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ABSTRACT

The effects of actuator torque/speed comstraints on
achievable manipulator mechanical impedance are dis-
cussed.. Beginning with a simplified dynamic model, a de-
scribing function analysis is used to examine the constraints
for linear behavior as well as the effective closed loop imped-
ance resulting from the actuator nonlinear characteristic. It
is shown that the closed loop manipulator impedance is a
blend of two extreme impedances, and the degree of nonlin-
earity in the actuator controls the proportion of these two
components in the overall dynamic response. The exten-
sion to multiple degree of freedom manipulators is also dis-
cussed, revealing behavioral properties similar to the single
degree of freedom case. The relevance of this simple analy-
sis to manipulator system preliminary design and feasibility
studies is stressed.

INTRODUCTION

The objective of impedance control is to design and
implement feedback control so that specific mechanical
impedances are achieved at the manipulator end effector

(or at any other location) [1]. Rather than controlling po-
sition or force directly, this objective places a constraint
between position and force. Its chief advantage in accom-
plishing manipulation tasks is that interaction with exter-
nal objects (e.g. task parts, other manipulators, etc.,) is
managed by “low level” servo control. This greatly reduces
the detailed knowledge required at higher levels, and simpli-
fies the planning and decision making required to perform
basic motion functions [2,3].

‘While the common impedance control objective makes
various implementations similar, they can be quite differ-
ent in their achieved performance. Unmodeled system dy-
namics [4,5,6], actuator limitations [7,8], computation time
delays [9], etc., can dominate the behavior of the closed
loop system, causing poor performance—even instability.
Therefore it is very important to identify, in the early stages
of a design or feasibility study, those components of the sys-
tem which most strongly limit the achievable performance.
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This paper explores a common limitation in manipu-
lation systems: actuator torque versus speed capabilities.
The particular case of permanent magnet DC motor actua-
tor technology is considered due to its widespread use and
relatively simple torque/speed characteristic. Hydraulic ac-
tuators using servo valves have similar torque/speed con-
straints [8,15], and can also be studied with this approach.
Using a model of the essential properties of a control loop
containing an actuator of this type, results are derived for
the closed loop nonlinear impedance of the manipulator, as
well as for design and operational constraints under which
linear impedances are retained. This data can be useful in
the early stages of manipulator system design (both me-
chanical and control design) to determine the feasibility of
achieving desired overall system impedances.

Compared to other work in characterizing the per-
formance of manipulators, the results reported here are
more comprehensive than the inertial characterizations
[10,11,12], since the inertial behavior is only a part of the
manipulator impedance. The characterization and design
of manipulator compliance [21] is also a special case of the
overall impedance. Control designs using actuator satu-
ration have appeared using the optimal control approach
[13] where minimum time criteria are involved. But they
do not characterize the interaction behavior of the manip-
ulator with its environment. The explicit use of actuator
torque/speed constraints is used in simulation studies [7]
to test whether actuator saturation occurs. This is most
useful in a CAD setting {16], where various designs can be
tried in simulation, and the design iterated on that basis.
The approach taken here is fundamentally different, since
it yields an analytical description of manipulator behavior.
In addition to providing design guidelines for avoiding actu-
ator saturation, this analysis also characterizes the effects
of saturation when it does occur.

Section 1 introduces the model of the manipulator con-
trol loop, as well as the actuator torque/speed limitation
considered. A describing function analysis of the effects of
the actuator nonlinearity is presented in Section 2, and Sec-
tion 3 shows how the analysis can be used in two important
system design scenarios. The use of the simplified analysis
and results is extended to treat more general manipulators
in Section 4.




1. ONE DEGREE OF FREEDOM MODELING

This section will examine a simple model of ma-
nipulator dynamics, together with a typical actuator
torque/speed constraint. The goal is a basic understanding
of the effects of this nonlinear actuator characteristic on the
closed loop manipulator impedance. Section 4 will discuss
extensions of the single degree of freedom results to more
complex situations.

Consider the following single degree of freedom system.
A torque 7, is applied to a single manipulator joint, with
resulting joint angle 8. The joint dynamics are represented
by the linear frequency domain function Z,,(s).

Tm(8) = Zm(s)6(s) (1-1

The function Z,, is termed the manipulator impedance;
it describes the relationship between externally applied
torques and resulting motions.

Since the manipulator impedance rarely represents ac-
ceptable dynamic behavior as it stands, feedback control is
used to modify the impedance to a desired extent. If the
feedback is represented in the form

Ta(s) = C(s)8(s) = (Zm(s) — Zc(s))6(s) ,

where 7, is an actuator command torque, then the closed
loop system has the form shown in Figure 1-1. The signal

(1-2)
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Figure 1-1: A general feedback loop for impedance control.

