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Abstract
Existing techniquesfor real-timesimulationof objectdeformationare well suitedfor animatingsoft materials
like humantissueor two-dimensionalsystemssuch as cloth. However, simulationof deformationin malleable
materialsandfracture in brittle materialshasonly beendoneoffline becausetheunderlyingequationsof motion
are numericallystiff, requiringmanysmall stepsin explicit integration schemes.In contrast, thebetter-behaved
implicit integration techniquesare computationallyexpensive, particularly for volumetricmeshes.
Wepresenta stablehybridmethodfor simulatingdeformationandfractureof materialsin real-time. In our system,
theeffectsof impactforcesare computedonly at discretecollision events.At theseimpacts,wetreatobjectsas if
they areanchoredandcomputetheir staticequilibriumresponseusingtheFiniteElementtechnique. Staticanalysis
is not time-stepboundandits stability is independentof thestiffnessof theequations.Theresultingdeformations,
or possiblefractures,are computedbasedon internal stresstensors.Betweencollisions,disconnectedobjectsare
treatedasrigid bodies.Thesimulatoris demonstratedaspart of a systemthat providestheuserwith physically-
basedtoolsto interactivelymanipulate3D models.

1. Introduction

Modeling andsimulationof deformableobjectshasa long
history in materialsciencesand engineering.In computer
graphics,deformableobjectshave beenstudiedfor nearly
two decades6, but, with very differentobjectives.In graph-
ics applications,theprimaryconcernis usuallythecompu-
tationalefficiency of generatingplausiblebehaviors, rather
than the accurateprediction of exact results.As long as
thesimulationlooksrealistic,simplificationsaredeemedac-
ceptable.

Deformablemodelshave beenusedacrossa wide range
of computergraphicsapplications,including the animation
of cloth,facialexpressions,andgeneralnon-rigidmodels.In
thesecases,thesimulationis typicallyperformedoff-line be-
causesimulationtime is significantlyslower thanwall clock
time.

Another application for deformablemodels is in real-
time systems,suchas surgical training and virtual sculpt-
ing, whereusersinteractively modify deformablemodels.In
real-timesystems,thespeedof thesimulatorandits stability

arethetwo majorconcerns.Oneapproachtowardachieving
both performanceandrobustnessis to usesimplified phys-
ical models,suchas mass-springmodels6. However, it is
difficult to expressimportantmaterialpropertieswith these
approaches,suchas the stress-strainrelationship.Alterna-
tively, thecomputationalcostof continuummethodsarecon-
siderablymoreexpensive but they allow for themodelingof
volumeconservationandyield stressinformationthatis use-
ful for determiningfracturepositionsandorientations.Con-
tinuummodelshavemainlybeenusedin off-line simulators.
Real-timeperformancehasonly beenachieved in thesimu-
lation of soft materialssuchashumantissueor in thesimu-
lationof cloth representedby a 2D mesh.

In this paper, we describetechniquesfor simulatingthe
deformationof malleablematerials,suchassoft metalsand
plastics,andthe fractureof brittle materials,suchasstone
or glass.Ourapproachemployscontinuummethodsandop-
eratesin real-time.We have integratedthesetechniquesinto
aphysically-basedanimationsystemfor objectsrepresented
by volumetrictetrahedralmeshes.Simulatingthedynamics
of suchmaterialsis computationallyexpensive becauseex-
plicit integrationof theequationof motionis stableonly for

c
�

TheEurographicsAssociation2001.



Müller, McMillan, Dorsey andJagnow/ Real-TimeSimulationof DeformationandFracture

small time steps.Therangeof possibletime stepsis bound
by the largestnaturalfrequency of the system.In contrast,
implicit integrationis stableindependentof the sizeof the
time step,but at every step,a linearsystemof equationshas
to besolved,whichmakesit computationallymuchmoreex-
pensive. Implicit integrationasbeenusedin real-timesimu-
lation,but only for 2D meshes,suchascloth 4.

We solve theseproblemsby exploiting the fact that the
transientbehavior of stiff materialscan be neglectedin a
real-timesimulationwithout significantlossof realism.The
naturalfrequenciesof stiff materialstendto behigherthan
the framerateof the simulator, and thesevibration modes
arequickly damped,at leastvisually, by the object’s mass.
This makes simulationof thesehigh frequency vibrations
dispensable.As longasanobjectis anchored,weonly com-
puteits staticequilibriumresponseto forces.No time steps
areinvolvedin theprocessof findingtheobject’sfinal steady
state.By usingthis approach,we still have accessto all the
stressinformationneededto deformthe modeland/orsim-
ulate its fracture.However, static analysiscannotbe used
to computethetrajectoriesof disconnectedpieces.Because
we neglect internalvibrations,we treatdisconnectedpieces
asrigid bodiesbetweenimpacts.Their trajectoriesarecom-
putedusingrigid body dynamics.Whena collision occurs,
wecomputetheeffectof theimpactforceusingastaticanal-
ysis.Thebodyis fracturedaccordingto its internalstresses,
andnew bodiesaregeneratedif the fractureprocesscauses
fragmentsto becomedisconnected.

