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Abstract— Controllers are developed that extend the hybrid
zero dynamics (HZD) control approach to the control of planar
biped walking by allowing constraints to be designed by sampling
a gait of interest, rather than by optimization. The technique is
used to enlarge the basin of attraction of a passive biped’s gait
under the assumption that ideal actuation has been introduced
at each of the body coordinates. In this case, no control effortis
used at steady-state. The technique also enables the systematic
modification of the gaits’ kinematic and dynamic properties. The
main results are illustrated via two examples.

I. I NTRODUCTION

A passive biped walker is a two-legged mechanism that is
able to walk stably down a slope without active feedback
control or energy input aside from gravity. Since McGeer
first simulated and built such a mechanism in the 1980’s [1],
passive biped walkers have had continued interest, primarily
as a point of departure for building energetically efficient,
actuated biped robots. Passive bipedal walkers, however, have
two fundamentally limiting features. The first is that the basins
of attraction associated with their orbits are small—meaning
they are easily toppled. The second is a lack of variety
of available walking motions; a gait’s features can only be
changed by robot redesign or by ground slope change.

Actuation can remedy both of these shortcomings. Ideal ac-
tuation1 under active feedback control can be used to increase
robustness and to change a gait’s characteristics, such as the
minimum slope on which the biped is able to walk.2 Since the
energetic cost of passive dynamic walking is, in fact, nonzero,3

the loss of stable passive gaits does not preclude the use of
energetic efficiency as a metric in achieving a given objective,
such as walking at a certain rate, walking on flat ground, or
walking with increased robustness.

1Note that the addition of non-ideal actuation often resultsin the loss
of all stable, passive gaits. This is because the usual means of actuating a
biped is with actuators that are collocated with the biped’sjoints. In such
a configuration, the actuator’s dynamics are coupled with thebiped’s. (An
example where this does not occur is Collins’s powered 3D biped [2], which
is powered by impulsive foot action.)

2Although there do theoretically exist stable gaits for passive bipeds at
arbitrarily small slopes [3], the basins of attractions for gaits are impractically
small.

3In walking down a slope, potential energy is consumed—potential energy
that is the result of doing work to lift the mechanism to the topof the slope.

α

ph
2

pv
2

q1

q2

l
c

l

Robot COM

Fig. 1. An underactuated two-link planar walking down a slope of incline
α. The dynamics during the single support phase is that of the Acrobot [4].

This paper presents an active feedback design approach,
sample-based HZD control, that enables the design of con-
trollers that can (i) render a stable, passive gait robust and
(ii) systematically modify a given gait’s characteristics. The
sample-based HZD controller method combines the provable
stability properties and large basins of attraction of HZD
controllers with the energy efficiency of passive or nearly-
passive gaits. The theory differs from the work of Spong
and Bullo [5], Asano et al. [6], and Suzuki et al. [7] in that
full actuation4 is not assumed and a means to systematically
modify the gait is given.

In addition to developing the technique, this paper gives
two illustrative examples. In the first example, a sample-based
HZD controller is designed that increases the robustness ofa
passive gait and is such that the control effort is used only
to increase the basin of attraction—zero controller effort is
required at steady state.5 The second illustrates how various
features of an existing gait can be modified. Although the
developed theory applies ton-link planar bipeds with point

4In the HZD framework, the biped is assumed to have point contactwith
the ground and is therefore underactuated. With this assumption, the effective
actuation that exists between the biped and the ground—because of unilateral
constraints due to finite foot size—is made explicit. If a biped in question
is, in fact, fully actuated, the HZD framework still applies.First an HZD
controller is designed, and then an outer-loop control is designed that makes
use of the ankle torque [8].

5When using non-ideal actuators, zero control effort is achieved in the sense
that actuators perform nomechanical workon the system. With electrical
motors, for example, electrical energy will be consumed to prevent friction
and rotor inertia from doing work on the system.



feet, for presentation simplicity, the examples use the two-link
walker depicted in Fig. 1, whose dynamics during the single
support phase is that of the Acrobot [4].
A. Background and Motivation

Previous work on HZD control of planar robots with one
degree of underactuation has produced, both in theory and
experiment, walking gaits that have notably strong robustness
properties.6 In HZD control, holonomic constraints are im-
posed on the actuated joints of the model [10], [11], resulting
in a closed-loop system with dynamics and stability properties
known a priori.