74 in Figure 1-1 is an external torque due to contact with
the system’s environment.

The closed loop transfer function from disturbance
torque 74 to the motion # is the inverse of the controlled
impedance Z, i.e.

Ta(8) = Z(s)8(s) . (1-3)
Observe that with (1-2) this overall impedance in Figure
1-1 is given by

ras) _ [ 2;(s)
0(s) 1—-C(s)/Zm(s)

-1
] = Zn(s) — C(8) = Z(s).
(1-4)
Thus in this linear case, the closed loop impedance is given
by the Z, term in the feedback control block.
In the case where the actuator cannot supply any de-
sired torque at any speed, the linear description of the
closed loop impedance given above will become nonlinear.
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A description of this impedance will be provided for the
case where the external torque is sinusoidal in form. While
not a generic situation, it is a common one encountered
in the dynamic analysis of a physical system using swept
sine functions. Also it provides strong evidence for the be-
havior of a system to more general inputs if these inputs
are decomposed into their sinusoidal harmonics. That is, a
forcing function having significant energy at a frequency w
can be expected to reveal the same type of behavior exhib-
ited by the “sinusoidal impedance” at that frequency. This
is not a precise analysis, but it can provide valuable data
for feasibility studies and preliminary design.

The use of a specific signal form in the analysis of non-
linear systems is termed the describing function method,
and is well known [17,18]. For the sinusoidal describing
function, the first harmonic of the nonlinear system output
is compared to the sinusoidal input. The resulting shift
in sinusoid magnitude and phase is taken as the describ-
ing function of the nonlinear block. The key assumption is
that the input to the nonlinear block is harmonically pure.
This assumption is often satisfied when the linear portion
of the feedback system contains sufficient low-pass filtering
to remove harmonics generated by the nonlinearity. The
inertial behavior of the open loop system Z,, provides the
needed filtering for the problem at hand.

The nonlinearity addressed here is the torque/speed
constraint present in actuators using permanent magnet
DC motors. The rotation of the motor generates a volt-
age (back EMF) which opposes the commanded voltage.
When the rotation speed is high enough, the back EMF
voltage equals the power amplifier supply voltage, and no
additional acceleration torque is available. This constraint
is illustrated in Figure 1-2. The constant T, is the so-called
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Figure 1-2: Actuator torque/speed constraint.

stall torque, and B, is the back EMF constant. Inside these
two linear constraints, the torque is determined by the lin-
ear control law (C(s)/s)8(s). (A current-type power am-
plifier is assumed here, where the motor current, hence its
applied torque, is proportional to the command signal 7, in
this linear region.) Hydraulic actuators have similar con-
straints between delivered torque and speed, although the




characteristic is quadratic rather than linear [8,15]. When
large torque is demanded by the control loop, either due to
a large control gain or a large disturbance torque, the deliv-
ered torque 7, becomes clipped or saturated, and “slides”
along the constraint lines until the amplitude again lies in
the linear region.

In the describing function analysis, the action of this
torque/speed constraint is represented by a complex-valued
function of frequency D(jw), reflecting the magnitude and
phase changes of the sinusoidal harmonics due to torque sat-
uration. Thus, if the motion is 8(t) = asin(wt), the torque
is 74(¢) = a|D(jw)|sin(wt + £D(jw)), where |- | denotes the
magnitude and £ denotes the phase of the complex number
D(jw). In the frequency domain, this relation is written

Ta(jw) = D(jw)8(jw) -

When saturation does not occur, the relation between 7,
and 6 reduces to the transfer function C(jw).

At each frequency w the closed loop relation between
the sinusoidal disturbance 7; and the sinusoidal motion 8
would be

(1-5)

a(jw) _ Z; (jw) -

0Gw)  [1-D(jw)/Zm(jw)

= Zp(jw) - D(ju)
(1-6)

as in the linear case before, only the controller C is now
replaced with the actuator/controller describing function
D. The next section discusses the properties of D using
the torque/speed constraint of Figure 1-2.

2. THE TORQUE/SPEED DESCRIBING FUNCTION

In general, the phase shift of the compensator C(s)
results in a “clipped” ellipse in the 7,-versus-6 plane. If we

define a new torque variable
=1+ ﬂoé (2-1)

then 7' is subject to the simple limiting function I(7 + ﬂaﬂ)
given by

r+ﬂoé, o <T+B0<T,
T=lr+8.8)=: 7, r+ 882>,
—To, T+)Baés —To

(2-2)
Now since the demanded torque 7 is related to the joint
velocity @ by the transfer function C(s)/s, we can represent
the behavior of the delivered torque 7, as a function of the
velocity as shown in Figure 2-1.

