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Abstract

Computing rectilinear shortest paths in two dimen-
sions has been solved optimally using a numkber of dif-
ferent techniques. A variety of related problemshave
been solvel, including minimizing the numkber of bends
in the path, the total rectilinear distance, or somecom-
bination of both. However, solutions to the 3D ver-
sions of these problems are less common. We pro-
pose a solution to the 3D minimum-bend path prob-
lem, which hastheoretical as well as practical interest.
Applications include motion planning problemswhere
straight line motion is preferred over taking arbitrary
turns. We employ our resultsin motion planning for
self-remir in self-recon gur able rohots.

1 Intro duction

In robotics, much e ort hasbeendewted to the im-
portant motion planning problem [5]. We wish to de-
velop a classof motion planning algorithms for robots
restricted to move along rectilinear paths, where mov-
ing linearly is easierthan changing the direction of mo-
tion. This classof problemsis called minimum-bends
shortest path problems. Sudc algorithms have numer-
ous possible applications. Examples include motion
planning for structured ervironments suc as assem-
bly lines, where it is simpler to command the robot
to move along three set directions than to require ar-
bitrary movemert, and automated machining tasks
where cortrolling a turn is more dicult and error-
pronethan cortrolling astraight line. Although the re-
sulting rectilinear plans may be longer than the short-
est path in terms of rectilinear distance, the actual
execution of sud plans may be faster and more ro-
bust. We are especially interested in applying these
rectilinear motion planning algorithms to planning for
modular self-recon gurable robots. In this applica-
tion, modules move through the structure of the robot
soasto generatea desired shape changefor the robot
as a whole. Becausemodulesin these robots form a
lattice, module motion is rectilinear. Moreover, chang-
ing the direction of movemert of a module is much

more di cult than maintaining straight-line motion,
soe cien t planning involves nding a rectilinear path
with minimum bends.

The generalproblem of nding a shortest path be-
tweentwo points amongobstacleshasbeenextensively
studied in many contexts, and with common varia-
tions sud as the rectilinearity constraint and bend-
distance’ metric we consider in this paper. Opti-
mal solutions exist for nding a minimum-bend path
(MBP) in 2D, but much lesswork has beendone with
the 3D variant, eventhough many applications require
a 3D solution. For 2D, the optimal O(eloge) running
time [14], wheree is the number of obstacleedges,has
beenachieved by a number of algorithms [7]. Howe\er,
thesedo not extend trivially to higher dimensions,and
general3D path planning is hard. Using the Euclidean
distance metric, the 3D shortest path problem among
obstaclesis NP-Hard [10], for example. Adding re-
strictions on the characteristics of paths and obstacles
makesthe problem tractable.

In this paper we proposean algorithm to solve the
3D minimum-bend-path problem (3D-MBP), and ap-
ply the algorithm to motion planning for self-repair
in self-recon gurable robots. We describe our 3D-
MBP solution, analyze its complexity and presen
simulations that demonstrate its utilit y and practi-
cality in motion planning. Our algorithm runs in
O(n? logn+ n?1) time, wheren is the number of obsta-
cleverticesand | is the maximum number of obstacles
instersectedby a line parallel to the x axis. This result,
to our knowledge,is the rst published 3D-MBP solu-
tion, andisthe rst to extend the wavefront technique
to 3D.

2 Related Work

Much of the existing work on nding rectilinear
paths amongrectilinear obstacleg is motivated by ap-
plications in VLSI wire routing. The number of bends

1Many authors use the term link-distanc e.
2Rectilinear obstacles have all edgesparallel to a coordinate
axis.



in a path a ects resistance,and the total length a ects
cost. In somemodels, vertical and horizontal wires are
restricted to separatelayers, and minimizing connec-
tion between layersis desirable. An excellert survey
is given by Lee et al. [7]. Lee provides a taxonomy
of problem variations along with a categorization of
algorithmic techniques. In addition to MBP, SMBP is
de ned as the shortest-minimum-bend-path problem.
Of all MBP solutions, the SMBP solution minimizes
rectlinear distance. A survey by Mahestwari and Sadk
[8] is forthcoming.

