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Abstract— A model for representing groups of dynamic
agents is proposed and a least squares method is used for
fitting model parameters based on observed position data.
The physically motivated, difference equation model combines
effects from agent dynamics, interactions between agents, and
interactions between each agent and its environment. The
technique is implemented to identify a model for a herd
of cattle using collected GPS tracking data. The model is
shown to capture both overall herd characteristics as well
as the attributes of individual herd members. Applications to
surveillance, prediction, and control of various kinds of groups
of dynamical agents are suggested.

I. INTRODUCTION

We wish to develop models for groups of mobile agents
using position data. The agents may be biological systems
or robot systems. The computed models can be used to gain
insight into group control for the specific class of agents
modeled. For example if the agents are animals in a herd, the
model becomes an explanation of normal group behavior for
the herd. The model can be used to determine activity types.
The model can also be used to classify normal vs. abnormal
activity in the group. In the case of animals, this computa-
tional capability will enable farmers to identify disease or
threats within the herd. In the case of people, the ability
to identify normal and abnormal behavior has numerous
applications in surveillance, monitoring, and crowd control.
Another use of such a model is for synthesizing controllers
that cause engineered agents, e.g. mobile robots, to mimic
the group behavior of natural agents.

Using physical insight, we derive a model structure that
captures the interactions between the agents as well as
the interactions between the agents and the environment.
Furthermore, we use methods from system identification to
show how position data from groups of natural agents can
be used to tune the dynamical model to fit the measured
data. The tuned model can then be used as a controller for
groups of engineered agents that result in group behaviors
with the same statistical properties as the natural agents. We
instantiate this approach using data collected on a group of
cows. We demonstrate the model fitting technique and show
how the resulting model can be used for control. The same
approach can be used with position data from other types of
agents (e.g. a pack of lions, a crowd of people, a group of
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automobiles, etc.) to develop biologically-inspired controllers
driven by physical data.

This problem lies at the intersection of three areas of
research. Firstly, considerable activity in the control theory
and robotics community applies stability analysis to natural
swarming, flocking and herding systems, and translating the
dynamics of such systems to programmable behaviors for
groups of robots. This body of work has concentrated on
several problems that are seen as elemental to more complex
social phenomena, for example consensus [1]–[4], the closely
related problem of synchronization of oscillators [5], stability
[6], [7], and design of local laws for specific global behaviors
[8]–[10] to cite only a few. Secondly, there has been interest
for some time in designing computer models of crowds of
people, traffic flow, and related dynamical systems, using
tools mostly adapted form the kinetic theory of gases, and
fluid mechanics [11]–[14]. This research generally has been
intended for use in designing transportation systems, public
areas, building floor plans, and creating realistic computer
graphics simulations, rather than focusing on problems of
control. Lastly, in the computer science and artificial in-
telligence community, there has been interest in activity
recognition and classification, related to the identification of
modes of activity in order to more naturally interact with
observed agents, or to predict future actions of agents [15]–
[18].

Our work introduces two main innovations toward the
solution of this problem. The first innovation is a new model
for groups of dynamic agents, which is given a certain
form required by the physical laws of dynamics. The model
is related to the ones developed in [12] and [11], using
artificial force fields to represent competing intentions of
dynamical agents. However, the model uses a unique way
of expressing the interaction between a dynamical agent
and its surroundings—one that allows for the agent to be
forced into closed paths. Additionally, the model is linear-in-
parameters. Our second innovation is in applying the system
identification method to identify the parameters of the model
given a set of positions measured from an actual group of
dynamic agents. This produces a model tuned to behave like
a specific kind of dynamical group.

The resulting tuned dynamical model can be used, for
example, to generate control laws for groups of robots to
mimic the behaviors of natural groups of agents. The model



may also be used to identify modal changes in a group of
agents, identify individual roles of agents within a group
(e.g. leaders), or, ultimately, to control such groups using an
adaptive controller (one in which the control parameters are
updated from a model recursively tuned to fit the system
being controlled). The applications to agriculture, urban
planning, surveillance, and other areas are manifest.

The remainder of this paper is organized as follows. The
model is described in Section II. The application of system
identification to identify model parameters is described in
Section III, along with a review of general system identi-
fication in Section III-A. The technique is demonstrated in
Section IV with GPS tracking data from a small herd of
cows. In this application we demonstrate tuning a model and
synthesizing a controller for a group of agents to behave like
the herd of cows. Simulation results of the group of agents
are presented.