The describing function of the block diagram in Figure
2-1 can be readily computed. First, the particular form
of | results in a describing function which depends on the
magnitude of its input only, with no phase shift. Let

A = |(C(jw)/jw + Bo)8(5w)| (2-3)
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Figure 2-1: Model of the controller/actuator.

represent the magnitude of this input. The limiting de-
scribing function I(}) is given by

25 1 4

— — =5in(28) + —(7,/A) sin(é
22—~ sin(26) + 2(r,/A)sin(8)
where the parameter 6 indicates the degree of actuator non-
linearity and is given by

A =1- (2-4)

0, AL T,
§= (2-5)
/2 —sinT1,/N), A>T

The functions /(X) and 6()) are plotted in Figure 2-2. These
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Figure 2-2: Describing function ! and linearity parameter é
versus the amplitude factor A.

curves show the essential effect of the torque/speed nonlin-
earity. When § is zero, the demanded torque is within the
linear region of the torque/speed constraint, and the con-
trol action is determined by the linear controller C. When
§ > 0, the actuator becomes nonlinear, and ! acts to reduce
the gain of the feedback control block.

From the block diagram and the describing function !
we have '

Ta(Jw)
6(jw)
This equation fully describes the interdependence of actu-
ator torque/speed constraints and controller dynamics in
the manipulator system feedback path.

The next section combines these results with the ex-
pression for the closed loop impedance from Section 1 to
develop manipulator system design constraints and perfor-
mance limitations.

D(jw) = = jwl(X)-[B,+ C(jw)/jw] = jwB,. (2—6)



3. USE OF THE ACTUATOR DESCRIBING FUNCTION

This section discusses two possible uses of the results
of Sections 1 and 2 for preliminary system design or fea-
sibility studies. The first approach is to maintain linear
operation through design or operational constraints. The
second approach is to evaluate the closed loop performance
under actuator saturation, so that the nonlinear behavior
can be factored into the design process.

The closed loop system of Section 1 is completely char-
acterized by the achieved impedance Z, while the system
operates in the actuator’s linear region. As developed in
Section 2, the parameter § indicates the degree of nonlin-
earity in the actuator for a particular motion amplitude |6|.
When é = 0, the system is entirely linear. From (2-5), a
suitable linear design strategy would be to require A < 7.,
or using (2-3), to require
8(w)

Jw

TO
IC(jw) + jwBol

The magnitude of motion |§(jw)| is determined by the
amplitude of the external torque 74, as well as the param-
eters in the controller C' and the manipulator impedance
Zm. For a sinusoidal torque disturbance

18(w)l =

(3-1)

74 = dsin(wt + ¢) (3-2)

the amplitude d and the motion amplitude |8(jw)| are re-
lated by

d = |Zn(jw) — C(Gw)| - |6(w)] - (8-3)

Combining (3-1), (3-3), and the expression (1-2) for C we

arrive at the “keep it linear” design constraint

d < T,

1Z(3w)| ~ iwBs + Zm(jw) = Ze(jw)|

A number of design scenarios could be based on (3-4).
Two cases of particular interest are:

(3-4)

1. Control Design: Given a manipulator (given the dy-
namics in Z,, and the actuator torque/speed parame-
ters 7, and f3,), the allowed external torque amplitude
d can be described as a function of the desired closed
loop impedance Z.. For a particular impedance Z,
an “envelope” of external torques can be described
which yield linear manipulator behavior. Conversely,
given a desired envelope of torques, allowed closed
loop impedance Z, can be prescribed. Then the en-
velope of torques can be translated into an envelope of
positions, about the nominal (no environmental con-
tact) position, where linear operation is achieved.

. Manipulator Design: Given a desired “envelope” of
external torques, and the closed loop impedance de-
sired within that envelope (i.e. given d and Z.), select
an actuator/manipulator combination such that 7,
Bo, and Z,,(jw) satisfy (3—4) for all w, or over some
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reasonable range of w. This would allow trade-offs
in mechanical design and actuator technology to be
considered early in the control design process.