2.1 2D Algorithms

Two dierent approades have dominated rectilin-
ear shortest path algorithms in 2D. In the graph-
theoretic approad, the method is to build and seard
a path-preservinggraph [16]. The graph is constructed
to cortain sucient distance information to allow
standard graph seard algorithms to nd solutions.
The secondtechnique is the wavefront, or \contin-
uous Dijsktra" approad, where line segmers carry-
ing distance information sweepaway from the source.
Mitc hell [9] proposeda 45-degreewavefront algorithm,
while Lee'salgorithm [6] usessimpler horizontally ori-
erted wavefronts. The horizontal wavefront algorithm
is descrilbed in more detail in section 2:3.

2.2 3D Algorithms

Extending these 2D solutions to higher dimensions
is dicult. Piatko [13] provesvarious problemsto be
NP-Hard, and outlines approximation algorithms for
3D problems among arbitrary polyhedral obstacles.
Restriction to orthohedral obstacles, which have all
edgesparallel to one of the coordinate axes,is useful.
Mitc hell [9] suggestedthe application of the cortin u-
ous Dijkstra approadc to 3D problems. Choi and Yap
[1] proposea solution to 3D-SP among\b ox" shaped
obstacleswith O(n?logn) running time, wheren is the
number of \b oxes". To our knowledge, no exact solu-
tion to 3D-MBP with orthohedral obstacleshas been
published.

2.3 Horizon tal Wavefront Algorithm

In deweloping our solution to 3D-MBP, we choseto
extend Lee's2D horizontal wavefront algorithm to 3D.
Since Lee's algorithm is a componert of our solution,
we summarizeit here. Given a set of rectilinear obsta-
cles,a sources and a destination d, the problem is to
nd a collision free path from s to d with a minimum
number of bends. This is done by sweeping through
the ertire ervironment with wavefonts. A wavefront
is de ned as a horizontal line-segmen that extends
to obstacleson both sides,and carries distance infor-
mation specifying an upper bound on the length of the

MBP from s to every point on the line segmen Wave-
fronts sweep away from s, stopping at event points,
which are de ned by obstacle vertices. Certain wave-
front operations take place at evert points to allow
wavefronts to split, extend and sweep around obsta-
cles,and mergewith other wavefronts. Figure 1 illus-
trates wavefronts and enumerates casesfor wavefront
operations. A segmen tree data structure is usedto
maintain distanceinformation in the form of partitions
on the wavefront.

Figure 1: 2D wavefront operations, adapted from [6].
(a) Extend and wrap. Parent wavefront w extendsto
w0, and wraps around to create w® (b) Split. Wave-
front w is replacedby w® and w®

(a) (b)

Preprocessingis performedto allow evert point cal-
culation in constart time. The algorithm begins by
inserting two wavefronts at the source, one sweep-
ing up and the other sweepingdown. Wavefrornts are
stored in a priorit y queuewhich is sorted by the short-
est distance on the wavefront. The algorithm pops a
wavefront from the front of the queue, sweepsit to
the next event point, applies the appropriate opera-
tions, and inserts any child wavefronts bad into the
gueue. When a wavefront hits the destination, and
all remaining wavefronts have higher distance labels,
a path is reconstructed by following parert-p ointers.
With e obstacle edges,preprocessingtakes O(elog€)
time. Merge operations require O(eloge) time amor-
tized, and Lee provesthat a constart number of wave-
fronts passthrough a given obstaclevertex, for an op-
timal total running time of O(eloge) [14].