In previous work, the holonomic constraints (also calledvir-
tual constraints) have been chosen via numerical optimization
over a pre-chosen, finitely parameterized set of constraints.
This technique is acceptable when the objective of controller
design is to induce a gait with certain stability and energetic
properties. However, when the goal is to exactly achieve a
certain steady-state motion—as will be the case here with
the passive gaits—it is unlikely that a pre-chosen family of
finitely parameterized holonomic constraints will be capable
of reproducing the chosen motion.7

This paper discusses an alternate method of designing HZD
controllers—one without the use of a pre-chosen family of
holonomic constraints. In essence, a given gait is sampled
to obtain full-state information at chosen instants of time.
Certain normalized quantities are computed from this full-state
information and are used to define the holonomic constraints
of an HZD controller. Splines are used to interpolate the
normalized quantities between sample points. The nominal
motion must be period-one and can be obtained from, for
example, a passive gait or a gait induced by another, potentially
unknown, control strategy.

Although the basin of attraction of the biped with the
sample-based HZD controller may be larger, the closed-loop
system will, in general, not be capable of achieving a variety
of different gaits. To address this shortcoming, the notionof a
constraint augmentation function is introduced. A constraint
augmentation function is a finitely parameterized function,
such as a polynomial, that gives a means to systematically
modify a set of sample-based virtual constraints. As in previ-
ous work, these parameters may be chosen via optimization.
Such augmentation functions may be used make gaits zero-
slope capable or to modify any other kinematic or dynamic
properties of the induced motion, while retaining, as much as
possible, the robot’s original unactuated dynamic behavior.

B. Paper Outline

The content of the remainder of the paper is as follows.
Sec. II presents the concepts of virtual constrains and HZD

6Robustness itself can be difficult to quantify. The reader isreferred to [9]
for movies of a biped (RABBIT) successfully walking under HZDcontrol
with the author pushing on its torso and with an≈ 30% mass perturbation.

7One may argue, by Taylor’s theorem, that a polynomial of sufficiently high
order would work. In practice, the authors have observed that the polynomial
order required to obtain sufficiently accurate fits to the motion results in poor
fits to the motion’s derivatives, which are required for the feedback design
approach; see Remark 1 in Sec. II-C.

control in the context of walking on a sloped surface. Sec. III
presents the developments of sample-based virtual constraints
and their accompanying augmentation functions. Inline with
the developments are two illustrative examples. Conclusions
are drawn in Sec. IV. Animations of the examples are available
on the web [9].

II. WALKING ON SLOPED GROUND

A. Model of Walking

The biped is assumed to be comprised ofn rigid links
connected by revolute joints such that (i) there are no closed
kinematic chains; (ii) there are two symmetric legs and,
possibly, a torso; and (iii) the leg ends contact the ground
at a single point. The robot is said to be in single-support (or
in the swing phase) when exactly one leg is in contact with the
ground. The leg contacting the ground is called the stance leg
and the other is called the swing leg. It is assumed that all of
the biped’s internal degrees of freedom (DOFs) are actuated,
but that the degree of freedom associated with the robot’s
absolute orientation is left unactuated (i.e., no torque may be
supplied between the robot and the ground). The swing-phase
model is therefore underactuated.

The generalized coordinates of the biped are
q := (q′a, qu)′ ∈ Q, where Q is an appropriate subset of
R

n, qa is the column vector of the relative, actuated
coordinates, andqu is the unactuated coordinate. It is
assumed that the unactuated coordinate is measured relative
to the walking surface. The swing-phase equation of motion
of the biped is

D(q)q̈ + F [α](q, q̇) = Bu, (1)

with B = [ I 0 ]
′ and where8 α is the ground slope; see Fig. 1.

Let the state of the biped bex := (q, q̇) ∈ TQ. Then, (1) may
be written as

ẋ = f [α](x) + g(x)u. (2)

The walking gait is assumed to be symmetric with respect to
the two legs so that, in particular, the same swing phase model
may be used irrespective of which leg is the stance leg.

