Linear Analysis and Optimization of Stream
Programs
by
Andrew Allinson Lamb

Submitted to the Department of Electrical Engineering and Computer
Science
in partial fulflliment of the requirements for the degree of

Master of Engineering in Computer Science and Engineering
at the
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
May 2003
c Andrew Allinson Lamb, MMIII. All rights reserved.

The author hereby grants to MIT permission to reproduce and
distribute publicly paper and electronic copies of this thesis document
in whole or in part.

Department of Electrical Engineering and Computer Science
May 9, 2003

Certifled DY . ...
Saman P. Amarasinghe

Associate Professor

Thesis Supervisor

AcCCEPted DY . .
Arthur C. Smith
Chairman, Department Committee on Graduate Students






Linear Analysis and Optimization of Stream Programs

by
Andrew Allinson Lamb

Submitted to the Department of Electrical Engineering and Computer Science
on May 9, 2003, in partial fulflliment of the
requirements for the degree of
Master of Engineering in Computer Science and Engineering

Abstract

As more complex DSP algorithms are realized in practice, there is an increasing need
for high-level stream abstractions that can be compiled without sacriflcing e—ciency.
Toward this end, we present a set of aggressive optimizations that target linear sec-
tions of a stream program. Our input language is Streamlt, which represents programs
as a hierarchical graph of autonomous fllters. A fliter is linear if each of its outputs
can be represented as an a—ne combination of its inputs. Linearity is common in
DSP components; examples include FIR fliters, expanders, compressors, FFTs and
DCTs.

We demonstrate that several algorithmic transformations, traditionally hand-
tuned by DSP experts, can be completely automated by the compiler. First, we
present a linear extraction analysis that automatically detects linear fllters from the
C-like code in their work function. Then, we give a procedure for combining ad-
jacent linear fllters into a single fllter, a specialized caching strategy to remove re-
dundant computations, and a method for translating a linear fllter to operate in the
frequency domain. We also present an optimization selection algorithm, which flnds
the sequence of combination and frequency transformations that yields the maximal
beneflt.

We have completed a fully-automatic implementation of the above techniques
as part of the Streamlt compiler. Using a suite of benchmarks, we show that our
optimizations remove, on average, 86% of the oating point instructions required. In
addition, we demonstrate an average execution time decrease of 450% and an 800%
decrease in the best case.
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Chapter 1

Introduction

This chapter motivates our work and gives an overview of the problem domain (1.1).
Next, we describe the organization of this thesis (1.2). We conclude with a motivating

example that illustrates the types of optimizations our techniques automate (1.3).

1.1 Motivation and Overview

Digital computation is a ubiquitous element of modern life. Everything from cell
phones to HDTV systems to satellite radios require increasingly sophisticated algo-
rithms for digital signal processing. Optimization is especially important in this do-
main, as embedded devices commonly have high performance requirements and tight
resource constraints. Consequently, there are often two stages to the development
process: flrst, the algorithm is designed and simulated at a high level of abstraction,
and second, it is optimized and re-implemented at a low level by an expert DSP
programmer. In order to achieve high performance, the DSP programmer needs to
take advantage of architecture-speciflc features and constraints (usually via extensive
use of assembly code) as well as global properties of the application that can be ex-
ploited to obtain algorithmic speedups. Apart from requiring expert knowledge, this
efiort is time-consuming, error-prone, costly, and must be repeated for every change
in the target architecture and every adjustment to the high-level system design. As
embedded applications continue to grow in complexity, these factors will become un-
manageable. There is a pressing need for high-level DSP abstractions that can be

compiled without any performance penalty.
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According to Texas Instruments[10], more than flfty percent of the code that runs
the DSPs in a modern cell phone is written in assembly (the rest is written in anno-
tated C). Even provided the best available C compilers, programmers must still turn
to hand written code to meet the tight speed and power constraints of cell phones.
Generating code tailored for the power constraints, specialized coprocessors and spe-
cialized instructions of modern DSP chips from a program written in standard C is a
daunting task for modern compiler writers. The sheer volume of analysis required to
automatically use special purpose instructions leaves direct assembly language pro-

gramming as the only option.

In this thesis, we develop a set of optimizations that lower the entry barrier
for high-performance stream programming. Our work is done in the context of
Streamlt [15, 33], which is a high-level language for high performance signal pro-
cessing applications. A program in Streamlt is comprised of a set of concurrently
executing fliters, each of which contains its own address space and communicates
with its neighbors using FIFO queues. Our analysis focuses on fllters which are lin-
ear: their outputs can be expressed as an a—ne combination of their inputs. Linear
fliters are common in DSP applications; examples include FIR fllters, expanders,

compressors, FFTs and DCTs.

In practice, there are a host of optimizations that are applied to linear portions
of a stream graph. In particular, neighboring linear nodes can be combined into one,
and large linear nodes can beneflt from translation into the frequency domain. How-
ever, these optimizations require detailed mathematical analysis and are tedious and
complex to implement. They are only beneflcial under certain conditions | condi-
tions that might change with the next version of the system, or that might depend
on neighboring components that are being written concurrently by other develop-
ers. To improve the modularity, portability, and extensibility of stream programs,
the compiler should be responsible for identifying linear nodes and performing the

appropriate optimizations. Toward this end, we make the following contributions:
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1. A linear data ow analysis that extracts an abstract linear representation from
imperative C-like code.

2. An automated transformation of neighboring linear nodes into a single collapsed
representation.

3. An automated translation of linear nodes into the frequency domain.

4. An optimization selection algorithm that determines which transformations are
most beneficial to apply.

5. A fully-automatic implementation of these techniques in the Streamlt compiler,
demonstrating an average speedup of 450% and a best-case speedup of 800%.

1.2 Organization

In the rest of this chapter, we give a motivating example. In Chapter 2 we present
appropriate background material on Streamlt (2.1), a brief summary of digital signal
processing (2.2) and a derivation of the fast Fourier transform (2.3). In Chapter 3 we
describe our analysis methods. We flrst present our linear node representation (3.1)
and our supporting data ow analysis (3.2). Next we describe structural transforma-
tions on linear nodes (3.3). In Chapter 4 we discuss our optimizations: frequency
domain translation (4.1), redundant computation elimination (4.2), and automated
application (4.3). We end with comments on our implementation experience (4.4).
Chapter 5 presents experimental validation of our methods. We flrst describe our
measurement methodology (5.1) and provide overall validation of our optimizations
(5.2). Then we present additional experiments and results (5.3 - 5.8) that are of
interest. We present related works in Chapter 6 and we conclude in Chapter 7 where

we also mention future research opportunities (7.1).

1.3 Motivating Example

To illustrate the program transformations that our technique is designed to automate,
consider a sequence of flnite impulse response (FIR) flliters as shown in Figure 1-

1. The imperative C style code that implements this simple DSP application is
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FIR1 FIR2

Figure 1-1: Block diagram of two FIR fliters.

/* perform two consecutive FIR filters with weights wl, w2 */
void two_filters(float* wl, float* w2, int N) {

int i;
float data[N]; /* input data buffer */
float buffer[N]; /* inter-filter buffer */

for (i=0; i<N; i++) { /* initialize the input data buffer */
data[i] = get_next_input();
}

for (i=0; i<N; i++) { /* initialize inter-filter buffer */
buffer[i] = filter(wl, data, i, N);
data[i] = get_next_input();

}

i=0;

while(true) {
/* generate next output item */
push_output(filter(w2, buffer, i, N));
/* generate the next element in the inter-filter buffer */
buffer[i] = filter(wl, data, i, N);
/* get next data item */
data[i] = get_next_input();
/* update current start of buffer */
i = (i+1)%N;

}

}

/* perform N-element FIR filter with weights and data */
float filter(float* weights, float* data, int pos, int N) {
int i;
float sum = 0;
/* perform weighted sum, starting at index pos */
for (i=0; i<N; i++, pos++) {

sum += weights[i] * data[pos];
pos = (pos+1)%N;

return sum;
}
Figure 1-2: Two consecutive FIR fllters in C. Channels are represented as circular
bufiers, and the scheduling is done by hand.

20



float->float pipeline TwoFilters(float[N] wl, float[N] w2) {
add FIRFilter(wl);
add FIRFilter(w2);

}

float->float filter FIRFilter(float[N] weights) {
work push 1 pop 1 peek N {
float sum = 0O;
for (int i=0; i<N; i++) {
sum += weights[i] * peek(i);
}
push(sum);
pop(Q);

}

Figure 1-3: Two consecutive FIR fllters in StreamIt. Bufier management and schedul-
ing are handled by the compiler.

float->float filter CollapsedTwoFilters(float[N] wl, float[N] w2) {
float[N] combined_weights;

init { /* calculate combined_weights from wl and w2 */ }

work push 1 pop 1 peek N {
float sum = 0;
for (int i=0; i<N; i++) {
sum += combined_weights[i]*peek(i);
}
push(sum);
popQ);
}
}

Figure 1-4: Combined version of the two FIR fllters. Since each FIR fllter is linear,
the weights can be combined into a single combined weights array.

float->float pipeline FreqTwoFilters(float[N] wl, float[N] w2) {

float[N] combined weights = ... ; // calc. combined weights
complex[N] H = fft(combined _weights); // take FFT of weights

add FFTQ; // add FFT stage to stream
add ElementMultiply(H); // add multiplication by H
add IFFTQ); // add inverse FFT

Figure 1-5: Combined version of two FIR fliters in the frequency domain.
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shown in Figure 1-2. The program largely defles many standard compiler analysis
and optimization techniques because of its use of circular bufiers and the muddled
relationship between data, buffer and the output.