Note that with rectilinear obstaclesin 2D, a simple
cell decomposition can be constructed by slicing the
spaceinto \ro ws" at ead obstaclevertex y-coordinate,
and \columns" at ead obstacle vertex x-coordinate
(Figure 2). This cell decomposition cortains O(n?)
cells and can be seartied using breadth- rst seart
(BFS) to produce a solution to MBP in O(n?) time,
which is slower than the optimal O(eloge) running
time. This \naiv e" solution is easily extendedto 3D,
as shown in Figure 2, and solves 3D-MBP in O(n%)



time. We are interested in a faster solution, so obvi-
ously we needto avoid explicitly calculating the ertire
decomposition while still exploring the entire volume
of the problem. The horizontal wavefront algorithm
accomplishesthis by exploring multiple cells per step.
Our results exploit this property in 3D.

Figure 2: 2D and 3D naive cell decompositions
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3 The 3D-MBP Algorithm

We now presert our solution to 3D-MBP. The goal
isto nd arectilinear path with fewest bendsfrom a
sourcepoint s to a destination d in <* among obsta-
cles. A rectilinear path is a path composedof a series
of connectedline segmets, eadt parallel to one of the
coordinate axes. In this case,we consideronly ortho-
hedral obstacles,which have all edgesparallel to oneof
the coordinate axes. Our algorithm extendsLee's 2D
algorithm using the \continuous Dijkstra" approad.
The basic idea is to maintain distance labels on ob-
stacle vertices such that a label represems an upper
bound on the length of a shortest path from the source
to the labelled vertex. In ead iteration we expandthe
labelled region by exploring a small area away from a
vertex with a minimum distance label. In our 3D ex-
tension of the horizontal wavefront technique, a wave-
front is still a line segmem but may travel in one of
two possible directions and spawns child wavefronts
in both directions accordingly. When a minimum-
distancewavefront reacesthe destination, werecreate
the path by following predecessopointers badk to the
source.

Using the grid-based 3D cell decomposition de-
scribed earlier, the wavefronts will explore the surface
of the cellsinstead of explicitly exploring their volume.
It is easyto seethat all paths through a given seriesof
cells are homotopic, so paths through the facescan be
constructedthat arejust asgood (in humber of bends)
as any path through the cell interiors. To explore all
cell faces,we rst take the 3D problem and create n
2D problems parallel to the xy-plane at the z coordi-
nates of all obstaclevertices. Another n 2D problems

are created that are aligned with the xz-plane at ob-
stacley coordinates. Wavefronts can then be thought
of as\living" in one of these 2D problems. Unlike in
2D, the sweep operation will not only generate child
wavefronts in its own 2D problem, but may alsospavn
children in intersecting problems.

The main computation is givenin Algorithm 1. To
begin, we insert four wavefronts at the source:an up-
going xy, adown-goingxy, an up-goingxz and a down-
going xz. From there we remove a wavefront from the
priorit y queue of existing wavefronts based on mini-
mum bend-value, drag it, and insert all newly gener-
ated wavefronts asdescribed below. When a wavefront
hits the destination, we continue until all remaining
wavefronts have minimum bend-valuesat leastaslarge
asthe best.

As in 2D, eat wavefront is a partitioned maximal-
length line segmen that storesthe \length" (number
of bends) of the shortest path from the sourceto any
point on the line segmen Each wavefront orientation
keepsits own bend-courting semariics; in other words,
xy wavefronts measurepaths with the nal segmen
pointing in the y direction, and xz problems measure
paths ending in the z direction. As in the standard 2D
problem, this invariant is maintained until a wavefront
hits the destination, when we then needto calculate
which approac orientation is best. This can be done
by simply adding oneto the minimum parition label on
the wavefront (for an approadc from the x direction)
and comparing with the value of the partition that
contains the destination point (approach from y or z).

