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Abstract— This paper presentsa control strategy that allows
a group of mobile robots to position themselves to optimize the
measurement of sensory information in the envir onment. The
robots use sensedinformation to estimate a function indicating
the relative importance of differ ent areas in the envir onment.
Their estimate is then used to dri ve the network to a desir-
able placement con�guration using a computationally simple
decentralized control law. We formulate the problem, provide
a practical control solution, and presentthe resultsof numerical
simulations.We then discussexperimentscarried out on a swarm
of mobile robots.

I . INTRODUCTION

We considerthe problemof controlling networked groups
of mobile robots in a decentralizedfashion. Such mobile
sensornetworkspromisetheability to collectinformationover
distributed, large-scaledomainswith minimum infrastructure
maintenance.This technologywill enablescienti�c studieson
geologicaland ecologicalscalespreviously beyond practical
reach,andprovide tools for a hostof securityandsurveillance
applications.

In this paper, we presenta decentralizedcontrol law for
producingincreasedrobotdensityin areasof high importance
anddecreaseddensityin areasof low importance.Speci�cally,
we consider a group of robots that is dispatchedover a
boundedregion of interest. The group's task is to sample
a sensory function over the region. The sensory function
is a scalar function unknown to the robots that indicates
the relative importanceof different areasin the region. Our
solution composesan approximationof this function from
sensorymeasurements.A decentralizecontrol law then uses
this approximation,aswell asneighborpositions,to drive the
robotsto a con�gurationsuchthat thesamplingof thesensory
function is near-optimal. This enablesthe network to record
observations about the environment with varying resolution,
so that areaswith high valuesof the sensoryfunction receive
higher-densitydataobservationsthanareaswith low values.

A. Relationshipto Prior Work

This problembelongsto the generalcategory of coverage
problems.Variousstrategieshave beenintroducedfor control-
ling coveragewith networked mobile robots, and our work
builds on several important results in this category. In [9],
mobile sensingagentsarecontrolledusingpotentialfunctions
for inter-agent interactions.Stability resultsare derived, but

(a) NumericalSimulation (b) RobotSwarm Experiment

Fig. 1. The control strategy was implementedin numericalsimulationand
on a swarm of mobile robots.

the optimality of the network con�guration is not addressed.
Similarly, in [2] analgorithmis proposedthatallows for agents
to concentratein areasof high eventdensitywhile maintaining
areacoverageconstraints.Thealgorithmis provedto maintain
sensorcoveragefor a limited casewithout addressingoptimal-
ity. Most relevant to this paperis a bodyof resultsreportedin
[1], [5], and [4]. In this work decentralizedcontrol laws are
derivedfor positioningmobilesensornetworksoptimally with
respectto a known eventprobabilitydensity. This approachis
advantageousbecauseit guaranteesthat the network (locally)
minimizesa cost function relevant to the coverageproblem.
However, the control strategy requiresthat eachagenthave a
completeforeknowledgeof the event probability density, thus
it is not reactive to the sensedenvironment.

Our control strategy is an extension to the one reported
in [5]. We re-interpret the problem in a non-probabilistic
framework, andderive a local control law which requiresthat
eachagentcan measurethe value and gradientof a sensory
function. In contrastto [5], the robots do not require fore-
knowledge of this function. Instead,the robots approximate
the function from sensormeasurementswhile maintainingor
seekinga near-optimal sensingcon�guration.Also in contrast
to [5], our function approximationyields a control law with
a computationallyef�cient closedform. This eliminatesthe
needfor numerical integration of an arbitrary function over
a polygonal domain at every time step. The control law
resultsin near-optimal, as opposedto optimal, performance,
thoughthedifferenceis shown to benegligible in practice.We
demonstratethe effectivenessandcomputationalsimplicity of



the algorithmin numericalsimulationsandin experimentson
swarmsof 40-50robots(seeFigure1).

I I . PROBLEM FORMULATION

In this section,we build a function representingthesensing
costassociatedwith anetwork con�guration.A network is said
to haveoptimalcoverageif it minimizesthiscostfunctionover
the region of interest.Following standardresultsin the �eld
[5], we show that all con�gurationsof a certaintype, namely
centroidalVoronoicon�gurations,correspondto local minima
of the cost function.