Stance phases are separated by instantaneous phases of
double support, occurring when both feet are in con-
tact with the ground. This transition is modeled as
an instantaneous, rigid-body collision [12], that occurs
whenx ∈ S := {x ∈ TQ | pv

2(x) = 0}. The transition model,
which includes a permutation of the coordinates to account for
the swapping of the legs’ roles, is algebraic and may be written
as

x+ = ∆(x−), (3)

where the superscript “+” (resp. “−”) refers the value at the
beginning (resp. end) of a step.

8Throughout this paper, dependence on the ground-slope parameter is
emphasized by the use of square brackets.



The overall model may be expressed as a single-charted
hybrid model:

Σ :

{

ẋ = f [α](x) + g(x)u, x− 6∈ S

x+ = ∆(x−), x− ∈ S.
(4)

Walking gaits will be analyzed as periodic orbits of the
above model, with stability of a walking gait referring to stabil-
ity of the corresponding periodic orbit. For formal definitions
of solutions, orbits, and stability relating to (4), refer to [13].

B. Defining Virtual Constraints

Virtual constraints are defined as holonomic constraints that
are imposed on the robot via feedback. These constraints are
parameterized by a scalar function of the robot’s configuration,
and, when enforced, they effectively reduce the closed-loop
DOF of the robot. When virtual constraints satisfying certain
invariance properties are exactly enforced the HZD of walking
results.

To formally define virtual constraints, consider the following
output on (2),

θ(q) : Q → Rθ ⊂ R (5a)

s(θ) : Rθ → [ 0, 1 ] (5b)

hd(s) : [ 0, 1 ] → R
n−1 (5c)

y = h(q) := qa − hd ◦ s ◦ θ(q) (5d)

where θ(q) is a function that is monotonic over a step and
has a compact imageRθ, s(θ) is a bijection with respect
to Rθ and normalizesθ to the unit interval, andhd(s) is
a twice continuously differentiable function that gives the
actuated coordinates of the robot. For notational simplicity,
defineh̄d(θ) := hd ◦ s(θ) so that (5d) may be written

y = qa − h̄d ◦ θ(q) . (6)

Let θ+ andθ− denote, respectively, the values ofθ(q) at the
beginning and the end of a step. Then, a valid choice fors,
is s(θ) := (θ − θ+)/(θ− − θ+). This choice will be assumed
for the remainder of the paper.

Virtual constraints are said to be satisfied or enforced when
y ≡ 0. The constraint surfaceZ is defined as the subset of
TQ where the virtual constraints are satisfied,

Z := {x ∈ TQ | h(x) = 0, Lfh(x) = 0}. (7)

When viewed within the context of the hybrid model (4), the
virtual constraints are required to have two types of invariance:
inter-stride (or continuous-phase invariance) and intra-stride
(or invariance across the impact event). Continuous-phase
invariance refers to the property that once a solution of (4)
is within the constraint surface, the solution remains in the
constraint surface until the end of the single-support phase.
This type of invariance is achieved by the appropriate design of
an inter-stride feedback controller. The virtual constraints are
invariant across the impact event if lying within the constraint
surface before impact guarantees that the solution will lie
within the constraint surface after the impact. This type of
invariance is a property of virtual constraints themselvesand
is independent of the inter-stride feedback controller.

C. A Feedback yielding Continuous-Phase Invariance

Assume an output of the form (5), which may or may not
be intra-stride invariant. The controller given in this subsection
will render it continuous-phase invariant.

The controller’s development begins by taking the first two
derivatives of the output,

ẏ = q̇a −
∂h̄d(θ)

∂θ
θ̇ (8a)

ÿ = Υ(θ) q̈ −
∂2h̄d(θ)

∂θ2
θ̇2 (8b)

where

Υ(θ) :=

[
[

I 0
]
−

∂h̄d(θ)

∂θ
c

]

. (9)

With (1), (8b) may be expressed as

ÿ = −Υ(θ)D−1(q)F [α](q, q̇) −
∂2h̄d(θ)

∂θ2
θ̇2

︸ ︷︷ ︸

L2
f
h[α](q,q̇)

+ Υ(θ)D−1(q)B
︸ ︷︷ ︸

LgLf h(q)

u. (10)

The termLgLfh(q, q̇) is known as the decoupling matrix from
the inputu to the outputy. With the application of the input-
output linearizing pre-feedback

u = (LgLfh(q, q̇))−1
(
v − L2

fh[α](q, q̇)
)
, (11)

the error dynamics (10) becomëy = v. Thus, choosingv to
be a PD controller,

v = −Kp y − Kd ẏ (12)

with poles sufficiently fast [14], the virtual constraintshd(θ)
will be asymptotically enforced and continuous-phase invari-
ant.