II. MODEL DESCRIPTION

A linear-in-parameters dynamical model is developed to
capture three naturally distinct effects of agents in a group:
the internal dynamics of each agent, the interaction forces
between agents, and the interaction forces between each
agent and its environment.

We consider a model structure for physical agents moving
over a plane surface and possessing an unknown internal
rule for natural mobility. Firstly, each agent is given indi-
vidual dynamics to enforce dynamical constraints. Secondly,
a force1 is applied to each agent from its interaction with
each of the other agents in the group. Thirdly, a force
is applied to each agent as a function of its position in
the environment. Lastly, unknown remaining dynamics are
modeled as a normal random disturbance.

A. Individual Agent Dynamics

The proposed model can be written in state-space, differ-
ence equation form as

xτ+1
i = Aixτ

i +G

(

m

∑
j=1, j 6=i

fi j(pτ
i , pτ

j )+gi(pτ
i )+wτ

i

)

, (1)

where
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1 0 ∆t 0
0 1 0 ∆t
0 0 ai 0
0 0 0 ai
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0 0
0 0
1 0
0 1









.

Agent i’s state xτ
i = [eτ

i nτ
i uτ

i vτ
i ]

T consists of its East
position, North position, Eastern component of velocity, and
Northern component of velocity after the τth iteration, and its
position is given by, pτ

i = [eτ
i nτ

i ]
T . The time step ∆t is given

by tτ+1− tτ , and we assume it is constant for all τ . The term
ai represents damping. For a system with zero damping this

1In this work the term “force” is used in a metaphoric sense. The reader
should understand that any physical force exerted to accelerate the agent is
produced by the agent’s own motive mechanisms. When we talk of “force”
we are referring to an intention of the agent to accelerate in a particular
way.

Fig. 1. The coefficient of the agent-to-agent interaction force Fi j is shown
for θ1 = 1 and θ2 = 1.

term is unity, and it is less than one for damped systems.
The function fi j(pτ

i , pτ
j ) determines the force applied by

agent j to agent i, and there are a total of m agents in the
group. The function gi(pτ

i ) represents the force applied by
the environment to the agent at point pτ

i . Finally, wτ
i is a

zero-mean normally distributed random vector used to model
the unpredictable decision-motive processes for agent i. All
state variables and force components are real valued, and all
indices are non-negative integers. Nonholonomic constraints
which are often present in naturally self-mobile agents, such
as people and cattle, are neglected in this treatment, though
they could be incorporated with an increase in the complexity
of the model structure.

Note that the matrix G enforces the dynamical constraint
that forces can only affect changes in velocity in accordance
with Newton’s second law.

B. Agent-to-Agent Interaction Force

Dropping the τ superscripts for clarity, the form of the
chosen agent interaction force law, fi j(pi, p j), is given by

fi j(pi, p j) =
[

1 − 1
‖p j−pi‖

]

[

θ1i j

θ2i j

]

ni j, (2)

where ni j = (p j − pi)/‖p j − pi‖ is the unit vector along the
line from pi to p j (henceforth, ‖·‖ will denote the `2 norm).
The function should be understood as the inner product of
a basis function vector and an unknown parameter vector,
applied in the direction from pi to p j. This force law is
designed to accommodate the principle that forces between
agents should be repulsive at close distances and attractive at
far distances. To see this property clearly, examine the scalar
coefficient of ni j given by

Fi j = θ1i j −
θ2i j

‖p j − pi‖
.

A plot of Fi j is shown in Figure 1. Notice that with θ1i j > 0
and θ2i j > 0 the desired characteristic is achieved. Indeed,
as ‖p j − pi‖ → 0, Fi j → −∞, which is repulsive, while
‖p j − pi‖ → ∞, Fi j → θ1i j > 0, which is attractive. Other,
similar force laws can be created to produce unbounded



attraction as ‖p j − pi‖ → ∞ and zero attraction as ‖p j −
pi‖→ ∞. We chose this law for its simplicity. Note that the
function can equivalently be expressed as the gradient of a
potential function, in which case the reader may recognize
the potential as one commonly used in computational models
of physical, multi-body systems (e.g. atomistic models of
elastic materials).

