at the
ith nodeof tetrahedrore andx;s is the sth componenbf the
deformedcoordinateof noder (i,r € 1...4andj,s€1...3).
Thedervativesof theweightswith respecto xs are

(26)

W =pGd'G'pT, 27)
whered’ is thethederivative of thestresgensomwith respect
to xrs. For derivativesof theforceswe get

vol
fi; = — (WX +Wx))

5 (28)

The acceleratiormethodsdiscussedn the previous sec-
tion canalsobe appliedto computationof the entriesof J,
andlikewiseresultsin atenfold speedup.

3.3. Linear Solver

Static analysisyields a linear system(Eq. 17) of the form
Ax = f. It is impracticalto solwe this linear systemdirectly.
As aresult, iterative solutiontechniquesarecommonlyde-
ployed.We usetheiterative ConjugateGradientsnethock to
computeanapproximationof x andsmooththe approxima-
tion usingthe Gauss-Seidahethod.The speedandstability
of theGauss-Seidehethodcanbeimprovedsignificantlyby
simultaneouslysolving the three equationsof every vertex
of the tetrahedraimeshcalled Block-Gauss-Seidel-method
of order3.

4. Results

The following examplesdemonstratehat with our hybrid
simulationtechnique malleableand brittle objectscan be
animatedn real-timewithout significantlossof realism.All

animationsare computedwith ratesin the rangeof 5 to 10
framesper secondon an SGI Octane2 (R12000,dual 400
MHz). Theintegrationof therigid body equationdakesbe-
tween10 to 20 millisecondsper time stepin all the exam-
ples.Thetime to computedeformationandfracturedepends
on the numberof tetrahedréan the objectandfor our mod-
els (1000- 4000tetrahedrayariesbetweenl0 and80 mil-
lisecondsThereal-timesystencanalsodynamicallytexture
exposedsurfaceswithout substantiallimpactingthe frame
rate.

A videodemonstrationn AVI formatcanbe downloaded
from our webpageat graphics.lcs.mit.edu/simulation.

4.1. Vase

Theframesfrom the animationsequenceshavn in Figures
3 and 4 demonstrateébrittle fracture of a chinavasecom-

posedof 1440tetrahedratrikingtheground.Becausef the

materialpropertieof theobject,thevasefractureswith only

minimal deformation Cracksgrow instantaneouslgndsep-
aratethe bodyinto multiple new objects.The velocitiesand
angularmomenteof theseobjectsarederived from the state
of the original objectas describedn Section2.7. Pictures
(a) and(b) of Figure 7 shawv internaltensileand compres-
sive stressein red andgreenrespectiely. Becausestresss

measuredy atensorratherthana scalar a tetrahedrorcan
beundertensileandcompressie stressatthesametime. We

only displaythelargeststresscomponentThisis why green
andredtetrahedranay appeamnext to eachother

4.2. Clay Teddy

Figure5 shavs ateddybearmodeledwith 3747tetrahedra.
It is madeof soft clay thatdeformsat the instantof impact.
Thedeformationsarecomputedasthe staticresponséo col-
lision forces,which areabsorbedy the material After sev-
eralhits (a), the bears shape(c) deviatessubstantiallyfrom
theundeformedmodel(b).

4.3. Cinder Blocks

Our third exampledemonstratea real-timecollision detec-
tion sequencén which onecinderblockis droppedontoan-
other(seeFigure 6. Eachblock is modeledwith 824 tetra-
hedra.Our systemrenderssolid texturesto the exposedsur

facesof the blocks,dynamicallygeneratingnew texturesas
additionalfacesareexposedby the fractureprocessFigure
7(c) shavs theinternalstresseat the momentof impact.

5. Conclusions

We have describedafastmethodfor simulatingthedeforma-
tion andfractureof malleableandbrittle objectsin realtime.

(© TheEurographic#\ssociation2001.



Miller, McMillan, Dorsey and Jagnow/ Real-Tme Simulationof Deformationand Fracture

Figure 3: Drop of a vasedemonstatesbrittle fracture

Figure 4: Theappeaanceof thefracture boundariesare improvedby splitting tetrahedra befoe the meshis sepaated

By emplgying ahybridsimulationstrateyy thatalternatebe-
tweena rigid body dynamicssimulationand a continuum
modelatthe pointof impactswe areableto computerobust
solutionsto otherwisestiff systemequationsOur continuum
modelfindsthe staticequilibrium of the systemafterall the
initial transienbehaior hassettledout. Theaddednforma-
tion providedby this solutionallows usto computeplausible
deformationsandfracturingof aninterestingclassof plastic
andbrittle materials.

Onelimitation of our systemis thatit only considergle-
formation and fracture behaiors at the instantof contact.
We have alsofound that the problemof real-timecollision
detectionfor objectin a nearcontactstatealonga signifi-
cantboundarysuchalongafractureline, is atleastastime-
consumingasthe systemsimulations.Furthermoreappro-
priatecollisionresponseareextremelyimportantin judging
therealismof ananimation.

We areexcited by the performanceof our currentsystem
andwe areinvestigatinga rangeof applicationsthat might
benefitfrom simulationapproachWe areplanningto useour
systemin a real-timesculptingervironment,within which
we are hopingto incorporatemore dynamicsimulationca-
pabilities.
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@) (b) (©)

Figure5: Clay teddybearafter dropping(a), front view before (b) and after deformation(c)

Figure 6: Collision detectiondemonsimtedwith two cinderblocks

Figure 7: Visualizationof tensile(red) and compessivg(green)stresswithin objects
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