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Embedding Geodesic distance
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Dimensionality reduction
Embedding
Multidimensional scaling

Manifold learning
o



Given pairwise distances
extract an embedding.

Is it always possible?
What dimensionality?



Ordered pair M, d) whereM is 1 o g satisfies

d(x y) >0

dlx,y) =0 < =1y
(,y) = d(y, x)

d(z,z) < d(z,y) + d(y, 2)

Ve,y,z e M




Many Examples of Metric Spaces

Rnad(xvy) = Ha? — pr

S C R?,d(z,y) := geodesic



Isometry [ahy-som-i-tree].

A map between metric spaces
that preserves pairwise
distances.

—




Can youalways embed
a metric space
Isometrically inqa*® ?



Can you always embed
a finite metric space
Isometrically inqa*® ?



Disappointing Example

X :={a,b,c,d}
d(a,d) =d(b,d) =1
d(a,b) = d(a,c) = d(b,c) =2
d(c,d) = 1.5

d b
Canot be embedded in Luclidear @/oaw/ .

m/2013/10/07/whdoes-a-finite-metric-spaceembed-isometrically-into-an-euclideanspace/



Approximate Embedding

expansion( ) := max pf (), Fy)
POt ) = e o y)
p(z, y)

contraction(f) := max

vy u(f(z), f(y))

distortion( f) := expansion(f) x contraction(f)

http://www.cs.toronto.edu/~avner/teaching/S8414/LN1.pdf



Well-Known Result

Theorem (Bourgain, 1985).
Let (X,d) be a metric space ampoints. Then,
|
(X, d) 28", Otiog® )
p

m = b76logn)
for 1 =1 to logn do /* levels of density */
for i =1 to m do /* repeat for high probability */
choose set S;; by sampling each node in X
independently with probability 277
end
end

fij(x) = d(z, Sij)
f(z) = D DT, fij(z)

http://ttic.uchicago.edu/~harry/teaching/pdf/lecture3.pdf



Euclidean Case

D;; = ||x; — z;||3,D € R™*"

Proot:
D=-2X"X+ dia,g(XTX)lT 4 1diag(XTX)T

Embedding via eigenvalue problem (takes )
lzi — ;|5 = llall3 + llzjll5 — 225 - 2
1
= ;x5 = 5 [l|lillz + )2 — 2 — 24l3)
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Gram Matrix [gram mey-triks].
A matrix of inner products

X'X
————




Classical Multidimensional Scaling

1. Double centering: B := —%JDJ

Centering matrix J := [ — %11T

2. Find m largest eigenvalues/eigenvectors

3. X =E A2 -

Torgerson, Warren S. (1958)Theory & Methods of Scaling



Stress Majorization

SMACOFE

Scaling by Majorizing a Camplicated Function

Ve ~ Ve ~ Ve s ~

developments in statistic§3% 145



SMACOF Potential Terms

mmz — \|@z — 34| 2 )
Z(dgj)Q = const.

¥

Z |z — %H% = tr(XVXT), where V = 2nl — 211"

Zd i — 2] = tr(XB(X)X )

( 2d5. : C

_||:1:1;—3;’j||2 if X; #Zlﬂ‘j,l#j

where bw(X) = 4 0 if .CL‘Z:;UJ’@%]
\ _Zj;»éz'bij le:j



SMACOF Lemma

Z(d%)2 = const.
ij
> llei = zjl13 = tr(XVXT)
ij
> dd i — zjlls = r(XB(X)XT)
ij

where b;;(X) := 0 ifz; =x5,i#j

24! . T
_—H:r:t-—a:Jsz if x; # 2,0 # j
Y by ifi=

Lemma. Define
7(X,Z) := const. + tr(XVX ") = 2tr(XB(2)Z ")
Then,
(X, X) <7(X,2)VZ
with equality exactly wheiX=2.

Proof on board using Cauchchwarz.

SeeModern Multidimensional Scali(i§org,Groener)



SMACOF: Single Step