To drag a wavefront in 3D, we rst apply all the 2D
wavefront operations as usual within the wavefront's
local 2D problem. However, the wavefront now gener-
ates additional wavefronts in the other plane. As an
xy wavefront is dragged,it potentially sweepspast the
y locations of a number of xz problems. This will gen-
erate both an up- and down-going wavefrort in ead of
the xz problemsthe wavefront cuts through. When an
xy wavefront is draggedfrom y; to y,, for ead obstacle
vertex v with y coordinate vy, wherey; < vy <=y,
wavefronts areaddedto the xz problemat vy, asshowvn
in Figure 3. The x coordinates of the new wavefront
will equal those of the original. Thinking in terms of
the xz problem at vy, the new wavefronts are \p op-
ping up" into the problem, not necessarilyat an evert
point in that problem. Soto nd the z coordinate of
the new wavefronts, we usethe pointers linked in pre-
processingto nd the nearestevert points. Therefore
we always generatewavefronts that are at valid event
points in their respective 2D problems. All bend val-
uesare simply incremerted by one, sincethe paths are
now being measuredwith the nal segmen oriented in



Algorithm 1 3D-MBP

1: Preprocess(Algorithm 2)
2: Let Q beapriorit y queuesorted by minimum bend
distance
3: Insert four wavesinto Q at s: up xy, down xy, up
Xz, down xz.
4: while Q is not empty and d is unmarked do
. w= DeleteMin(Q)

6: Dragw from evert point p to nearestevert point
pO

7:  Apply 2D wavefront operations

. Mark p°

9: Insert into Q courter-oriented child wavefronts
w; at intersection points between p and p° in
both UP and DOWN directions

10: if dis unmarked then

11:  Fail

12: else

13:  let byin = distance(d)

14:  while Q is not empty and min(Q) < by, do

15: Sweepasin lines 5-9

16: If wavefront reachesd, update byin

17: Generatepath P by following pointers from d to s

18: Output by, and P

the z direction instead of the y direction. Propagation
of xz wavefronts is analogous;they generatexy waves
at every vertex z coordinate they sweepthrough.

Figure 3: Generating new child waves. An xy wave-
front generating xz wavefronts is shavn in (a), while
(b) shows an xz wavefront generating xy wavefronts.
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Extra preprocessingis alsorequired in 3D. The pre-
processingpseudaode is listed in Algorithm 2. This
step hastwo objectives: generatingthe canonicalset of
2D problems, and linking the problems together. For
convenience,we assumea bounding cube around the
problem, with all obstaclesand start/end points inside
the cube. First a plane (parallel with the xy-plane) is
swept through the problem, stopping at z coordinates
of obstacle vertices. We maintain a data structure of
currently intersectedobstacles,and add/remove obsta-
clesasnecessarysud that at ead evert point we can

Figure 4: Wavefronts in 3D-MBP. (a) shaws an initial

wavefront at the sources, and in (b) a wavefront has
swept up and split, creating new wavefronts on either
side of the obstacle. An xy wavefront wasalso created
at the bottom of the obstacle. The MBP is shown in

(c).
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Algorithm 2 3D-PREPROCESSING

1: Generateset of all obstacleverticesV
2: sort V by z coordinate

3: for each v 2 V with unique z do

4:  Build 2D xy problem

5. sort V by y coordinate

6: for each v 2 V with uniquey do

7 Build 2D xz problem

generatea 2D problem by ignoring the z coordinates
of the vertices in the data structure. Within this 2D
problem we then perform 2D preprocessing[6]. This
step usesa sweepline and links ead vertex to projec-
tion points | points on the nearestobstacleon either
side in the x dimension. The projection points there-
fore de ne the width of a wavefront passingthrough
that vertex. We add pointers such that projection
points may be obtained from a vertex and vice versa
in constart time. The projection points are stored in
link ed lists that correspnd to obstacle edges,so that
from a projection point, the next evert point can be
obtained alsoin constart time by following the linked
list. In addition to this standard 2D preprocessing,we
also compute intersectionswith xz problem locations
betweenead pair of evert points, and add theseto a
hashtable for later constart time retrieval. Each inter-
section point is linked to the nearestprojection point.
We then repeat this processwith the xz-planeto gen-
erate the canonical problem set. Intersection points
are retrieved from the hash table as necessaryand
linked to the nearestxz projection points. The time
required to build these 2n problemsis O(nlogn) for
the plane sweep operations, plus O(nlogn) at ead of
n evert points. The total is 2n(2nlogn) = O(n?logn)
time and space.