1.1. Related Work

To improve thenumericalstability of thesimulationof stiff
materialsTerzopouloset al.10 proposeda hybrid modelthat
breaksa deformableobject into a rigid and a deformable
component.Therigid referencebodycapturestherigid-body
motion,while a discretizeddisplacementfunctiongivesthe
locationof meshnodesrelative to their positionwithin the
rigid body. Thismethodis intendedto improvethenumerical
conditionof theunderlyingequationsof motion,however, it
doesnotsignificantlydecreasethecomputationalcostof the
simulation.Our approachis similar, but it is hybrid in time.
Weneglectthedisplacementsfrom therigid referenceframe
betweencollision events,which makes the simulationboth
stableandfast.However, whenobjectscollide,we compute
thedisplacements,stressesandfracturebaseson a continu-
ousmodel.

O’Brien etal. 7, describedatechniquefor simulatingbrit-
tle fractureof stiff materials.They discretizedthecontinuum
mechanicsequationsusingtheFiniteElementmethodbased
on constantstrain tetrahedra.Their useof an explicit inte-
gration schemerestrictsthe time stepof the simulationto
very small valuesthat arenot suitablefor real-timeanima-
tion.Anotherproblemis thecrack-tippropagationor growth
rate.Becausethecrackscanonly grow onetetrahedronper

time step,many iterationsare requiredto breakan object
in two or more pieces.Our approachis similar in that we
usethesamecontinuousmodelandtheconstant-straintetra-
hedronapproximationto computedisplacementsandstress
tensors.However, we solve for staticequilibriumconfigura-
tionsratherthanintegratingthegeneralequationof motion,
andwe do this only at collision events.We usetheorienta-
tion of stresstensorsto computefractureplanesandcracks,
thusmakingtherateandsizeof crackpropagationindepen-
dentof thetetrahedralmesh’s granularity.

Real-timeperformancein simulatingdeformationbased
on continuousmodelshasbeenachieved for soft materials
suchashumantissuefor usein virtual surgical trainingsys-
tems.Zhuang11 usestheFinite Elementmethodto simulate
global deformationof humantissuein real-time.However,
his explicit integration schemeis appropriateonly for soft
materialsandnot suitablefor cloth — which is stiff in cer-
taindirections— or otherstiff materialslikeplasticor stone.

Baraff etal.4 describeatechniquefor simulatingclothus-
ing an implicit integrationscheme.The implicit integration
methodcan take large time stepswithout loss of stability.
However, for every time step,a systemof linear equations
hasto besolved.Cloth is representedasa 2D meshof trian-
gles.Themethodis notaswell suitedfor 3D meshesof tetra-
hedra.First, thenumberof verticesis substantiallylargerin
a volumetricmodel,andsecond,the linearsystemis not as
"banded"asin the2D case,whichmakesimplicit integration
computationallyexpensive for 3D objects.

Recently, Smith et al.9 have proposeda novel approach
for simulatingbrittle fractureof stiff materialsin real-time.
They representobjectsasa setof point massesconnected
by distance-preservinglinearconstraints.Theforcesexerted
by theseconstraintsduring impactarecomputedusingLa-
grangemultipliers. In contrastto our approach,theserigid
constraintsdo not allow for computingobjectdeformations
causedby collision forces,nor do they yield strainorienta-
tion informationthatwe needfor our fastcrackpropagation
procedure.

1.2. Overview

In the next section,we describethe continuousmodel that
we use.We discretizeit using the Finite Elementmethod
basedon constantstrain tetrahedra.After showing how to
computestaticresponses,weintroduceourhybridalgorithm
to simulatethedynamicsof freelymoving objects.Thenwe
show how to acceleratethecoreproceduresof theFiniteEl-
ementmethod.Last,we presentacollectionof our results.
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2. Modeling Deformation

Our virtual animationsystemprovidestools for manipulat-
ing objects.Theseobjectsarerepresentedby 3-dimensional
tetrahedralmeshes.A tool generatesa local forcefield. The
shapeof that forcefield dependson the typeof tool aswell
ason thedirectionandintensityof its application.The task
of the physicalsimulatoris to computethe deformationof
the objectand the fracturing processbasedon the applied
forcefield.