The sum of fi j over all neighbors j can be expressed as

∑
j 6=i

fi j =

[

φ f ui

φ f vi

]

θ fi , (3)

where
φ f ui =

[

e1−ei
‖p1−pi‖ · · · em−ei

‖pm−pi‖ − e1−ei
‖p1−pi‖2 · · · − em−ei

‖pm−pi‖2

]

,

φ f vi =
[

n1−ni
‖p1−pi‖ · · ·

nm−ni
‖pm−pi‖ − n1−ni

‖p1−pi‖2 · · · − nm−ni
‖pm−pi‖2

]

,

and

θ fi =
[

θ1i1 · · · θ1im θ2i1 · · · θ2im

]T
,

permitting a slight abuse of notation since the indices j = i
are actually excluded from the above vectors. This notation
will be useful in what follows.

C. Environment-to-Agent Interaction Force

The interaction between each agent and its environment
is modeled as a nonlinear mapping from each point on the
plane to a force vector, representing the force applied by
the environment to the agent. To this end, two networks
of Gaussian basis functions are used, one for each of two
perpendicular force components.

In particular, the function gi(pi) can be written

gi(pi) =

[

θui1 · · · θuin

θvi1 · · · θvin

]







φg1(pi)
...

φgn(pi)






, (4)

where

φgik(pi) =
1

σik
√

2π
e
−‖pi−γik‖2

2σ2
ik .

There are n total basis functions for each of the East
and North velocity components, therefore k = 1, . . . ,n. The
center position of each Gaussian is given by γik, its standard
deviation is given by σik and its strength is represented by
the unknown parameters θuik for the Eastern component, and
θvik for the Northern component. Gaussian basis functions
were chosen for their simplicity and familiarity; the objective
being to demonstrate the modeling approach with a minimum
of complications. A number of other basis functions types
could be used, including wavelets, sigmoidal functions, or
trigonometric functions.

It is important to note that a vector-field parameter-
ized in this way is not necessarily a potential gradi-
ent. A gradient field, V (p) = −grad(Ψ(p)), cannot admit
closed circulations, since from vector calculus Curl(V ) =

Fig. 2. The vector field representing the force felt by an agent at each
point on the plane is shown for an example agent trajectory. The black dots
show the locations, γik , of the Gaussian functions, the blue arrows show the
force field and the red curve shows the agent trajectory.

Curl(−grad(Ψ)) = 0, thus by Green’s Theorem,
∮

s V ds =
∫

As
Curl(V )dA = 0, where s is any closed curve on the plane,

and As is the area enclosed by s. In words, the circulation
around any closed curve is identically zero for the gradient
of a potential field. This non-potential parameterization was
selected because one can imagine agents intending to traverse
closed orbits on the plane. For example, a cow may have a
routine of passing between a water source, a shaded tree
and a grassy patch in a periodic fashion. Likewise, graduate
students may traverse periodic orbits as they move from their
computer to the coffee room to the bathroom and back.

Figure 2 shows a plot of an example force-field parameter-
ized in the above way. The arrows show the forces induced
by the field, the black dots show the centers of the Gaussian
functions, γik, and the red curve shows the path of an agent
over the vector field.

The expression in (4) can be put into a different form to
match that of (3). In particular

gi(pi) =

[

φgui

φgvi

]

θgi , (5)

where φgui = [ φg1 · · · φgn · · · 0 · · · ],
φgvi = [ · · · 0 · · · φg1 · · · φgn ], and θgi =
[ θui1 · · · θuin θvi1 · · · θvin ]T . Although somewhat
awkward, this form will become useful in what follows.

III. SYSTEM IDENTIFICATION WITH LEAST-SQUARES
FITTING

The model structure discussed in section II has the con-
venient property that it is linear in its unknown parameters.
We will provide a brief introduction to the field of system
identification. Then we will use a least squares identification
method to identify optimal model parameters. Finally, we
show how recursive methods for least squares fitting can be
used to tune group models on-line as data is collected.