Remark 1: The control law, (11) and (12), requires mea-
surement of(q, q̇) and computation ofLgLfh and L2

fh[α].
While D(q), F [α](q, q̇), andB may be readily obtained from
the system dynamics, the functions̄hd(θ), ∂h̄d(θ)/∂θ, and
∂2h̄d(θ)/∂θ2 depend upon choice of virtual constraint.

D. The HZD of Walking

The HZD of walking is a subdynamic of the full hybrid
walking model (4) that corresponds to the dynamics that are
“left over” once the virtual constraints have been imposed.It
is also a single-charted hybrid system, but of necessarily lower
dimension than (4). The HZD resulting from virtual constraints
based on (5) are developed next.

Let σ := Dn(q) q̇, where Dn is the last row ofD, and
θ := c q, c ∈ R

1×n, where[ [ I 0 ]′, c′ ]′ is full rank. If y ≡ 0,
then the robot’s configuration and velocity may be computed
as

q = Φq(θ), Φq(θ) :=

[

[ I 0 ]

c

]−1 [

h̄d(θ)

θ

]

(13a)

q̇ = Φq̇(θ)σ, Φq̇(θ) :=

[

Υ(θ)

Dn(θ)

]−1 [

0

1

]

. (13b)



With the output given by (5), and a few additional tech-
nical assumptions (see [10, Thm. 1]), the swing phase zero
dynamics—the maximum dynamics that are compatible with
y ≡ 0—are

θ̇ = κ1(θ)σ, κ1(θ) := cΦq̇(θ), (14a)

σ̇ = κ2[α](θ), κ2[α](θ) := Mt g0 xcm[α](θ), (14b)

whereMt is the total mass of the biped,g0 is the magnitude of
the acceleration of gravity, andxcm is the horizontal position
of the center of mass measured with respect to the stance
leg end [15, Eq. (15)]. It may be shown that if the virtual
constraints are intra-stride invariant, then at an impact,

σ+ = δzero σ−, (15)

whereδzero is a constant readily computed using the definition
of σ, (3), and (13). Takingz := (θ, σ) as a state vector, the
single-charted HZD is,

Σzero :

{

ż = fzero[α](z), z− 6∈ S ∩ Z

z+ = ∆zero(z
−), z− ∈ S ∩ Z.

(16)

The HZD are said to bewell-definedif the virtual constraints
are invariant with respect impacts and solutions of the HZD
are also be solutions of the full system (4), i.e., the decoupling
matrix, LgLfh(q), is invertible along solutions of the HZD.

E. Gait Stability

A primary benefit of the HZD approach to the control of
biped walking is the simple stability metric that it affords: the
stability of a walking gait (periodic orbit of (4)) can be verified
by checking two inequality constraints.

Let ζ := 1
2σ2. Sinceθ(t) is monotonic over a step, (14)

may be rewritten and integrated as

ζ(θ) = ζ+ − Vzero[α](θ), (17)

whereVzero[α](θ) := −2
∫ θ

θ+ κ2[α](τ)/κ1(τ)dτ [10, Thm. 3].
With the impact map,ζ− is related toζ+ by

ζ+ = δ2
zeroζ

−. (18)

The step-to-step evolution ofζ−—the so-called restricted
Poincaŕe map—is therefore given by

ζ−(k + 1) = δ2
zeroζ

−(k) − Vzero[α](θ−). (19)

The fixed point of this map is

ζ−∗ := −
Vzero[α](θ−)

1 − δ2
zero

(20)

as long as

ζ−∗ ≥
V max

zero [α]

δ2
zero

(21)

where9 V max
zero := maxθ+≤θ≤θ− Vzero(θ). The fixed point is

exponentially stable if

|δzero| < 1. (22)

Hence, a stable gait will exist if the HZD are well-defined and
if (21) and (22) hold.