The sensornetwork consistsof a groupof identical robots,
each with some degree of mobility and the capacity for
measuringa sensory function from the environment. The
sensoryfunction indicatesthe relative importanceof different
areasin the environment.It may be a quantity that is sensed
directly, suchastemperature,or it maydemandmoreelaborate
processingof sensorydata,suchaswouldberequiredto detect
the concentrationof a chemical,or the intensityof soundof a
particularfrequency.1 In addition,we assumethat a robot can
measurethepositionsof its Voronoineighborsrelative to itself,
andthat it candetectthe boundariesof the region of interest.
We review theformalismintroducedin [5] to rigorouslymodel
the scenariodescribedabove.

Let thereben robotsin aknown, convex polytopeQ ½ RN .
An arbitrary point in Q is denotedq, the position of the i th

robotis denotedpi , andthesetof all robotpositionsis denoted
P = f p1; :::; pn g. Let W = f W1; :::; Wn g be a partition of
Q suchthat one robot at position pi lies within eachregion
Wi . De�ne the sensoryfunction, Á(q) : Q 7! R+ , asa scalar
functionwith continuous�rst derivativesover Q. Thefunction
Á(q) is not known by the robotsin the network.

Let the unreliability of the sensormeasurementbe de�ned
by a function f (x) which is strictly increasing.Speci�cally,
f (kq¡ pi k) describeshow unreliableis themeasurementof the
informationat q by a sensorat pi (henceforth,k:k is usedto
denotethe`2-norm).This form of f (x) is physicallyappealing
sinceit is reasonablethatsensingwill becomemoreunreliable
fartherfrom the sensor.

We can formulate the cost incurred by one robot sensing
over oneregion Wi as

hi (pi ; Wi ) =
Z

W i

f (kq ¡ pi k)Á(q)dq:

Notice that unreliablesensingis expensive andhigh valuesof
Á(q) arealsoexpensive. Summingover all robots,a function
representingthe overall sensing cost of a given network
con�guration canbe written

H(P; W) =
nX

i =1

Z

W i

f (kq ¡ pi k)Á(q)dq: (1)

An optimal network con�guration correspondsto a particular
pair (P; W) which minimizes(1).

1In contrast,Cort́es et al [5] usea probability densityfunction describing
the likelihoodof an event occurringin a particulararea.

To solve this minimizationproblem,we must introducethe
notion of a Voronoi partition. The Voronoi region, Vi , of a
given robot is the region of pointsthatarecloserto that robot
than to any other, that is

Vi = f q 2 Q j kq ¡ pi k · kq ¡ pj k; 8j 6= ig:

The division of an areainto suchregions is calleda Voronoi
partition, denotedV(P), and is a function of the robot posi-
tions. We will usethe shorthandH V (P) = H(P; V(P)) .

Becausethefunctionf (x) is strictly increasing,theVoronoi
partition, V, minimizes the cost function, H , for any �x ed
con�guration,P, of robots.This is clearsince,for anarbitrary
point q 2 Q, q 2 Vi gives the smallestvalue of f (kq ¡ pi k)
over i , andthereforethe smallestcontribution to H . Thuswe
have

min
P;W

H = min
P

H V :

To �nd local minima of H V , we examine solutions to the
expression

rH V = [¢¢¢
@H V

@pi

T

¢¢¢]T = 0:

It is clear that eachpartial derivative mustbe zerofor a local
minimum.Applying a multi-variablegeneralizationof Leibniz
Rule,2 we canmove thedifferentiationinsidethe integral sign
in (1) to get

@H V

@pi
=

Z

Vi

@f (kq ¡ pi k)
@pi

Á(q)dq+

X

j 2N i

Z

@Vj

f (kq ¡ pi k)Á(q)
@@Vj

@pi
nj dq+

Z

@Vi

f (kq ¡ pi k)Á(q)
@@Vi

@pi
ni dq; (2)

where @Vi denotesthe boundary of the region Vi , ni (q)
denotestheoutwardfacingnormalof @Vi , andN i is thesetof
indicesof the neighborsof pi , excluding i itself. Note that all
the integralsin (2) areN £ 1 vectorssince @@Vi

@pi
is an N £ N

matrix andn i is an N £ 1 vector. We assertthat the last two
termsof (2), in fact, sumto zero.A proof canbe outlinedas
follows. Sincepi only affects @Vj at the sharedboundaryof
Vj andVi , we have that