A second design approach would be to allow nonlin-
ear behavior, but guarantee that acceptable performance
is maintained. Using the expression (1-6) for the closed
loop impedance, together with the expression (2-6) for the
describing function of the controller/actuator, we have the
closed loop describing function

Z(jw) = (1 = 1(A)) - (Zm(jw) + jwBo) + U(N) Ze(jw) (3—5)

relating the sinusoidal motion 8 to external torque 74. By
the definition (2-4) of the limiting function I, it is unity
while the system is operating in the linear region, and tends
to zero as the amplitude factor A becomes large. Thus, for
small amplitudes |8|, Z(jw) = Z.(jw), and as the motion
amplitude becomes large, Z(jw) = Zn(jw) + jwB,. When
the motion amplitude is large, the behavior of the closed
loop system is much like the open loop system, but with
increased damping due to §,. When the motion amplitude
is small, the closed loop response matches the linear control
design. The function ! acts to shift the “weight” of closed
loop behavior between these two extremes.

For each frequency, the measure of what is a “large”
amplitude is determined with the definition (2-3) of the
amplitude factor )\, together with the functional form of
I()) given in Figure 2-2. For example, if the amplitude of 8
is twice as large as the linear limit, the closed loop behavior
is 61 percent determined by the linear control law, and
39 percent determined by the nonlinear limiting extreme.
When the amplitude exceeds the linear limit by a factor of
five, the manipulator behavior is mostly (75 percent) like
the nonlinear limit, with just 25 percent of the linear control
behavior remaining.

A general control design objective is to improve the
stiffness of the manipulator to allow for good position con-
trol (increase the low frequency impedance), yet reduce the
impedance at high frequencies to provide greater mobility
or “dexterity”. The actuator nonlinearity causes limita-
tions on the achievable impedance, but these restrictions
are different for low frequencies than for high frequencies.
The gain reduction characteristic of the torque/speed de-
scribing function ! provides an upper bound on the achiev-
able manipulator stiffness, which is a function of the am-
plitude of the external torque. In contrast, the high fre-
quency impedance is lower bounded by the nonlinear behav-
ior, again depending on the external torque amplitude. The
overall effect of the torque/speed constraint is to bound the
changes to the impedance Z,,(s) + Bos possible using feed-
back control. Since these bounds hold for any controller,
it is easy to compare the performance achievable by con-
trol design with the performance achievable by mechanical
design.
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4. EXTENSION TO MULTIPLE DEGREES OF FREEDOM

Compared to the simple analysis of Sections 1-3, addi-
tional complication arises in a general manipulator due to
the additional degrees of freedom and the nonlinearity of
the manipulator kinematics and dynamics. The impedance
is now a matrix of scalar impedances of the form derived
earlier, each element relating the effort (force or torque)
in one coordinate to motion (linear or angular) in another
coordinate.

It is usually the cartesian impedance that dictates ma-
nipulator behavior in the performance of a task, since the
task geometry defines the reference frame the manipulator
must ultimately work within. But the actuator nonlinear
characteristic is fundamentally a joint space phenomenon,
since actuators are usually assigned individually to separate
joints. Thus, joint behavior must be translated into carte-
sian coordinates. The cartesian impedance matrix Z(jw)
is related to the joint impedance matrix Z(jw) by a non-
linear mapping consisting of the kinematic transformation
T(6) (a nonlinear function of the joint angle vector §) and
its jacobian J(6) [1,2]:

Z(jw) = JT(8)2(jw)T(6) (4-1)

If the manipulator is kinematically redundant, a unique so-
lution of this equation for Z(jw) will not exist. Otherwise,
assuming 6 is away from a kinematic singularity, we can
write
2(w) = I7(9)2(jw)T-1(6) (4-2)

to describe the manipulator behavior in cartesian space.

In certain special cases [19] the manipulator dynamics
may be decoupled and invariant with respect to joint posi-
tion. In general, however, the dynamics of a multiple joint
manipulator take the form [20]

T+ T = M(0)8 + S(6,6) + G(8) = Zn(6)

where 7; and 7, are vectors of joint disturbance and actu-
ator torques, respectively, and 6 is a vector of joint angles.
M (6) is the inertia matrix, S(, 9) is a vector of centripetal,
coriolis, and damping torques, and G(9) is a vector of grav-
ity torques. If actuator nonlinearities are not present, the
feedback controller is represented by

(4-3)

7o = C(8) = Zn(6) - Z.(6) (4-9)
and the closed loop impedance is given by
Ty = Zn(6) — C(6) = Z.(6). (4-5)

This impedance is a nonlinear dynamic function due to the
manipulator dynamic nonlinearities.