Figure 1-3 shows the same flltering process in Streamlit. The Streamlt version is
more abstract than the C version. It indicates the communication pattern between
fliters, shows the structure of the original block diagram and leaves the complexities
of bufier management and scheduling to the compiler.

Two optimized versions of the FIR program are shown in Figures 1-4 and 1-5. In
Figure 1-4, the programmer has combined the weights arrays from the two fliters
into a single, equivalent array. This reduces the number of multiply operations by a
factor of two. In Figure 1-5, the programmer has done the flltering in the frequency
domain. Computationally intensive streams are more e—cient in frequency than in
time.

Our linear analysis can automatically derive both of the implementations in Fig-
ures 1-4 and 1-5, starting with the code in Figure 1-3. These optimizations free the
programmer from the burden of combining and optimizing linear fllters by hand. In-
stead, the programmer can design modular fllters at the natural granularity for the

algorithm in question and rely on the compiler for combination and transformation.
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Chapter 2

Background

This chapter is organized as follows. First we present an overview of our input
language, Streamlt (2.1). Then we give a high level overview and some key results
of basic digital signal processing (2.2). Finally, we provide a derivation of the FFT
algorithm (2.3) as justiflcation for our frequency replacement optimization described

in Chapter 4.

2.1 The Streamlt Language

Streamlt is a language and compiler for high-performance signal processing [14, 15,
33]. In a streaming application, each data item is in the system for only a small
amount of time, as opposed to scientiflc applications where the data set is used ex-
tensively over the entire execution. Also, stream programs have abundant parallelism
and regular communication patterns. The Streamlt language aims to expose these
properties to the compiler while maintaining a high level of abstraction for the pro-
grammer.

Streamlt programs are composed of processing blocks called fllters. Each fllter
has an input tape from which it can read values and an output tape to which it can
write values. Each fllter also contains a work function which describes the fllter’s
atomic execution step in the steady state. If the flrst invocation of the work function

has difierent behavior than other executions, a special initWork function is deflned.
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(a) A pipeline. (b) A splitjoin. (c) A feedbackloop.

Figure 2-1: Stream structures supported by Streamit.

The work function contains C-like imperative code, which can access fllter state,
call external routines and produce and consume data. The input and output channels

are treated as FIFO queues, which can be accessed with three primitive operations:

pop() returns the flrst item on the input tape and advances the tape by one item.
peek(i) returns the value at the ith position on the input tape

push(v) pushes value v onto the output tape.

Each fllter must declare the maximum element it will peek at, the number of
elements it will pop, and the number of elements that it will push during an execution
of work. These rates must be resolvable at compile time and constant from one
invocation of work to the next.

A program in Streamlt consists of a hierarchical graph of fliters. Filters can be con-
nected using one of the three predeflned structures shown in Figure 2-1: 1) pipelines
represent the serial computation of one fllter after another, 2) splitjoins represent
explicitly parallel computation, and 3) feedbackloops allow cycles to be introduced
into the stream graph. A stream is deflned to be either a fllter, pipeline, splitjoin or
feedbackloop. Every subcomponent of a structure is a stream, and all streams have

exactly one input tape and exactly one output tape.
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void->float filter FloatSource {
float x;
init { x=0; }
work push 1 { push(x++);}

}

float->void filter FloatPrinter {
work pop 1 { print(pop()); }

}
float->float filter LowPassFilter(float g, float cutoffFreq, int N) {
float[N] h;
init {
... // initialize the N weights appropriately
}
/* implement the FIR filtering operation as a convolution sum. */
work peek N pop 1 push 1 {
float sum = 0;
for (int 1=0; I<N; i++)
sum += h[i]*peek(i);
push(sum); pop();

float->float filter Compressor(int M) {
work peek M pop M push 1 {
push(popQ));
for (int i=0; i<(M-1); i++)
popQ);

void->void pipeline Downsample {
add FloatSource();
add LowPassFilter(2, pi/2, 64);
add Compressor(2);
add FloatPrinter();

Figure 2-2: Example Streamlt program: Downsample.

It has been our experience that most applications can be represented using Streamlt’s
hierarchical structures. Though sometimes a program needs to be reorganized to flt
into the structured paradigm, there are beneflts for both the programmer and the
compiler in having a structured language [33]. In particular, the linear analyses de-
scribed in this thesis rely heavily on the structure of Streamlt since they focus on each
hierarchical primitive rather than dealing with the complexity of arbitrary graphs.

Figure 2-2 shows an example Streamlt program that implements downsampling
by a factor of two. FloatSource pushes an incrementing value each execution and
FloatPrinter consumes one item and prints it to the screen. LowPassFilter imple-
ments a digital FIR fllter!. Compressor passes the flrst value on its input to its output
tape and discards the next M j 1 values from the input. These fliters are connected
serially using the Downsample pipeline. The void->void type of the Downsample

pipeline represents that it is the top level construct of the program.

1The coe—cient calculations are left out for the sake of brevity.
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2.2 A Crash Course in Digital Signal Processing

This section provides su—cient background in digital signal processing (DSP) for this
thesis to make sense on its own. Those already endowed with an undergraduate

background in signal processing can safely skip this section.

2.2.1 LTI Filtering

One of the most fundamental DSP operations is linear time-invariant (LTI) flitering.
A full treatment is well outside the scope of this thesis | we aim only to provide
enough background for an intelligent reading. We refer the reader to one of the many
excellent introductory textbooks on the subject such as Oppenheim and Wilskey [25]
for a thorough treatment.

A discrete time LTI fllter has a single input and a single output which operates on
signals which are deflned for discrete indices. An LTI fliter is completely characterized
by its impulse response which is deflned as the output of the flliter when the input is
the unit impulse, -[n]. The unit impulse signal, —[n], is deflned such that it takes the
value 1 at index 0 and the value 0 everywhere else. Figure 2-3 graphically depicts a
fliter excited by -[n] and its resulting impulse response. It is useful to divide fllters

into two classes as follows:
FIR Finite Impulse Response ]| impulse responses is of flnite length.
IR Inflnite Impulse Response | impulse response is of inflnite length ( e.g. (%)”).

IR fllters require a feedback loop to implement, and FIR fliters do not. FIR fllters
have other advantages over IIR fllters such as better immunity to flnite precision
arithmetic, fewer stability concerns and highly e—cient hardware implementations.
Again, see Oppenheim [27] for a thorough discussion. Because of their advantages,
actual applications typically use FIR fliters for a majority of DSP designs.

We now explain the standard terminology of the DSP literature. The input to a
fliter is typically called x[n] where the index n represents the discrete \time." Xx[n]

is very much like a C-style array, except that negative indices are also permissible.

26



JH_‘—> LTI p— I

0 0

Figure 2-3: Schematic of the impulse response of an LTI fllter.

X[0] represents the input at time 0, X[1] represents the input at time 1, and so on.
The impulse response of the fllter is similarly described with h[n]. The output of a
fliter is called y[n] and its value at time n is given by the convolution sum deflned in

Equation 2.1.

X
y[n] = X[mlh[n § m] (2.1)

m=;j1
Even though Equation 2.1 contains 1, h[n] in FIR fllters is non zero for a flnite
range of indices. Therefore, the convolution can be implemented on flnite computing
hardware. To calculate the output y[n] at index n with a computer, we place the
values of h[n] in an array weights such that weights[i] = h[ji]. There are issues
involved such as shifting the weights array so that it is not negatively indexed which
we will not consider here. Armed with x[n] and weights[n] we can then calculate the
output at time 0 with Equation 2.2. Equation 2.2 assumes that weights is an array
of N elements and that the input has more than N elements.

Nl
y[0] = x[i]weightsi] (2.2)

i=0
To calculate the next output value, y[1], we simply shift the input by one (in C
we would increment the x pointer by one) and then evaluate Equation 2.2 again. We
keep calculating output values in this manner until we run out of inputs. For the
corner cases at the beginning and end of the convolution sum, special care must be
taken to ensure that we only use the appropriate part of the input. The convolution
operation can be interpreted as computing a weighted average over the input. We
slide the weights array along the input array, computing the weighted sum deflned

by the values of weights matrix.
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Since the convolution sum is such a fundamental operation, DSP processors often
contain specialized hardware to calculate Equation 2.1 in a highly optimized way. For
example, the FIRS instruction [32] in the Texas Instruments TMS320C54x family of
DSP processors has hardware that is capable of computing each Xx[ijweights][i] term

in a single processor cycle in the steady state.

2.2.2 Frequency Analysis

Analyzing the frequency content of signals is important to almost all flelds of engi-
neering. For discrete time signal processing, it is especially important. A fundamental
way to calculate the frequency spectrum of a discrete time signal is to use the dis-
crete time Fourier transform (DTFT). The DTFT is a continuous time function of

the variable ! and is deflned in Equation 2.3.

. K -
X)) = x[n]e =" (2.3)
n=j1
Because the complex exponential terms ei1'" are periodic, the DTFT of a discrete
time signal is also periodic with a period of 2... The periodicity of the DTFT is

demonstrated in Equation 2.4.