A. Method Overview

In this section we employ the tools of system identification
[19], the basics of which are briefly reviewed here as they



may be unfamiliar to the reader. It is well known that if a
dynamical system is such that its state at the next time step
is determined by its state at the current time step, and the
inputs at the current time step, a state space model of its
dynamics can be formed as a difference equation,

xτ+1 = F(x(τ),u(τ),τ),

where x is the state, u is the input, and τ is discrete time.
Furthermore, we may formulate a model in which several
of the parameters (i.e. coefficients), θ , of the model are
unknown. If these coefficients occur linearly in the function
F , we can write the model as

xτ+1 = φ(xτ ,uτ ,τ)θ , (6)

where φ is a row vector of functions (i.e. statistics) of the
state, input, and time, and θ is a column vector of the
unknown parameters. Suppose we have some estimate of the
parameters of the system. Then we can interpret (6) as a
means of estimating the output at the next time step x̂τ+1,
given the state and inputs xτ , and uτ , measured at the current
time, where the ·̂ denotes an estimated value. Notice that the
estimated output is a function of the estimated parameter
values, x̂τ+1(θ). If we then compare the predicted value,
x̂τ+1, with the actual value, xτ+1, we have an error that
gives an indication of how different our model is from the
actual system. We form a cost function using this error. One
common cost function is constructed from summing over all
the squared errors that we have collected from measuring the
output of the actual system and comparing it to the system
model, J = ∑τ ‖x̂τ(θ)−xτ‖2. We can then use an analytical
optimization method, the least square method, to find the
parameters θ = θ ∗ that minimize the cost function J(θ).
This can be interpreted as “fitting” the dynamical model to
the data, and it results in a set of parameters that we would
expect to give the best prediction of outputs given the inputs.

B. Developing the Linear Model
In this section, the model that was developed in Section II

is manipulated into the form of (6) so that its parameters can
be fitted using system identification methods. We assume that
only position measurements, pτ

i , τ = 1, ...,N, are available to
perform the fitting. The dynamics in (1) can be manipulated
to eliminate ui and vi to provide a second order equation in
the position only. Notice that from (1) we can write

pτ+1
i = pτ

i +∆t
[

uτ
i

vτ
i

]

, (7)

and
[

uτ+1
i

vτ+1
i

]

= ai

[

uτ
i

vτ
i

]

+

(

m

∑
j=1, j 6=i

f τ
i j +gτ

i +wτ
i

)

. (8)

We can solve (7) for [uτ
i vτ

i ]
T and substitute into the right

hand side of (8). We then substitute the result back into the
right hand side of (7), shifting time indices appropriately, to
obtain the desired expression

pτ+2
i = pτ+1

i +(pτ+1
i − pτ

i )ai +∆t

(

m

∑
j=1, j 6=i

f τ
i j +gτ

i +wτ
i

)

.

We can use the above expression to formulate a one-
step-ahead predictor. First, define combined regressor
vectors φ τ

ui
= [ (eτ+1

i − eτ
i )/∆t φ τ

f ui
φ τ

gui ], and φ τ
vi

=

[ (nτ+1
i −nτ

i )/∆t φ τ
f vi

φ τ
gvi ], and a combined parameter

vector θi = [ ai θ fi θgi ]T . By taking the expectation,
substituting (3) and (5) for ∑ j 6=i fi j and gi respectively, then
making use of the combined regressor and parameter vectors
we get

p̂τ+2
i = pτ+1

i +∆t
[

φ τ
ui

φ τ
vi

]

θi, (9)

where p̂τ+2
i is the expected value of pi after τ +2 time steps,

and the random vector wτ
i drops out in the expectation.

C. Batch Method

Here the so called Least Squares Batch Method is imple-
mented to find the optimal model parameters. Specifically,
we wish to find the free parameters, θi, to minimize the
mean squared prediction error over all available time steps.
The mean squared prediction error can be written

Ji =
1

N −2

N−2

∑
τ=1

(pτ+2
i − p̂τ+2

i )T (pτ+2
i − p̂τ+2

i ).

Substituting into the above expression with (9) yields

Ji =
1

N −2

N−2

∑
τ=1

(

(pτ+2
i − pτ+1

i )−∆t
[

φ τ
ui

φ τ
vi

]

θi

)T

(

(pτ+2
i − pτ+1

i )−∆t
[

φ τ
ui

φ τ
vi

]

θi

)

,

and substituting from (7) yields

Ji =
1

N −2

N−2

∑
τ=1

∆t2
([

uτ+1
i

vτ+1
i

]

−
[

φ τ
ui

φ τ
vi

]

θi

)T

([

uτ+1
i

vτ+1
i

]

−
[

φ τ
ui

φ τ
vi

]

θi

)

,

which shows that the least squares cost function over the
position errors is equivalent to the least squares cost function
over the velocity errors weighted by the squared time steps.
The terms in the sum can be further rearranged to give

Ji =
∆t2

N −2
(Yi −Φiθi)

T (Yi −Φiθi), (10)

where

Yi =





















u2
i
...

uN−1
i
v2

i
...

vN−1
i





















, and Φi =





















φ 1
ui
...