3.1 Analysis

We now prove the correctnessand running time of
our algorithm.

Theorem 1. The algorithm 3D-MBP correctly nds
a minimum-bend path from s to d.

Proof. Let P be a shortest(minimum-bend) path from
s to d. Now construct an equivalert path P? as fol-
lows. Find the rst x- or y-segmen in P and push it

down (negative z), along with all adjacert x- and y-
segmers, until a segmen hits an obstacle. Someseg-
ment must hit an obstacleduring this pushing, other-
wise we could reducethe number of turns, cortradict-

ing the assumptionthat P is a shortest path. Continue
by pushing the next x- or y-segmem(s) in P and so
on. PCis alsoa shortest path, sincewe added no addi-
tional turns in pushing, and hasall x- and y-segmets
in the same xy-plane as an obstacle face, connected
by z-segmets. Further modify P° by dragging all x-
and z-segmems badk until they hit an obstacle. For
adjacent x- and z-segmets, drag the segmers as a
unit. Now considera line segmen starting from s and
moving along P% stopping at ead x-segmen. The
line segmenm dragsin the y-direction only in the same
plane as someobstaclevertex, which is alsoa 2D sub-
problem in our canonical set. The line segmemn moves
in the z-direction only whenin the sameplane assome
obstacle vertex, which also is included as a subprob-
lem. Since our algorithm generatesx y segmeis
only at obstaclefaces,and z segmetrs only at obstacle
faces,and attempts to generatex y or z segmes at
all possibleobstaclefaces,it can generatepath P°

Throughout the algorithm, the wavefronts properly
maintain bend information. In 2D, this has already
beenproven [6]. What remainsis to prove that bend
information is properly maintained when crossingbe-
tween2D problems. This is easyto seesincewe simply
add onebendwhen going from y-directed to z-directed
segmers, and vice versa.

Wavesare draggedin best- rst order, and the algo-
rithm cortinuesuntil all waveshave a cost of at least
bin , the cost of the shortest path. Thereforeit is not
possibleto have a path shorter than by, , sinceall re-
maining waves already have at least by, bendsand
path length is nondecreasingduring ead sweep.

If no path is found, wavesewentually exploreall free
space. Therefore a path is always found if one exists,
and this path is shortest. O

Theorem 2. The algorithm 3D-MBP runs in
O(n?logn + n?l) time, where n is the numbker of
obstacle vertices, and | is the maximum number of
obstaclesintersected by a line parallel to the x axis.

Proof. The preprocessingstep has O(n) evert points,
with O(nlogn) time processing at ead point, or
O(n? logn) time overall.

We have 2n 2D problems, ead of which requires
O(nlogn) time. Each dragging step does the same
operations as in the standard 2D algorithm, plus the
added wavefronts. Charge the cost of the new wave-
front to the 2D problem into which it is inserted, sothe
cost of eat 2D problem is the O(n logn) plus the cost
of adding wavefronts that \p op in" to it. The number
of popsis bounded by the number of possiblepop lo-
cations, which is O(n) 2D problemstimes nl , where|
is the number of times an x oriented line can be split
by obstacles. Total running time is O(n?logn + n2l).
The worst casescenariooccurs only when there exists
aline parallel to the x-axisthat intersectsall obstacles.
For this classof problems, the running time is O(n3)
and thus it is preferable to use a simpler algorithm
such as searding the 3D cell decomposition. O

3.2 Implemen tation

We implemented our 3D-MBP algorithm using the
C++ programming language and built a graphical
simulation using OpenGL graphics libraries. Figure 5
illustrates sample output from the simulator. The im-
plemertation takesasinput a setof orthohedral obsta-
cles,a start point and a destination point. The simula-
tor rendersthe obstaclesinside an arti cial bounding
cube and marks the start and destination points. As
a wavefront is swept, it appearsas a moving line seg-
ment in the simulation, and wavefronts in the priority
gueueare shown asstatic line segmets. When a wave-
front reachesthe destination, its path is recovered and
drawn. The program outputs the MBP, which can be
subsequetly input to other applications as described
below.