X

j 2N i

@@Vj

@pi
=

@@Vi

@pi
:

Also, an inward normal, ¡ n i , for Vi is equal to an outward
normal,n j , for any of its neighborsVj , at theboundarywhich
they share.This leadsto

X

j 2N i

Z

@Vj

f (kq ¡ pi k)Á(q)
@@Vj

@pi
nj dq =

¡
Z

@Vi

f (kq ¡ pi k)Á(q)
@@Vi

@pi
ni dq;

2This procedureis known in �uid mechanicsas the Reynolds Transport
Theorem.



giving the desiredresult.
Using this fact, (2) cansimply be written

@H V

@pi
=

Z

Vi

@f (kq ¡ pi k)
@pi

Á(q)dq:

We canevaluatethe partial derivative of f (x) usingthe chain
rule, andmove pi outsideof the integral to give

@H V

@pi
= ¡

Z

Vi

q
kq ¡ pi k

df (x)
dx

¯
¯
¯
¯
kq¡ pi k

Á(q)dq+

pi

Z

Vi

1
kq ¡ pi k

df (x)
dx

¯
¯
¯
¯
kq¡ pi k

Á(q)dq (3)

Next we de�ne two propertiesanalogousto mass-moments
of rigid bodies.The massof Vi is de�ned as

M Vi =
Z

Vi

1
kq ¡ pi k

df (x)
dx

¯
¯
¯
¯
kq¡ pi k

Á(q)dq; (4)

and the centroidof Vi is de�ned as

CVi =
1

M Vi

Z

Vi

q
kq ¡ pi k

df (x)
dx

¯
¯
¯
¯
kq¡ pi k

Á(q)dq: (5)

Note that f (x) strictly increasingand Á(q) strictly positive
imply both M Vi > 0 8 Vi 6= f;g and CVi 2 Vi n@Vi (CVi

is in the interior of Vi ). Thus M Vi and CVi have properties
intrinsic to physical massesand centroids.Substitutingthese
quantitiesinto (3) gives

@H V

@pi
= ¡ M Vi (CVi ¡ pi ): (6)

Equation(6) implies that local minima of H V , and therefore
H(P; W), correspondto thecon�gurations,P, suchthatpi =
CVi 8i , that is, eachagent is locatedat the centroid of its
Voronoi region. We will denotethe set of all suchcentroidal
Voronoi con�gurations as PC . Thus, the optimal coverage
task is to drive the group of robots to a centroidalVoronoi
con�guration, P 2 PC .

I I I . ESTIMATED ERROR FEEDBACK CONTROL

We will design a control law to take advantageof the
surprisingly simple result in (6). The control law will drive
the network to an estimatedcentroidalVoronoi con�guration
using sensorydataavailable to the robotsto form an on-line
approximationof the centroidsof their Voronoi regions.

Assumethat thedynamicsof eachrobotcanbemodeledby
the �rst-order equation

_pi = ui ; (7)

whereui is the control input. This might meansimply that a
low-level controlleris in placeto enforce�rst-order dynamics.
Next, prescribethe linear proportionalcontrol law

ui = k(ĈVi ¡ pi ); (8)

where ĈVi is an estimateof CVi basedon the information
available to robot i . To investigate the stability of such a
control law we proposeto use H V (P) as a Lyapunov-like

function. Taking the time derivative of H V (P) along the
trajectoriesof (7) gives

_H V =
X

i

@H V

@pi

T

_pi ;

andusing(6) and(8) we get

_H V = ¡ k
nX

i =1

M Vi e
T
i êi ; (9)

whereei = (CVi ¡ pi ), andêi = (ĈVi ¡ pi ). The actualerror,
ei , is unknown. Notice,however, that if anestimate,̂ei , canbe
foundsuchthat the innerproductof the two errorsis positive,
convergenceof êi to zero will be guaranteed.Geometrically,
this meansthat the anglebetweenêi andei mustremainless
than ¼=2 rad for all time. We use this insight to designa
centroidestimate,ĈV , usingonly sensedinformationlocal to
robot i .

Henceforthwe will deal with the speci�c casein which
f (x) = 1=2x2. This causesthe factor

1
kq ¡ pi k

df (x)
dx

¯
¯
¯
¯
kq¡ pi k

to becomeunity, making the proceedingexpressionsmore
transparent.The methodpresented,however, is valid for any
strictly increasingf (x) with smooth�rst derivatives.