X@2) = A x[nlediCren
= Pr}:ilx[n]eij!neijz---n

_ Pa

) (2.4)
- nzilx[n]e“!n

= X(el")

Clearly, computers can not calculate continuous functions, they can calculate the
values of a function only at a flnite number of points. To calculate the value of the
DTFT for the N points ! = ZWI for i = [0::N j 1], the DFT can be used. The DFT

is deflned in the next section as Equation 2.5.
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2.3 FFT Derivation

This section derives the fast Fourier transform (FFT) algorithm from the deflnition of
the discrete Fourier transform (DFT) using matrix notation. There are many difierent
derivations for the FFT and their details are well beyond the scope of this thesis. We
present a derivation for the FFT which works for DFTs of sizes which are powers of

two. The derivation follows closely the derivation given by Sewell[30].

2.3.1 Notation, Deflnitions and lIdentities

In this section, we will explain the notation and prove the key identities of complex
exponentials used in the FFT derivation. The N-point DFT, X[k], for a N sample
discrete time signal is deflned by the following equation (see Oppenheim[27] for more
details).
Nl
X[k]= x[n]WgK (2.5)
n=0

where Wy is the Nth root of unity such that

Wy :ei% and jJ = pﬁ (2.6)

Euler’s relation relates complex exponentials to sinusoids in the following way.

el' = cos(1) + jsin(1) (2.7)

One interpretation of el is a unit vector starting at the origin in the complex
plane. The vector is at an angle of I relative to the real axis as shown in Figure 2-4.
This interpretation might be helpful to the reader in verifying properties of Wy. Wy
plays prominently in the deflnition of the DFT and its properties are essential for
deriving the FFT. The required identities of Wy and their derivations are shown in

Equation 2.8.
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Figure 2-4: z = ¢l

z=¢€
-1 ® 1 Re{z}

as a unit vector in the complex plane.

2.3.2 Derivation

(2.8)

We flrst cast the problem of computing the N values of X[k] from the N values of

X[n] as a matrix multiplication such that xA = X. X is a row vector of length N

such that x; = x[i] and X is also a row vector of length N such that X; = XJi]. We

assume that N is a power of 2. If the length of x[n] is not a power of two, we can \zero

pad"” x[n] to the appropriate length. Zero padding can always be done safely. See

Oppenheim[27] for a full theoretical treatment on the subject. From Equation 2.5

A must be a N £ N matrix such that A[i; k]

XA = X in the following way.

W 0¢0

2
hd W1¢0
Xo X1 ¢¢¢X|\| 1

W 0¢1
W 161

cee woNiY
coe W™D

(N j1)t0 (N j1)e (N § )N j1)
Wy Wy ' tee Wy ! !
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= W,K. We can write out the equation

Xo Xq 066 Xn;1

(2.9)



The non obvious but essential step of the derivation is rewriting Equation 2.9 by
splitting x and X into their even indexed elements followed by their odd indexed
elements (Equation 2.10). In order to maintain the same semantics, A must also be

rewritten. With these changes, Equation 2.9 becomes Equation 2.11.

Xeven | Xodd = Xo X2 (e XNiZ‘Xl X3 (e XNil
(2.10)
Xeven | Koss = Xo Xz 868 X2 | Xy Xz 688 Xy
2 3
e , P Q hd >
Xeven | Xodd QR S % = Xeven Xodd (2-11)

Our goal is to derive relationships between P, Q, R and S such that we can reduce
the computational requirements. We start by deflning two new matrices B and D.
We let B be the (N=2) £ (N=2) DFT matrix (i.e. B[i;k] = W,K,).

2
w35, Wi, bt Wy ot
16(N=2j 1)

(N=21)t0 (N=271)¢1 (N=2§ 1)¢(N=2j 1)
Wiis Wi, ! 000 Wi, !

And we let D be a diagonal (N=2) £ (N=2) matrix such that D[i;i] = W/,.

2
WS 0 et 0

0 WS eee 0
0 0 ¢ee wEID

We now express P, Q, R and S in terms of B and D.
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Pli;k] = A[i;k] = Wik = wk, = B[i;K] > P=B
Qli;kl = A[Ri;N=2+k] = W™ =wliwgdk = 1wk, =Bli;kl D> Q=B

R[i: k] =

AR+ 1;k] = WEDR = waikwk = wik wk = B[i;k]D[k;k] > R=BD

S[i, k] — A[2| + 1’ N + k] — W&2i+l)(N=2+k) — W,{\lli+2ik+N:2+k

= WRWEW W

= (YW (1)WY = iWILWY = i BJi; K]D[K; K] > S
We now rewrite Equation 2.11 in terms of B and D in the following manner:
2 3
hd k4 B ‘ B Z ® k4
Xeven | XKodd > = Xeven | Xodd (2-14)
BD | iBD
The FFT algorithm falls out of expanding Equation 2.14.
XevenB + %0dBD = Xeyen (2.15)
XevenB i %awBD = Xou

We can now calculate the DFT of x using the following algorithm.

1. Compute XeenB and X,39B. This can be done recursively by using the fact that
B is the N=2 DFT matrix ] we are calculating two N=2-point DFTS 0N Xeyen
and Xoqq. Since N is a power of two, N=2 is also a power of two. The base case
isN=2=1 (i.e. B=[1]).

2. Compute o - (X,q¢B)D using the following recursive formula which requires

N=2 + N=2 = N multiplications. Note that ¢ is a N=2 length row vector.

D[0;0] = Wy
ulk] = (XoaaB)KIDLK; K] (2.16)
Dk +1;k+1] = DIk;k]Wyn
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3. Calculate Xeyen and Xoqq in the following manner:

X = X B+4
even even (217)

Xodd = XevenB i H

4. Finally, interleave Xgen and Xoqq appropriately to form the overall X.

The computational complexity of the above algorithm is described by the recur-
rence T(N) = 2T(%) + N which has as its solution T(N) = O(N IgN). This is the
well know result that the FFT requires O(N Ig N) time.

The derivation above demonstrates the origin of the complexity savings of the
FFT. There are myriads of other ways to optimize the computation of the DFT and
a wide body of literature devoted to the subject. For a very fast runtime implemen-
tation, the author suggests using FFTW [6, 7, 8], which is a library for calculating

the FFT which uses runtime tuning to maximize performance.
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Chapter 3

Linear Analysis

In this chapter, we flrst describe a matrix framework which describes linear operations
(3.1). Then, we present the automatic method by which our compiler detects fllters
that perform linear operations (3.2). We then describe the method by which we

combine the action of linear fllters within higher level Streamlt structures (3.3).

3.1 Representing Linear Nodes

There is no general relationship that must hold between a fllter’s input data and its
output data. In actual applications, the output is typically derived from the input,
but the relationship is not always clear since a fllter can have state and can call

external functions.

However, we note that a large subset of DSP operations produce outputs that are
some a—ne function of their input, and we call fllters that implement such operations
linear. Examples of such fllters are flnite impulse response (FIR) fllters, compressors,
expanders and signal processing transforms such as the discrete Fourier transform
(DFT) and discrete cosine transformation (DCT). Our formal deflnition of a linear

node is as follows (refer to Figure 3-1 for an illustration).
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Deflnition 1 (Linear node) A linear node , = fA; B; e; 0; ug represents an
abstract stream block which performs an a—ne transformation y = XA +1 from input
elements x to output elements y. A is an e £ u matrix, B is a u-element row vector,
and e, o and u are the peek, pop and push rates, respectively.

A \flring" of a linear node , corresponds to the following series of abstract execution
steps. First, an e-element row vector x is constructed with x[i] = peek(e § 1 § 1I).
The node computes ¥y = XA + 1, and then pushes the u elements of y¥ onto the output
tape, starting with y[u j 1] and proceeding through y[0]. Finally, o items are popped

from the input tape.

The notation in Deflnition 1 is related to the standard DSP notation introduced
in Section 2.2 as follows. The input x is the same as x[e j 1 j n], for n 2 [0;e j 1].
The input element at time 0, x[0], is the same as X[e j 1] and corresponds to peek(0).
Similarly, the output y is the same as the yju j 1 § n] for n 2 [O;u j 1]. The
flrst output element at time 0, y[0], is the same as y[u j 1] and corresponds to the
flrst push statement. For a linear stream, the output is related to the input by
ylil= (TS Ale i 1iiui 1 jXGD) +builiil

The intuition of the computation represented by a linear node is simply that spe-
ciflc columns generate specific outputs and speciflc rows correspond to using speciflc
inputs. The values found in row e j 1 j i of A (i.e., the ith row from the bottom)
and column u j 1 j j of A (i.e., the jth column from the right) represents a term
in the formula to compute the jth output item using the value of peek(i). The value
incolumn u j 1§ j ofBis a constant ofiset added to output j. Figure 3-1 shows a

concrete example of a work function and its corresponding linear node.

3.2 Linear Extraction Algorithm

Our linear extraction algorithm can identify a linear fllter and construct a linear
node , that fully captures its behavior. The technique, which appears as Algorithm 1
and Algorithm 2, is a ow-sensitive, forward data ow analysis similar to constant
propagation. Unlike a standard data ow analysis, we can afiord to symbolically

execute all loop iterations, since most loops within a fliter’s work function have small
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float->float filter ExampleFilter {
work peek 3 pop 1 push 2 {
push (3*peek (2) +5*peek (1)) ;
push (2*peek (2) tpeek (0) +6) ;

pop () ;
}
}
1Linear Extraction
N / . \ —
X A={A Db, 31,2} Yy
2 3
----000 NN mEOOoog----
A=|0 5
10
b=[6 0] . N
— XA+b-=y

Figure 3-1: Representation of a linear node.

bounds that are known at compile time (if a bound is statically unresolvable, the
fliter is unlikely to be linear and we disregard it). During symbolic execution, the
algorithm computes the following for each point of the program (refer to Figure 3-2

for notation):

T A map between each program variable y and a linear form hv;ci where v is a
P eek-element column vector and c is a scalar constant. In an actual execution,
the value of y would be given by y = x ¢ v + ¢, where x represents the input
items.