A variety of modelshave beenusedto simulatethe be-
havior of deformableobjects.Mass-springmodelsaresim-
ple andfastto compute.However, modelsthat treatobjects
asa continuumyield a rangeof importantadditionalinfor-
mation,not to mentionresultsthat aremoreaccurate.The
deformationsof objectsin acontinuousmodelaredescribed
by asetof partialdifferentialequations.For realisticobjects,
theseequationscannotbesolvedanalytically. TheFiniteEl-
ementmethodis a standardtechniqueto solve partial dif-
ferentialequations1. Here,theobjectis subdivided into el-
ementsof finite size.Over an element,the continuousde-
formation field is interpolatedfrom deformationvaluesat
thenodes.By connectingelements,thedeformationfield is
interpolatedover the entireobject in piecewise continuous
fashion.Insteadof solvingfor a continuousvectorfield, de-
formationsat discretepointsor nodesin theobjectshave to
be computed,and the differential equationsat thesenodes
aretreatedassetof simultaneousalgebraicequations.

2.1. Continuous Model

In onedimension,Hooke’s law of elasticitycanbestatedas
follows:

σ � ∆Fn

∆A
� E

∆l
l
� Eε � (1)

The scalarstressσ measuresthe force ∆Fn appliedper-
pendicularto the surface∆A. This force causesa deforma-
tion (strain)ε of theobjectmeasuredby thechangein length
perpendicularto ∆A with respectto theoriginal lengthof the
object.ThescalarelasticityModulusE relatesthestrainε to
thestressσ.

In threedimensions,forces,orientationsof surfaces,and
node displacementscan be representedas 3-dimensional
vectors,andthequantitiesthat relatethem,namelyσ andε
canbeexpressedas3 by 3 matrices.Thederivationof these
tensorscanbe found in continuummechanicstextbooks2.
In thispaper, wefocusprimarily onhow thesequantitiescan
be computedefficiently. The following equationsare very
similar to thosepresentedby O’Brien et al. 7, althoughwe
have chosento usematrix notationfor reasonsof compact-
nessandeaseof manipulation.Matrix notationalsoexposes

varioussymmetriesthat we will later take advantageof to
speedup thecomputationof forces.

Let u ��� u1 � u2 � u3 � T be the spatialcoordinatesof an un-
deformedobject point. The deformationof the object can
bedescribedby afunctionp � u �	�
� p1 � p2 � p3 � T , whichmaps
locationsin the undeformedcoordinateframe to locations
in world coordinates.This function must be differentiable
within connectedpiecesof the object.In threedimensions,
there are several ways to measuredeformation.One ap-
proachis to useGreen’sstraintensor, whichis invariantwith
respectto rigid bodytransformationsappliedto p, andvan-
isheswhenthematerialis notdeformed.It is accuratefor ar-
bitrary deformations.However, the fact that it is non-linear
causessomedifficultiesthatwe will treatlater. Green’s3 by
3 symmetrictensorreads:

ε � Ju � p � JT
u � p ��� I � (2)

whereJu � p � is the Jacobianof the vector function p with
respectto thevectoru.

Hooke’s law relatesstress,σ, to thestrain,ε. For isotropic
materials,this relationcanbeexpressedusingonly two con-
stantsµ andλ, whicharetheLaméconstantsof thematerial:

σ � 2µε 
 λTrace� ε � I (3)

Both thestrainandstresstensorsaresymmetricandfunc-
tionsof thematerialcoordinatesu. They areusedto compute
theelasticpotentialdensity, η, as

η � 1
2

Trace� σε ��� (4)

Thetotalelasticpotentialis obtainedby integratingη over
the volumeof the body. Accordingto the principlesof en-
ergy conservation, the internalwork (elasticpotential)has
to beequalto heexternalwork doneby theexternalforces.
Thus,givenanexternalforcefield, thedeformationfunction
p can be computedas the solution to a partial differential
equation.

2.2. Finite Element Formulation

The Finite Elementmethodapproximatesthe deformation
function p aspiecewise smoothbetweendiscreteelements.
Theelementscanbeof arbitraryshapeaslongasthey share
nodesand faceswith adjacentelementsand cover the re-
gion of interest.We use tetrahedralmeshesbecausethey
aresimple,flexibleandcomputationallyinexpensive.Within
a tetrahedron,a linear approximationof p is used.Such
linear deformationsyields constantstrain and stressten-
sorswithin eachelement.Therefore,thesequantitiescanbe
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movedoutsideof any integrationover anelement’s volume.
Like O’Brien et al. 7, we assumeconstantstrain tetrahe-
draandusebarycentriccoordinatesfor interpolatingwithin
them.We will restatetheseformulasandlatershow how to
computethemefficiently aswell asshow how to compute
thestaticequilibriumusinga non-linearstraintensor.