A. Control Using Linear Approximations

Considera situation in which the values of the sensory
function, Á(pi ), and its gradient,r Á jpi , are available con-
tinuously to robot i at its current position. In this case,the
available informationmotivatesa linear estimateof CVi over
the known region Vi . We de�ne the linear approximationto
CVi calculatedfrom an agentat positionpi as

ĈVi =
1

M̂ Vi

Z

V +
i

qÁ̂i (q)dq; (10)

where
M̂ Vi =

Z

V +
i

Á̂i (q)dq; (11)

V +
i = Vi \ f q j Á̂i (q) ¸ 0g; and (12)

Á̂i (q) = Á(pi ) + r ÁT jpi (q ¡ pi ): (13)

The above formulation follows naturally from the de�nition
of CVi and M Vi in (5) and (4). The integrals are taken over
V +

i to avoid calculatingvaluesof M̂ Vi · 0 andvaluesof ĈVi

outsideof the region Vi .
We canprove the stability of the proposedcontroller in the

caseof linear Á(q). In this casethe function Á(q) is fully
parameterizedby its value and gradientas measuredat any
point, therefore Á̂i (q) = Á(q). This special case becomes
mathematicallyequivalent to that treatedin [5]. Then ĈVi =
CVi andfrom (9) we have that

_H V = ¡ k
nX

i =1

M Vi e
T
i ei :



As was noted previously, M Vi > 0, therefore _H V · 0 8pi ,
and _H V = 0 iff pi = CVi 8i . Additionally, PC is the largest
invariant set since,from (7) and (8), _pi = 0 8i $ P 2 PC .
Thenby LaSalle's theoremlim t !1 pi = CVi 8i which implies
P ! PC .

In the caseof nonlinearÁ(q), we observe that the control
law with a linear estimationcausesthe robotsto converge to
the estimatedcentroid,ĈVi , of their Voronoi region. We call
such con�gurations near-optimal. It is dif�cult to bound the
errorbetweentheestimatedcentroidandtheactualcentroidin
the generalN -dimensionalcaseabove. It is however possible
to do so for 1-dimensionalsystems,where robotscan move
along an arbitrary curvilinear segment in three-space(e.g. a
robot moving alonga track.)

B. Ef�cient Computationof Integrals

We will usethe convenientform of the centroidestimation
above to derive an analytical solutionto the centroidintegral.
The analyticalexpressionwill make the control law feasible
for robotplatformswith limited computationalresources.This
eliminates the need to descretizethe Voronoi region and
approximatethe M̂ Vi andĈVi integrals in a computationally-
expensive numericalprocedure.

Since the estimatedÁ̂ is polynomial in q, we can use the
results from [3] to �nd the integrals for M̂ Vi and ĈVi as
polynomials in the verticesof the Voronoi region Vi . First,
from (10), (11),and(13) we candivide theintegral expression
for ĈVi andM̂ Vi into monomialcomponentsto get

ĈVi =
1

M̂ Vi

¡
Á(pi ) ¡ r ÁT jpi pi

¢Z

V +
i

qdq+

1

M̂ Vi

Z

V +
i

qT qdqr Á jpi ; (14)

where

M̂ Vi =
¡
Á(pi ) ¡ r ÁT jpi pi

¢Z

V +
i

dq+

r ÁT jpi pi

Z

V +
i

qdq: (15)

Theseexpressionscanbesimpli�ed furtherby introducingthe
constantsc1 =

¡
Á(pi ) ¡ r ÁT jpi pi

¢
; and

£
c1 c2

¤T
=

r Á jpi ; andby de�ning a generalintegral of a monomialover
a polygonas

I ®¯
V +

i
=

ZZ

V +
i

x®y¯ dxdy; (16)

whereq = [ x y ]T . Thenwe canwrite (14) and(15) as

ĈVi =
c1

M̂ Vi

"
I 10

V +
i

I 01
V +

i

#

+
1

M̂ Vi

"
I 20

V +
i

I 11
V +

i

I 11
V +

i
I 02

V +
i

# ·
c2

c3

¸
; (17)

where

M̂ Vi = I 00
V +

i
c1 +

h
I 10

V +
i

I 01
V +

i

i ·
c2

c3

¸
: (18)