φ N−2
ui
φ 1

vi
...

φ N−2
vi





















.

Notice that Yi and Φi are derived directly from measured
position data. The least squares problem is then formulated
as θ ∗

i = argminθi Ji(θi), or, equivalently,

θ ∗
i = θ ∗

i | ∂Ji

∂θi

∣

∣

∣

∣

θ∗
i

= 0. (11)



Following the typical procedure for solving the least squares
problem we find that

∂Ji

∂θi

∣

∣

∣

∣

θ∗
i

= − ∆t2

N −2
(Φiθ ∗

i −Yi)
T Φi = 0.

Finally, solving the above equation for θ ∗
i gives the desired

result,
θ ∗

i = [ΦT
i Φi]

−1ΦT
i Yi. (12)

The right hand side of (12) consists entirely of measured
data while the left hand side is the vector which represents
the optimal parameters of the dynamic model.

The random vector wi is now found to fit the statistical
properties of the remaining error. We assume a zero-mean,
normally distributed random variable wi ∼ N (0,Qi). The
elements of Qi are determined directly as the covariance
matrix of the error between the one step ahead predictions
from (9) with the optimal parameters in (12), and the actual
measured data. In particular

Qi = Cov(Ei), (13)

where

Ei =







u2
i v2

i
...

...
uN−1

i vN−1
i






−







φ 1
ui

θ ∗
i φ 1

vi
θ ∗

i
...

...
φ N−2

ui
θ ∗

i φ N−2
vi

θ ∗
i






,

In such a way we design a cow model for each cow in a
herd using measured tracking data. The optimal parameters
are found and the characteristics of the random vector wi are
determined for each cow i = 1, . . . ,m to yield parameters for
the entire herd.

To make the entire process more clear, we have codified
it as Algorithm 1.

Algorithm 1 Batch Identification of Group Dynamics
for All Agents in the Group do

Apply the measured data to (12)
Use θ ∗

i in (9)
This defines the model for agent i

end for

D. Recursive Method

The least squares regression can also be formulated re-
cursively, so that each new available measurement becomes
integrated into the parameter estimates, tuning them as time
progresses. This method would be particularly useful for the
parameter identification step in an adaptive control loop.

First, let φ τ
i =

[

φ τ
ui

T φ τ
vi

T ]T
, and yτ

i =
[

uτ
i vτ

i
]T .

We wish to tune parameters dynamically according to

θ τ
i = θ τ−1

i +Kτ
i (yτ

i −φ τ
i θ τ−1

i ), (14)

where

Kτ
i = Pτ−1

i φ τ
i

T [λiI2 +φ τ
i Pτ−1

i φ τ
i

T ]−1, (15)

and

Pτ
i = Pτ−1

i − (Pτ−1
i φ τ

i
T [λiI2 +φ τ

i Pτ−1
i φ τ

i
T ]−1φ τ

i Pτ−1
i )/λ ,

(16)
where Kτ

i is the parameter gain, Pτ
i is the parameter covari-

ance matrix, λi is a forgetting factor (0 < λi ≤ 1), and I2 is the
2×2 identity matrix. This standard algorithm is stated here
without derivation. The interested reader can find a thorough
discussion in [19].

Note that the kinds of systems under consideration are
likely to have time varying parameters. For instance cows
are likely to change their behavior throughout the day in ac-
cordance with sunlight, temperature, their hunger and thirst,
etc. For this reason, we would expect the parameter following
properties of the recursive algorithm with a forgetting factor
to be advantageous.

The algorithm for this method is given in Algorithm 2.

Algorithm 2 Recursive Identification of Group Dynamics
for All agents in the group do

Initialize parameters θi and Pi to an arbitrary value
Use Pi to calculate Ki

end for
loop

for Each agent in the group do
Apply one position to (14) and (16), using Ki
Use resulting Pi to calculate Ki for the next iteration
Use θ ∗

i in (9)
This defines the model for agent i for one time step

end for
end loop

IV. MODELING A HERD OF CATTLE

The method presented above was used to model the
dynamics of a herd of cows. Data collected from actual cows
over the course of several days was used for fitting the model
parameters and for evaluating the resulting model.