Let m1 � m2 � m3 � m4 be the coordinatesof the four nodes
of a tetrahedronin the undeformedmaterial coordinate
frame,andlet x1 � x2 � x3 � x4 betheir deformedworld coordi-
nates.Firstweneedthelinearcontinuousdeformationfunc-
tion p � u � for this tetrahedron,which mapsmi to its corre-
spondingxi . Let b ��� b1 � b2 � b3 � b4 � T bebarycentriccoordi-
natesdefinedin termsof theelement’snodalpositionsin the
undeformedcoordinateframe.

u
1

� m1 m2 m3 m4
1 1 1 1

b � (5)

We usethesebarycentriccoordinatesb to identify thein-
terpolatedpoint,u, with its correspondingpositionin world
coordinates,p:

p
1

� x1 x2 x3 x4
1 1 1 1

b � (6)

Theserelationscanbe combinedto definea direct map-
ping

p � u ��� x1 x2 x3 x4
1 1 1 1

β u
1 � (7)

where

β � m1 m2 m3 m4
1 1 1 1

� 1

� (8)

This definesour linear deformationfunction p, allowing
the computationof the strain tensor, ε, the stresstensor, σ
andthepotentialdensityη definedin Eq.2, Eq.3 andEq.4.
Thesetermsturnout to beconstantwithin eachelement.

Theelasticforceon the ith node,fi , is definedasthepar-
tial derivative with respectto xi of theelasticpotentialden-
sity, η, integratedoveranelement’svolume.UsingEq.4 and
Eq.7 we get

fi � v
2

βGσGTβTxi � (9)

wherev is theelement’s volumein theundeformedcoordi-
nateframeandwhere

G �
1 0 0
0 1 0
0 0 1
0 0 0

� (10)

In Section3 we discusshow to computetheseforcevec-
tors efficiently by exploring symmetryandotherproperties
of thestrainandstresstensors.

In orderto computethe staticequilibrium,we alsoneed
to computethe Jacobianof the internal forcesandstresses
with respectto the nodalpositionsxi. First, we rewrite Eq.
9:

� f1 � f2 � f3 � f4 � T � F �e � x1 � ��� � x4 ��� (11)

Only the deformedcoordinates,xi , of F �e vary sincethe
undeformedcoordinatesmi areconstantduring the anima-
tion. The index e representselementnumbere in themesh.
For technicalreasons,we expandF �e to the unprimedfunc-
tion Fe which hasthe positionsof all N nodesin the mesh
asinput andproducesforcevectorsfor all nodes.It ignores
positionsof nodesthatdo not belongto elemente andpro-
duceszeroforcesfor thesenodes.Now, theglobal function
F canbecomputedasasumof all theFe’s,asforcescoming
from adjacenttetrahedracanbeaddedat thenodes

� f1 � ��� � fN � T � F � x1 � ��� � xN ���
E

∑
e� 1

Fe � x1 � ��� � xN � � (12)

or simply,

f � F � x � (13)

wheref ��� f1 � ��� � fN � T andx ��� x1 � ��� � xN � T .

2.3. Static Analysis

In a staticanalysis,we solve for the positionsof all nodes
(x) suchthattheinternalforcesF � x � arein balancewith the
externallyappliedforcesfext

F � xeq��� fext � (14)

To computethecoordinatesxeq, we have to solve a non-
linearsystemof 3N equations.Thenon-linearityof F is due
to thefactthatwe areusinga non-linearstraintensorin Eq.
2. Themostcommonmethodto solve systemsof non-linear
algebraicequationsis theNewton-Raphsoniteration8. First
we replaceF � x � by its first-orderTaylor seriesapproxima-
tion at xk:
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F � xk 
 ∆x ��� F � xk ��
 J � xk � ∆x 
 O ��� ∆x � 2 � (15)

whereJ ��� 3N � 3N is theJacobianof F andJi j � ∂Fi
∂x j

. We

cannow rewrite Eq.14as

F � xeq��� F � xk 
 ∆x � � F � xk ��
 J � xk � ∆x � fext (16)

or

J � xk � ∆x � fext � F � xk ��� (17)

Givenanestimateof xk for xeq, we first evaluateJ at po-
sition xk andsolve this linearsystemfor ∆x. Then,xk! 1 �
xk 
 ∆x is thenext guessfor xeq.

2.4. Simulating Plastic Behavior

Sofar, our analysishasdealtwith only perfectlyelasticob-
jects.Suchobjectsremaindeformedas long as forcesare
applied.Whenthe forcesareremoved,suchobjectsresume
theiroriginalshape.Thereis anotherinterestingclassof ma-
terials that exhibit plastic deformations,suchas malleable
metalsor clay. A perfectlyplasticmaterialabsorbstheelas-
tic energy. That is, it keepsits deformedshapewhen the
forcesareremoved.