The solutionof the integral in (16) is given in analyticalform
by equation(4) from [3]. The casesspeci�cally requiredfor
thecomputationof (17) aresimpli�ed andenumeratedbelow:

I 00
V +

i
=

1
2

mX

i =1

(yi +1 ¡ yi )(x i +1 + x i );

I 01
V +

i
=

1
6

mX

i =1

[(x i ¡ x i +1 )(y2
i +1 + yi +1 yi + y2

i ) +

3(x i +1 y2
i +1 ¡ x i y2

i )];

I 10
V +

i
=

1
6

mX

i =1

(yi +1 ¡ yi )(x2
i +1 + x i +1 x i + x2

i );

I 11
V +

i
=

1
24

mX

i =1

[(yi +1 ¡ yi )(2x i +1 x i (yi +1 + yi ) +

x2
i +1 (3yi +1 + yi ) + x2

i (yi +1 + 3yi ))] ;

I 02
V +

i
=

1
12

mX

i =1

[(x i ¡ x i +1 )(y3
i +1 + y2

i +1 yi +

yi +1 y2
i + y3

i ) + 4(x i +1 y3
i +1 ¡ x i y3

i )];

I 20
V +

i
=

1
12

mX

i =1

(yi +1 ¡ yi )(x3
i +1 + x2

i +1 x i +

x i +1 x2
i + x3

i );

wherem is the numberof vertices,[ x i yi ]T , of V +
i , and

wherethe index m + 1 is interpretedas1. The verticesmust
be orderedcounter-clockwisearoundthe perimeterof V +

i .
The expressionin (17) with the associatedexpressionsfor

the integral termscanbe computeddirectly to give the actual
valueof ĈVi andM̂ Vi .

C. Practical Algorithms

A practicalmethodfor implementingthe proposedcontrol
law on a network of robots is detailed in Algorithm 1.
We assumethat the robots have accessto a procedurefor
obtaining their own Voronoi region. Several suchalgorithms
exist, for example thosegiven in [5], [6]. In our hardware
implementation,we use the Delaunaycomputationfrom [7]
and build Voronoi regions using knowledgeof the Delaunay
neighbors.

This algorithm is decentralized,fully distributed, and re-
quiresminimal communicationbetweenneighboringrobots.It
canbeusedon teamsof largerobots,on teamsof small robots
suchas [8], or on mobile sensornetwork nodeswith limited
computationandstoragecapabilitiessuchasthe mobile Mica
Motesdescribedby [10].

IV. NUMERICAL SIMULATIONS

A. Implementation

Simulationswerecarriedout in a Matlab environment.The
dynamicsin (7) with the control law in (8) for a group of
robotsweremodeledasa systemof coupleddifferentialequa-
tions. Voronoi computationwas carried out in a centralized
fashionusingstandardMatlabVoronoifunctions.Thecentroid
was calculatedusing the analytical solution to the centroid



Algorithm 1 The CoverageControl Algorithm
Require: Eachrobot cancomputeits local Voronoi region
Require: Eachrobot's sensorcanmeasureÁ(pi ) andr Á jpi

Require: Eachrobot can sensethe location of the boundary
of the spaceof interest,Q
loop

Measurecoordinatesof neighboringrobots
Computelocal Voronoi region, Vi

MeasureÁ(pi ) andr Á jpi

TruncateVi to get V +
i

Evaluateanalyticalexpressionin (17) to computecentroid
approximation,ĈVi

Apply control input ui = k(ĈVi ¡ pi )
end loop

integral given in (17). A custom, �x ed-time-stepnumerical
solver was usedto integrate the equationsof motion of the
group of robots.The sensoryfunction, Á(q), was built from
Gaussians.Speci�cally, two caseswere investigated.For the
�rst case,the function waschosenas

Á(q) =
°

¾
p

2¼

µ
e¡ ( q ¡ ¹ 1 ) 2

2¾2 + e¡ ( q ¡ ¹ 2 ) 2

2¾2

¶
: (19)

A function with multiple maxima was usedto illustrate the
robustnessof the control schemeto complicated sensing
environments.For thesecondcase,a singleGaussianwasused
of the form

Á(q) =
°

¾
p

2¼
e¡ ( q ¡ ¹ 1 ) 2

2¾2 : (20)

This Á(q) was chosento gather statistical data about con-
vergencepropertiesover a numberof runs. The parameters
used for the Gaussianfunctions were ° = 1, ¾ = 1=

p
2,

¹ 1 = (:2; :2), and ¹ 2 = (:8; :8). The control gain wask = 5,
the region Q wasset to be a squareof 1 meteron eachside,
andq wasa Cartesianpoint [ x y ]T 2 Q.