9For this equation, assumeθ− > θ+.

F. Effects of Varying Ground Slope

The effects of varying the ground slopeα on the existence
of (stable) gaits are now presented. The presentation begins
with two propositions summarizing several important facts.

Proposition 1: Under the assumption that the unactuated
coordinate is measured relative to the walking surface, the
following functions and surfaces are independent ofα:

P1.1) the transition model,∆(x),
P1.2) the restricted switching surface,S ∩ Z,
P1.3) the restricted impact coefficient,δzero, and
P1.4) the decoupling matrix,LgLfh(q).

Proof: Proof of P1.1 is trivial by inspection of [10,
Eqns. 6 and 7]. P1.2 holds sinceS is independent ofα,
which is trivial by inspection, and because the output (5) is
independent ofα. P1.3 holds by P1.1 and becauseσ and (13)
are independent ofα. P1.4 is trivial.

Proposition 2: Under the assumption that the unactuated
coordinate is measured relative to the walking surface, if the
HZD are well-defined for a given ground slopeα, then they
will be defined for arbitraryα.

Proof: Invariance of the virtual constraints with respect
to impacts andα holds by P1.1 and P1.2. Invariance of the
decoupling matrix with respect toα holds by P1.4. Therefore,
the proposition holds.

By Prop. 2, the minimum ground slope that a biped
controlled by a sample-based HZD controller is capable of
walking on can be determined by find the smallestα such that

−
Vzero[α](θ−)

V max
zero [α]

=
1 − δ2

zero

δ2
zero

. (23)

Note that the loss of stability amounts to the fixed point mov-
ing outside the restricted Poincaré map’s basin of attraction
and, by P1.3, not a change in the map’s eigenvalue. Calculation
of the maximum ground slope is more tedious and involves
consideration of the ground reaction forces and actuator torque
limits.

The next proposition gives an interesting observation
regarding the loss of stability due to ground slope decrease.

Proposition 3: Equality of (23) is due to the change in the
relative horizontal position of the COM,xcm, over a step.

Proof: With (14b) the functionVzero(θ) may be written

Vzero[α](θ) = −2

∫ θ

θ+

Mt g0 xcm[α](τ)

cΦq̇(τ)
dτ. (24)

The function Φq̇(θ) is independent of the absolute coordi-
nate, and therefore independent of the ground slope, leaving
xcm[α](θ) as the only term dependent onα.

III. D EVELOPMENT OFNEW HZD-BASED TOOLS

A. Sample-Based Virtual Constraints

In a typical HZD controller design procedure, the output
function, h̄d(θ), is selected via numerical optimization from a



pre-chosen, finitely parameterized set of constraints. Thefirst
and second derivatives required by the controller,∂h̄d(θ)/∂θ
and ∂2h̄d(θ)/∂θ2, are found in a straightforward manner by
differentiating the output function itself.

Using the typical design method, controllers cannot be
designed around a given, arbitrary gait since it is unlikelythat
the associated holonomic constraints will lie within the family
used in optimization. In order to design an HZD controller
around an arbitrary, period-one gait, an alternative method is
required. One such method is described next.

Proposition 4: Assume an output of the form (5). Given
a period-one periodic orbit of (4), the associated controller
functions h̄d(θ), ∂h̄d(θ)/∂θ, and ∂2h̄d(θ)/∂θ2 can be ap-
proximated arbitrarily accurately, using interpolation tech-
niques, without appealing to function differentiation or finite-
difference methods.

Proof: Defineq(t) as the time evolution of the coordi-
natesq on the limit cycle. Similarly, definėq(t), q̈(t), Θ(t),
Θ̇(t), Θ̈(t) as the time evolution oḟq, q̈, θ, θ̇, and θ̈, on the
limit cycle. By monotonicity,θ = Θ(t) has a well-defined
inverse,t = Θ−1(θ).