If the actuator torque/speed nonlinearity is included,
the controller description C is replaced by the describing
function D derived as follows. Let 7 be the vector of si-
nusoidal torques demanded by the controller for sinusoidal
motions §. As in Section 2, define the vector of auxiliary
torques 7’ as T, + B,6, where 7, is the vector of supplied
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actuator torques, and B, is a diagonal matrix of back EMF
constants for each joint. Each element of the torque vec-
tor 7' is then limited to the corresponding element of the
stall torque vector 7, via limiting functions of the form
(2-2). The resulting multiple joint version of the actua-
tor/controller given in Section 2 is shown in block diagram
form in Figure 4-1. The describing function of the feedback

"Io 3[} 9

Figure 4-1: Multiple degree of freedom actuator/controller.

controller in the presence of actuator torque/speed limita-
tions is readily computed from this block diagram:

D(jw) = L(A)(jwB, + C(jw)) — jwB, (4-6)

where L(A) is a diagonal matrix of limiting functions, oper-
ating on the vector of amplitude parameters A = [\;]. Com-
bining the manipulator impedance with the feedback con-
troller/actuator describing function yields the closed loop
joint coordinate impedance

Z(jw) = (I = L(A)) - [Zm(8) + jwBo] + L(A) - 2.(8) (4-7)

in complete analogy with the simple results of Section 3.
In this form, the sinusoidal impedance Z is an accurate
description of dynamic behavior, but it is quite complicated
due to the form of the open loop impedance Z,,.

In many situations involving contact with objects in
the manipulator’s workspace, interaction occurs in the
neighborhood of a fixed manipulator configuration. That
is, joint angles remain in the vicinity of nominal values 6,
throughout the contact encounter. Since the manipulator
dynamics, represented by Z,,(8), are smooth functions of
manipulator joint position, a linearized model

Z,(8) = M, + B,& (4-8)
can be quite accurate for small sinusoidal motion & about
the nominal joint position 6,. Here, M, = M (6,), and
B, represents the damping terms in S(6,,#). The corre-
sponding describing function for the manipulator dynamics
is then

Zn(jw) = —w?M, + jwB, . (4-9)

Combining the general closed loop impedance formula
(4-7) with the simplified manipulator impedance Z,, yields
the joint space impedance

Z(jw) = (I = L(A)) - [~w*M, + jw(B, + Bo)] + L(A) - Zc(jw)
(4-10)




This clearly demonstrates the same type of behavior found
in the simpler analysis presented earliecr. When each of the
motion magnitude factors A; in A are smaller than their
respective stall torques 7,; in 7,, then L(\) = I, linear
operation is retained, and the manipulator impedance is
given by Z.(jw). When any joint motion magnitude be-
comes large enough to cause A; > 7,;, then the extreme
impedance —w?M, + jw(B, + B,) is blended with the de-
sired value Z, according to the limiting functions ;(\;),
defined in (2-4). This general impedance in joint space can
be transformed using (4-2) to describe cartesian interaction
with a manipulation task.

CONCLUSION

In the absence of analytical guidelines, robot manipu-
lator system designs have relied on implementation experi-
ence. For applications which have used manipulators suc-
cessfully, such as in factory automation of welding, sealant
application, or spray painting, the design process is rel-
atively mature. For new robotics applications, however,
such design experience is not available. Particularly where
extensive testing is expensive, as in space and undersea ap-
plications, is it important to understand the capabilities
of a design before it is built. This understanding requires
answers to some basic questions: When a particular tech-
nology is used, what levels of manipulator performance are
possible? Given a desired level of overall manipulator per-
formance, what are the specific requirements on the com-
ponent parts of the system? Which components are critical
factors in the overall performance capability?

This paper has addressed these questions by examin-
ing manipulator performance capabilities/limitations due
to a specific actuator technology—DC permanent mag-
net electric motors. It was shown that the closed loop
impedance Z(jw) is a linear combination of two specific
impedances, the open loop impedance plus back EMF
damping Z.(jw) + jwfs, and the designed closed loop im-
pedance Z.. When the external or disturbance torques
are small, the impedance specified by the control design
is achieved. As the disturbance torques increase, the open
loop impedance plus back EMF damping begins to dom-
inate the overall behavior. The proportions of these two
distinct impedanges are determined by the limiting describ-
ing functions 1;(6;), where §; is a measure of the degree of
actuator non-linearity for each manipulator joint.

These quantitative results show how the actuator
torque/speed capability limits the ability of feedback con-
trol to change the open loop manipulator behavior. This al-
lows control design and mechanical design to be integrated
together at an early stage in the design process. It also pro-
vides basic information about what performance is feasible
using this actuator technology.
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