To simulatethe plastic behavior of malleablematerials,
we proceedasfollows: Whenever thedeformedcoordinates
x deviatetoo muchfrom theoriginal shapeof theobjectm,
we copy thedeformedworld coordinatesto theundeformed
coordinates,therebyabsorbingthe elasticpotentialenergy.
Figure5 shows a clay teddybear. Thedeformationscaused
by impactsareabsorbedandaccumulateover time.

2.5. Fracture Modeling

In the processof computingthe forcesfor the staticanaly-
sis, the stresstensorsfor all tetrahedrain the meshhave to
beevaluated.Thestresstensorσ is a symmetric3 by 3 ma-
trix andhasthus3 realeigenvalues.Theseeigenvaluescorre-
spondto theprincipalstresses,andtheir eigenvectorsto the
principalstressdirections1. A positive eigenvalueindicates
tensionwhile a negative valuerepresentscompression.

The maximumtensilestresscriterion assumesthat frac-
ture of a materialoccurswhenthe maximumtensilestress
exceedsa specificstressthreshold,which is a materialpa-
rameter. Forall tetrahedra,weevaluatethelargesteigenvalue
dmaxof σ. If dmax is greaterthanthefracturethresholdof the
material,we split the tetrahedralmeshalonga planeα per-
pendicularto theeigenvectorof dmax. Most isotropicmateri-
alsbreakin this way, sincethis is how thegreatestdeforma-
tion energy is released5. Dependingon thesizeof dmax and

Figure 1: Tetrahedra within radius r f rac from the tetrahe-
dronundertensilestressare markeddependingon their po-
sitionwith respectto thefracture planeα

thematerialtype,we determinearadiusr f rac of impact.All
tetrahedrawithin distancer f rac from thegreateststresstetra-
hedron,wherethecrackoriginatesin ourmodel,aremarked
with a plusor a minusdependingon whethertheir centerof
masslie onthepositiveor negativesideof thefractureplane
α. Then,tetrahedrawith oppositesignsaredisconnected(see
Figure1). Theorientationandpositionof α canalsobeused
to split largetetrahedrabeforethemeshis separated(Figure
4).

O’Brien 7 modelsfractureby splitting single tetrahedra
pertimestep.A dynamiccrackgrowth simulationovermul-
tiple time stepsis moreaccuratethanour technique.How-
ever, realisticresultscanonly be achieved with very small
time stepsbecausecrackswithin brittle materialspropagate
at very high speeds(at approximatelythe speedof sound
within the material)5. The crack growth rate of our tech-
niqueis independentof both,thetimestepandthegranular-
ity of thetetrahedralmesh.Bothpropertiesarecrucialif the
time stepsizeof the simulatordoesnot permit the compu-
tationof a moreaccuratecrackpropagation.Moreover, the
fact that cracksin homogeneousisotropicmaterialstendto
belocally planar5 justifiesoursimplifiedapproach.

2.6. Dynamics

Staticanalysiscanonly beperformedfor supportedobjects.
We thereforeanchorour modelsto a groundplanebefore
forcesare applied— just as objectshave to be fixed to a
workbenchbeforethey canbemachined.For simulatingfree
floatingobjects,ananchoringmethodthatcapturestheirmo-
tion and dynamicsis needed.The standardtechniquefor
simulatingthedynamicsof deformableobjectsis to integrate
Newton’sequationsof motionusingnumericalmethodslike
Euler’s integrationscheme.Theequationsof motionusedin
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conjunctionwith theFiniteElementmethodhavethefollow-
ing form:

Mẍ 
 Cẋ 
 F � x ��� fext � (18)

wherethecoordinatesx arefunctionsof time, ẋ andẍ their
time derivatives,M is the massmatrix andC the damping
matrix 3. At equilibrium,whenx � xeq, ẍ � 0 andẋ � 0, Eq.
18becomesEq.14.Thedynamicequationdefinesacoupled
systemof 3N ordinarydifferentialequations.

To solve the equationsof motion, the continuous3N-
dimensionalfunction x � t � is approximatedby a seriesof
vectorsx0 � x1 � �"�"� xn � �"�"� , wherexn approximatesx � n∆t � . In
a first step,Eq. 18 is transformedinto a systemof 2 # 3N
equationsof first derivatives

ẋ � v
Mv̇ �$� Cv � F � x ��
 fext

� (19)

wherev is an additionalvectorof 3N velocities.Although
therearemathematicallymoreaccurateintegrationmethods,
theEulermethodis morenumericallystablethanhigheror-
dermethodspernumberof functionevaluations,especially
whendealingwith very stiff equations8. The implicit form
of Euler’smethodapproximatesEq.19by

xn! 1 � xn 
 ∆tvn! 1

Mvn! 1 � Mvn 
 ∆t �%� Cvn! 1 � F � xn! 1 ��
 fn! 1
ext �&�

(20)

In order to find the valuesof xn! 1 and vn! 1, a coupled
systemof nonlinearalgebraicequationshasto besolved.As
with ourstaticanalysis,weusetheNewton-Raphsonmethod
to find a solutioniteratively. Only thediagonalentriesof the
Jacobiangeneratedby Eq. 20 differ from theJacobianused
in thestaticanalysisEq. 17 if C andM arelumped(diago-
nal).