T Matrix A and vector B, which will represent the linear node. These values are
constructed during the operation of the algorithm.

T pushcount, which indicates how many items have been pushed so far. This
is used to determine which column of A and B correspond to a given push
statement.

T popcount, which indicates how many items have been popped so far. This is
used to determine the input item that a given peek or pop expression refers to.

We now brie y discuss the operation of Extract at each program node. The
algorithm is formulated in terms of a simplifled set of instructions, which appear
in Figure 3-2. First are the nodes that generate fresh linear forms. A constant

assignment y = c¢ creates a form h0; ci for y, since y has constant part ¢ and does not
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y 2 program-variable
c 2 constant™

v;h 2 vector”

hw;ci 2 linear-form™

map 2 program-variable ¥ linear-form (a hashtable)
A 2 matrix”

code 2 list of instructions, each of which can be:

y; = const push(y;)

y1 = pop() (loop N code)

y:1 ;= peek(i) (branch code; code;)
Y1:=Y20pYs

Figure 3-2: Data types for the extraction analysis.

yet depend on the input. A pop operation creates a form hBuildCoefi(popcount); Oi,
where BuildCoefi introduces a coe—cient of 1 for the current index on the input
stream. A peek(i) operation is similar, but ofiset by the index i.

Next are the instructions which combine linear forms. In the case of addition
or subtraction, we simply add the components of the linear forms. In the case of
multiplication, the result is still a linear form if either of the terms is a known constant
(i.e., a linear form hO;ci). For division, the result is linear only if the divisor is a
non-zero constant! and for non-linear operations (e.g., bit-level and boolean), both
operands must be known constants. If any of these conditions are not met, then the
LHS is assigned a value of >, which will mark the fllter as non-linear if the value is
ever pushed.

The flnal set of instructions deal with control ow. For loops, we resolve the
bounds at compile time and execute the body an appropriate number of times. For
branches, we have to ensure that all the linear state is modifled consistently on both
sides of the branch. For this we apply the con uence operator t, which we deflne for
scalar constants, vectors, matrices, linear forms, and maps. ¢, tc; is deflned according

to the lattice constant™. That s, c;tc, = ¢, if and only if ¢; = c,; otherwise, ¢; tc, =

INote that if the dividend is zero and the divisor has a non-zero coe—cients vector,
we cannot conclude that the result is zero, since certain runtime inputs might cause a
singularity.
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Algorithm 1 Linear extraction analysis.
proc Toplevel(fliter F) returns linear node for F

1. Set globals Peek, Pop, Push to 1/0 rates of fliter F.

2. Let Ag ~ new oat[Peek, Push] with each entry = ?
3. LetBy — new oat[Push] with each entry = ?

4. (map; A;B; popcount; pushcount) ~
Extract(Fuork; (5X:7?); Ao;Bo; 0; 0)

5. if A and B contain no > or ? entries then
return linear node , = fA;T; Peek; Pop; Pushg
else
fail
endif

proc BuildCoefi(int pos) returns v for peek at index pos

v=70
v[Peek j 1 j pos] =1
return v

>. For vectors, matrices, and linear forms, t is deflned element-wise; for example,
Al = A; T A, is equivalent to A[i; j] = A4[i;j] £ Az[i;j]. For maps, the join is taken
on the values: map, t map, = map’, where map’:get(x) = map,:get(x) t map,:get(x).

Our implementation of linear extraction is also interprocedural. It is straightfor-
ward to transfer the linear state across a call site, although we omit this from the
pseudocode for the sake of presentation. Also implicit in the algorithm description
is the fact that all variables are local to the work function. If a fliter has persistent

state, all accesses to that state are marked as >.
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Algorithm 2 Linear analysis.

proc Extract(code, map, A, B, int popcount, int pushcount)
returns updated map, A, B, popcount, and pushcount

for i 7 1 to code.length
switch code[i]
case y := const
map:put(y; (0; const))

case y := pop()
map:put(y; hBuildCoefi(popcount); Oi)
popcount++

case y .= peek(i)
map:put(y; hBuildCoefi(popcount + i); Oi)

case push(y)
hv;cl — map:get(y)
if pushcount = > then fail
AF7Push j 1 j pushcount] = v
B[Push § 1 j pushcount] ~ ¢

pushcount++
case y; ‘= y,opys for op 2
f+ ig

hwz; C2i — map:get(yz)
hws; cai — map:get(ys)
map:put(ys; v, op v3; ¢, op Csi)

case y; := Y>3
hwy; Col — map:get(y,)
hvs; csi — map:get(ys)
if v, =0 then
map:put(y:; (C2~"Vs; C2~C3))
else if v; =0 then
map:put(y;; (Ca~"V2; Ca~Cy))
else

map:put(y; >)

case yi = Y2=Y3
hv,; Col — map:get(y.)
fws; c3i — map:get(ys)
if v3=0"c3 &0 then
map:put(ys; (;~V2; €2=C3))
else
map:put(ys; >)

case y; = Yy, op ys, for op 2
T&; ), ™ &&; jj; 1 etc.g
hvz; col — map:get(y,)
hvs; c3l — map:get(ys)
map:put(ys; (0 t v, Tvs; o 0p C3))

case (loop N code)
for j — 1to N do
(map; A;B; popcount; pushcount) ~
Extract(code; map; A;1;
popcount; pushcount)

case (branch code; code,)
(map,; Aq;By; popcount, ; pushcount;) ~
Extract(code;; map; A;T;
popcount; pushcount)
(map,; Az; B,; popcount,; pushcount,) —
Extract(code,; map; A;;
popcount; pushcount)
map ~ map, t map,
AT ATA;
Db ED,
popcount ~— popcount, tpopcount,
pushcount ~—  pushcount; t
pushcount,

return (map, A, B, popcount, pushcount)
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3.3 Combining Linear Filters

A primary beneflt of linear fllter analysis is that neighboring fliters can be collapsed
into a single matrix representation if both of the fliters are linear. This transformation
can automatically eliminate redundant computations in linear sections of the stream
graph, thereby allowing the programmer to write simple, modular fliters and leaving
the combination to the compiler. In this section, we flrst describe a linear expansion
operation that is needed to match the sizes of A and o for difierent linear nodes and is
therefore an essential building block for the other combination techniques. We then
give rules for collapsing pipelines and splitjoins into linear nodes; we do not deal with

feedbackloops as they require \linear state,” which we do not describe here.

3.3.1 Linear Expansion

In Streamlt programs, the input and output rate of each fllter in the stream graph is
known at compile time. The Streamlt compiler leverages this information to compute
a static schedule ] that is, an ordering of the node executions such that each fllter
will have enough data available to atomically execute its work function, and no bufier
in the stream graph will grow without bound in the steady state. A general method
for scheduling StreamIt programs is given by Karczmarek [20].

A fundamental aspect of the steady-state schedule is that neighboring nodes might
need to be flred at difierent frequencies. For example, if there are two fllters, F; and
F,, in a pipeline and F; produces 2 elements during its work function but F, consumes
4 elements, then it is necessary to execute F; twice for every execution of F.

Consequently, when we combine hierarchical structures into a linear node, we
often need to expand a matrix representation to represent multiple executions of the
corresponding stream. Expansion allows us to multiply and interleave columns from
matrices that originally had mismatching dimensions. The transformation can be

done as follows.
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UmdU U U U U U

Figure 3-3: Expanding a linear node to rates (e; o’; u’).

Transformation 1 (Linear expansion) Given a linear node , = TA;T; e; 0; ug, the
expansion of , to a rate of (e”; o’; u%) is given by expand(,;e’; o’; u’) = A", 1; &'; o’; Uu'g,
where Al is a e’ £ u’ matrix and b’ is a u’-element row vector:

shift(r; c) is a u’ £ €' matrix :

8 . ]
= Aliinjicd

shift(r; c)[i; j] = _ ifijr2[0;ejl]™j
- 0 otherwise

c2[0;uij 1]

Al = Pfﬁojg‘eshift(uo iuijm-uejeijm0)
'] = duili@ilij)modul

The intuition behind linear expansion is straightforward (see Figure 3-3). Linear
expansion aims to scale the peek, pop and push rates of a linear node while preserving
the functional relationship between the values pushed and the values peeked on a
given execution. To do this, we construct a new matrix A’ that contains copies of

A along the diagonal starting from the bottom right. To account for items that are
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popped between invocations, each copy of A is ofiset by o from the previous copy.
The complexity of the deflnition is due to the end cases. If the new push rate u’ is
not a multiple of the old push rate u, then the last copy of A includes only some of
its columns. Similarly, if the new peek rate e’ exceeds that which is needed by the
diagonal of As, then A’ needs to be padded with zeros at the top (since it peeks at
some values without using them in the computation).