4  Application

In deweloping the 3D-MBP algorithm we have been
motivated by self-repair planning in modular self-
recon gurable systems. Self-recon gurable robots are
robots that can change shape to better accomplish a
giventask [3, 4, 11,12, 15, 17]. One interesting prop-
erty of thesesystemsis that they canself-repair| that
is, if a module fails, the rest of the modulescollaborate
to eject the bad module and replaceits functionalit y.
Most modular self-recon guring systems[11, 4, 15] are
grid-basedsothat modulescantravel only along recti-
linear paths. Translations are easierthan changing the
direction of movemen, therefore we would like to use
3D-MBP to generategood plans for theserobots. In
this section, we descrike the application of 3D-MBP to



Figure 5: 3D-MBP implemertation. In (a), the rst
xz wavefront swept up to generatethe xy wavefronts
on the front face of the bounding cube. The initial xy
wavefront is shovn sweepingin the xy-plane at s. The
shortest path is givenin (b).
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self-recon gurable robots with unit-compressiblemod-
ules such asthe Crystal Robot (Crystal) [15].

4.1 Crystaline Atomic Rob ot

A Crystalline Atomic robot is a self-recon gurable
robot composedof homogenousunits. The Crystalline
module is a square in 2D, and a cube in 3D. Each
module can expand and corntract by a factor of two,
and can connect to other modules by means of con-
nectorson its faces. As a whole, the robot canassume
various geometric shapesto suit dierent tasks. 2D
modules have beenimplemented in hardware, and we
experimert with 3D modulesin simulation. Figure 7
is graphical simulation of a Crystal robot.

4.2 Self-Repair Planning

Fault tolerance and reliabilit y are desirableproper-
ties in any engineeredsystem, and the Crystal robot
architecture provides opportunities to addressthese
goalsthrough self-repair. Initial work in self-repair for
self-recon gurable robots was conducted by Yoshida
et al. [18]. The objective of self-repairis to allow the
robot to, upon failure, repair itself in the absenceof hu-
man assistance.ln a modular system, we break down
self-repair into three stages: detecting failure, eject-
ing the failed module and replacing the failed module
[2]. Note that a Crystal robot can easily carry spare
modules as part of its structure, and aslong as some
modulesare in an expandedstate, extra modules may
be added without altering the overall geometry of the
structure.

We have previously developed algorithms to achieve
module ejection and replacemen in 2D [2]. Motion

planning in the Crystal involvesmoving a module from
one position to another, and exploits \virtual" mod-
ule relocation. Instead of physically moving a single
module, it is possibleto shift modules along a path
and virtually move the module. Therefore path plan-
ning reducesto nding a rectilinear path through the
robot structure. Each segmen of the path can be exe-
cuted in constart time, soan e cien t motion plan re-
quires arectilinear path of minimum bends. Replacing
a failed module (lling a\hole" in the structure) can
be solved using virtual module relocation. To eject a
failed module, this planning technique can not be used
directly since here a particular module must be actu-
ally pushed (or pulled) to a position on the surface of
the robot. Howewer, pushing gaits to move the failed
module, suc as the one shown in Figure 6, also ex-
hibit the property that turns are more expensiwe than
straight line motion. Finding a minimum-bend path
is therefore useful in both steps. An MBP problem
is constructed by modeling the sourceand destination
points in module coordinates, and holes and concavi-
ties in the structure as obstacles. Then, given a path,
motion planning can be accomplishedby iterating the
appropriate gait over the path.