2.7. Hybrid Dynamics

It is possibleto simulateafew hundredelementsin real-time
usingimplicit integrationandthefastJacobian-computation
discussedin Section3. However, for simulatingeven larger
modelsefficiently, we have deviseda hybrid dynamicsap-
proach.Thekey ideais to separaterigid bodydynamicsfrom
internaleffectssuchasvibrationandfracturing.

We evaluateelastic forces only during collision events
while treating the body as rigid otherwise.This is a rea-
sonablesimplificationfor stiff materials.As discussedpre-
viously, thenaturalfrequenciesof stiff materialstendto be
muchhigherthanrenderingframerates,andthesevibrations
arequickly damped.Therefore,thisapproximationhaslittle

impacton thevisualization.Malleablematerialsthatabsorb
the deformationenergy of collisions can also be modeled
usingthis simplificationif we assumethatall deformations
occurat theinstantof contact.

We computethe rigid body componentsof every free-
floatingobjectasfollows:

M � ∑i mi

x0
cm � 1

M ∑i mixi

ri � xi � x0
cm

I0 � ∑k mk � rT
k rkI � rkrT

k � �

(21)

whereM is theobject’s totalmass,x0
cm is thecenterof mass,

ri is the offset of a point from the object’s centerof mass,
and I0 is the body’s inertial tensor, which is a symmetric
3 # 3 matrix. We describethe orientationof the body by a
3 # 3 orthogonalmatrix A suchthat the actualpositionsof
verticescanbeevaluatedasxi � xcm 
 Ari .

Eachrigid bodyhasfour statevariables,its positionxcm,
its centerof massvelocity vcm, its rotationalorientationA,
and, its angularvelocity ω. In general,thesestatescanbe
initialized accordingto specificuserinputsor accordingto
simulationobjectives.

In thecasewherea new rigid bodycanalsobegenerated
dueto afracture,thestateof all elementsin thechild compo-
nentsareinitializedbasedon thepreviousstateof theparent
object.Eachchild’sstatevariablesareinitializedasfollows:

v0
cm � vp

cm 
 ωp #'� xcm � xp
cm�

A0 � Identity

ω0 � ωp

L0 � I0ω0 �

(22)

wherethesuperscriptp indicatesa statevalueof theparent
body.

UsingEuler’smethod,weevaluateeachbody’sstatevari-
ablesfor thenext time stepbasedon its currentstateasfol-
lows:

xn! 1
cm � xn

cm 
 ∆t vn
cm

vn! 1
cm � vn

cm 
 ∆t 1
M ∑i fi

An! 1 � An 
 ∆t ωn # An

Ln! 1 � Ln 
 ∆t ∑i � ri # fi �
In! 1 � An! 1I0 � An! 1 � T
ωn! 1 � � In! 1 � � 1Ln! 1 �

(23)
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Figure 2: Only tetrahedra within radiusrcoll fromcollision
pointP aredeformed.All othertetrahedra arefixedandsup-
port theobjectfor a staticanalysis

2.7.1. Collision Response

Whenever a collision occurs,the effect of the impactforce
on the body is evaluated.Here,our methoddeviatesfrom
a pure rigid body simulation.As a first step,we compute
thedeformationcausedby thecollisionforceusingequation
Eq. 14. For a static analysis,the body must be anchored.
We fix the positionsof all tetrahedrathat are further away
from collision point P thana distancercoll (seeFigure2).
Theradiusrcoll is auser-specifiedsimulationparameterthat
is typically definedasfractionof thesizeof therigid body.
Anchoredtetrahedramodeltheeffect of thebody’s inertia.

Oncethedeformedcoordinatesaredetermined,thestress
tensorsand fractureplanescan be computedas described
in Section2.5. After the fractureprocess,the old body is
deletedandoneor morechild bodiesaregenerated,depend-
ing on whetherthebodygetsdisconnected.Thesenew bod-
iesinheritdynamicpropertiesfrom theirparentbodyvia Eq.
Eq.22.