Note that a sequence of executions of an expanded node ,' might not be equivalent
to any sequence of executions of the original node ,, because expansion resets the
push and pop rates and can thereby modify the ratio between them. However, if
u’ = kU and o' = k-0 for some integer k, then ," is completely interchangeable with
,. In the combination rules that follow, we utilize linear expansion both in contexts

that do and do not satisfy this condition.
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3.3.2 Collapsing Linear Pipelines

The pipeline construct is used to compose streams in sequence, with the output of
stream i connected to the input of stream i+1. The following transformation describes
how to collapse two linear nodes in a pipeline; it can be applied repeatedly to collapse

any number of neighboring linear nodes.

Transformation 2 (Pipeline combination) Given two linear nodes ,; and ,, where
the output of ,; is connected to the input of ,, in a pipeline construct, the combi-
nation pipeline(,1;,2) = A% D% e’ o’; u'g represents an equivalent node that can
replace the original two. Its components are as follows:

chanPop = lcm(uy;0,)
chanPeek = chanPop+e; j 0,
»
2§ = expand(,q; ( SANPEK 5 1y o, vy

chanPop~"t; chanPeek)

.5 = expand(,2; chanPeek;
chanPop; chanPop/‘;—j)
A = AAS

Bl = WA+

el = et
o = o¢
u o= ug

The basic forms of the above equations are simple to derive. Let x; and y; be
the input and output channels, respectively, for ,;. Then we have by deflnition that
¥1 = XA, +1B; and y, = %A, +1,. But since ,; is connected to ,,, we have that
X, =¥, and thus y, = y, A, +T,. Substituting the value of ¥, from our flrst equation
gives ¥y, = ;A1 A, +11A, +1,. Thus, the intuition is that the two-fllter sequence can
be represented by matrices A" = A1 A, and &' = 15;A, +B,, with peek and pop rates
borrowed from ,; and the push rate borrowed from ,».

There are two implicit assumptions in the above analysis which complicate the

equations for the general case. First, the dimensions of A; and A, must match for
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the matrix multiplication to be well-deflned. If u; & e,, we construct expanded nodes
,3 and ,$5 in which the push and peek rates match so A and A5 can be multiplied.

The second complication is with regards to peeking. If the downstream node ,,
peeks at items which it does not consume (i.e., if e; > 0,), then there needs to be
a bufier to hold items that are read during multiple invocations of ,,. However, in
our current formulation, a linear node has no concept of internal state, such that this
bufier cannot be incorporated into the collapsed representation. To deal with this
issue, we adjust the expanded form of ,; to recalculate items that ,, uses more than
once, thereby trading computation for storage space. This adjustment is evident
in the push and pop rates chosen for ,i: though ,; pushes u; items for every o;
items that it pops, ,§ pushes chanPeek—u; for every chanPop~"0, that it pops.
When chanPeek > chanPop, this means that the outputs of ,§ are overlapping, and
chanPeek j chanPop items are being regenerated on every flring.

Note that although ,{ performs duplicate computations in the case where ,; is
peeking, this computation cost can be amortized by increasing the value of chanPop.
That is, though the equations set chanPop as the least common multiple of u; and o,,
any common multiple is legal. As chanPop grows, the regenerated portion chanPeek j
chanPop becomes smaller on a percentage basis.

It is the case that some collapsed linear nodes are always less e—cient than the
original pipeline sequence. The worst case is when A is a column vector and A$§
is a row vector, which requires O(N) operations originally but O(N?) operations if
combined (assuming vectors of length N). To avoid such performance-degrading com-
binations, we employ an automated selection algorithm that only performs beneflcial
transformations (see Section 4.3).

Figure 3-4 illustrates the combination of back to back FIR fllters. Since the push
rate of the flrst flliter (u; = 1) difiers from the peek rate of the second (e, = 3), the
flrst fliter must be expanded to ,§ = expand(,1;4;1;3). There is no need to expand
the second fllter, so ,5 = ,,. By construction, the matrix product of A] and AS
corresponds to the matrix for the overall linear node with peek rate e = 4, pop rate

0 =1 and push rate u = 1.
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X ,={A3,0,3,1,1}

AS=

Figure 3-4: Pipeline combination example.

3.3.3 Collapsing Linear SplitJoins

The splitjoin construct allows the Streamlt programmer to express explicitly parallel
computations. Data elements that arrive at the splitjoin are directed to the parallel
child streams using one of two pre-deflned splitter constructs: 1) duplicate, which
sends a copy of each data item to all of the child streams, and 2) roundrobin, which
distributes items cyclically according to an array of weights. The data from the
parallel streams are combined back into a single stream by means of a roundrobin
joiner with an array of weights w. First, wy items from the leftmost child are placed
onto the overall output tape, then w; elements from the second leftmost child are

. P, .
used, and so on. The process repeats itself after = i} w; elements has been pushed.

In this section, we demonstrate how to collapse a splitjoin into a single linear node
when all of its children are linear nodes. Since the children of splitjoins in Streamlt

can be parameterized, it is often the case that all sibling streams are linear if any one
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of them is linear. However, if a splitjoin contains only a few adjacent streams that
are linear, then these streams can be combined by wrapping them in a hierarchical
splitjoin and then collapsing the wrapper completely. Our technique also assumes
that each splitjoin admits a valid steady-state schedule; this property is verifled by
the Streamlt semantic checker.

Our analysis distinguishes between two cases. For duplicate splitters, we directly
construct a linear node from the child streams. For roundrobin splitters, we flrst
convert to a duplicate splitter and then rely on the transformation for duplicate

splitters. We describe these translations below.

Duplicate Splitter

Intuitively, there are three main steps to combining a duplicate splitjoin into a linear
node. Since the combined node will represent a steady-state execution of the splitjoin
construct, we flrst expand each child node according to its multiplicity in the schedule.
Secondly, we ensure that each child’s matrix representation has the same number of
rows | that is, that each child peeks at the same number of items. Once these
conditions are satisfled, we can construct a matrix representation for the splitjoin by
simply arranging the columns from child streams in the order specifled by the joiner.
Reordering columns is equivalent because with a duplicate splitter, each row of a
child’s linear representation refers to the same input element of the splitjoin. The
transformation is described in Transformation 3.

The formulation is derived as follows. The joinRep variable represents how many
cycles the joiner completes in an execution of the splitjoin’s steady-state schedule; it
is the minimal number of cycles required for each child node to execute an integral
number of times and for all of their output to be consumed by the joiner. Similarly,
rep, gives the execution count for child k in the steady state. Then, in keeping
with the procedure described above, ,§ is the expansion of the kth node by a factor
of rep,, with the peek value set to the maximum peek across all of the expanded
children. Following the expansion, each ,§ has the same number of rows, as the peek

uniformization causes shorter matrices to be padded with rows of zeros at the top.
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Figure 3-5: Matrix resulting from combining a splitjoin of rate-matched children.

Transformation 3 (Duplicate splitjoin combination) Given a splitjoin s con-
taining a duplicate splitter, children that are linear nodes ,o::: ,n;1, and a roundrobin
joiner with weights wg:::wy;1, the combination splitjoin(s) = fA"; b’; €’; o’; u'g
represents an equivalent node that can replace the entire stream s. Its components are

as follows:
joinRep = Icm(4lcm\(;0°“”°); o
maxPeek = max;(0-rep; + € i 0;)
8k2[0;nj1]:
wSum, = P'i‘:iolwi
rep, = w,/jouiknRep

e —_

2k =
8k 2 [0;n § 1];8m 2 [0; joinRep j 1];

|Cm(un i1:Wn; 1))

Wnij1

expand(, x; maxPeek; 0, Tep,; Ue"Tep,)

8p2[0;uk i 1]:

AW i 1ipim-wSum, § wSume] = ASTUE § 1 p]

B U’ §1ipim-wSum, jwSumg]="he[ud j1lij

0 — € — +v: — €
e0 = ef=:1:1=¢€%,
— € — s 1 — B
of = of=:1:=0f;y
u’ = joinRep~wSum,

P]

The flnal phase of the transformation is to re-arrange the columns of the child

matrices into the columns of A" and %’ such that they generate the correct order of

outputs. Though the equations are somewhat cumbersome, the concept is simple (see

Figure 3-5): for the kth child and the mth cycle of the joiner, the pth item that is
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pushed by child k will appear at a certain location on the joiner’s output tape. This
location (relative to the start of the node’s execution) is p + m~wSum, + wSumy,
as the reader can verify. But since the right-most column of each array A holds the
formula to compute the flrst item pushed, we need to subtract this location from the
width of A when we are re-arranging the columns. The width of A is the total number
of items pushed ]| ' in the case of A’ and ug in the case of AZ. Hence the equation
as written above: we copy all items in a given column from A¢ to A’, deflning each

location in A exactly once. The procedure for B is analogous.

It remains to calculate the peek, pop and push rates of the combined node. The
peek rate €’ is simply maxP eek, which we deflned to be equivalent for all the expanded
child nodes. The push rate joinRep~wSum, is equivalent to the number of items
processed through the joiner in one steady-state execution. Finally, for the pop rate
we rely on the fact that the splitjoin is well-formed and admits a schedule in which no
bufier grows without bound. If this is the case, then the pop rates must be equivalent
for all the expanded streams; otherwise, some outputs of the splitter would accumulate
inflnitely on the input channel of some stream.