B. Results

Figure2 shows the resultsof a typical simulationrun with
theÁ(q) givenby (19).Theinitial con�gurationof thenetwork
is shown in Figure2(a), the trajectoriesof the robots(dashed
lines) in Figure2(b),andthe�nal con�guration in Figure2(c).
The centersof the Gaussianfunctions,¹ 1 and¹ 2, aremarked
with x's. In Figure 2(d), the time evolution of the x and y
coordinatesof one robot are shown. The performanceof the
control schemeis clearly demonstratedin the simulation.

To assessconvergencepropertiesof thealgorithm,statistical
resultswerecompiledover a numberof simulationrunswith
randominitial con�gurations using the Á(q) given by (20).
Threebatchrunswereexecuted:onebatchof 1000simulation
runs with 10 robots, one of 100 simulation runs with 100
robots,andoneof 10 simulationrunswith 1000robots.Each
simulationrun wassaidto converge if the meannormederror
of the groupof robotswas found to be lessthan1 £ 10¡ 7m.
The meanand standarddeviations of the convergencetimes
areshown in Table I.

(a) Initial Con�guration (b) RobotTrajectories

(c) Final Con�guration (d) Positionof OneRobot

Fig. 2. The initial con�guration of the network is shown in 2(a), the
trajectoriesof the agents(dashedlines) in 2(b), and the �nal con�guration
in 2(c). The Gaussiancentersof Á(q) are marked by x's. In 2(d), the time
evolution of the x andy coordinatesof oneagentareshown.

Mean(s) StandardDeviation (s)

10 Robots1000Trials 9.56 3.18
100 Robots100 Trials 25.10 1.23
1000Robots10 Trials 19.33 2.14

TABLE I

MEAN AND STANDARD DEVIATION OF CONVERGENCE TIMES

The mean normed errors are shown in Figure 3 for all
simulation runs for eachof the three batches.The plots are
given on semi-log axes to emphasizethat after some time,
the convergencerateof the closed-loopsystemappearsto be
nearlyexponential.

It is interesting to note that, although covergence rates
decreaseas the network size increases,the time to reacha
particularsmall error value doesnot necessarilyincrease,as
shown in Table I. One can interpret this effect as the result
of two opposingfactors.With few robots,global movement
of the network can occur rapidly becausethe motion of one
robot quickly propagatesto in�uence all of the others.This
propagationeffect becomesmoresluggishasthenetwork size
increases.However, with a large numberof robots, there is
a high likelihood that the initial position of any one robot is
closeto its �nal position.Thuseachrobothaslessdistanceto
cover. Thepush-and-pullof thesetwo factorscreatestheeffect
that is evidencedin the data. Notice also that the variance
appearsto decreasewith increasingnetwork size. This is a
statisticalside-effect. Becausethe plots show meannormed
error, a large network will be more likely to have a mean



(a) 10 Robots,1000Trials (b) 100Robots,100Trials

(c) 1000Robots,10 Trials

Fig. 3. The trajectoriesof the meannormederror of the robotsare shown
for 10, 100, and1000 robotsover 1000,100, and10 trials respectively. The
plots areon log-log axes to show the nearexponentialerror decay.

closeto the ensemblemeanthana small network.
The �nal distribution of the robotswith respectto distance

from the Gaussiancenter is shown for all three batchesin
Figure (4). The densitiesappearmore jagged for smaller
networks becausethereare fewer centroidalVoronoi con�g-
urationsfor smaller groupsof robots.The densitiesare not
preciselyGaussian,norarethey meantto be.But therearehigh
concentrationsof robotswheretheÁ(q) is large, indicatingan
areaof sensoryinterest,andlow concentrationswhereÁ(q) is
small, wherethereis little sensoryinterest.

V. HARDWARE EXPERIMENTS

We implementedand testedthe algorithm on a group of
mobile “SwarmBots.” A light sourcewas used to createa
sensory function Á(q) of light intensity. The robots used
readingsfrom light sensorsandneighborlocalizationto carry
out Algorithm 1.