2.8. Collision Detection

Performing real-time collision detection between de-
formable rigid bodiesproves challengingfor a variety of
reasons.Vertex positionswithin a singlerigid bodyarecon-
stantlychangedasthebodyis deformedby collision forces.
This dynamiccharacteristicof the datalimits possibilities
for precomputingefficient datastructures.It alsocreatesa
potential for intra-objectcollisions.Furthermore,the rigid
bodiesin our systemare rarely convex, which limits the
useof commonclosest-featuretrackingalgorithms.Finally,
asnew bodiesaregeneratedby the fracturealgorithm,the
facesof the new rigid body are in closeproximity to the
facesof the parentbody. Thus,even thoughthe bodiesare
not in contactwith one another, boundaryhierarchyalgo-
rithmswill likely have to traversethedatato eachof its leaf
nodesandcheckeachpairof neighboringfacesfor intersec-
tion. Boundinghierarchiesareefficient whentherigid bod-
ies areseparated,but cumbersomeduring the fracturepro-

cess,whenbodiestend to be closelyalignedalong irregu-
larly shapedinterfaces.

To determineregionsof possiblecollision, we divide our
modelspaceinto a regular three-dimensionalgrid, andthen
walk throughall of therigid bodies,markingeachgrid cell
with therigid bodiesthatlie inside.For cellscontainingmul-
tiple rigid bodies,we look for intersectionsbetweenthever-
ticesof onebodyandthetetrahedralsubvolumesof theother
bodies.In practice,thecostof thismethoddoesnotvarysub-
stantiallyasthepositionsof thebodiesarechanged.

The algorithm has two primary shortcomings.First, by
only checkingfor vertex-tetrahedraintersections,it is pos-
sibleto misssomecollisionevents,suchasedge-edgecolli-
sions.Furthermore,it ignoresintra-objectcollisions,which
occasionallyresultfrom substantialmodeldeformation.

3. Implementation

For real-timesimulation,fastcomputationof the corepro-
ceduresof the Finite Elementmethodis crucial. We have
achieveda ten-foldspeedupby takingadvantagesof special
propertiesof thestrainandstresstensors.

3.1. Forces

Mostof thecomputingtime is spentwithin thecomputation
of thenodalforcesfi basedon their actualcoordinatesxi in
Eq.9. A direct implementationrequires4 # 4 # 3 # 3 # 2 �
288multiplications.Wereducethis numberdramaticallyby
first splitting thesuminto two parts,theevaluationof 4 # 4
weights

W � βGσGTβT (24)

with G asdefinedin Eq.10,andthecomputationof theforce
components:

fi � vol
2

Wxi (25)

Fistwenotethatthefi areindependentof theundeformed
positionandtheorientationof thetetrahedron,whichmeans
that we canmake �m1 � �"�"� � m4 � lower triangularvia a rota-
tion (as determinedby a QR decomposition).This causes
β00 � β01 andβ10 to be zero.Thenwe precomputeall prod-
uctsβi j βkl . By takingadvantageof thesymmetryin Eq. 24
of andthezeroentries,only 45 valuesneedto becomputed
andstored.This computationcanbeperformedbeforesim-
ulating,or whenever anew tetrahedronis generated.

Second,becausethe stresstensoris symmetric,we have
wi j � w j i . Thefactthatβ00 � β01 andβ10 arezerocancelsout
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mostof the addendsin Eq. 24. By unrolling all the loops,
and making useof the above observations,we achieved a
speedupof 10.

3.2. The Jacobian

For staticanalysisaswell asfor implicit integrationin a dy-
namic analysis,we needthe JacobianJ of F . The 3N by
3N matrix J canbecomputedby addingthe local 12 by 12
matricesJe of eachelement.Also, if during the simulation
tetrahedraaredeletedor generatedby thefracturingprocess,
their matricescanbe subtractedandaddeddynamicallyto
theglobalmatrix J. Thecomponentsof Je are

∂ fi j

∂xrs
� (26)

where fi j is the j th componentof the force vector at the
ith nodeof tetrahedrone andxrs is thesth componentof the
deformedcoordinateof noder (i � r � 1 �"�"� 4 and j � s � 1 �"�"� 3).
Thederivativesof theweightswith respectto xrs are

W�	� βGσ� GTβT � (27)

whereσ� is thethederivativeof thestresstensorwith respect
to xrs. For derivativesof theforceswe get

f �i j � vol
2
� W� xi 
 Wx�i � (28)

The accelerationmethodsdiscussedin the previous sec-
tion canalsobe appliedto computationof the entriesof J,
andlikewiseresultsin a tenfold speedup.