These input and output rates, in combination with the values of A’ and %, deflne
a linear node that exactly represents the parallel combination of linear child nodes
fed with a duplicate splitter. Figure 3-6 provides an example of splitjoin combination.
The node on the left pushes four items per work function whereas the node on the
right pushes one item per work function. To match the output rates to the rate of
the roundrobin joiner the right fliter needs to be expanded to ,§ = expand(,2; 2; 2; 2).
The columns of the two linear nodes are then interleaved into the overall linear node

,? as show in Figure 3-5.

Roundrobin Splitter

In the case of a roundrobin splitter, items are directed to each child stream s; ac-
cording to weight v;i: the flrst vy items are sent to sp, the next v, items are sent to
S;, and so on. Since a child never sees the items that are sent to sibling streams,

the items that are seen by a given child form a periodic but non-contiguous segment
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duplicate

M= {A,,0,2,2,4} A= {A;,b,,1,1,1}

[1234 A.=[9]
A= -
5678 b. = [10]

roundrobin(2,1)

lLinear Expansion

duplicate

A= {A,0,2,2,4}

[1234
A"[5678]

roundrobin(2,1)

1Splitjoin Combination

A = {Ab2,2,6}
912034
A=lo 56 978

5=[100 0100 0]

Figure 3-6: Splitjoin combination example.

of the splitjoin’s input tape. Thus, in collapsing the splitjoin, we are unable to di-
rectly use the columns of child matrices as we did with a duplicate splitter, since
with a roundrobin splitter these matrices are operating on disjoint sections of the
input. Instead, we collapse linear splitjoins with a roundrobin splitter by converting
the splitjoin to use a duplicate splitter. In order to maintain correctness, we add a
decimator on each branch of the splitjoin that eliminates items which were intended

for other streams.
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Transformation 4 (Roundrobin to duplicate) Given a splitjoin s containing a
roundrobin splitter with weights vo::: vn;1, children that are linear nodes ,o::: ,nj1,
and a round-robin joiner j, the transformed rr-to-dup(s) is a splitjoin with a dupli-
cate splitter, linear child nodes ,%::: ,?”1, and roundrobin joiner j. The child nodes

are computed as follows:

vSum, = P|i<:;01 Vi
vTot = vSum,
8k2[0;nj1]:

decimate[k] is a linear node TA;0;vTot; vTot; vg

1ifi=vTot j vSumysq +

where A[GJ1= " 5 Cinerwise

... = pipeline(decimate[k]; , )

In the above translation, we utilize the linear pipeline combinator pipeline to
construct each new child node ,§ as a composition of a decimator and the original
node ,;. The kth decimator consists of a vTot £ v, matrix that consumes vTot items,
which is the number of items processed in one cycle of the roundrobin splitter. The
Vi items that are intended for stream k are copied with a coe—cient of 1, while all

others are eliminated with a coe—cient of 0.

3.3.4 Applications of Linear Combination

There are numerous instances where the linear combination transformation could
beneflt a programmer. For example, although a bandpass fliter can be implemented
with a low pass fllter followed by a high pass fllter, actual implementations determine
the coe—cients of a single combined fllter that performs the same computation. While
a simple bandpass fliter is easy to combine manually, in an actual system several
difierent fllters might be designed and implemented by several difierent engineers,

making overall fliter combination infeasible.
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Another common operation in discrete time signal processing is downsampling
to reduce the computational requirements of a system. Downsampling is most often
implemented as a low pass fllter followed by an M compressor which passes every Mth
input item to the output. In practice, the fllters are combined to avoid computing
dead items in the low pass fliter. However, the system speciflcation contains both
elements for the sake of understanding. Our analysis can start with the speciflcation
and derive the e—cient version automatically.

A flnal example is a multi-band equalizer, in which N difierent frequency bands
are flltered in parallel (see our FMRadio benchmark). If these fllters are time invari-
ant, then they can be collapsed into a single node. However, designing this single
overall fllter is di—cult, and any subsequent changes to any one of the sub fllters will
necessitate a total redesign of the fllter. With our automated combination process,
any subsequent design changes will necessitate only a recompile rather than a manual

redesign.
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Chapter 4

Linear Optimization

In this chapter we describe our automatic optimizing transformations of frequency
replacement (4.1), redundancy removal (4.2), and optimization selection (4.3). We

conclude with some implementation notes (4.4).

4.1 Translation to Frequency Domain

In this section, we demonstrate how we can leverage our linear representation to
automatically perform a common domain-speciflc optimization: translation to the
frequency domain. First, we motivate the usefulness of a translation to the frequency
domain. Then, we show that a linear node is equivalent to a set of convolution
sums and present a nalve code generation strategy for transforming linear nodes to
frequency. Finally, we improve on our nalve implementation and present an optimized

code generation strategy.

4.1.1 Motivation

Our linear analysis framework provides a compile time formulation of the computa-
tion that a linear node performs and we use this information to exploit well known
domain speciflc optimizing transformations. Using linear node information, our com-

piler identifles convolution operations that require substantially fewer computations

53



if computed in the frequency domain.

Calculating a convolution sum is a common and fundamental operation in discrete
time signal processing. If the convolution is su—ciently large, transforming the data
to the frequency domain, performing a vector multiply and converting back to the
time domain requires fewer operations than the direct convolution.

The transformation from convolution sum into frequency multiplication has always
been done explicitly by a human algorithm designer because no compiler analysis has
had the information necessary to determine when a convolution sum is computed.
As the complexity of DSP programs grow, determining the disparate regions across
which these optimizations can be applied is an ever more daunting task. For example,
several fliters individually may not perform su—ciently large convolutions to merit
a frequency transformation, but after a linear combination of multiple fliters the
transformation will be beneflcial. Difiering levels of architectural support for various
convolution and frequency operations makes the task of determining when to apply

and actually implementing speciflc optimizations even harder.
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4.1.2 Basic Frequency Implementation

Our flrst goal is to show that the computation of a linear node can be represented as a
convolution sum. Consider executing m iterations of a linear node , = fA;0;e;1; 19
| thatis, a node with B =0 and push = pop = 1 (these assumptions will be relaxed
below). Let out[i] represent the ith value that is pushed during execution, let im[i] hold
the value of peek(i) as seen before the execution begins, and let y be the convolution
of the only column of A with the vector im (that is, ¥y = AF70}l-h). Note that out
is an m-element vector, Ap70] is an e-element vector, in is an (m + e j 1)-element

vector, and y is an (m + 2e j 2)-element vector.

Then, we make the following claim:
8i2[0;m j1]: outfil=y[i+ejl] (4.1)
To see that this is true, recall the deflnition of convolution:

X
y[i] = Ali; 0}~ml[i] = Alk; OJm(i i K] (4.2)
k=jd1
Substituting in by its deflnition, and restricting k to range over the valid rows of A,
we have:

ylil=  Alk; Olpeek(i i k) (4.3)
k=0

Remapping the index i to i +e j 1 makes the right hand side equivalent to out[i],

by Deflnition 1. Claim 4.1 follows.

In other words, values pushed by a linear node can be calculated by a convolution
of the input tape with the coe—cients A. The signiflcance of this fact is that a
convolution operation can be implemented very e—ciently by using the fast Fourier
transform (FFT) to translate into the frequency domain. To compute the convolution,
the N-point FFTs of in and A}~ 0] are calculated to obtain X and H, respectively,
each of which is a complex-valued vector of length N. Element-wise multiplication

of X and H yields a vector Y, to which the inverse transform (IFFT) is applied to
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obtain y¥. Convolution in the frequency domain requires O(N Ig(N)) operations, as
each FFT and IFFT has a cost of O(N Ig(N)) and the vector multiplication is O(N).
By contrast, the complexity is O(N?) in the time domain, as each of the N output

values requires O(N) operations. For more details, refer to [27].

Transformation 5 (N&fve frequency implementation) Given a linear node
, = TA;T;e;0;ug, the following stream is a nalve implementation of , in the fre-
quency domain:

float ¥ float pipeline naiveFreq (A;b;e;o;u) T
add float ¥ float filter f
N — 2d|g(2e)e

m~ N ij2e+1

init f
forj=0toujl

AETil T FFT(N;ARFTU G 1]
g

work peek m+e j 1 pop m push u-m f
X peek(0:::m+ej2)
X 7T FFT(N; %)
forj=0toujlf
Y1l T XHET)
w il T IFFT(N; VA7)
g
fori=0tomjlf
pop()
forj=0toujl
push(y[i +e i 1;j] +B[j])
g
g
g
add Decimator(o; u)

9

float ¥ float Filter Decimator (o;u) f
work peek u~0 pop u~o pushu f
fori=0touijl
push(pop())
fori=0touijl
forj=0tooj?2
pop()
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We can use the procedure described above to implement a linear node in the
frequency domain. We simply calculate ¥y = A}70}-n, and extract values y[e i
1]:::y[m+ (e § 1) j 1] as the m values pushed by the node. Note that ¥[i] is also
deflned for i 2 [0;e j 21 and 1 2 [m+e j 1;m + 2e j 2]; these values represent
partial sums in which some coe—cients were excluded. Our nalve implementation
simply disregards these values. However, in the next section, we give an optimized

implementation that takes advantage of them.

The only task remaining for the implementation is to choose N, the FFT size, and
m, the number of iterations to execute at once in the frequency domain. According to
Fourier’s theorem, an N-point FFT can exactly represent any discrete sequence of N
numbers, so the only constraint on N and mis that N , m+2e j 1. For performance
reasons, N should be a power of two and as large as possible. In our implementation,
we set N to the flrst power of two that is greater than or equal to 2e, and then set
m = N j 2e + 1. This strikes a reasonable compromise between storage space and
performance for our uniprocessor benchmarking platform; the choice of N should be

adjusted for the particular resource constraints of the target architecture.