Figure 6: Pushing a failed module along a line. Af-
ter initial setup, ead push step requiresfour cortrac-
tions/expansions. The secondrow illustrates two suc
steps. Finally, modules along the path are \reset" by
shifting left.
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This motion planning technique easily extends to
3D given an e cien t shortest path algorithm. A 3D
rectilinear path can be decompsed into a sequence
of 2D turns (not all of which are in the sameplane).
Therefore, given a 3D rectilinear path, a motion plan
can be constructed by iterating the appropriate mod-
ule gait over eat path segmen Note that pushing
gaits require a minimum amount of supporting struc-



ture, but we canbuild this into the path planning prob-
lem by growing the obstacles(holes in the structure)
by the required amount. This ensuresthat any path
returned by the algorithm is feasible. We usethe 3D-
MBP algorithm (Algorithm 1) to compute a path, and
iterate a pushing gait along this path to eject the mod-
ule. Finally, weusevirtual module relocationto Il the
gap in the structure left by the ejected module.

4.3 Simulation Results

We have conducted experimerts for 3D self-repair
in Crystal robots in simulation. Output from our 3D-
MBP implementation, in the form of arectilinear path,
is fed to a motion planning routine that generatesmo-
tion primitiv es. These primitiv esare input in turn to
an existing Crystal robot simulator that veri es phys-
ical feasibility and renders the simulation. Figure 6
outlines a pushing gait, and Figure 7 illustrates a sam-
ple simulation of a Crystal robot executingthe pushing
gait computed from a path returned by our 3D-MBP
algorithm.

Figure 7: Cut-away view of 3D module ejection. The
path is showvn by the white arrow, and the failed mod-
ule is darkened. The middle gure is previous to the
rst turn, and the last gure shows the failed module
at the beginning of the nal segmenm

5 Discussion and Future Work

In this paper we have preseried a solution to the
3D-MBP problem, basedon an extension of an exist-
ing wavefront algorithm for 2D-MBP. Our algorithm
correctly solves 3D-MBP in O(n?logn) for most in-
puts. Although our result fails to achieve a O(n? logn)
worst caserunning time for inputs where all obstacles
canbe intersectedby aline parallel to the x-axis, there
exists a solution to 3D-SP that does have this bound
and we conjecture that a faster solution to 3D-MBP is
also possible. An optimal running time for either 3D
variant remains an open problem.

Sofar we have consideredonly MBP, but in 2D the
SMBP solution only requires augmerting the wave-
front data structure and adding a secondarysort crite-
rion to the priorit y queue. Of course,if SMBP is solved
then SP can also be solved by ignoring the primary

metric (thinking of all paths ashaving equal bends,so
just secondarymetric is minimized). It should there-
fore be possibleto extend our algorithm to solve 3D-
SMBP and 3D-SP as well.

Our motivating application for the 3D-MBP algo-
rithm is motion planning for self-repair in the self-
recon gurable Crystalline Atomic robot. This solution
to the 3D-MBP problem extendsour previous work in
2D self-repair planning. In this paper we employ a
di erent pushing gait than in our previous paper[2] to
better exploit straight line motion. A further improve-
ment can be realized through the use of a 3D-SMBP
solution. We are currently examining this problem.

An obvious future goal for our self-repair work is to
experimert with 3D hardware. Such experimentation
would yield information as to the failure patterns of
individual modules, and this in turn would allow us
to addressstep one of our self-repair strategy, namely
detecting failure. Algorithmically another interesting
idea is to plan for self-repair in a dynamic structure
such as a robot in motion. Finally, we would also like
to explorethe idea of using self-recon guration to help
with module ejection. For example, instead of moving
a failed module to the surface of the robot, we could
attempt to move the surfaceof the robot closerto the
failed module through recon guration.
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