A. TheSwarmHardware

EachSwarmBot (Figure5) is autonomousand is equipped
with bump sensors,light sensors,and an infra-red inter-
robotcommunicationandlocalizationsystemcalledISIS. The
light sensorsdetect the sensoryinput. The ISIS inter-robot
localizationsystemprovides local neighborpositionsusedto
computethe Voronoi cells.

We limited therangeof thelocalizationsystemto onemeter
to increasethe diameterof the network and minimize the
numberof inter-robotpacket collisions.Thisalgorithmusesno
communicationsotherthanthelocalizationmessages,allowing
us to test it with many robotsin a small physical space.

(a) 10 Robots,1000Trials (b) 100Robots,100Trials

(c) 1000Robots,10 Trials

Fig. 4. The steadystatedensityof robotsasa function of distancefrom the
Gaussiancenterareshown for the threebatchruns.

Fig. 5. The iRobotSwarmBotis designedfor distributedalgorithmdevelop-
ment.EachSwarmBothasaninfra-redlocalizationandcommunicationsystem
called ISIS which enablesnearbyrobotsto communicateand determinethe
bearing,orientation,andrangeof their neighbors.An omni-directionalbump
skirt provides low-level obstacleavoidance.A 40 MHz 32-bit ARM Thumb
microprocessorprovidesenoughprocessingpower for our algorithms.

B. Implementationof the Control Algorithm

The implementationof Algorithm 1 on the SwarmBot
systemrequiredseveral modi�cations. The robotshad a lim-
ited communicationrangeof radiusone meter, thereforethe
Delaunayneighborscomputedby any robot were only those
Delaunayneighborswithin the one meter disk of the robot.
Theselocal Delaunaygraphsmight not be the sameas their
global counterparts.We assumedthat edgesof greaterthan
lengthonemeterareuncommonin the triangulatedgraphswe
considerand the effects of removing them have little impact
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Fig. 6. The methodusedfor closing the unboundedVoronoi region of a
robot with 1 neighboris shown on the left. The methodfor an unbounded
Voronoi region of a robot with any two consecutive neighborsseparatedby
more than¼ rad is shown on the right.

on the �nal result.3

In addition, Algorithm 1 requires that each robot can
detectand localize the boundariesof the region Q. This is
necessaryto prevent the Voronoi region of any robot from
being unbounded.We did not implement boundarysensing
on the SwarmBot.Instead,we developedthreeheuristicrules
for truncating in�nite Voronoi regions. UnboundedVoronoi
regionsoccurin threedistinctcasesfor robotson theboundary
of the network. Theseare enumeratedbelow along with the
associatedtruncationtechnique.

1) No Voronoi Neighbors: The centroidis computedto be
therobot'scurrentposition,thustherobotdoesnotmove
until it acquiresa neighbor.

2) OneVoronoi Neighbor:A Voronoi region is constructed
from an isoscelestriangle of constantsize whosebase
lies on the bisectorbetweenthe two robots(seethe left
of Figure6).

3) Two ConsecutiveVoronoi Neighbors Separated by an
angle¸ ¼: A line is addedperpendicularto thebisector
of the in�nite region at a constantdistancefrom the
robot (seethe right of Figure 6). The two intersection
points of this line with the unboundedVoronoi region
are taken asverticesof the truncatedVoronoi region.

Also, the robots' light sensorsreturned a bearing and
distance.This wasnot enoughinformationto computer Á jpi

directly. To overcomethis problem,we �x edthemagnitudeof
r Á jpi anddeterminedits directionfrom thesensorystimulus.
The signalstrengthÁ(pi ) wasmeasureddirectly.

Finally, the SwarmBot had a low-level controller in place
which allowed the robot to move to a particularpoint relative
to its current position. We used this position control as a
substitute for velocity control. In particular, at each time
instant, the input to the position controller was given as the
estimatedcentroid value ĈVi . This turned out not to be a

3A Voronoi basedcontrol schemewith limited rangecommunicationwas
shown in [4] to have similar convergencepropertiesasthecasewith unlimited
communicationrange.

dif�culty since the low level control-loop was alreadywell
suitedfor the experiments.