Transformation 5 gives a nalve translation of a linear node to the frequency do-
main. In addition, it relaxes all of the assumptions that we made above. The algo-
rithm allows for a non-zero value of B by simply adding B after returning from the
frequency domain. To accommodate a push rate greater than one, the algorithm
generates matrices for Y and y and alternates pushing values from each column of
y in turn. Finally, to accommodate a pop rate greater than one, the algorithm pro-
ceeds as if the pop rate was one and adds a special decimator node that discards
the extra outputs. Though this introduces ine—ciency by calculating values that are
never used, it still leaves room for large performance improvements, as the frequency

transformation can improve performance by a large factor (see Chapter 5).
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4.1.3 Optimized Frequency Implementation

Transformation 6 (Optimized frequency implementation) Given a linear
node , = fA;T;e;0; ug, the following stream is an optimized implementation of ,:

float ¥ float pipeline optimizedFreq (A;B;e;o;u) f
add float ¥ float filter f
N A2dlg(2e)e
m~— Nij2e+1
partials — new array[0:::e j 2;0:::u j 1]
r m+ejl
init f
forj=0touijl
ATl FFT(N;ARFTU G 1))
g
initWork peek r pop r push u-m f
X pop(0:::m+ej2)
X T FFT(N; %)
forj=0toujlf
Y11 XA
w7 il T IFFT(N; YA7j])
partialsp7j] — y[m+ejl::im+2ej 3;j]
g
fori=0tomj1
forj=0toujl
push(y[i +e i 1;j]+1B[j]) (4.4)
g
work peek r pop r push u-T f
X pop(0:::m+ej2)
X T FFT(N;%)
forj=0toujlf
Y&l T X
w7il T IFFT(N; YA7j])
g
fori=0toejl
forj=0toujlf
push(y[i; j] + parTials][i; j])
partials[i;j] — y[m+e j 1+1i;j]
g
fori=0tomj1
forj=0touijl
push(y[i+e i 1;j]+B[i])
g
g
add Decimator(o;u) // see Transformation 5
g
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The nalve frequency implementation discards e j 1 elements from the beginning
and end of each column of y that it computes. These values represent partial sums
in which some of the coe—cients of A are excluded. However, for i 2 [0;e j 2], ¥[i; ]]
in one iteration contains the missing terms from y[m +e § 1+ i;j] in the previous
iteration. The sum of these two elements gives a valid output for the fllter. This
symmetry arises from the convolution of A \ofi the edges™ of the input block that
we consider in a given iteration. Reusing the partial sums | which is exploited in
the transformation above | is one of several methods that use blocking to e—ciently

convolve a short fliter with a large amount of input [27].

4.1.4 Applications of Frequency Transformation

The transformation to the frequency domain is straightforward in theory and very
common in practice. However, the detailed record keeping, transform size selection,
and state management make an actual implementation quite involved. Further, as the
complexity of DSP programs continues to grow, manually determining the disparate
regions across which to apply this optimization is an ever more daunting task. For
example, several fllters individually may not perform su—ciently large convolutions to
merit a frequency transformation, but after a linear combination of multiple fllters the
transformation could be beneflcial. Difiering levels of architectural support for various
convolution and frequency operations further complicates the task of choosing the best
transform. Our compiler automatically determines all the necessary information and

transforms the computation into the frequency domain.

4.2 Redundancy Elimination

In this section, we demonstrate another use of our linear representation: to automat-
ically remove redundant multiplications by caching products between fllter invoca-
tions. First we motivate the theory of redundancy removal. Then we show how to
recognize the redundancy in a given linear node and then we present an optimized

code generation strategy that takes advantage of this information.
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float->float filter SimpleFIR {
work peek 3 pop 1 push 1 {
push(2*peek(2) +
peek(1) +
2*peek(0));
pop();
}
}

Figure 4-1: Example fllter with redundant computation across flrings.

4.2.1 Motivation

Redundancy removal is motivated by the observation that many linear fliters compute
the same value using difierent expressions on difierent work function invocations. For
instance, a~peek(2) in one invocation might have exactly the same value as a~peek(0)
in the next invocation. By caching a term the flrst time it is computed we can save

the future cost of recomputing it.

In the context of DSP programs in Streamlt, we expect abundant redundancy in
our programs because a large portion of our benchmarks are FIR fllters. Most FIR
flliters have symmetric impulse responses! and therefore symmetry in the matrices of
their linear nodes. Symmetric impulse responses are so prevalent in actual realizations
that specialized hardware instructions that implement FIR flltering (e.g. FIRS[32])
typically assume symmetry and use that information to optimize the calculation.
The prevalence of symmetry in DSP applications presents us with an obvious avenue
of optimization ]| to remove the redundant computations. Common subexpression
elimination (CSE), a standard compiler optimization, works well for removing re-
dundant computations within a single work function invocation. Our method also
removes redundant computations across fllter flrings. Therefore, our method may be

thought of as a more general form of CSE for linear fllters.

1Symmetry in the time domain implies that the fliter has a constant group delay. Group delay
is a measure of how much a given fliter delays difierent frequency components of a signal. A fliter
with constant group delay is desirable because all frequencies of a signal are delayed equally and
thus phase dispersion is avoided. Constant group delay is a very useful property in the design and
analysis of actual systems.
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float->float filter NoredundFIR {
float[3] state; // state array of size 3
int index; // index into state array

initWork peek 3 pop 1 push 1 {
index = 0;
state[1] = 2*peek(1);
state[2] = 2*peek(2);
work();

}

work peek 3 pop 1 push 1 {
state[index] = 2*peek(0);
push(state[ (index+2)%3] +
peek(1) +
state[ (index+0)%3]);
popQ);
index = index - 1;
if (index < 0)
index = 3;

Figure 4-2: Example fllter without redundant calculations.

The analysis and optimization presented in this chapter only remove redundant
multiplications by caching individual terms. It is possible to remove additions as well
by storing reused partial sums of terms. For the general case, determining which are
the optimal partial sums to compute and store is an NP hard problem. We provide

no more discussion of the partial sums problem in this thesis.

Figure 4-1 and Figure 4-2 illustrate the potential advantage of a redundancy re-
moval optimization. Figure 4-1 shows the code for a fllter which performs redundant
computations. The value of 2~ peek(2) is the same as the value of 2~ peek(0) two
invocations in the future. This same value is calculated two difierent times and there-
fore is a candidate for removal. Figure 4-2 shows a difierent implementation of the
same fllter that avoids these redundant calculations by introducing state to cache
values. The cached values are stored in the fleld state. The state fleld is used as a

circular bufier with size 3, and the start of the bufier is held in the index fleld.
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4.2.2 Redundancy Analysis

The goal of redundancy analysis is to identify redundant computations using a given

linear node (Deflnition 1). To begin, we deflne a linear computation tuple (LCT):

Deflnition 2 (Linear computation tuple) t = hcoefi; posi is a linear computation
tuple and represents an abstract multiplication of a constant with a runtime input. t
has a runtime value of coefi"peek(pos).

The relevance of an LCT is as follows. The u outputs for each fllter with an
associated linear node , = TA;; e; 0; ug are weighted sums of the input values such
that push(j) = |:)Eigil(A[i; uilijlpeek(eijliji)). Each of the terms in the previous
summation can be represented by the LCT t =hA[i;u i 1 i jl;e i 1 j ii. Hence, the
output of a linear fllter can be exactly represented with a set of LCTs and a set of
constants. A LCT is deflned in terms of the input tape for the present work function
invocation, and the goal of redundancy analysis is to determine which LCTs in the
present flring of work represent values calculated in future invocations. Redundancy
analysis produces a map of the LCTs generated in the current work function execution
to their use in future work function executions. The linear analysis algorithm is
presented as pseudo code in Algorithm 3. The following redundancy information is

generated:

map For dZe flrings, the linear node will reuse some of the values from the input
tape. For the flrst execution, the algorithm generates an LCT, t, for each element
of A and makes a note that t was used in execution 0 (the flrst execution). On the
second iteration, we generate LCTs for only the part of A that overlaps input values
that were available on the flrst execution. Continuing in this manner we generate all

LCTs for all future executions that use input values available to the initial execution.

minUse, maxUse minUse and maxUse record the minimum and maximum work
function that uses t. If minUse(t) = 0, t is generated in the flrst work function and
is a candidate for caching, but if minUse(t) > 0 then t represents an LCT that is
computed for the flrst time in the future. If maxUse(t) = 0 then t is only used in the

flrst work function invocation and doesn’t need to be cached.
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reused The reused set holds all LCTs that are candidates for reuse. Only LCTs
that are computed in the flrst work function (i.e. minUse(t) = 0) and are used in

subsequent work functions (i.e. maxUse(t) > 0) are members of reused.