Since the functionṡq(t), q̈(t), Θ(t), Θ̇(t), Θ̈(t), and t =
Θ−1(θ) can each be approximated arbitrarily accurately using
interpolation techniques (such as cubic splines) the following
holds. On the periodic orbit,y ≡ 0, and thus (6) and (8) give

h̄d(θ) ≡ qa(t)|t=Θ−1(θ) (25a)

∂h̄d

∂θ
(θ) ≡

q̇a(t)

Θ̇(t)

∣
∣
∣
∣
t=Θ−1(θ)

(25b)

∂2h̄d

∂θ2
(θ) ≡

(

q̈a(t)

Θ̇2(t)
−

q̇a(t)Θ̈(t)

Θ̇3(t)

)

t=Θ−1(θ)

. (25c)

Thus, given an existing limit cycleq(t) for which a set of
output functionsh(θ) such thatqa ◦ Θ−1 − h̄d(θ) ≡ 0 is
desired, the terms̄hd(θ), ∂h̄d(θ)/∂θ, and∂2h̄d(θ)/∂θ2 may
be found by sampling the limit cycle and using interpolation—
without the need for curve fitting and differentiation.

Remark 2: For computational efficiency, the sampled
functions h̄d(θ), ∂h̄d(θ)/∂θ, and ∂2h̄d(θ)/∂θ2 may be pre-
computed and stored in a lookup table.

Remark 3: This method isnot equivalent to fittingh̄d(θ)
to a set of splines, and then differentiating the splines to obtain
∂h̄d(θ)/∂θ and ∂2h̄d(θ)/∂θ2. Cubic spline interpolation be-
tween sample points in conjunction with the method of Prop. 4
will result in estimates of̄hd(θ), ∂h̄d(θ)/∂θ, and∂2h̄d(θ)/∂θ2

having an accuracy ofO(|τ4|), whereτ is the distance to the
nearest sample point [16, Ch. 5]. Differentiation techniques
would leavēhd(θ) with an accuracy ofO(|τ4|), ∂h̄d(θ)/∂θ an
accuracy ofO(|τ3|), and∂2h̄d(θ)/∂θ2 an accuracy ofO(|τ2|).

Because the controller (11) and (12) is being used, the
sample-based virtual constraints will be continuous-phase
invariant. It may be shown that sample-based virtual con-
straints are automatically invariant over the impact event.
Thus, sample-based virtual constraints produce a valid HZD,
and the analysis of Secs. II-E and II-F holds.
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Fig. 2. A two-dimensional slice of the initial-condition basins of attraction
for passive walking on a 0.02 rad slope (gray), for the controlled walker one
a 0.02 rad slope (hatched), and for the controlled walker with a max torque
limit of 3 Nm and a coefficient of static friction at the stance leg end of 0.6
on a 0.02 rad slope (cross-hatched). Other slices of the basins of attraction are
similarly proportioned. Hereδq̇2 = 0. The initial conditions for the examples
in Secs. III-B and III-D are indicated.

TABLE I

PARAMETERS OF THE TWO LINK MODEL.

Parameter Units Value

Leg length,l m 1.0

Leg COM location,lc m 0.8

Leg mass,m kg 0.3

Leg inertia about leg COM,I kg·m2 0.03

Acceleration due to gravity,g0 m/s2 9.81

B. Example 1: Enlarging the Basin of Attraction of a Stable,
Passive Gait of a Two-link Biped

The basin of attraction for the two-link passive biped
depicted in Fig. 1 with parameters given in Tab. I walking
on a ground slope of 0.02 rad (1.15 deg) is given in Fig. 2.
The maximum coefficient of static friction at the stance leg
end was assumed to be 0.6.

The steady-state passive gait, with the biped walking on
a 0.02 rad sloped, was enforced using a sample-based HZD
controller. The inter-stride controller (11) and (12) was used
with KP = 200 and KD = 25. The basin of attraction of
the biped in closed loop with this controller is given Fig. 2.
As an illustration, the closed-loop system was simulated for
thirty steps with an initial conditionx0 = x0,nom+δx0, where
x0,nom is the state of the biped at the start of step on the
periodic orbit of the passive gait andδx0 = (0.2, 0.1, −1, 0)′.
Fig. 3 gives the evolution of the applied torqueu. Note that
the relatively small peak control effort and that the control
effort goes to zero as the state approaches the passive orbit.
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Fig. 3. Torque evolution for a simulation of thirty (30) stepson a ground
slope ofα = 0.02 rad using a sample-based HZD controller. Torque evolution
over first step is left and the torque evolution over all stepsis right. Note that
the applied torque approaches zero as the state converges tothe limit cycle.
The peak torque is 1.6 Nm.