The computationalandmemoryrequirementsfor this algo-
rithm weresmall,andmodi�cation of thealgorithmto runwith
integercalculationswasstraightforward.On the40MHz ARM
Thumbprocessorsusedin the SwarmBots,the memoryusage
for all thestepsoutlinedin Algorithm 1, including thespecial
casesdiscussedabove,was3949bytesof codeand1284bytes
of RAM. With 8 neighbors,onecycle of the algorithmran at
70ms,fastenoughfor real-timepositionupdates.

C. Experiments

We measuredthe performanceof the algorithm in two
setsof experiments.For the �rst set of experiments,a factor
was introducedto chnagethe robots' �nal con�guration. In
particular, if we de�ne ~Á(pi ) asthelight intensitymeasuredby
the robots' light sensorsat pi , we chosea DC offset,©Of f set

to createa Á function Á = ©Of f set + ~Á. This had the effect
of reducingthe in�uence of themeasuredlight gradient.Thus
�nal robot densityvaried inversly with the valueof ©Of f set .
Threerunswereperformedfor eachof six valuesof ©Of f set :
800,400,200,100,50, and10. In eachexperimentalrun, 40-
50 robotswerestarteduniformly dispersedin a dark, 80 £ 80

workspace.A light sourcewasplacedat the middle of oneof
the perimeterwalls of the workspace.The robotswere given
two minutesto reacha �nal con�guration.Photographsof the
�nal robot con�gurations are shown for each©Of f set value
in Figure 7, along with plots of the �nal robot densitiesas a
funtion of distancefrom the light source.

A secondset of experimentswas carried out to quantify
the actual error of the robots over the courseof a single
run. Twenty robots were startedconsentratedin one corner
of the 80 £ 80 workspace.The light intensity was controlled
to be as uniform as possible over the workspace.Special
stationaryrobotswere evenly spacedalong the perimeterof
the workspace,� ve alongeachwall. Thesewereusedto help
ensurethat the voronoi regionsof the active robotsremained
boundedthroughtouttheexperimentwithout having to usethe
heuristicsdescribedabove. The20 active robotsranalgorithm
1 for a total of 3 minutes.They werestoppedat regular time
intervals throughoutthe 3 minutes,and their positionswere
measured.The positionmeasurementswereusedto compute,
off line, the error betweeneach robot's position and the
centroidof its Voronoi region. The time history of the mean
errormeasuredin this way is shown in Figure9. Note that the
error diminishesover time aswould be expected.

VI . CONCLUSION

In this paper, a decentralizedmethodfor controlling cover-
agein mobile sensornetworks waspresented.The methodis
relatedto one proposedin [5], and introducesan innovation
that allows for the network to adapt to unknown sensory
environments.An analytical expressionfor centroid calcu-
lations was derived to make the algorithm computationally
feasibleon small robot platforms. The control schemewas
demonstratedin numerical simulation. The control scheme



Fig. 7. The upperrow of imagesshow the �nal positionsof 40 robotsusing the proposedcontrol law. The sensoroffset, ©, is labeledabove eachpicture.
The graphbelow eachimageplots the normalizeddensityof the robotsasa function of their radiusfrom the light source.A uniform densitywould appear
asa horizontalline with a valueof one.

(a) Initial Con�guration (b) Final Con�guration

Fig. 8. The initial and�nal con�gurationsfor an experimentwith 50 robots
is shown.

Fig. 9. The meanerror betweenthe robots' positionsand the centroidsof
their Voronoi regions is shown asa function of time for an experimentwith
20 robots.Becauseof sensornoise,we useda �x ed error thresholdof 0.075
m. Robotswith desiredpositionswithin this distanceremainedstationary,
limiting the convergenceof the meanerror.

wasalso implementedon a SwarmBotplatform using integer
calculationsin a lean computingenvironment.The ability to
implementthe control schemeon sucha platform emphasizes
its practicalityandminimalistnature.Robustperformancewas
demonstratedin a numberof experimentaltrials.

Potentialextensionsto this control methodare numerous.
For example,theapproachin this work usedminimal commu-
nicationamongrobots,only requiring localizationto produce
a Voronoi partition. Sharedestimatesof the sensoryfunction

arepossibleif morecommunicationoverheadis allowed. For
example,eachrobotmight estimatethesensoryfunction from
a quadratic�t of its own and eachof its Voronoi neighbors'
measuredvaluesof Á(q). Theoretical,numerical,and experi-
mentalstudiesof this andothermethodsareongoing.
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