Algorithm 3 Redundancy information extraction algorithm. Given a linear node , =
TA;B; e; 0; ug returns: map which maps LCTs t to a list of integers fko; ky;¢¢¢; Kk ;10
where each integer k; denotes that t is reused in k; flrings from the from the current
flring; maxUse and minUse which are the maximum and minimum future work func-
tion invocations in which t is calculated; reused which is the set of all LCTs that are
calculated in both the flrst work function and a subsequent one; and compMap which
maps an LCT newTuple in the current work function to the computation of oldTuple,
use flrings ago (i.e. newTuple ¥ (oldTuple; use)).

proc Redundant(, = fA;D; e; 0; ug)
returns map, maxUse, minUse, reused, and compMap.
map ~ fg
for currentExecution — 0¢¢tdie j 1 do
for row — currentExecution~0¢¢te j 1 do
for col — 0¢¢tu § 1 do
t 7 hcurrentExecution~0 +e j 1 j row; A[row; col ]i
tlist 7 fmap:get(t) [ currentExecutiong
map:put(t; tlist)
end for
end for
end for
for each t 2 map do
maxUse(t) — max i : 1 2 map:get(t)
minUse(t) — min i : i 2 map:get(t)
end for
reused ~ all t: minUse(t) = 0 and maxUse(t) > 0
for each t 2 reused do
compMap:put(t; (0; t))
for each i 2 map:get(t) do
nt — ht:coefi; t:pos j L-0i
if minUse(nt) = 0 and i > compMap:get(nt):use then
compMap:put(nt; (t; 1))
end if
end for
end for

compMap compMap has mappings of the form newTuple ¥ (oldTuple;use). It
maps an LCT in the current work function invocation (newTuple) to an equivalent

LCT (oldTuple) and during which previous work function the old LCT was generated
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(use). This mapping is used to determine which cached LCT value can be used as

the value of newTuple in the current work function.

4.2.3 Non Redundant Code Generation

With the information contained in map, maxUse, minUse, reused, and compMap
we present the following transformation, an optimized code generation strategy that
removes redundant computations with caching. The code generated by Transforma-
tion 7 keeps two state variables for each LCT whose value is cached. tupleState is
a circular bufier that contains the cached values and tuplelndex is an index into the
bufier representing the location of values computed during the present work func-
tion. The code in initWork initializes tupleState with the values that would have
been computed in prior work functions. The code in work flrst computes and stores
the values of the reused LCTs for the current work function. Then, the set of terms
whose sum makes up each output value is computed using either the stored values

from tupleState or direct calculation.

Note that for any t, its value is computed if t 2 reused. If t 2 reused and
(ot; use) — compMap(t), then the value of t is located in tupleState(ot)[(tupleIndex(ot)+
use) mod (maxUse(ot) + 1)]. The fact that tupleState(t) is a circular bufier of size
maxUse(t) + 1 can be seen in the mod expression of the index value. Finally, it re-
mains to update the tupleIndex value for each t. We decrement the index and reset

it to maxUse(t) + 1 if it is below zero.

While the Transformation 7 does very well at removing redundant computation,
it introduces too much overhead to be practical (see Chapter 5). The overhead
introduced is the memory required to save Ptzreused(maxUse(t) + 1) values, the
code to store jreused j values each invocation, and the code to load each cached value
when it is needed. Each load and store instruction also carries the cost of an address
calculation. The overall time required for loads and stores is much greater than the

time required to simply recompute the value.
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Transformation 7 (Redundancy elimination) Given a linear node , =
fA;T; e;0;ug and (map, maxUse, minUse, reused, compMap) — Redundant(,) the
following stream is an optimized implementation of ,:

float ¥ float filter noRedund (map; A;B;e;o;u) T
init f
for each t 2 reused f
tupleState(t) — new array[0::: maxUse(t)]
tuplelndex(t) — 0
g
g

initWork f
for each t 2 reused
for use 7 1:::maxUse(t)
tupleState(t)[use] ~ (t:coefi)~peek(t:pos i o~use)
work()
g

work f
for each t 2 reused
tupleState(t)[tuplelndex(t)] ~ (t:coefi)~peek(t:pos)
forcol T ujl:::0f
termList — fg
forrow  0:::ejl1f
t 7 hA[row;col];e j 1 j rowi
it compMap:contains(t) then T
(ot; use) —— compMap:get(t)
termList 7 termList [ ftupleState(ot)[(tupleIndex(ot) + use) mod (maxUse(ot) + 1)]g

gelse f
termList 7 termList [ fA[row; col}peek(e j 1 i row)g
g

¢ P

push(" jztermList(1) + blcol])

g

for each t 2 reused f

tuplelndex(t) ~ tuplelndex(t) j 1

it (tuplelndex(t)) < 0 then

tuplelndex(t) —~ maxUse(t) + 1)
g
pop(0)
g

(4.5)

There are several obvious optimizations to improve the generated code that we

did not pursue because the potential savings didn’t justify the efiort. The oating
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point unit in modern CPUs is too e—cient to merit reducing its workload using the
memory subsystem. An optimized transformation will not be competitive with simply
doing the redundant calculations unless 1) the ratio of the costs of computation to
memory access increases drastically or 2) redundancy was super abundant. We feel
that most fllters are not going to be rich enough in intra flring redundancy to merit the
redundancy removal technique and the redundancy within the same work function can
be eliminated by traditional CSE. Below is a list of optimizations that we considered

but did not implement:

1. Make all bufier sizes powers of 2 and use a bitmask expression instead of a
modulo expression for index calculations.

2. Make cache aware (architecture dependent) memory layout decisions.

3. Put a minimum reuse oor for values to be cached. For example, only cache a
value that is reused more than 10 times.

4. Implement a solution to the partial sum problem.

4.3 Optimization Selection

To reap the maximum beneflt from the optimizations described in the previous two
sections, it is important to apply them selectively. There are two components of the
optimization selection problem: flrst, to determine the sequence of optimizations that
will give the highest performance for a given arrangement of the stream graph, and
second, to determine the arrangement of the stream graph that will give the high-
est performance overall. In this section, we explain the relevance of each of these
problems, and we outline an efiective selection algorithm that relies on dynamic pro-
gramming to quickly explore a large space of conflgurations. The selection algorithm
was both conceived and implemented by William Thies. We include this section in
the interest of completeness | many of the results in Chapter 5 rely on it. For more

information, please refer to [22] and [34].
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// types of transformations we consider for each stream
enum Transform { ANY, LINEAR, FREQ, NONE }

// a tuple representing a cost and a stream
struct Config {
int cost : cost of the configuration
Stream str : Stream corresponding to the lowest cost

}

// a hierarchical stream element
struct Stream {

int height : number of rows in the container
int width[y] : number of columns in row y
int child[x, y] : child in position (X, y) [column X, row y]

}

Figure 4-3: Type declarations for code in Figures 4-4, 4-5, and 4-6.

4.3.1 The Selection Problem

The selection of optimizations for a given stream graph can have a large impact on
performance. As alluded to in Section 3.3, linear combination can increase the number
of arithmetic operations required, e.g., if combining a two-element pipeline where the
second fllter pushes more items than it peeks. However, such a combination might be
justifled if it enables further combination with other components and leads to a beneflt
overall. Another consideration is that as the pop rate grows, the beneflt of converting
to frequency diminishes; thus, it might be preferable to transform smaller sections of
the graph to frequency, or to perform linear combination only. The arrangement of
the stream graph might also constrain the transformations that are possible. Since
our transformations operate on an entire pipeline or splitjoin construct, the graph

often needs to be refactored to put linear nodes in their own hierarchical unit.

4.3.2 Dynamic Programming Solution

Our optimization selection algorithm, shown in Figure 4-3, Figure 4-4, Figure 4-5,
and Figure 4-6, automatically derives the example transformations described above.
Intuitively, the algorithm works by estimating the minimum cost for each structure in
the stream graph. The minimum cost represents the best of three conflgurations: 1)

collapsed and implemented in the time domain, 2) collapsed and implemented in the
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// global variable holding the lowest-cost Config for nodes
/N (x1.. X2, y1..y3) of Stream <s> if Transform <t> is applied
Config memoTable[s, t, x;, X, V1, Y2]

// given original Stream <s>, return optimized stream
Stream toplevel (Stream s)
initialize all entries of memoTable to Config(-1, null)
return getCost(s, ANY).str

// returns lowest-cost Config for Stream <s> under Transform <t>
Config getCost (Stream s, Transform t)
if (t=ANY)
c; « getCost(s, LINEAR)
¢, « getCost(s, FREQ)
c; « getCost(s, NONE)
return c; s.t. ¢;.cost = min(c;.cost, c,.cost, c;.cost)
else if (s is Node) return getNodeCost(s, t)
else /s is Container
max Width < max(s.width[0], ..., s.width[s.height-1])
return getContainerCost(s, t, 0, maxWidth-1, 0, s.height-1)

Figure 4-4: Algorithm for optimization selection (part one).

frequency domain, and 3) uncollapsed and implemented as a hierarchical unit. The
cost functions for the collapsed cases are guided by profller feedback, as described
elsewhere. For the uncollapsed case, the cost is the sum of each child’s minimum
cost. However, instead of considering the children directly, the children are refactored
into many difierent conflgurations, and the cost is taken as the minimum over all
conflgurations. This allows the algorithm to simultaneously solve for the best set of

transformations and the best arrangement of the stream graph.

4.3.3 Cost Functions

The pseudocode in Figure 4-4, Figure 4-5, and Figure 4-6 refers to functions getDi-
rectCost and getFrequencyCost that estimate a node’s execution time if implemented
in the time domain or the frequency domain. These cost functions can be tailored
to a specific architecture and code generation strategy. For example, if there is
architecture-level support for convolution operations, then this would efiect the cost

for certain dimensions of matrices; similarly, if a matrix multiplication algorithm is
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