C. Augmentation Functions

Consider the decomposition ofhd, into

hd(s) = hd,0(s) + hd,δ(s), (26)

where s ∈ [ 0, 1 ], hd,0 is a nominal desired motion, and
hd,δ ∈ C2 is an augmentation function. The functionhd,δ will
be finitely parameterized and used to change the properties of
the nominal motion associated withhd,0. So that the analysis
of Sec. II may be applied, the functionhd,δ is required to be
such thathd satisfies the invariance of (26) under the impact
map (3).

Let the augmentation function’s parameters be denoted bya.
Then, augmenting the nominal motion withhd,δ, will result in
the functionVzero and the constantδzero being parameterized
by a. The parametersa can therefore be used to tune the
restricted Poincaré map (19) so that its fixed point, the fixed
point’s stability properties, and the lower bound may be
selected. The approach is illustrated in the following example.

D. Example 2: Changing the minimum slope capability of a
motion

For the two-link biped used in the example of Sec. III-B, the
minimum ground slope for the sample-based HZD controller
based upon the passive motion was found numerically to be
0.0171 rad (0.980 deg). Using numerical optimization, the
augmentation function depicted in Fig. 4 was found such
that the resulting closed-loop system was capable of walking
a slope of−0.01 rad (−0.523 deg). As an illustration, the
closed-loop system was simulated on zero slope,α = 0, for
an initial conditionx0 = x0,nom + δx0, wherex0,nom is the
state of the biped at the start of step on the periodic orbit
of the passive gait on the nominal slope,α = 0.02 rad, and
δx0 = (0.025, 0.0125, 3, 0)′. Fig. 5 gives the evolution of the
applied torqueu. Note that the relatively small peak control
effort.

IV. CONCLUSIONS

This paper presented a novel control design methodology,
sample-based HZD control, that is able to enlarge the basins
of attraction of the gaits of passive dynamic walkers. The
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Fig. 4. Passive motion (bold line) and augmented passive motion(normal
weight line) as a function of normalized forward progression. Enforcing of the
augmented motion results in a closed-loop system that is capable of walking
on a ground slope of zero.
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Fig. 5. Torque evolution for a simulation of thirty (30) stepson zero slope
using a sample-based HZD controller. Torque evolution over first step is left
and the torque evolution over all steps is right. The peak torque is 2.0 Nm.

control acts without the need for full actuation—no actuation
is assumed between the robot and the ground. The notion of a
constraint augmentation function was introduced. Constraint
augmentation functions are finitely parameterized functions
added to the nominal, sample-based constraint, that enablethe
kinematic and dynamic properties of the gait to be modified.
The results were illustrated on two examples. Animations of
the associated motions are available on the web [9].

A. Future work

In an application that is similar to the one presented here,
walking motions will be designed by optimizing over torques
instead of optimizing over the output functions. It is hypoth-
esized that this will allow for more efficient computation of
desirable closed-loop motions—joint motion will no longer
need to be slaved to finitely parameterized functions, but rather
to the motions they naturally achieve on the limit cycle with
a finitely parameterized torque profile.
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APPENDIX I
EQUATIONS OFMOTION FORTWO-L INK BIPED

The symmetric mass-inertia matrix,D, is

(D(q1))1,1 = (l − lc)
2 m + I (27a)

(D(q1))1,2 = ml(l − lc) cos(q1) − (l − lc)
2 m − I (27b)

(D(q1))2,2 = −2ml(l − lc) cos(q1)

+
(
2(l2c + l2) − 2 lc l

)
m + 2 I. (27c)

The matrix of coriolis and centrifugal terms is

(C(q, q̇))1,1 = 0 (28a)

(C(q, q̇))1,2 = −ml sin(q1)(l − lc)q̇2 (28b)

(C(q, q̇))2,1 = −ml sin(q1)(l − lc)(q̇1 − q̇2) (28c)

(C(q, q̇))2,2 = ml sin(q1)(l − lc)q̇1. (28d)

The gravity vector is

(G(q))1 = mg0 sin(q1 − q2)(l − lc) (29a)

(G(q))2 = mg0 [(lc − l) sin(q1 − q2) − sin(q2)(lc + l)] .
(29b)