A. Data Pre-processing

Data was collected in a single trial from three cows fitted
with GPS collars together with a number of sheep. The
influence of the sheep upon the three cows is disregarded in
this analysis. For each cow, data consisted of approximately
3,000 GPS position entries collected at intervals alternating
between 43 seconds and 53 seconds. Obvious position out-
liers were removed from the data by hand. The raw GPS
data was pre-processed according to the following steps.

1) Entries, τ , for which the quantities ‖xτ − xτ−1‖/(tτ −
tτ−1) and ‖xτ+1 − xτ‖/(tτ+1 − tτ), were both greater
than 3m/s were removed as outliers, where xτ is the
GPS position vector of one animal.

2) The data were truncated for each animal to only
include the duration of time during which position
information was being collected for all animals.

3) The data for all animals were artificially synchronized
to a common clock with a common uniform sample



interval of 10 seconds. A common clock was computed
with an entry at every 10 seconds over the duration of
the trial. The new data entries were then sequentially
added so that for a new data entry, τ , at time stamp,
tτ , the value of the measured data was used which had
the smallest time stamp greater than tτ . This resulted
in data entries being repeated for several 10 second
time steps.

4) Finally, the data were smoothed according to the filter

pτ = b0xτ +b1xτ−1 + . . .+bnxτ−n,

where pτ was the τ th filtered position vector, xτ was
the τ th unfiltered position vector, and the coefficients b j
were calculated according to the Gaussian distribution

p j = e j2/2σ2
,

b j =
p j

∑n
i=0 pi

,

where n = 30, and σ = 6. This resulted in a Gaussian-
weighted time average with a standard deviation of 1
minute and a total time window of 5 minutes.

The resulting data set consisting of a sequence of ap-
proximately 14,000 entries for each animal and a common
series of time stamps of the same length, was used for model
training and testing.

B. Batch Method Results

The first half of the pre-processed data was used in a batch
regression as described in section III-C, and the second half
of the data was used to measure the predictive performance
of the resulting model. The panels in figure 3 show the
force coefficients Fi j(pi, p j) for the three cows. For each
cow the two plots show the interaction force with each of
the two other cows in the herd. Note that the forces are not
necessarily pair-wise symmetric, that is, Fi j 6= Fji in general.

These agent-to-agent interaction terms can be interpreted
in another way. Because they represent the influence of one
cow on another, they might be useful for identifying social
roles within a group. For instance, Cow 1 appears to be
something of a leader in this small herd, since Cows 2 and
3 are more attracted to it than to each-other. Social roles in
biological groups are complex and time-varying phenomena
and more involved biological study is required to determine
the reliability of this interpretation.

The environment-to-agent vector fields are shown in the
panels of figure 4 for the three cows. The black dots show the
centers of the Gaussian basis functions, γki, the blue arrows
show the direction and magnitude of the force felt by a cow
at each point, and the red curve shows the first half of the
agent trajectory used for regression. The Gaussian centers
were spaced over an even grid containing the trajectory of
the agent. If the trajectory did not enter the grid region of
a Gaussian function, it was dropped from the network. This
primitive pruning algorithm was used for simplicity; more
complex algorithms could be employed. The Gaussian widths
were chosen to be 2/3 the length of the grid space occupied

Fig. 5. The mean squared error is shown for the data used for regression
and the data used for verification. In the left graph, the first half of the
trial was used for regression and the second half for verification. In the
right graph, the second half of the trial was used for regression and the
first half for verification. The errors are of similar size for all three cows,
demonstrating the predictive capabilities of the model.

by the Gaussian. Again, adaptive methods could be employed
for the Gaussian widths with an increase in complication.

This method for designing the Gaussian network caused
a particular problem. The agents in this data set tended to
traverse entirely different areas of the paddock over the first
and second halves of the trial. Thus we would expect the
environment-to-agent force terms trained over the first half
of the trial to be not very relevant to the second half of the
trial.

Figure 5 shows the mean squared one-step-ahead predic-
tion error for the three cow models. In the left graph, the first
bar for each cow shows the mean squared error over the first
half of the data, which was used for batch regression. The
second bar shows the mean squared error over the second
half of the trial data, used for verification. The similar sizes
of the errors shows that the model is able to generalize from
the first training set to the unknown data. This example is
somewhat uncharacteristic since the verification error is, in
fact, smaller than the regression error. The right graph in
Figure 5 shows the mean squared error with the second
half of the data was used for regression and the first half
for verification. Clearly, the verification error is larger, as
would be expected, though the errors are still of similar sizes,
demonstrating the predictive powers of the model.