3.3. Linear Solver

Staticanalysisyields a linear system(Eq. 17) of the form
Ax � f. It is impracticalto solve this linearsystemdirectly.
As a result,iterative solutiontechniquesarecommonlyde-
ployed.WeusetheiterativeConjugateGradientsmethod8 to
computeanapproximationof x andsmooththeapproxima-
tion usingtheGauss-Seidelmethod.Thespeedandstability
of theGauss-Seidelmethodcanbeimprovedsignificantlyby
simultaneouslysolving the threeequationsof every vertex
of the tetrahedralmeshcalled Block-Gauss-Seidel-method
of order3.

4. Results

The following examplesdemonstratethat with our hybrid
simulationtechnique,malleableand brittle objectscan be
animatedin real-timewithoutsignificantlossof realism.All

animationsarecomputedwith ratesin the rangeof 5 to 10
framesper secondon an SGI Octane2 (R12000,dual 400
MHz). Theintegrationof therigid bodyequationstakesbe-
tween10 to 20 millisecondsper time stepin all the exam-
ples.Thetimeto computedeformationandfracturedepends
on the numberof tetrahedrain the objectandfor our mod-
els (1000- 4000tetrahedra)variesbetween10 and80 mil-
liseconds.Thereal-timesystemcanalsodynamicallytexture
exposedsurfaceswithout substantiallyimpactingthe frame
rate.

A videodemonstrationin AVI formatcanbedownloaded
from our webpageat graphics.lcs.mit.edu/simulation.

4.1. Vase

Theframesfrom theanimationsequencesshown in Figures
3 and 4 demonstratebrittle fractureof a china vasecom-
posedof 1440tetrahedrastrikingtheground.Becauseof the
materialpropertiesof theobject,thevasefractureswith only
minimaldeformation.Cracksgrow instantaneouslyandsep-
aratethebodyinto multiple new objects.Thevelocitiesand
angularmomentaof theseobjectsarederivedfrom thestate
of the original objectasdescribedin Section2.7. Pictures
(a) and(b) of Figure7 show internal tensileandcompres-
sive stressesin redandgreenrespectively. Becausestressis
measuredby a tensorratherthana scalar, a tetrahedroncan
beundertensileandcompressivestressat thesametime.We
only displaythelargeststresscomponent.This is why green
andredtetrahedramayappearnext to eachother.

4.2. Clay Teddy

Figure5 shows a teddybearmodeledwith 3747tetrahedra.
It is madeof soft clay thatdeformsat theinstantof impact.
Thedeformationsarecomputedasthestaticresponseto col-
lision forces,which areabsorbedby thematerial.After sev-
eralhits (a), thebear’s shape(c) deviatessubstantiallyfrom
theundeformedmodel(b).

4.3. Cinder Blocks

Our third exampledemonstratesa real-timecollision detec-
tion sequencein whichonecinderblock is droppedontoan-
other(seeFigure6. Eachblock is modeledwith 824 tetra-
hedra.Our systemrenderssolid texturesto theexposedsur-
facesof theblocks,dynamicallygeneratingnew texturesas
additionalfacesareexposedby the fractureprocess.Figure
7(c) shows theinternalstressesat themomentof impact.

5. Conclusions

Wehavedescribedafastmethodfor simulatingthedeforma-
tion andfractureof malleableandbrittle objectsin realtime.
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Figure 3: Dropof a vasedemonstratesbrittle fracture

Figure 4: Theappearanceof thefracture boundariesare improvedbysplitting tetrahedra before themeshis separated

By employing ahybridsimulationstrategy thatalternatesbe-
tweena rigid body dynamicssimulationand a continuum
modelat thepointof impacts,weareableto computerobust
solutionsto otherwisestiff systemequations.Ourcontinuum
modelfindsthestaticequilibriumof thesystemafterall the
initial transientbehavior hassettledout.Theaddedinforma-
tion providedby thissolutionallowsusto computeplausible
deformationsandfracturingof aninterestingclassof plastic
andbrittle materials.

Onelimitation of our systemis that it only considersde-
formation and fracturebehaviors at the instantof contact.
We have alsofound that the problemof real-timecollision
detectionfor object in a near-contactstatealonga signifi-
cantboundary, suchalonga fractureline, is at leastastime-
consumingasthe systemsimulations.Furthermore,appro-
priatecollisionresponsesareextremelyimportantin judging
therealismof ananimation.

We areexcitedby theperformanceof our currentsystem
andwe areinvestigatinga rangeof applicationsthat might
benefitfromsimulationapproach.Weareplanningto useour
systemin a real-timesculptingenvironment,within which
we arehopingto incorporatemoredynamicsimulationca-
pabilities.
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(a) (b) (c)

Figure 5: Clay teddybearafter dropping(a), front view before (b) andafterdeformation(c)

Figure 6: Collision detectiondemonstratedwith twocinderblocks

(a) (b) (c)

Figure 7: Visualizationof tensile(red)andcompressive(green)stresswithin objects
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