C. Recursive Method Results

The recursive least squares algorithm described in section
III-D was implemented with a forgetting factor of λ = .9
using the cow tracking data. Figure 6 shows the time history
of the squared norm prediction error for both the recursive
and the batch method for the three cows. The figure shows
that the error is initially large for the recursive method, but
as more data is collected the error reduces to a level similar
to the batch error.

D. Synthetic Control

In this section we describe simulation experiments carried
out with controllers synthesized using the models fitted in
Section IV-B as controllers for a group of simple simulated
mobile robots. The simulated robots were observed to carry
out behaviors statistically similar to the measured herd of
cows.



Fig. 3. The agent-to-agent interaction forces are shown for the three cows. Each curve represents the size of the force imposed by one cow on another
as a function of the distance between the cows. A positive value is attractive while a negative value is repulsive.

Fig. 4. The environment-to-agent force field is shown for the three cows. The field was fitted to the first half of the data set for each cow. The black
dots are the centers of the Gaussian functions and the red curve shows the cow’s path over the data used for regression.

Fig. 6. The squared norm of the one-step-ahead prediction error is shown
as a function of time for the recursive and batch methods. The Recursive
method initially has a large error, but eventually the errors become similar
in size.

Specifically, the dynamics in (1) with the parameters
identified using the batch least squares system identification
(Algorithm 1) were considered as a system of difference
equations to describe the motion of mobile robots. These
equations were numerically solved with arbitrary initial con-

ditions in a Matlab environment. This process is summarized
in Algorithm 3.

Algorithm 3 Synthetic Control Algorithm
Execute Algorithm 1 to obtain a set of optimal parameters
for each agent
Generate random initial conditions for the simulated group
of robots
loop

for Each robot in the group do
Use the current state of all the robots and θi obtained
from Algorithm 1.
Apply these to the dynamical equations for agent i
(1) to produce the next robot state

end for
end loop

The trajectories of the robots from a typical synthetic
control simulation are shown in the left side of Figure 7 laid
over a schematic showing the fences of the paddock where
the actual cow data was measured. The right side shows
the actual cow data trajectories over the same time window.



Note that the trajectories in the two images have similar
qualitative and statistical properties. The similar lengths of
the trajectories indicate that the simulated robots traveled
with speeds comparable to the actual cows. Also, the robots
generally stay together, as do the actual cows. What is
perhaps more surprising is that the simulated robots track the
edges of fences (e.g. the green trajectory in this simulation),
as do the real cows. This tendency is captured through the
agent-to-environment force field.

Fig. 7. The left picture shows trajectories of a team of simulated robots
controlled to behave like a herd of cows. The robots use dynamical laws
generated from the procedure described in this work. Their positions are laid
over the fence line of the paddock where the original data was collected.
The right picture shows the actual cow data over the same time window.

V. CONCLUSIONS

In this paper we presented a method to generate models
of groups of dynamical agents using observations of the
agents’ positions over time. We formulated a physically-
motivated difference-equation model with terms to account
for the interactions between pairs of agents, and between
each agent and its environment. The environmental inter-
action force is of a non-potential gradient form to allow
for closed circulations of agents. The model identification
method was demonstrated on a herd of three cows. Both
batch and recursive methods were used to train models for
the cows. The predictive capabilities of the models were then
demonstrated on data not used for regression.

Several avenues remain open for the extension of this
work. Specifically, the use of model parameters to identify
the social rolls of individuals would be of interest to animal
behavior researchers. The performance of the model will
have to be verified, comparing the model predictions of
social roles with observations by animal experts. On a
different front, it may be interesting to investigate the use of
basis functions other than Gaussians for the environmental-
to-agent interaction force. Natural agents’ paths tend to
be curvilinear with some degree of tortuosity, thus basis
functions that are piecewise linear in one dimension may be
a promising choice. Also, nonlinear regression methods for
identifying parameters that do not occur linearly in the model
would be interesting to explore–Expectation Maximization
techniques, for example. Finally, it remains to test this
method more extensively on a variety of dynamical agent
groups, including people, and, ultimately, to introduce an
adaptive control strategy to make use of the dynamical
models.
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